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Interphase anisotropy effects on lamellar eutectics: A numerical study

Supriyo Ghosh,! Abhik Choudhury,'-? Mathis Plapp,' Sabine Bottin-Rousseau,>* Gabriel Faivre,>* and Silvere Akamatsu®*

LCondensed Matter Physics, Ecole Polytechnique, CNRS, 91128 Palaiseau, France
2Department of Materials Engineering, Indian Institute of Science, 560012, Bangalore, India
3Sorbonne Universités, UPMC Univ Paris 06, UMR 7588, INSP, 75005 Paris, France
4CNRS, UMR 7588, Institut des Nanosciences de Paris, 75005 Paris, France
(Received 27 November 2014; published 23 February 2015)

In directional solidification of binary eutectics, it is often observed that two-phase lamellar growth patterns
grow tilted with respect to the direction z of the imposed temperature gradient. This crystallographic effect
depends on the orientation of the two crystal phases o and 8 with respect to z. Recently, an approximate theory
was formulated that predicts the lamellar tilt angle as a function of the anisotropy of the free energy of the
solid(«)-solid(B) interphase boundary. We use two different numerical methods—phase field (PF) and dynamic
boundary integral (BI)—to simulate the growth of steady periodic patterns in two dimensions as a function of
the angle O between z and a reference crystallographic axis for a fixed relative orientation of « and 8 crystals,
that is, for a given anisotropy function (Wulff plot) of the interphase boundary. For Wulff plots without unstable
interphase-boundary orientations, the two simulation methods are in excellent agreement with each other and
confirm the general validity of the previously proposed theory. In addition, a crystallographic “locking” of the
lamellae onto a facet plane is well reproduced in the simulations. When unstable orientations are present in the
Waulff plot, it is expected that two distinct values of the tilt angle can appear for the same crystal orientation
over a finite 6 range. This bistable behavior, which has been observed experimentally, is well reproduced by BI

simulations but not by the PF model. Possible reasons for this discrepancy are discussed.
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I. INTRODUCTION

The solidification of nonfaceted binary alloys of near-
eutectic composition produces self-organized composite ma-
terials, the microstructure of which results from the coupled
growth of two distinct crystal phases from the melt. In
directional solidification—crystal growth at constant velocity
V in a fixed thermal gradient G—the two most frequent
morphologies are parallel lamellae (platelets) of the two phases
and fibers (rods) of one phase dispersed in a continuous matrix
of the other phase. They are a trace left behind in the solid
by the dynamics of self-organized two-phase patterns at the
solidification front. The diffusion-controlled growth theory
of these patterns is well established [1,2]. More complex
microstructures have also been observed in experiments [3,4]
and further explored with the help of numerical simulations
using boundary-integral (BI) [5,6] and phase-field (PF) meth-
ods [7-12], with good agreement between experimental and
numerical results.

There are, however, major experimental observations
that cannot be accounted for by the existing theories. Most
importantly, it has been known for a long time that the
solidification dynamics of eutectic patterns may strongly
depend on the crystal orientation of the two solid phases [13].
Such crystallographic effects during eutectic growth have
been neglected so far, both in theories and models, in spite
of their practical importance [14,15]. We will focus here on
lamellar eutectics. In previous works [16,17], a distinction has
been made between two types of eutectic grains. A eutectic
grain is defined as a region of substantially uniform crystal
orientation of the two solid phases « and 8 and thus with a
constant orientation relationship between the two crystals. On
the one hand, in floating (eutectic) grains, the dynamics of
the lamellar solidification front patterns is well described by
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the standard theory of regular eutectics. In particular, spatial
inhomogeneities of the lamellar spacing are smoothed out
with time by a “spacing-diffusion” process [8,9] generically
present in out-of-equilibrium pattern-forming systems [18].
On the other hand, in locked grains, eutectic lamellae grow in a
direction that is essentially aligned to a certain crystallographic
plane and are inclined (or tilted) with respect to the main
growth axis z [17,19]. The strength of this crystallographic
locking effect varies between different eutectic grains. In
strongly locked grains, the spacing-diffusion process is
absent [16].

Examples of floating and locked eutectic patterns observed
in thin-sample directional solidification experiments are shown
in Fig. 1. The corresponding schematic views of the interfaces
are depicted in Fig. 2. In the locked case, tilted lamellar
microstructures are left behind in the solid by a eutectic growth
front pattern that drifts laterally at a constant velocity Vj,
(the pattern is in a steady state in the traveling reference
frame). The magnitude of the drift velocity can be large,
i.e., comparable to the pulling velocity, which leads to the
freezing of strongly tilted lamellae, as shown in Fig. 1(b).
In a steady-state condition, the (lamellar) tilt angle 6; is
defined by tan6; = V;/V. On the basis of in situ directional
solidification observations using thin samples of metallic
and transparent organic eutectic alloys, a conjecture was
formulated recently that relates the value of 6, to the anisotropy
of the free energy of the interphase boundaries (interfacial
anisotropy) [20,21]. The main underlying hypotheses are that
(1) only the solid-solid interfaces are anisotropic (i.e., in a
nonfaceted alloy, the anisotropy of the solid-liquid interfaces
has a negligible effect on the lamellar growth dynamics) and
(ii) the solid-liquid interface keeps virtually the same shape—
with mirror symmetry about the midplane of a lamella—as
for standard (nontilted) lamellae. The tilted pattern shown
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FIG. 1. Lamellar eutectic patterns observed in situ during thin-
sample directional solidification (V = 0.5 ums™') of a eutectic
transparent (CBr,-C,Clg) model alloy. (a) Symmetric steady state in
a “floating” eutectic grain. (b) Tilted lamellae in a “locked” eutectic
grain. The growth direction is vertical (liquid on top). Bar: 20 um.

in Fig. 1(b) satisfies these conditions. In essence, under this
symmetric-pattern (SP) approximation, the conjectured theory
states that the Cahn-Hoffman surface tension vector & (to be
defined below) is aligned with z [Fig. 2(b)].

The goal of the present work is to test the SP approximation
by numerical simulations, in which the anisotropy of the
interphase boundaries can be freely chosen. We use two
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FIG. 2. Schematic repeat units of lamellar eutectic patterns.
(a) Isotropic system. (b) System with an interfacial anisotropy of the
interphase boundary in the symmetric-pattern (SP) approximation.
o, B:solid phases; L: liquid; z: growth direction parallel to the thermal
gradient; x: direction of the isotherms. f;,: SP-approximation lamellar
tilt angle. The lateral drift velocity is given by tanfy, = V,;/V, with
V the pulling velocity. Other symbols: see text.
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different numerical models in two dimensions. The first one is
a sharp interface code, which uses the dynamic BI formalism
previously developed by Karma and Sarkissian [6]. This
method combines an evaluation of the solute diffusion field by
the boundary-integral method with an explicit front-tracking
algorithm for the interface evolution. For simplicity, the solid-
liquid interfaces are assumed to be isotropic. The anisotropy
of interphase boundaries is incorporated by changing the local
equilibrium condition at the trijunctions from the Young to the
Young-Herring law. The second method is a multi-phase-field
model, based on recent grand-canonical formulations of alloy
solidification [22,23]. The interphase anisotropy is directly
introduced into the underlying free-energy functional.

