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Optical rogue waves associated with the negative coherent coupling in an isotropic medium
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Optical rogue waves of the coupled nonlinear Schrödinger equations with negative coherent coupling, which
describe the propagation of orthogonally polarized optical waves in an isotropic medium, are reported. We
construct and discuss a family of the vector rogue-wave solutions, including the bright rogue waves, four-petaled
rogue waves, and dark rogue waves. A bright rogue wave without a valley can split up, giving birth to two bright
rogue waves, and an eye-shaped rogue wave can split up, giving birth to two dark rogue waves.
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I. INTRODUCTION

Ocean rogue waves are rare events [1–6]. The height of a
rogue wave is two or more times those of the surrounding
waves [5,6]. Besides the ocean waves, rogue waves have
been reported in nonlinear optics [7,8], plasmas [9], and
microwave systems [10]. Optical rogue waves have been
observed in an optical system, based on a microstructured
optical fiber [11]. Different kinds of laboratory experiments
and theoretical approaches have been performed to study the
optical rogue waves [7,8,12,13]. In physical systems such
as the Bose-Einstein condensates and optical fibers, vector
rogue waves have been introduced [14–17]. Indeed, vector
rogue-wave solutions of the three-wave resonant interaction
equations, coupled Hirota equations, and Manakov systems
have been presented [14–17].

Propagation of the two orthogonally polarized pulses in a
monomode birefringent fiber can be described by the coupled
nonlinear Schrödinger (CNLS) equations, where the nonlinear
coupling terms are related to the third-order susceptibility
tensor χ (3) of the fiber [18–20]. In an isotropic medium,
χ (3) has three independent components and the nonlinear
polarization parts that account for the nonlinear coupling terms
have also been presented [19,20]. Motivated by that, in an
isotropic medium, the CNLS equations with negative coherent
coupling describing the propagation of orthogonally polarized
optical waves can be written as [18–20]

iq1t + q1xx + 2(|q1|2 + 2|q2|2)q1 − 2q∗
1 q2

2 = 0, (1a)

iq2t + q2xx + 2(|q2|2 + 2|q1|2)q2 − 2q∗
2 q2

1 = 0, (1b)

where q1 and q2 are the slowly varying envelopes of two
interacting optical modes, the variables x and t , respectively,
correspond to the normalized distance and retarded time, and
the asterisk denotes the complex conjugate. Equations (1)
can describe the light propagation in the paraxial approxi-
mation [18–20]. The coefficients of the self-phase modulation
and the cross-phase modulation are different [18–20]. The
last terms of Eqs. (1) are known as the coherent coupling
terms [18–20]. Darboux transformation (DT) of Eqs. (1) has
been introduced [20], and integrability properties and soliton
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solutions of Eqs. (1) have been obtained [19]. Degenerate and
nondegenerate vector soliton solutions of Eqs. (1) have been
derived with the bilinear system [18a]. More on solitons can
be seen in Refs. [18b].

In this paper, we will construct a family of the vector rogue-
wave solutions of Eqs. (1). For certain special parameter values
and seed solutions, we will obtain the bright rogue waves,
four-petaled rogue waves (two humps and two valleys), and
dark rogue waves. In Sec. II, using the two different seed
solutions and DT, we will construct the vector rogue-wave
solutions of Eqs. (1), and different types of vector rogue waves
will be shown. Section III will be our discussions and Sec. IV
will be our conclusions.

II. DIFFERENT TYPES OF VECTOR ROGUE WAVES

The Lax pair of Eqs. (1) is [19,20]

�x = (λU0 + U1)�, �t = (λ2V0 + λV1 + V2)�, (2)

with

U0 = i

(−I2×2 O
O I2×2

)
, U1 =

(
O Q

−Q† O

)
,

Q =
(

q1 q2

−q2 q1

)
, V0 = 2i

(−I2×2 O
O I2×2

)
,

V1 = 2

(
O Q

−Q† O

)
, V2 = i

(
QQ† Qx

Q†
x −Q†Q

)
,

where � = ( ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)
T

(the superscript T signifies
the matrix transpose) is the matrix eigenfunction, ϕi (i =
1,2,3,4) are the functions of x and t , I2×2 is the 2 × 2 unit
matrix, O is the 2 × 2 zero matrix, † denotes the conjugate
transpose, and λ is the eigenvalue parameter. Assume that

� = ( ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)
T

is a solution of Lax pair (2)

corresponding to λ, and (−ϕ∗
3 ϕ∗

4 ϕ∗
1 −ϕ∗

2
ϕ∗

4 ϕ∗
3 −ϕ∗

2 −ϕ∗
1
)
T

is a solution

of Lax pair (2) corresponding to λ∗. The DT (�,Q) → (�̃,Q̃)
of Lax pair (2) can be given as [20]

�̃ = (λI4×4 − S)�, Q̃ = Q − 2iS12,

S =
(

S11 S12

S21 S22

)
= H�H−1,
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H =

⎛
⎜⎜⎜⎝

ϕ1 −ϕ2 −ϕ∗
3 ϕ∗

4

ϕ2 ϕ1 ϕ∗
4 ϕ∗

3

ϕ3 −ϕ4 ϕ∗
1 −ϕ∗

2

ϕ4 ϕ3 −ϕ∗
2 −ϕ∗

1

⎞
⎟⎟⎟⎠,

� =

⎛
⎜⎜⎜⎝

λ 0 0 0

0 λ 0 0

0 0 λ∗ 0

0 0 0 λ∗

⎞
⎟⎟⎟⎠,

where �̃ = ( ϕ̃1 ϕ̃2 ϕ̃3 ϕ̃4
−ϕ̃2 ϕ̃1 −ϕ̃4 ϕ̃3

)
T

satisfies Lax pair (2) with

the potential function Q̃, I4×4 is the 4 × 4 unit matrix, and Sij

(i,j = 1,2) are the 2 × 2 matrices.

To obtain the vector rogue-wave solutions of Eqs. (1), we
derive the seed solutions of Eqs. (1) as

q1 = e4it , q2 = e4it , Q =
(

1 1
−1 1

)
e4it . (3)

Next, we will derive the vector eigenfunction which makes
Lax pair (2) compatible with seed solutions (3). Splitting the
four functions ϕ1, ϕ2, ϕ3, and ϕ4 into their real and imaginary
parts yields

ϕ1 = (ϕ1R + iϕ1I )e2it , ϕ2 = (ϕ2R + iϕ2I )e2it ,
(4)

ϕ3 = (ϕ3R + iϕ3I )e−2it , ϕ4 = (ϕ4R + iϕ4I )e−2it ,

where ϕjI and ϕjR (j = 1,2,3,4) are the functions of x and
t , and the subscripts R and I mean the real and imaginary
parts, respectively. Substituting expressions (4) and seed
solutions (3) into Lax pair (2), we obtain

λ =
√

2i, ϕ1R = −
√

2

2
t, ϕ2R = −

√
2

2
t − t, ϕ3R = −

√
2

2
t, ϕ4R =

√
2

2
t + t,

ϕ1I = 1

4
x, ϕ2I = 1

4
x + 1

4
+

√
2

4
x, ϕ3I = 1

4
x, ϕ4I = −1

4
x + 1

4
−

√
2

4
x. (5)

Substituting expressions (5) into DT (3), we derive the vector rogue-wave solutions of Eqs. (1) as follows:

q1 = −e4it F11

G11
, q2 = −e4it D11

G11
, (6)

where

F11 = −1 − 2
√

2 − 16it − 16i
√

2t − 32t2 − 768it3 − 512i
√

2t3

+1536t4 + 1024
√

2t4 − 8x2 − 8
√

2x2 − 96itx2 − 64i
√

2tx2 + 384t2x2 + 256
√

2t2x2 + 24x4 + 16
√

2x4,

G11 = 1 + 32t2 + 32
√

2t2 + 1536t4 + 1024
√

2t4 + 8x2 + 4
√

2x2 + 384t2x2 + 256
√

2t2x2 + 24x4 + 16
√

2x4,

D11 = −1 − 96t2 − 64
√

2t2 − 768it3 − 512i
√

2t3 + 1536t4 + 1024
√

2t4

− 96itx2 − 64i
√

2tx2 + 384t2x2 + 256
√

2t2x2 + 24x4 + 16
√

2x4.

