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Pinning and gas oversaturation imply stable single surface nanobubbles
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Surface nanobubbles are experimentally known to survive for days at hydrophobic surfaces immersed in
gas-oversaturated water. This is different from bulk nanobubbles, which are pressed out by the Laplace pressure
against any gas oversaturation and dissolve in submilliseconds, as derived by Epstein and Plesset [J. Chem. Phys.
18, 1505 (1950)]. Pinning of the contact line has been speculated to be the reason for the stability of the surface
nanobubbles. Building on an exact result by Popov [Phys. Rev. E 71, 036313 (2005)] on coffee stain evaporation,
here we confirm this speculation by an exact calculation for single surface nanobubbles. It is based only on (i) the
diffusion equation, (ii) Laplace pressure, and (iii) Henry’s equation, i.e., fluid dynamical equations which are all
known to be valid down to the nanometer scale. The crucial parameter is the gas oversaturation ζ of the liquid.
At the stable equilibrium, the gas overpressures due to this oversaturation and the Laplace pressure balance. The
theory predicts how the contact angle of the pinned bubble depends on ζ and the surface nanobubble’s footprint
lateral extension L. It also predicts an upper lateral extension threshold for stable surface nanobubbles to exist.
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Surface nanobubbles (for recent reviews see [1–5]) are
long-living nanoscale spherical cap-shaped bubbles on a
solid surface in contact with gas oversaturated water. Their
existence and gaseous nature has meanwhile been confirmed
with various methods. It has however been a challenge to
understand their very long lifetime—up to days, rather than
the microseconds one expects given their small size and the
resulting large Laplace pressure inside the nanobubble, which
presses out the nanobubbles against any oversaturation. This
expectation originates from and is substantiated by the exact
seminal result by Epstein and Plesset [6], who derived the full
diffusional dynamics and thus in particular also the lifetime
of spherical bulk bubbles of any size for any imposed external
gas concentration from (i) the diffusion equation, (ii) Laplace
pressure, and (iii) Henry’s law. They find that the lifetime of
a single spherical bulk bubble of initial radius R0 in a liquid
with gas concentration c∞ far away from the bubble and gas
solubility cs is1

τlife ≈
⎧⎨
⎩

R2
0ρg

2Dcs |ζ | for large R0 and ζ < 0,

R2
0ρg

3Dcs
for small R0 and any ζ .

(1)

Here D is the diffusion constant, ρg is the gas density, and

ζ = c∞
cs

− 1 (2)

is the gas oversaturation. “Large” refers to bubbles in which
the internal pressure (neglecting vapor pressure)

pg(t) = P0 + 2σ

R(t)
(3)

*d.lohse@utwente.nl
1Epstein and Plesset in fact also calculate the nearly indistinguish-

able exact result, which includes short transients, by numerically
solving an ODE, but for the discussion here the given approximate
result is sufficient.

is dominated by the ambient pressure P0, i.e., R � 2σ/P0,
where σ is the surface tension, and “small” refers to bubbles
in which the Laplace pressure is dominant (R � 2σ/P0 ≈
1.4 μm for air bubbles in water under ambient pressure) and
at the same time R � 2σ/[P0(ζ + 1)]. For gas oversaturation
ζ > 0 large bubbles even grow (which Epstein and Plesset
also exactly calculated). In contrast, small bubbles are pressed
out by the Laplace pressure and shrink for any oversaturation
ζ > 0. This is why no stable nanobubbles can exist in the
bulk.2

So how come that surface nanobubbles are then stable for
many days? Recent findings have suggested that the pinning
of the three-phase nanobubble-liquid-surface contact line is
very crucial for their long lifetimes [7–10]. The experimental
evidence for contact line pinning of surface nanobubbles is
very strong, see, e.g., Refs. [11,12]. The pinning results from
chemical and geometrical surface heterogeneities, see e.g. the
reviews [13–17]. Such heterogeneities are omnipresent and
unavoidable on any solid surface. They also lead to contact
angle hysteresis, i.e., the difference between an advancing and
a receding contact angle [18,19].