We characterize a given eutectic grain by the anisotropy
function, or Wulff plot (i.e., the polar plot of the surface
free energy), of the interphase boundary. It is important to
note that the details of this function depend solely on the
relative orientation of the « and § crystals. In two dimensions,
changing the in-plane orientation of a eutectic grain with
respect to the growth axis z while keeping the relative o8
orientation fixed is equivalent to rotate the Wulff plot globally
by a single angle fg. Our results can be classified into two
main categories, according to unstable orientations being
absent or present in the Wulff shape, respectively. For all
the anisotropy functions that we have tested and that do not
exhibit unstable orientations, the two numerical methods give
almost identical results for the tilt angle 6, as a function of
the rotation angle 6z. Importantly, the value of 6, follows
quite closely the variation of 6y, versus 6, where 6y, is the
tilt angle predicted by the SP approximation. In addition,
a strong locking of the lamellae onto a certain direction is
well reproduced in both BI and PF simulations by using an
anisotropy function with a peaked minimum. Moreover, the
tilt angle is found to be largely independent of the lamellar
spacing and the pulling velocity, in good agreement with
the SP approximation. For anisotropies that are large enough
to create orientations that exhibit a Herring instability [24],
the two numerical methods give different results. In the BI
simulations, a phenomenon of bistability is observed, that is,
for a finite range of eutectic-grain orientations, there are two
stable lamellar patterns with different tilt angles. Those two
branches of steady-state solutions are essentially the same as
the ones predicted by the SP approximation. Manifestations of
a bistable behavior have indeed been observed in thin-sample
solidification experiments [20]. In contrast, no such bistability
is observed in the phase-field simulations.

The remainder of the article is structured as follows.
In Sec. II, we recall some facts about eutectic grains and
anisotropic interfaces, present the equations of the eutectic
growth problem in the sharp-interface formulation and review
the SP conjecture for the prediction of the tilt angle. In
Sec. III, we briefly outline our simulation methods and specify
how we have incorporated the interface anisotropy in the
existing models. In Sec. IV, we describe our results for
various choices of the anisotropy function. In Sec. V, we
will discuss separately (i) a way to estimate the accuracy
of measurements of the interphase boundary Wulff plot
using experimental observations with the so-called rotating
directional-solidification method [21] and (ii) possible reasons
for the absence of hysteretic behavior in the high-anisotropy
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case in the PF simulations. Conclusions and perspectives are
presented in Sec. VL.

II. BACKGROUND
A. Sharp-interface problem

Consider the directional solidification of a binary eutectic
alloy in an externally imposed temperature gradient G along
the z axis with a fixed pulling velocity V. We make the
approximation that the temperature field is independent of the
solid-liquid front shape (frozen-temperature approximation),
which is a good approximation for thin-sample solidification in
which heat conduction takes mainly place in the sample walls.
In a two-dimensional system (an appropriate model for thin-
sample directional solidification) in which the temperature
gradient is directed along the z axis, the temperature field
is hence given by

T(X,t) =Tg + Gz — V1), (1)

where we have chosen the origin of the z axis at the eutectic
temperature T at time ¢t = 0, and X is a position vector in the

(x,z) plane.
A dimensionless concentration field u is introduced,
. Cix,n)—-C
uGpy = SN = Cr @)
Cp—Cyq

where C(X,t) is the space- and time-dependent composition of
the alloy and Cg, C,, and Cyg are the equilibrium compositions
of the three phases (liquid, solid «, and solid B) that
are in coexistence at 7 = Tg. In the one-sided model of
solidification, this field obeys the diffusion equation in the
liquid with the diffusivity D,

du = DV2u, €))

whereas no diffusion takes place in the solid. At the solid-liquid
interfaces, the conservation of solute implies

Vu, = —Di - Vu, 4)

where V, is the normal growth velocity of the interface, u, =
(C, — Cp)/(Cp — Cy) for v =a,B, and 7 is the unit normal
vector to the interface pointing into the liquid. In writing down
this expression, we have made the simplifying assumption
that the concentration differences between the phases do not
depend on temperature (parallel liquidus and solidus lines).
For isotropic interfaces, the classic problem of eutectic
growth is completed by the local equilibrium condition,

—[¢(x) — Vtl/IF — djk,
[2(x) — Vil 18 +dP,

Here ¢ (x) indicates the position of the solid-liquid interface in
the z direction;

o-L interface

Uint =

B-L interface

G

= —
Imy|[(Cp — Ca)

(6)
is the thermal length of phase v, with m, being the liquidus
slope at the eutectic point;

v YL TE

B LI, — ¢ v
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is the capillary length of phase v, with L, the latent heat of
melting per unit volume and y, the surface free energy; and
is the interface curvature, counted positive for a convex solid.

At the trijunction point, local equilibrium implies the
balance of surface tensions (Young’s law). For isotropic
interfaces,

YaLlar + Ypripr + Vaplap = 0, ®)

where 7,,,, are the unit vectors tangent to the u-v interface at
the trijunction point and pointing away from the trijunction.

B. Anisotropic interphase boundaries

A lamellar-eutectic solid consists of eutectic grains made of
crystals of the solid phases « and 8 with uniform orientations.
A (eutectic) grain hence constitutes a heterophase bicrystal.
The relative orientation between the lattices of the two phases
(constant within a grain) determines the interphase boundary
energy and its anisotropy, which may therefore vary between
grains. For a description of interphase configurations in
directional solidification, we need to specify the orientation
of the bicrystal and that of the interphase boundary with
respect to the temperature gradient and the sample plane of the
directional solidification setup. In two dimensions, two angles
with respect to the temperature gradient axis are sufficient for
a complete specification of these orientations.

Consider first a bicrystal in a fixed orientation with respect
to the temperature gradient. Let 7i be the unit normal vector of
the interphase boundary and 6 the angle between 7i and the x
axis (we have n, = cos @ and n, = sin 6). Furthermore, let the
anisotropic interphase boundary energy be given by

Yap(60) = Vapac(0), (€))

where 7,4 is a constant and a.(6) is a dimensionless function.

It may be useful for the following to recall a few standard
definitions and well-known facts. The vector tangent to the
interface is given by f = —di(6)/d6. With this definition, the
angle between the interface direction and the z axis is also
equal to 6 [as depicted in Fig. 2(b)]. The Cahn-Hoffman & and
o vectors [25] are defined by

E = yaph — vyl (10)
and
& = sl + Vs, (11

where v, = dyep(0)/d6. With their help, the equilibrium
shape of a B inclusion inside an « matrix and the anisotropic
equilibrium condition at trijunction points can be obtained in a
simple way. The Wulff plot is defined by 7(6) = y,s(0)A. The
minimum-energy shape (Wulff shape) is traced by plotting
the vector £(6). For low anisotropies that satisfy y,g(0) +
y;;g(e) > 0 for all orientations, the Wulff shape is smooth.
If the interface stiffness y,g(0) + yogjg(e) becomes negative
for a given value of 9, a flat interface of this orientation is
unstable with respect to the formation of a hill-and-valley
structure (Herring instability [24]). In this case, the plot of &
as a function of 6 has self-intersections, and the Wulff shape
is given by the inner convex part only. The other parts, often
called ““ears,” consist of three segments delimited by turning
points (see, for example, Ref. [26] for details and illustrations).
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The interface stiffness is negative only on the middle segment,
but all orientations located on the “ears” are missing from the
physically observable convex equilibrium shape.