In Fig. 1, it can be seen that |q1|2 and |q2|2 have different
structures. In the q1 component, a bright rogue wave with an
eye-shaped distribution (a hump and two valleys) is shown
in Fig. 1(a), while in the q2 component, a four-petaled rogue
wave (two humps and two valleys) is displayed in Fig. 1(b).
We note that the center value of the wave with a four-petaled
structure is almost equal to that of the background, as seen in
Fig. 1(b).

FIG. 1. (Color online) Vector rogue-wave envelope distributions
|q1|2 and |q2|2 of solutions (6).

The zero seed solution allows one to construct the hierarchy
of soliton solutions [20], while plane-wave solutions (3)
produce the rational solutions. Hereby, we consider another
case in which one is a zero solution and the other is a
plane-wave solution, as follows:

q1 = 0, q2 = e2it ,
(7)

Q =
(

0 1
−1 0

)
e2it .

Then, we will find four functions ϕ1, ϕ2, ϕ3, and ϕ4

which make Lax pair (2) compatible with seed solutions (7).
Substituting seed solutions (7) into Lax pair (2), we obtain

λ = i, ϕ1 = (x + 2it + b)eit , ϕ2 = (2x + 4it + 2)eit ,

ϕ3 = (2x + 4it)e−it , ϕ4 = (−x − 2it + 1 − b)e−it , (8)

where b is a real parameter.
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FIG. 2. (Color online) Vector rogue-wave envelope distributions |q1|2 and |q2|2 of solutions (9) with (a),(d) b = 1.5; (b),(e) b = 4;
(c),(f) b = 8.

Substituting expressions (8) into DT (3), we derive the vector rogue-wave solutions of Eqs. (1) as follows:

q1 = −e2it F12

G12
, q2 = −e2it D12

G12
, (9)

where

F12 = 8(−1 + b)(5 − 2b + 2b2 + 20it − 40t2 + 6x + 4bx + 10x2),

G12 = 25 − 20b + 24b2 − 8b3 + 4b4 + 144t2 + 352bt2 − 96b2t2 + 1600t4 + 60x + 16bx + 8b2x + 16b3x

+ 480t2x + 320bt2x + 136x2 + 8bx2 + 56b2x2 + 800t2x2 + 120x3 + 80bx3 + 100x4,

D12 = −25 + 4b2 − 8b3 + 4b4 − 72it − 176ibt + 48ib2t − 256t2 + 352bt2 − 96b2t2 − 1600it3 + 1600t4 − 24bx

+ 8b2x + 16b3x − 240itx − 160ibtx + 480t2x + 320bt2x + 36x2 + 8bx2 + 56b2x2 − 400itx2 + 800t2x2

+ 120x3 + 80bx3 + 100x4.

Figures 2(a)–2(c) show a bright rogue wave without valley
splitting in the q1 component, giving birth to two bright rogue
waves. With the decrease of b, the two bright rogue waves
merge into the higher-amplitude bright rogue wave, as shown
in Fig. 3(a). The distance between the two humps increases
with the increase of b, as shown in Figs. 2(b) and 2(c).
Figures 2(d)–2(f) show an eye-shaped rogue wave splitting

2 1 x

10

5

q1 2

2 1 x

10

5

q2 2(b)(a)

FIG. 3. (Color online) Vector rogue-wave envelope distributions
|q1|2 and |q2|2 of solutions (9) with t = 0, b = 0.8 (solid line), b = 0.5
(short dashed line), and b = 0.1 (long dashed line).

in the q2 component, giving birth to two dark rogue waves.
With the decrease of b, the two dark rogue waves merge into
an eye-shaped rogue wave. Different from the phenomenon
in Fig. 3(a), the amplitude of the eye-shaped rogue wave
decreases with the decrease of b, as shown in Fig. 3(b).

III. DISCUSSION

(i) For Eqs. (1), attention should be paid to the following
aspects: (a) Different from the Manakov system [14,21],
the ratio between the coefficients of self-phase modulation
and cross-phase modulation is 1:2. (b) Compared with the
Manakov system, Eqs. (1) contain the negative coherent
coupling. For those reasons, Eqs. (1) admit the different types
of vector rogue waves (as shown in Table I), which are different
from the Manakov-type vector rogue waves [14,21].