References [7–10] have realized both the important role
of pinning for the stabilization of the nanobubbles and also
that their lifetime is determined by the diffusion process with
the outer world. Liu and Zhang [9,10] even offer kinetic
lattice density functional calculations and MD simulations to
demonstrate this.

In this present paper we actually analytically calculate
the equilibrium contact angle and demonstrate that only
gas oversaturation can lead to stable single surface bubbles,
provided that they are small enough. We will present an exact
calculation, showing how exactly pinning stabilizes a single

2Note that for very strong oversaturation ζ � 1 this small bubble
limit only applies to very small bubbles with R � 2σ/[P0(ζ + 1)] �
2σ/P0. So by strongly gas-oversaturating liquids one can stabilize
small bulk bubbles with R > 2σ/[P0(ζ + 1)].
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FIG. 1. (Color online) (a) Sketch of a spherical cap-shaped sur-
face nanobubbles and definition of the parameters describing the
surface nanobubble’s geometry, namely the nanobubble’s footprint
lateral extension L (or its footprint radius L/2), its height H ,
its contact angle θ on the gas side, and its radius of curvature
R = (L2 + 4H 2)/(8H ) = L/(2 sin θ ). (b) Sketch of the shrinking
process of a pinned surface nanobubbles with initial contact angle
θi : Due to the pinning, L is fixed. Shrinking thus implies a
decrease in θ and H and an increase in the radius of curvature.
Therefore, the Laplace pressure inside the bubble reduces and
eventually becomes too weak to further press out the bubble against
the oversaturation. The contact angle θe < θi of this stable equilibrium
state depends on ζ and L. Surface nanobubbles with initially θi < θe

will grow towards θe.

surface nanobubble in an oversaturated liquid and how the
resulting equilibrium contact angle θe of the stable surface
nanobubble depends on its lateral extension L and on the
gas oversaturation ζ > 0. The calculation is based only on (i)
the diffusion equation, (ii) Laplace pressure, and (iii) Henry’s
equation, i.e., fluid dynamical equations which are all known to
be valid down to the nanometer scale, see, e.g., the review [20].
Advection effects, which will emerge for strong stirring of the
liquid, are neglected.

A sketch of the spherical cap-shaped surface bubble,
including our notation, is shown in Fig. 1. The bubble volume
V = πH (3L2 + 4H 2)/24 follows from the bubble’s lateral
diameter L (which is fixed in time, assuming perfect pinning)
and its height H . The contact angle θ is given by sin θ =
4LH/(L2 + 4H 2). The bubble’s radius of curvature, which
determines its Laplace pressure,3 is

R = L/(2 sin θ ). (4)

For an air bubble dissolution (or growth) the air diffusion
in the liquid is the rate-limiting process.4 We can therefore
consider the quasistatic limit, in which the gas concentration
field c(r,z) around the bubble is described by the quasistatic
diffusion equation

∂tc = D∇2c ≈ 0, (5)

3While Zhang et al. [7] provided very strong and convincing
experimental evidence for pinning, in the theoretical part of their
paper they erroneously assumed that the gas pressure inside the bubble
would be constant, ignoring the time-dependent Laplace contribution
to the pressure. This wrong assumption implies that Henry’s law
Eq. (6) simply gives cs for the gas concentration just outside the
bubble, i.e., the feedback mechanism is absent. This absence implies
an unstable equilibrium for the surface nanobubble (see Eq. (12)
of Ref. [7]), in contrast to the stable equilibrium resulting from the
correct calculation of this present paper.