When the bicrystal is rotated with respect to its reference
configuration by an angle 6, the interphase energy becomes

Yap(0) = Vapac(0 — Or). (12)

We choose the reference configuration (0 = 0) such that
an interphase orientation of minimal energy is aligned with
the growth direction. Note that positive and negative 6y thus
correspond to rotations to the left and to the right with respect
to a minimum-energy direction. Below, we will essentially
test two types of anisotropy functions. The first one is of the
standard form used for the modeling of crystals with m-fold
symmetry, namely

a,(0)=1—¢, cosmo, (13)

where €, is the m-fold anisotropy coefficient. It should be
noted that for interphase boundaries, at which two centrosym-
metric crystals meet, a twofold anisotropy is always expected
(since two opposite orientation vectors describe the same
surface). The second type of anisotropy function that we will
study is motivated by the observation of strong locking of
growth directions onto certain crystallographic planes. This
usually occurs when the two solid phases exhibit an epitaxial
orientation relationship [19]. In this case, the locking planes
correspond to sharp cusplike minima in the y,g(6) function.
In order to avoid the additional difficulties related to the
regularization of the cusp (see, for example, Ref. [27]), we
prefer to use a deep and narrow, but smooth, minimum, which
we model by a Gaussian in the anisotropy function, that is,

ag(0) = 1 — e, exp[—(6/w,)*], (14)

where €, is the amplitude and w, is the width of the
Gaussian. For both types of anisotropy, a finite range of
forbidden orientations appears for large-enough values of the
anisotropy coefficient. In our simulations, we also used linear
combinations of the functions a,, (withm = 2,4) and a,,

a(0)=1—¢, exp[—(@/wg)z] —€pc08260 —eqgcos46  (15)

with various values of the parameters €, €,, and w,. This
form can reproduce well typical anisotropies that have been
obtained from experiments [21] and molecular dynamics
simulations [28].

Let us comment on how the sharp-interface problem
introduced previously needs to be modified in order to take
the interphase boundary anisotropy into account. Since we
suppose that the solid-liquid interfaces remain isotropic (which
should be a good approximation for nonfaceted substances),
the Gibbs-Thomson conditions, Eq. (5), are unchanged. In
addition, since we still assume that there is no diffusion
in the solid, we do not need to write a local-equilibrium
condition along the interphase boundaries. Therefore, the only
change that intervenes in the equations is a modification of the
local-equilibrium condition at the trijunction, which becomes
a Young-Herring equation, that is,

Yarlar + Vpripr +0 =0, (16)
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FIG. 3. (a) Illustration of the Young-Herring equilibrium condi-
tion at the trijunction. 7 and 7: normal and tangent unit vectors of the
interphase boundary. (b) Definition of the tilt angle 6, and the angle
8 between ¢ and z.

with ¢ given by Eq. (11). Note that the & vector is not parallel
to the interphase boundary [Fig. 3(a)].

C. Theoretical predictions for the tilt angle

The SP approximation that allows us to obtain a prediction
for the growth angle is based on the experimental findings
presented in Refs. [20,21]. It was found that, even for lamellae
that grow at a large angle with respect to the temperature
gradient, the shape of the solid-liquid interface is close to
the one observed for well-aligned lamellae. More precisely, the
“heads” of the lamellae are approximately mirror symmetric
with respect to the midplane of the lamellae, which means
that the contact angles of the solid-liquid interfaces at the
trijunctions are nearly the same on both sides of a lamella
(to within the resolution of the experiments). Considering the
Young-Herring condition of Eq. (16), a strictly symmetric
shape is possible only if the vector ¢ is aligned with the
z axis. Using the fact that faﬂ = (sinf,—cos ) and 7,z =
(cosf, sinf) in the (x,z) plane, the condition that the x
component of & is zero is written as

Yap(0 — Og)sin 6 + y;ﬂ(e — 6g)cosb = 0. (17

For a fixed orientation 0 of the eutectic grain, this is a
nonlinear equation for the interface orientation 6, which can
easily be solved numerically for arbitrary anisotropy functions
a.(0). As long as the interface stiffness y,p(0) + yé;g(é?) is
positive for all angles, this equation has a unique solution. For
negative stiffness, there are ranges of 6z for which there exist
three solutions, of which one corresponds to an orientation
that is present on the equilibrium shape, one to an unstable
orientation, and the third to a metastable orientation with
positive stiffness that is missing on the equilibrium shape
(belonging to an “ear”). This is the prediction against which we
will compare our numerical results. The solution of Eq. (17),
which is the prediction of the SP approximation, will be
designated by 6.

As will be seen below, a steady state with tilted lamellae
obtained from our simulations generally does not follow
exactly the prediction of Eq. (17). The departure from the
conjecture can be quantified by the value of the angle between
the & vector and the z axis, which we will denote by § in the
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following, as illustrated in Fig. 3(b). The SP approximation
predicts § = 0.

III. METHODS

A. Boundary-integral method

For our BI calculations, we have adapted the method
developed by Karma and Sarkissian [6]. In the quasistationary
approximation, valid for slow growth velocities, the solute
diffusion equation, Eq. (3), can be replaced by the Laplace
equation, V2u = 0. The use of Green’s function techniques
then permits us to transform this partial differential equation
together with the boundary conditions at the interface into a
single integrodifferential equation along the solid-liquid front.
The numerical procedure to calculate the time evolution of
the growth front is as follows. The interfaces are discretized
with the help of marker points that are uniformly spaced along
the interface. The gradient of the concentration field u, and
thus the interface velocity from Eq. (4), is obtained from
the boundary-integral equation for each interface point except
for the trijunction points. After having moved forward the
interface points, the new position of the trijunction point is
found by solving Eq. (8), with the new positions of the first
point on each interface taken as input, and the position of the
trijunction as unknown. This equation is solved by a relaxation
scheme. More details can be found in Ref. [6].

Since, under our hypotheses, the solid-liquid interfaces
remain isotropic, the only change that is necessary to incor-
porate the solid-solid interfacial anisotropy in this model is in
the calculation of the trijunction positions. We have replaced
Eq. (8) with Eq. (16); in other words, we have replaced the
vector Yuplys With the vector ¢ in the routine that calculates
the new trijunction positions.

B. Phase-field model

We have used a grand-canonical multi-phase-field model
with a multiobstacle potential, developed and validated re-
cently by Choudhury and Nestler [23]. In this model, accurate
simulation results can be obtained with the help of a quantita-
tive thin-interface analysis and an antitrapping current adapted
to the obstacle potential. For the solidification of a binary
eutectic alloy, we will work with N = 3 phase fields (denoted
by ¢1, ¢, and ¢4 for liquid, « solid, and B solid, respectively)
that obey the sum constraint ¢; + ¢, + ¢ = 1, and a diffusion
potential u thatis conjugate to the dimensionless concentration
field u.