(ii) In Fig. 1, we observe an eye-shaped rogue wave together
with a wave with the four-petaled structure. The four-petaled
rogue wave in the q2 component is quite different from
the well-known eye-shaped one. Such four-petaled structure
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TABLE I. Types of vector rogue waves.

|q1|2 |q2|2

An eye-shaped rogue wave A wave with the four-petaled structure
A bright rogue wave without valley An eye-shaped rogue wave
A bright rogue wave with two humps A dark rogue wave with two humps and four valleys
Two bright rogue waves Two dark rogue waves

comes from the cross-phase modulation effects since the
four-petaled structure cannot be observed in a scalar NLS
equation. The possibilities to observe the four-petaled rogue
waves of three-wave resonant interaction equations have
been discussed [17,22]. Considering a three-wave resonant
interaction optical spatial noncollinear scheme with type II
second-harmonic generation in a 3-cm-long birefringent KTP
crystal [17,23],1 one can observe the four-petaled rogue
waves [17].

(iii) In Fig. 2, we observe a bright rogue wave without the
valley splitting in the q1 component, giving birth to two bright
rogue waves, and an eye-shaped rogue wave splitting in the q2

component, giving birth to two dark rogue waves. Rogue-wave
splitting (the behavior in the q1 component) has been observed
in a 3-cm-long birefringent KTP crystal [17]. Reference [17]
states, “Spatial diffractionless 6 mm waist beams, mimicking
quasi-plane waves, at 1064 nm would lead to the modulational
instability evidence.” However, the behavior of the rogue wave
in the q2 component has not been reported in the previous
studies.

(iv) It is expected that the vector rogue waves [solutions (6)
and (9)] could be observed in nonlinear optics. Actually, rogue
waves have been experimentally observed in several nonlinear
optics systems [11,13]. We briefly discuss the experimental
condition for the observation of those vector rogue waves:

(a) One may consider an experiment in a passively mode-
locked fiber laser: The laser consists of the two lengths of
the single-mode fiber and a 17 cm piece of (single spatial
mode) erbium-ytterbium fiber to provide the gain [24,25].
The round-trip cavity is approximately 430 cm in length, which
corresponds to a 48 MHz repetition rate [25]. One can see the
experimental setup of Refs. [24,25].

(b) Another experimental setup in the mode-locked fiber
laser can be seen in Refs. [26,27]. The all-fiber ring
laser cavity comprises the dual 980 nm pumping of a

1Potassium titanium oxide phosphate (KTiOPO4), or KTP, is a
nonlinear optical crystal in the visible-to-infrared spectral region with
relatively low cost [23].

2-m-erbium-doped fiber with the normal dispersion D =
−12.5 ps nm−1 km−1 [26]. The highest recorded amplitude
here is above 205 mV, while the significant wave height is
63.1 mV. Results show that the pulses can be considered as
the rogue waves as their maximal amplitude is 3.2 times that
of the significant wave height [26].

IV. CONCLUSION

We have analytically constructed and discussed a family
of the vector rogue-wave solutions of the CNLS equations
with negative coherent coupling, i.e., Eqs. (1), which describe
the propagation of orthogonally polarized optical waves in an
isotropic medium. Using DT (3), we have derived the vector
rogue-wave solutions, i.e., solutions (6) and (9). An eye-shaped
rogue wave together with a wave having the four-petaled
structure have been shown in Fig. 1. Figures 2(a)–2(c) have
displayed a bright rogue wave without valley splitting in the
q1 component, and Figs. 2(d)–2(f), an eye-shaped rogue wave
splitting in the q2 component with the increase of b. The two
bright rogue waves have been shown to merge into the higher-
amplitude bright rogue wave with the decrease of b, while
the two dark rogue waves, to merge into the lower-amplitude
eye-shaped rogue wave with the decrease of b, as presented in
Fig. 3. It is expected that our results on nonlinear waves could
be extended to the periodically driven media [28–31].

Different types of vector rogue waves obtained in this paper
have been summarized in Table I.
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