4In the case of the extremely soluble CO2 corrections may arise [28].

where r and z are the radial and vertical coordinates,
respectively, and where axial symmetry has been assumed.
At the bubble-water interface, the gas concentration is given
by Henry’s law,

c(R,t) = cs

Po

pg(t) = cs

Po

(
P0 + 4σ sin θ

L

)
. (6)

Far away from the bubble c(z → ∞) = c∞, whereas the no-
flux condition ∂c/∂z = 0 applies on the substrate surface z =
0. This fully defines the problem.5

The calculation leading to an exact solution of this problem
is analog to Popov’s [21] seminal exact solution of the “coffee
stain evaporation problem” [22], which is also diffusion
controlled and in which the coffee stain is also pinned. For an
early calculation of the evaporation of a pinned droplet we also
refer to Ref. [23]. Extending Popov’s calculation [21], which
perfectly describes the experimentally measured evaporation
rate of a pinned coffee stain [24,25], to the present case of the
diffusive shrinkage or growth of a surface bubble finally gives
the change rate dM/dt of the bubble mass M as

dM

dt
= −π

2
LD

[(
P0 + 4σ sin θ

L

)
cs

P0
− c∞

]
f (θ ), (7)

with

f (θ ) = sin θ

1 + cos θ
+ 4

∫ ∞

0

1 + cosh 2θξ

sinh 2πξ
tanh[(π − θ )ξ ]dξ

(8)

(which is positive definite). The bubble mass M(t) itself can
be expressed in terms of the gas density ρg , its (fixed) footprint
diameter L, and its contact angle θ (t) as

M = ρg

π

8
L3 cos3 θ − 3 cos θ + 2

3 sin3 θ
. (9)

Equations (7) and (9) yield an ODE for θ (t), namely

dθ

dt
= −4D

L2

cs

ρg

(1 + cos θ )2f (θ )

[
Lc

L
sin θ − ζ

]
, (10)

with the critical lateral extension Lc = 4σ/P0 ≈ 2.84 μm for
air bubbles in water under ambient conditions. Equation (10)
can straightforwardly be solved numerically.

Before doing so, we however first discuss the physical
implications of this result (10). One immediately sees that
for gas undersaturation −1 � ζ < 0 no stable surface bubble
can exist, as then the right-hand side of Eq. (10) and thus
the shrinkage rate dθ/dt is always negative and the surface
bubble dissolves down to θ = 0.6 However, for (fixed) gas
oversaturation ζ > 0 a stable equilibrium (i.e., dθ/dt = 0
for the corresponding equilibrium contact angle θe) can exist,
namely for

sin θe = ζ
L

Lc

. (11)

5Note that in Eq. (6) we have assumed the disjoining pressure to be
irrelevant.

6Cases in which surface nanobubbles on first sight seem to have
survived (partial) degassing of the water later turned out not to be
surface nanobubbles but surface nanodroplets of some liquid with
low solubility in water [33].
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FIG. 2. (Color online) (a) Sketch of the stable equilibrium θe for
pinned surface nanobubbles in the θ̇ vs θ phase space, cf. Eq. (10). A
sketch of the bubble height phase space Ḣ vs H looks the same.
(b) Sketch of the unstable equilibrium Le for unpinned surface
nanobubbles with constant contact angle in the L̇ vs L phase space,
cf. Eq. (15). For bulk bubbles, the sketch looks the same, with the
lateral extension L then meaning the bubble diameter.

Indeed, the equilibrium is stable, as one can see from writing
the big bracket in Eq. (10) as [· · · ] = (sin θ − sin θe)Lc/L:
Surface bubbles with θ > θe shrink and those with θ < θe

grow, see the sketch of the phase space in Fig. 2(a). The
balance corresponding to this stable equilibrium reflects
the competition between the gas influx into the surface
nanobubble due to the gas oversaturation and the outflux due
to the Laplace pressure.

Equation (11) [together with Eq. (10)] is the main result
of this paper. It gives the functional dependence θe(ζ,L) of
the equilibrium contact angle, which is shown in Fig. 3.
For fixed pinning lateral extension L the equilibrium contact
angle increases with the gas oversaturation ζ , as one would
expect. For the small contact angles relevant for surface
nanobubbles this dependence is basically linear for all practical
purposes. Vice versa, for fixed oversaturation ζ > 0 the
surface nanobubbles with a larger lateral extension have a
larger equilibrium contact angle, which indeed is seen in
various experiments, see, e.g., [26] or Fig. 6 of [27]. From
the slope of such plots sin θe vs L one can even read
off the applied gas oversaturation as ζ = slope × Lc. Note
that the size dependence of the contact angle thus has nothing
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FIG. 3. (Color online) Equilibrium contact angle θe of a nitrogen
bubble in water as function of the lateral footprint size L for four
different oversaturations ζ = 0.25, 0.5, 1.0, 2.0, bottom to top.

to do with any line tension effects and that parametrizing them
in terms of a generalized Young equation with a line tension
term included thus is not justified.