The starting point of the model is the (grand-canonical)
free-energy functional

Q= / 0@ V) + wp(T.11.$), (18)
\4

where w;,; and w), are the contributions of interfaces and bulk,
respectively. The interface part is given by

- 1
wing = €a(p, Vo) + EW(¢)’ 19)

where € is proportional to the numerical interface thickness.
For isotropic interfaces, the gradient energy a(¢, Vd)) and the
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multiobstacle potential WW(¢) are given by

N
a@.Ve) =Y vildil® (20)

i<j
with g;; = ¢ﬁ¢ i — ¢ %q&,- (a vector that is normal to the ij
interface) and

W(@)

16
= ”2
(0.¢]

The simplex ¥ is bounded by ¢; > 0Vi and Zf\,:l ¢, < 1.The
first sums in Egs. (20) and (21) run over all pairs of distinct
phases, with y;; denoting the isotropic ij surface energy; y;jx
is a third-order potential term which prevents the appearance
of any “foreign” phases in the binary interfaces.

To define the bulk part of the functional, we start from the
Helmbholtz free energies of each phase, which we approximate
by parabolas as in Ref. [10],

,<j Vl}¢l¢/ + Zz</<k Vt/k¢l¢ ¢k lf(b €X

elsewhere.
2n

fiw,T) = A + Bi(Tu+ E(T) (i =a,pl). (22)
We define the Legendre transforms
w;(n,T)= fi(u,T)— w=0af;/du, (23)

which are functions of p and 7. The bulk part of the energy
functional is then given by

N
> o, Thi(), (24)

i=1

wp(p.T.¢) =

where h;(¢) = ¢?(3 — 2¢;) + 2 ¢; ;¢ are weight functions
which interpolate between phases and satisfy Z,N=1 h; = 1.

For our simulations, we have chosen A, = Ag = A; = A,
which leads to parallel liquidus and solidus lines [10]. With
this choice, the capillary lengths for the «-liquid and B-liquid
interfaces are given by

VvL _ WL
3af/oud 24°

dy = (25)
The equivalence between the two definitions of dj, Eqgs. (7)
and (25), can be established with the help of a Clausius-
Clapeyron relationship for the solid-liquid coexistence line
and the definition of u, Eq. (2).

Surface tension anisotropy can be incorporated directly
into the interface part of this functional. Since both the
gradient and potential parts, Eqs. (20) and (21), are sums
over the different interfaces, it is straightforward to control
the anisotropy of each interface independently. Here, we
have modified only the contribution of the «-8 interface by
multiplying the corresponding gradient and/or potential terms
with the function a.(f). We have tested different ways to
implement this anisotropy. The technical details, as well as
the equations of motion of the model, which are derived from
the functional following the lines of Refs. [22,23], can be found
in Appendix A.
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C. Parameters

We have chosen as a convenient test case a model eutectic
alloy with symmetric phase diagram and properties, that is,
my = —mg, Ug = —Uy, and Y, = ygr. In the following,
we will therefore drop the phase indices of all parame-
ters (capillary and thermal lengths) for simplicity. We also
choose the average value of the solid-solid interface free
energy to be equal to the solid-liquid one (Vug = Yur),
which would yield trijunction angles of 120° for isotropic
interfaces. We will specify the simulation parameters using

dimensionless ratios, normalizing all lengths with the diffusion
length,

(26)

We work at the eutectic composition and in the limit of
slow velocities and low temperature gradients, which im-
plies dy/lp < 1, do/l7 < 1, and the Péclet number Pe =
A/lp < 1, where A is the lamellar spacing. It may be useful
to mention that the value of the Jackson-Hunt minimum

undercooling spacing A, under these conditions is given
by
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™~

i (©)

Am &~ 3.844/dolp.
parameters.

IV. RESULTS
A. General remarks

Our standard simulation procedure is as follows: we start

from a pre-existing pair of lamellae (usually taken from a

previous steady-state calculation) and slightly change the

rotation angle 6 at a predetermined time step. Immediately
after the change in 0; (within a solidification distance of
less than one lamellar spacing), the lamellae select a new
tilt angle (Figs. 4 and 5). With the model Wulff plots that
we have implemented, and in the range of control parameters
that we have used, the calculations always converged toward

a steady-state pattern. We let the system evolve for typically

3-10 lamellar spacings before we measure the steady-state
tilt angle 6, of the interphase boundary. In BI simulations,
the inclination of the interphase boundary (and those of the
tangents to the solid-liquid interfaces at the trijunctions, as
well as the o vector) is automatically given as output data
of the simulation. In PF simulations, 6; is measured at a
distance from the trijunction of several times the interface
thickness, as imposed by the diffuse nature of the trijunction.

It was, however, not possible, with our PF method, to extract

numerically the contact angles in the moving anisotropic
trijunction with a reasonable accuracy. The same is true
for the angle § that quantifies the departure from the SP
approximation.

In Figs. 4 and 5, we show illustrative examples of
drifting patterns calculated with the BI and the PF codes,
respectively. In both cases, we chose anisotropy functions
with a peaked minimum, which can produce locked lamel-
lar patterns for a certain 6g range. The relation between

27
As we shall see below, in the regime that we have investigated,
the results depend very little on the detailed choice of the

FIG. 4. Steady-state lamellar patterns (BI simulations). (a) Sym-
metric pattern without anisotropy. (b) Tilted pattern with anisotropic
interphase boundaries [anisotropy function given by Eq. (14);
€,=0.2; w, =0.1; 0 =37 /48 ~ 11.25°; Pe = 0.024; 6, = 11.0°].
(c) Spatiotemporal diagram showing the steady-state dynamics

corresponding to (a) and (b), successively, and the brief transient
after the anisotropy was turned on.

the shape of the anisotropy function and the tilt angles
will be detailed below. For the time being, let us com-
ment on some general features of tilted lamellar growth
patterns.
First, the selection of a new steady-state tilt angle after
a change of the rotation angle 6 occurs very rapidly (over
a solidification distance of less than 1), so the interphase
boundary left behind in the solid exhibits a sharp bend, see
Figs. 4(c) and 5(b). Second, in tilted patterns, the shape ¢ (x)
of the solid-liquid interfaces most often looks “flatter” than in
the fully isotropic case [Figs. 4(a) and 4(b)], in agreement
with experimental observations. This results from the fact
that the modulus of o is smaller than the isotropic reference
value of the surface free energy, and hence the dihedral angle

Z/N
Z/\

X/A
(@)

X/
(b)

XA
()

FIG. 5. Drifting lamellar patterns in the PF model; the anisotropy
function is given by Eq. (15) with €, = 0.2, w, = 0.1, €, = 0.0854,
and €4 = 0.0221 (the same function as in Fig. 10 below): (a) “locked”
tilted state (6, = 29°,0r = 30°), (b) transition from a locked to an
unlocked tilted state upon change of 6 from 35° to 40°, (c) unlocked

tilted state (6, = 10.8°,0g = 50°). Other parameters: dy/Ip = 7.9 x
1073, 17 /1p = 3.167.
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FIG. 6. Steady-state tilt angle 6, obtained from BI simulations
as a function of the reduced lamellar spacing A/A,, at constant G
and V (do/Ip = 1.9531 x 1075, I; /I = 4). The angle —§ is also
plotted (8 is the angle between ¢ and z). Anisotropy function a.(6) =
1 —0.05cos[2(8 — Or)]; Or = /3 (B, = 5.3°).

between the two solid-liquid interfaces at a trijunction is larger
than in the isotropic case. Third, the solid-liquid interfaces
exhibit a certain degree of asymmetry, a quantitative measure
of which can be given by the ratio [ (x) — ¢(—x)]/&o, With &
the amplitude of the solid-liquid cap (and x being centered
in the middle of a lamella). In the case of Fig. 4(b), that
quantity is of about 5%. This is equivalent to stating that
(as shown by the BI simulations) the value of § is not zero.
The sign of § is opposite to that of 6;, which indicates that
the diffusion field tends to oppose the lateral drift of the
lamellar pattern (as could be expected given the stability of
nontilted lamellar pattern for A close to A,, in the absence of
anisotropy).

Before studying the dynamics of tilted-lamellar solidifica-
tion patterns by varying the characteristics of the o Wulff
plot, we have tested the influence of two control parameters,
namely the lamellar spacing A and the Péclet number Pe, on the
tilt angle for a given crystallographic configuration. Figure 6
shows the variation of 6, as a function of A /A, for given values
of the other control parameters and for a fixed Wulff plot
(BI simulations). In the scanned /A, range, the variations
of 6, are very small (a fraction of a degree). Moreover,
the angle &, which characterizes the departure from the SP
approximation remains smaller than 1° (in absolute value).
This indicates that the steady-state tilt angle 6, is smaller than,
but close to, the SP-approximation value 6,. It can be seen
that for small lamellar spacings, § tends towards zero and
0; towards 6, with decreasing A. The Jackson-Hunt analysis
predicts that for A = A,,, the contributions of the interface
curvature and the diffusion field to the front undercooling are
of equal magnitude, whereas for smaller spacings capillarity
dominates over the composition variations due to diffusion.
Since the SP approximation takes into account only capillary
phenomena, it is not surprising to see that it becomes more
accurate in the small-spacing limit. It should also be mentioned
that, in extended systems with isotropic interfaces, a lamellar
elimination instability occurs for spacings below a threshold
spacing that is lower than but close to X, [9]. The value
A & 1.75A,, at which 0, passes through a minimum (and —§
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FIG. 7. Lamellar tilt angle vs Péclet number at constant
A/dy=20.25, dy/lr =2.496 x 1073; a. =1+ 0.04cos[4(8 — 6r)],
Or = 15° (B = 9.07°).

through a maximum) more or less corresponds to a change of
the shape of the solid-liquid interface, which, for the larger A
values, exhibits a concave part in the center of each lamella (it
may also be noted that, for isotropic interfaces, the lamellar
pattern undergoes an oscillatory instability for A ~ 2.2, [6]).

Figure 7 shows the variation of 6, with the Péclet number
Pe, calculated with the PF method by varying the diffusion
coefficient D in the liquid (this is equivalent to varying the
velocity V) atfixed A, dy, and [7. The graph shows a decreasing,
essentially linear variation of 6, with Pe. This indicates that the
effect of the diffusion field increases when Pe increases, and,
again, that it is in opposition to the lateral drifting motion of
the pattern. A linear fit of the data indicates that the value of 6,
extrapolated to Pe = 0 remains slightly smaller than the SP-
approximation value (65, = 9.07°). Nevertheless, the variation
of 6, remains very small over the (relatively large) range of
scanned Pe values.

In conclusion, the anisotropy-driven lamellar tilt angle is
very little sensitive to the exact values of A and Pe provided that
Aidsclose to A,, and Pe < 1. Therefore, simulations performed
at a fixed A value close to 1, and Pe significantly less than
unity are fully representative of the behavior of the system
over a large, experimentally relevant range of the main control
parameters. In the following, the BI simulations were per-
formed with Pe = 0.024,dy/1p = 1.9531 x 107°,17/1p = 4,
and the PF simulations with Pe = 0.16, dy/Ip = 7.9 x 1073,
Ir/lp = 3.167. In both cases, y, =Yg = Voup = 1.

B. Anisotropy functions without missing orientations

Figure 8 shows the variation of 6, as a function of the
rotation angle 6, calculated by both BI and PF, for a simple
twofold anisotropy (m = 2) given by Eq. (13). Temperature
gradient, growth velocity, and lamellar spacing were held
constant. The results of both simulation methods follow quite
closely the SP approximation, up to differences that do not
exceed a degree. As expected, we find symmetric, nontilted
patterns when either the minimum or the maximum of y is
aligned with z. Somewhere in between these orientations, the
value of 6, passes thus through a maximum for an orientation
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FIG. 8. Lamellar tilt angle as a function of the rotation angle
Or. Weak, twofold symmetry anisotropy of the interphase boundary
(a. =1 —0.05cos[2(8 — Or)]). The SP-approximation angle 6, and
the steady-state angle 6, obtained with the BI and PF simulations are
both shown. In this graph, as well as in the following, the represented
Or range is limited to [0,77 /2] for obvious symmetry reasons.

that depends on the anisotropy function. We checked that
this maximum increases when the anisotropy coefficient is
increased. Overall, however, the tilt angle remains much
smaller than 0z over a full rotation range. In other words,
a weak crystallographic anisotropy, though it has a clearly
detectable effect on the dynamics of lamellar eutectic patterns,
is not sufficient to induce a significant locking (6, ~ 6g).
For convenience, we will call such weakly anisotropic tilted
patterns “unlocked patterns”. Let us mention again that the
values of dy/lp, I7/lp, and Pe actually differ for BI and PF;
the results thus demonstrate once more that the influence of all
of these parameters is weak in realistic conditions.

Next we have investigated a situation in which a mild
lamellar locking takes place. We use an anisotropy function
according to Eq. (15), with €, =0.05, w, =0.195, e, =
0.0854, €4 = 0.0221 (Fig. 9). This function was chosen so
as to smoothly reproduce the Wulff plot extracted (assuming
the SP approximation) from the experimental data of Fig. 7
of Ref. [21] (see discussion below). The corresponding
Wulff shape is an oval with markedly flattened sides (but
without straight facets and without forbidden orientations).
The variation of 6, with 6 is continuous and univalued. The
simulation results for 6; nicely follow the SP-approximation
curve.