Rather than expressing the result Eq. (11) in terms of the
equilibrium contact angle θe, we can also express it in terms
of the equilibrium curvature

Re = Lc

2ζ
, (12)

which is constant for one particular experiment (and noninter-
acting bubbles). Note also that, if shown in terms of L/Lc,
the equilibrium contact angle θe or the equilibrium radius
of curvature Re/Lc are universal for all temperatures, gases,
surfaces, liquids, and their corresponding material parameters
and only depend on the gas oversaturation ζ .7 Obviously
Eqs. (11) and (12) should be tested against experimental
results. The main challenge will be to control the gas
oversaturation and dedicated setups as the one in Ref. [28]
may be required for that.

From Eqs. (11) and (10) we can also see that even for
oversaturation ζ > 0 an equilibrium does not need to exist:
For large L > Lc/ζ the second term in the bracket [· · · ] in
Eq. (10) is always dominant and the contact angle of the surface
bubble grows without bounds up to bubble detachment—the
oversaturation has won against the Laplace pressure. This
situation can be compared with the growth of microbubbles
out of immersed air-filled hydrophobic micropits (diameter
of 10 μm), as studied in Ref. [28] under well controlled
oversaturation conditions. It can also be compared to the
growth of immersed surface oil droplets in oil oversaturated
water, as there the concentration at the oil-water interface
is given by the saturation concentration and not by Henry’s
law (6) and therefore for the surface nanodroplets Lc can
considered to be zero, i.e., only the second term in the bracket
[· · · ] in Eq. (10) exists and for oversaturation ζ > 0 one always
has droplet growth.

On the other hand, for small enough pinning sites with
lateral extension

L < Lc/ζ (13)

stable equilibria and thus stable surface nanobubbles always
exist. For very small oversaturation ζ close to 0 condition (13)
does not seem to be a harsh limitation, but in practice obviously
the size of the pinning sites the surface offers is limited.

We note that the disjoining pressure [neglected in Eq. (6)]
not only slightly modifies the equilibrium contact angle θe,
but also limits the minimal equilibrium contact angle towards
some small threshold value θ∗, below which the gas-liquid
interface is attracted towards the surface so that the three-phase
contact line is zipped inwards, leading to an inwards jump of
the contact line and an upwards jump of the contact angle. All
these effects will quantitatively be worked out and discussed
in Ref. [29].

Finally, we actually numerically solve the ODE Eq. (10),
see Fig. 4 for one example. For any initial contact angle θi

7In practice, strong surface heterogeneities of chemical or geo-
metrical nature may however introduce some nonuniversality and
even slightly ovally shaped surface bubbles, i.e., deviations from the
spherical cap shape.
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FIG. 4. (Color online) Time evolution of the contact angle for a
single surface nanobubble for various initial contact angles θ0 = 1◦,
5◦, 10◦, and 20◦. The material parameters are chosen for a nitrogen
bubble: D = 2 × 10−9 m2/s, cs = 0.017 kg/m3, ρg = 1.165 kg/m3.
We picked the lateral extension of the pinning site as L = 100 nm
and a gas oversaturation of ζ = 1. Irrespective of the initial contact
angle, the surface nanobubble grows towards the equilibrium contact
angle θe = arcsin(ζL/Lc) = 2.02◦.

the stable equilibrium contact angle θe is indeed dynamically
approached. The time scale associated with this can be read
off from Eq. (10) as

τ = L2

4D

ρg

cs

, (14)

which for air bubbles in water is τ = 86 μs. As the product
of the θ -dependent factors in Eq. (10) happens to be O(102),
the change in θ happens even faster, namely on a time scale
O(10−2τ ), as seen in Fig. 4.