Let us analyze the graph in Fig. 9 in more detail. The
variation of 6, is essentially linear for 6z ranging from 0° to
about 20° (we recall that for 6z = 0, the interphase boundary
plane of minimum energy is aligned with the temperature
gradient). However, the slope is substantially less than 1 [a
linear best fit yields a slope of about 0.76 for 6g,, 0.73 for 6;
(BI), and 0.72 for 6; (PF)]. In other words, in this regime, the
inclination angle of the interphase boundary remains close
to, but not exactly on the minimum-energy plane, which
defines a mild locking effect. For rotation angles larger than,
say, 45° in Fig. 9, the lamellar growth dynamics escapes the
influence of the Gaussian minimum of the Wulff plot. In this
unlocked-pattern region, the value of 6, is solely determined by
the cos26 and cos46 terms in the a,. function (in this 6 range,
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FIG. 9. (a) Lamellar tilt angle as a function of the rotation angle
Or. Mild lamellar locking effect caused by a shallow, smooth local
minimum in the Wulff plot of the interphase boundary (see text). Same
symbols as in Fig. 8. Dashed line: slope 1. (b) Wulff shape (6 = 0).
(c) Partial view of the Wulff shape (dash-dotted line) and the shape
reconstructed from the 6, data of Fig. 9 under the SP approximation
(thin line).

we checked that 6, remains equal to 0, as it should, when €, and
€4 are set to 0). In an intermediate 0y interval, there is a steep
but smooth transition between a nearly locked and an unlocked
behavior. In this crossover range, the departure of 6, from the
SP approximation is larger than in the rest of the graph. The
value of the angle § as it is given by BI simulations more or
less follows the same variation as 6, as a function of 6z (not
shown). It reaches a maximum (of about 2°) in the crossover
region, but this maximum remains small as compared to the
corresponding 6, value (*18°).

C. Anisotropy with missing orientations

A strong lamellar-locking effect [Fig. 10(a)] can be re-
produced by using an anisotropy function of the same form
as that of Fig. 9, but with a deeper and sharper Gaussian
[e, =0.2 and w, = 0.1; see Eq. (14)]. This modification of
the Wulff plot entails the appearance of two (quasi) facets,
and four “ears” with long metastable branches and sharp-edge
junctions in the Wulff shape of the interphase boundary [see
the inset in Fig. 10(a)]. Let 6, and 6;, where 8, < 6;, be the
tilt angle values at which y + y” = 0 on the interval [0,7 /2]
(6, &~ 25° and 6; &~ 70° in the example shown in Fig. 10).
The SP approximation predicts three distinct parts in the 6,
versus 6 curve: (i) an essentially linear strongly locked branch
with a slope close to 1, which runs from 6z = 0 to 6 = 6;;
(i1) an unlocked, although (weakly) anisotropic, branch for
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O ranging from 6, to 7 /2; and (iii) an intermediate branch,
which connects the end points of the locked and unlocked
branches, and is, presumably, not observable given that the
interface boundary is unstable (y + y” < 0) along its entire
length. In the [6,,6;] interval, two (locked and unlocked) values
of the lamellar tilt angle are possible for a given eutectic-grain
orientation. In this bistable range, there is a value 6, of the
rotation angle (here approximately 45.3°) at which o has the
same value for both branches—this corresponds to a sharp
edge in the convex equilibrium shape.

Both BI and PF simulations reproduce the two separate
locked and unlocked branches [Fig. 10(a)]. They demonstrate,
in particular, the existence of a strong locking effect over a large
orientation range, as predicted by the SP approximation. The
two methods exhibit, however, a somewhat different behavior
in the bistable interval. In the BI simulations, starting from
the situation where the facet is aligned with the temperature
gradient (Bg = 0), the system closely follows the locked
branch upon increasing g, up to a limit angle at which it jumps
abruptly to the unlocked branch. The jump occurs well before

70—
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z/\
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FIG. 10. (a) Lamellar tilt angle as a function of the rotation angle
Or. Strong lamellar locking effect with a sharp local minimum in the
Waulff plot (see text). Same symbols as in Fig. 8. Inset: Wulff plot (thin
line) and Wulff shape (thick line). Dashed lines: Unstable branches.
(b) Angle 8 of ¢ with z as a function of 8 (BI simulations). (c) Shape
of the lamellar pattern with the largest 9, value (*48°) simulated with
the BI code.
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the turning point 6;, at a value of 6x which is close to 45°. This
point can be only attained if 6 is successively increased along
the locked branch and the maximum value of 6, depends on
the step size in 0. It is thus clearly initial-condition dependent
and has no obvious connection with the sharp-edge angle 6,.
This limit value of 6, in the simulations is also compatible
with previous in situ observations of tilted lamellar patterns.
Reversely, when 6y is decreased stepwise starting from 6z =
/2, the system describes the whole unlocked branch, within
numerical accuracy. This hysteresis is expected for a bistable
system. It should be noted that the approach of the limit tilt
angle along the locked branch also corresponds to a steep,
apparently diverging, increase of the § angle [Fig. 10(b)]. This
indicates that, at large tilt angles, the SP approximation, while
it still correctly predicts the values of the tilt angle, becomes
inaccurate with regards to other aspects of the dynamics. For
instance, in contradiction with its basic assumption, the shape
of the solid-liquid interface becomes markedly asymmetric at
large tilt angles, as can be seen in Fig. 10(c).

In contrast with the BI simulations, no hysteresis is
observed in the PF simulations. More precisely, no states on
the locked branch have been observed for rotation angles larger
than about 35°: When 6y, is increased beyond that value, the
lamellae switch to the unlocked state. The opposite jump from
the unlocked to the locked state was found to occur at the same
value of O (with an uncertainty of about 1°) in runs that were
started on the unlocked branch and in which the rotation angle
was successively decreased. A refinement of the grid and a
decrease in the interface thickness by a factor of 2 produced
a change in this critical value that did not exceed 2° to 3°.
In contrast, an increase of the amplitude €, of the Gaussian
in the anisotropy function led to a marked increase of the
discontinuous-jump angle.

V. DISCUSSION

A. Reconstructing the anisotropy function

A practical aim of the present study was to give a numerical
support to a recent experimental work based on a rotating
directional solidification (RDS) method [20,21]. The RDS
method uses a standard thin-sample directional solidification
setup and, in addition, permits us to rotate the sample at
constant angular speed about an axis perpendicular to the
(two-dimensional) sample. Under a few, not very restrictive,
conditions (zero translation speed, center of rotation placed on
the eutectic isotherm, quasi-two-dimensional and quasistatic
nature of the front pattern dynamics), this is equivalent to
continuously varying the rotation angle 6 of a given eutectic
grain with respect to the thermal gradient axis, as we have
done in the above calculations. More precisely, the lamellar
tilt angle 6,45 observed over time during a correctly set-up
RDS experiment is equal to the steady-state tilt angle 6; at the
current value of ;. Moreover, in the SP approximation, this
entails that the RDS trajectories of the trijunction points are
centrosymmetric closed curves homothetic to the section of
the Wulff shape of the interphase boundaries by the sample
plane, from which a two-dimensional anisotropy function of
the interphase interface can be derived (see Ref. [20]). The
anisotropy function used in Fig. 9 was derived from the
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FIG. 11. Experimental observation of a coexistence of eutectic-
growth domains with two different tilt angles in a single eutectic grain.
Rotating directional solidification of a thin (10-pm-thick) sample of
a eutectic CBry-C,Clg alloy. Horizontal dimension: 450 pm.

RDS pattern of a nearly locked grain by this method. As a
test for the accuracy of this method, we have reconstructed
the Wulff shape from the calculated 6,(6g) points under
the SP assumption. The two shapes are identical to within
experimental error, as can be seen in Inset 2 of Fig. 9.
In conclusion, the errors due to the SP approximation are
generally not larger than the experimental uncertainties, which
validates the use of the SP approximation in the exploitation
of the RDS patterns.

B. Bistability in the numerical simulations

The most important difference between the results of BI
and PF simulations is the absence of bistability in the 6,(0g)
curves obtained with the PF code. As discussed previously,
such a bistable behavior should follow from the existence of
states of positive stiffness on the “ears” of the Wulff plot. In
addition, there is clear evidence of bistabilty in experimentally
observed RDS patterns of strongly locked grains, as illustrated
in Fig. 11 (also see Ref. [21]). Therefore, the Bl method seems
to be in better agreement both with the SP theory and with
experiments.

Whereas quantitative differences between phase-field and
sharp-interface models have often been reported, such a strong
qualitative difference between the two methods is a striking
finding. Let us first discuss—and, actually, rule out—one
possible source for this difference. It is well known that PF
models need to be regularized for anisotropy functions that
generate missing orientations. Indeed, for orientations with
negative stiffness, the evolution equations for the phase fields
become ill posed. This corresponds, in the free-boundary
problem, to unstable growth modes with arbitrarily high
growth rates in the limit of vanishing wavelengths (absence of
stabilization by capillarity). This behavior can be regularized
by a convexification of the polar plot of 1/y [29] or by
the addition of higher-order derivatives in the free-energy
functional [30,31]. Since the former method requires a
recalculation of the convexification for each new choice of
anisotropy function, we have preferred to use the latter by
following Torabi et al. [31], who have added to the free energy
the square of the mean interface curvature. For our model
we used the linearized form, which amounts to adding to the
functional of Eq. (18) a new term of the form

mg /V [€V - (Gup)), (28)
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where f is a length scale over which the sharp corners of the
equilibrium shape are smoothed out.

As expected, with the help of this regularization, we have
obtained the correct equilibrium shape for a B inclusion
inside an o matrix, even for anisotropy functions with missing
orientations such as the example used for generating Fig. 10.
However, this modification did not appreciably alter the results
for lamellar growth: still no bistable behavior was observed
in the PF model, and the value of the angle at which the
“jump” from the locked to the unlocked branch occurs was not
appreciably modified.

We believe that the origin of the difference between BI
and PF results is the behavior of the diffuse trijunctions in
the PF model. Indeed, in Ref. [10], it was found by direct
comparison between PF and BI simulations that the dynamics
of diffuse trijunctions deviates from the predictions of sharp-
interface models: Since the solute diffusivity remains non-
zero within the diffuse interfaces, the solid-solid interface can
actually move close to the trijunction point, contrary to the
assumptions made in the one-sided model of solidification,
in which the diffusivity becomes zero immediately behind
the (sharp) interface. Moreover, a rotation of the trijunction
point by a finite angle was observed that persisted even in
the sharp-interface limit [10]. Since such effects are present
even for isotropic interfaces, one may expect them to be even
more important here, where the anisotropic surface energy
creates strong “Herring torques.” Indeed, we have observed in
our simulations that the solid-solid interface tends to slightly
change its orientation upon approaching the trijunction region.
Therefore, it is possible that the PF model explores a wider
range of orientations within the trijunction region than the BI
model, which could facilitate the switching between different
solution branches.

It should also be noted that the regularization outlined
above was developed and validated only for simple interfaces
between two phases and may therefore not be complete in the
vicinity of trijunction points. It is possible that the bistable
behavior observed in the BI simulations could be recovered
by a PF model with correctly regularized trijunction points.
However, since the analytic understanding of trijunction
points currently is very limited, it is not clear how such a
regularization should be carried out. For all these reasons, a
more detailed study of moving diffuse trijunctions certainly is
an interesting subject for future work.

VI. CONCLUSIONS AND PERSPECTIVES

We have investigated lamellar eutectic growth with
anisotropic solid-solid interphase boundaries, using two dif-
ferent numerical methods: a dynamic boundary-integral and
a phase-field code. We have obtained good agreement be-
tween our numerical results and the prediction of a recent
approximate theory for the growth direction as a function of
anisotropy and orientation of the growing bicrystal, which uses
the symmetric pattern approximation. For smooth anisotropy
functions (no missing orientations), the two methods are in
excellent agreement. If the anisotropy is strong enough to
induce missing orientations around a deep minimum in the
y plot, BI exhibits a bistable regime that is in agreement with
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theoretical predictions and experimental observation but is not
found in the PF model.

The numerical simulations demonstrate that the real growth
shapes are not exactly symmetric but that this departure from
the hypothesis that underlies the SP theory leads only to small
differences in the steady-state tilt angle for various choices of
anisotropy functions. Moreover, these differences are virtually
independent of the growth velocity and local spacing, at least
in the regime of slow growth (small Peclet numbers) and for
spacings close to the minimum-undercooling spacing. Since
these conditions are found in many experiments, these results
firmly establish the SP theory as a useful tool for predicting the
growth angles of lamellar eutectics. In particular, experiments
with the rotating directional solidification setup can be used
to obtain quantitative information on anisotropy functions, as
discussed in Sec. V. It should be noted that in the present
numerical study we have limited ourselves to a symmetric
phase diagram and to growth at the eutectic composition;
however, since the tilt angle is mainly fixed by the (anisotropic)
capillary effects, we do not expect major differences for other
phase diagrams or compositions.

The important qualitative difference between the predic-
tions of BI and PF simulations is an interesting finding in
itself, since correctly designed PF models are usually a faithful
representation of the corresponding free-boundary problems.
While we have not succeeded in pinpointing the exact origin
of the difference between PF and sharp-interface models,
we believe that the key point is the dynamic behavior of
diffuse anisotropic trijunctions. This is an interesting subject
for further studies.

Despite this open problem, in the regime of low anisotropy
(without missing orientations), BI and PF simulations show
an excellent agreement. This implies that these models can be
used to explore the behavior of anisotropic eutectics beyond
steady-state growth. In particular, it would be interesting to
address the effect of anisotropy on the various instabilities that
are known to occur in lamellar eutectics: short-wavelength
oscillations [3,6], spacing diffusion [8,9], and the zig-zag
instability [4,11]. Without any doubt, the stability boundaries
will depend on the strength of the anisotropy, but it seems
difficult to predict in which way without the help of numer-
ical simulations. Finally, it is straightforward to implement
anisotropic PF models in three dimensions, which opens the
possibility to explore numerically the anisotropy effects on
eutectic growth in bulk samples.
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APPENDIX A: PHASE-FIELD MODEL:
TECHNICAL DETAILS

Here we will discuss in more detail several technical points
about our phase-field model; these are mostly known facts,
but it seems useful to recall them briefly here. We will start
with the implementation of the anisotropy and then give the
equations of motion for our model.