In reality, the shrinkage process does not have to be as
ideal as shown in Fig. 4: During shrinkage, the contact line
may depin, and either slide or jump to a smaller value of
L, as suggested in [30] and actually seen for dissolving
microdroplets in [31]. As mentioned above, the disjoining
pressure plays an important role here [29]. Also during the
growth towards θe contact line sliding or jumping (now
towards a larger L) may appear. In both cases, the changed
lateral extension of the bubble’s footprint implies a modified
equilibrium contact angle [see Eq. (11)], towards the system
will then evolve.

It is illustrative to contrast the stability of the pinned
surface nanobubbles to the instability of bulk bubbles already
mentioned in the Introduction or the instability of unpinned
surface bubbles (i.e., surface bubbles with a constant contact
angle θ ), for which the dynamical equation reads

L̇ = 1

L

4Dcs

ρd

f (θ )

3g(θ )

(
ζ − Lc

L
sin θ

)
. (15)

For oversaturation ζ > 0 also this unpinned case allows for an
equilibrium point (L̇ = 0), namely at

Le = Lc

ζ
sin θ, (16)

but this equilibrium is unstable, as one can easily show with a
linear expansion around the equilibrium Le, see also the sketch

of the phase space for this unpinned situation in Fig. 2(b):
Surface nanobubbles with L < Le are pressed out by the
Laplace pressure, those with L > Le grow because of the
oversaturation, up to detachment from the surface.

We have seen that the crucial parameter for the emergence
and stability of pinned surface nanobubbles is the gas over-
saturation ζ , which presses gas into the bubble to balance
the Laplace pressure. What controls ζ? It is the diffusion of
gas from the surface to the outer world. The time scale of
this process is τouter = 
2/D (as already elaborated in [8]),
which can be rather slow, provided the distance 
 to the outer
world is not microscopic. For example, for 
 = 1 cm one has
τouter ≈ 14 h, indeed corresponding to time scales on which
changes in the surface nanobubble sizes and partial depinning
have been observed [7,32].

To avoid this slow change in the oversaturation ζ and thus
in θe the system must be fully decoupled from the outer world,
i.e., one must seal the vessel containing the gas oversaturated
liquid in contact with the surface. Then the lifetime of the
surface nanobubble is infinite. For (large) micrometric surface
bubbles (for which, as elaborated above, no stable equilibrium
exists as the Laplace pressure is too weak to balance the gas
influx) this was achieved in the pressure controlled setup of
Ref. [28], which allowed for a precise and long-time control
of the saturation level ζ .

Surface nanobubbles not only diffusively communicate
with the outer world, but also among each other, as all of
them on the one hand affect the gas concentration field c(
x,t),
but on the other hand also react to this field by growth or
shrinkage. This may lead to Ostwald ripening, i.e., the growth
of large bubbles on the expense of smaller ones, or also the
opposite, depending on the relative curvatures of the surface
nanobubbles.

In summary, the exact calculation presented in this paper
clarifies that the stability of surface nanobubbles and their
small contact angle are not “paradoxical.” Contact line pinning
and gas oversaturation can account for both, reflecting the
balance between the gas overpressure due to the oversaturation
and the Laplace pressure. The theory quantitatively predicts
the equilibrium radius of curvature Re = Lc/(2ζ ) and the
equilibrium contact angle θe = arcsin(ζL/Lc), which are both
universal. In fact, provided one masters precise contact angle
measurements, the latter relation may even be used to measure
the gas oversaturation ζ . The calculation also reveals what
nanobubbles are in contrast to larger bubbles: They have such
a small radius of curvature (12) that the Laplace pressure is
strong enough to squeeze out and thus compensate for the
gas influx due to the gas oversaturation ζ > 0 of the liquid.
Larger bubbles cannot do this any more and thus grow and
finally detach from the wall. Finally, this work offers the
perspective to have a fresh view on the problem of contact
line pinning and contact angle hysteresis, in particular when
using nanostructured surfaces.
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