PHYSICAL REVIEW E 91, 022407 (2015)

Consider a two-phase system characterized by a single
phase field ¢, with an interfacial free-energy functional of
double-obstacle type

Q= f [K(V6) + Hp(1 — $)IdV. (AD)

where K and H are constants and ¢ is restricted to the interval
[0,1]. The equilibrium interface profile is given by

0 x/W < —m/2
px)= 11 +1sin(3) —nm/2<x/W<n/2
1 x/W>m/2

(A2)

for an interface normal to the x direction centered at the origin,

with
K
W=, —.
H

Furthermore, the standard evaluation of the surface excess
free energy (the additional energy created by the presence of
an interface) yields

(A3)

b4
y = Z«/ KH. (A4)
Equations (A3) and (A4) can be inverted to express the
constants K and H in terms of the surface free energy y
and the length scale ¢ = 4W/x:

K = ye, (AS)
16

H==L (A6)
TT“€

It can easily be verified that this calculation remains valid
for a binary interface (an interface between phases i and j
along which ¢; + ¢; =1 and all other phase fields are zero)
in the multi-phase-field setting; therefore, the parameters y;;
in Egs. (20) and (21) are directly the surface free energies of
the respective interfaces.

In order to generate a surface free energy that depends
on the interface orientation according to Eq. (9), Eq. (A4)
can still be used, but the coefficients K and/or H need
to be orientation dependent. The “standard” procedure (see,
for example, Ref. [32]) is to keep H constant and to write
K@®)=K af(@). According to Eq. (A3), this creates variations
in the interface thickness W, which becomes proportional
to a.. This can be avoided by letting K(0) = Ka.(0) and
H(0) = Ha.(6). Finally, it is also possible to keep the gradient
energy coefficient constant and to write H(0) = Haf(@),
which leads to W ~ 1/a.(6).

It should be noted that each of these choices gener-
ates different equations of motion for the phase field. The
functional derivative, for any functional of the form F =

[, f(¢,V¢,V2¢) is explicitly given by

SF of af ., of
oLy g 2l 82 ,
56 99 ; ot = a0z

i,j=x,y,2

(AT)

where 0;¢ denote the Cartesian components of V¢. Since
the interface orientation 6 can be expressed as a function
of V¢, the second term on the right-hand side acts on any
0-dependent term in the functional. We have implemented the

022407-11



SUPRIYO GHOSH et al.

evolution equations corresponding to the three possibilities
outlined above and have compared the results for a few
selected examples. We have found no significant differences.
The results presented in the main text are obtained with the
anisotropy function in the square gradient term only. In order
to treat crystals that are rotated with respect to the temperature
gradient (laboratory frame), we use coordinate transformations
involving rotation matrices, as discussed in Appendix B.

The equations of motion for all the fields in our multi-
phase-field model are obtained from the functional 2 by the
procedures detailed in Refs. [22,23]. The chemical potential
obeys a diffusion equation with source term,

9w, ) ¢

I
x(cb,u)a =V M@V — Jul+ Z (Maq)

(A8)

9w,
+ Y (a BT) hy(®),

v=a,p

where x(¢,1) = —3%wy(¢,1)/du? is a generalized suscep-
tibility; for our choice of wy, x(¢,u) = 1/2A. Additionally,
this choice leads to equal slopes of the liquidus and solidus
lines, which renders

0w, h,(¢) o,
= —u, and =0
oo J ¢ opudT )

For an imposed temperature gradient G translated at a given
velocity V, 3; = —GYV fromEq. (1). Furthermore, M (¢) is the
atomic mobility of the solute, which is assumed to be zero in
the solid and finite in the liquid. Using the standard relationship
between mobility and diffusion coefficient, D = Md? f/du?,

we can write

¢/D

M(¢) = (A9)

Finally, Ju is the antitrapping current that is added to
counteract spurious solute trapping effects and guarantee
the correct thin-interface limit [33]. Here we combine the
appropriate expression for the double-obstacle potential of
Ref. [23] with the interpolation between multiple growing
phases developed in Ref. [10].

The time evolution of the phase-fields follows a relaxation
equation,

0y _ _TL[‘SQ - A}, (A10)

ot 3¢,

where §€2/8¢ denotes a functional derivative and A is a
Lagrange multiplier that is added to ensure Zlvvzl ¢, =1
throughout the system. The relaxation coefficient T may vary
between the different interfaces,

N
i1 TiPid;
- <N .
Zi,j:l ¢i¢j

the values 7;; for each interface are chosen such as to make
the interface kinetics vanish [23]; the interfaces thus obey the
local equilibrium condition of Eq. (5).

(Al1)
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APPENDIX B: ROTATION MATRIX REPRESENTATION
OF ANISOTROPY

In two dimensions, the interface orientation 6 can be
obtained for an i-; interface from the Cartesian components
of the vector g;; = ¢ V¢ i — @ ng, Some simple anisotropy
functions a.(0) can also be directly expressed in terms of the
components of g;; instead of 6.

If the growing crystal is rotated, in two dimensions the
anisotropy function is changed from a.(6) to a.(60 — 0g). We
wish to use an implementation that can easily be extended to
three dimensions and arbitrary rotations. In order to achieve
this, we directly work with the components of the interface
normal vector and transform the equations to the reference
system of the crystal with the help of the appropriate rotation
matrix. .

Consider an a-f interface and let the vector ¢ = ¢ Vg —
oy %qﬁa (we drop the phase indices for ease of notation), with
g and g, being its Cartesian components in the laboratory
frame. We rotate this vector by an angle 6, which brings it
into the reference frame of the crystal,

i = [ﬂ —r[%] B1)
qy dy

where R is the rotation matrix,

—sinfg| | Ry Ry
cos g i| o |:Ryx Ryy]' (B2)

In the reference frame of the crystal, the anisotropy can be
expressed in the “primed” vector components, independently
of the rotation angle. For example, a simple cubic anisotropy
function is given by

14 4
= q, +4q,
al(q)=1- €4|:3 —4<|q—/|4}>i|: (B3)

cos Og
sin Og

R(Or) = |:

where €4 is the anisotropy strength; a twofold anisotropy is
generated by

/2 /2
o) 9, — 4
aq’)=1-— 62(|q—,|2’v>- (B4)

For an arbitrary function a.(¢), we may use thattan ) = q,/q;.
In order to calculate the functional derivative in Eq. (A10),
repeated use of the chain rule is made. For instance, we

have
da.(q") _ da. dq, N da, 8q; _ % da, » 3. g ‘
0 9qy; 0e  0qy 0P dqy 9q dydp
(B5)
Similarly, we find
da.(q") dac _9gy BaL 34,
0(dc¢e) | _ | 94x Rex 36,60 0(0x Pa) + R”‘ (3x o)
dac(g) | — | dac 3% + BaL 3(1\
0(0y¢a) 3g;, XY 3(0y¢a) YY 3(0yha)
BuL Rxx + du( R 6
= - B
¢/3 da( ny + BaL R ( )
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