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Dynamics of a rigid rod in a disordered medium with long-range spatial correlation
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We investigate the diffusion of a rigid rodlike object in a two-dimensional disordered host medium, which
consists of static pointlike sources of force. The points are distributed with long-range spatial correlation and
interact with the rod via a repulsive potential. The time dependence of the rod’s center-of-mass mean-squared
displacement and its rotational mean-squared displacement are obtained for various degrees of long-range spatial
correlation and rod’s lengths. These transport characteristics are compared to those obtained in previous studies
for the case of homogeneous distribution of force points. It is shown that existence of long-range correlation
among force points makes the center of mass diffusion anomalous.
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I. INTRODUCTION

Transport processes in disordered media constitute an
important class of problems especially in the light of their rele-
vance to the modeling of a vast variety of phenomena in physics
and many interdisciplinary areas. A partial list of applications
include transport phenomena in porous media, diffusion in
biological tissues, and conduction through composite solids
[1-5]. Itis a well-established fact the characteristics of disorder
can strongly affect the transport properties of equilibrium as
well as out-of-equilibrium systems. In particular, Lorentz gas
[6,7] has served as a simple model describing the transport of a
single particle in a disordered medium. In a Lorentz gas, a sin-
gle classical particle moves through a disordered array of static
objects. Lorentz gas can generally be used for modeling the
motion of light particles in a disordered environment. When
the density of static objects in the host medium increases,
the dynamics of the diffusive particle becomes complicated
and the system exhibits the typical aspects of the dynamics
of supercooled liquids and dense colloidal systems [8,9].
Obstacles and diffusive particles are normally assumed as
spheres and disks. Recently considerable attention has been
paid to the case where the shape of the diffusive particle
deviates from sphere and is endowed with rotational degrees of
freedom [10,11]. Especially, rodlike objects have been notably
explored [12-18]. In Refs. [19-21], the characteristics of a
generalization of Lorentz gas in which the diffusive particle is a
rigid rodlike particle has been deeply investigated. Analogous
to supercooled liquids [22-26] and dense colloidal systems
[27-29], it was observed that at intermediate times, the rod
center of mass (CM) exhibits a caging regime, which is
due to steric hindrance emerging from neighboring obstacles.
Additionally, diffusion of rodlike objects in disordered media
is directly related to experiment. For instance, suspension of
semiflexible polymers have been shown to exhibit a variety
of dynamical phenomena of great importance to both physics
and biology that are still only poorly understood. For high
concentration, the polymeric suspension undergoes a phase
transition to a nematic phase with long-range orientational
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order. Recently the self-diffusion of rodlike viruses in the
anisotropic nematic phase has been experimentally explored
[30]. The diffusion of colloidal rods has been empirically
studied by the technique of fluorescence recovery after photo
bleaching [31]. Motivated by the above arguments, we believe
that investigation of Lorentz gas properties in disordered media
could shed more light onto the problem. In many situations,
the disordered media can support some degrees of correlations
especially long-range ones [32,33]. Therefore it would be a
natural question to what extent the diffusion characteristics are
affected by spatial correlations [34]. In this paper we aim to
investigate the properties of the Lorentz gas in a force medium
with spatially correlated distribution of obstacles.

II. MODEL DESCRIPTION AND ITS FORMULATION

Our diffusive particle is supposed to have a rodlike shape.
Moreover, we assume this particle, hereafter called a rod, is
rigid. The rod is modeled by a set of N aligned beads with
distance 20 between each other. The rod length is hence
L.oa = 2N — 1)o. The rod mass is mN where m is the
mass of each constituent bead. The rod performs a classical
motion in a host medium where for simplicity and reducing
the simulation costs is assumed to be two dimensional. The
medium consists of static pointlike sources of force called
obstacles, each of which interact with any of the rod beads
via a soft-disk potential. Analogous to [19-21], we assume the
potential takes a short-ranged repulsive form V(r) = e(%)lz.
We exclude the attractive part of the Lennard-Jones potential
to avoid the possibility of rod trapping by the obstacles. The
medium is characterized by the statistical properties of the
obstacles spatial distribution. We define the number density of
obstaclesas p = ]\2—2 in which L is the size of the 2d simulation
box and Ny denotes the number of obstacles. In a series
of papers, Moreno and Kob have thoroughly investigated the
relaxation dynamics of the rod by studying its center-of-mass
translational and rotational degrees of freedom [19-21]. In
their investigations they considered both an inhomogeneous
random distribution of obstacles and a more ordered one in
which the distribution of obstacles has a homogeneous glassy
structure. Notable difference were observed for these two types
of structure. In this paper, we aim to study the influence of
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long-range spatial correlation in the host medium on the rod’s
relaxation dynamics. In order to construct spatially correlated
obstacles, we exploit the fractional Brownian motion (fBm).
Consider a one-dimensional random process in which the
stochastic field /2 depends on the independent variable x. This
process is called a fBm with Hurst exponent 0 < H < 1 if the
following condition holds [3]:

([h(x1) — h(x2)]?) o (x1 — x2)*, (1)

where the average () is over an ensemble of different realisa-
tions of the stochastic field 2(x). A typical example includes
the random surface growth where the stochastic field a(x)
represents the height of stochastic surface at point x. When
the exponent H is between zero and unity, we say that the field
h acquires long-range spatial correlation. The fBm is divided
into three distinctive categories. H < %, H = % and H > % If
0 < H < 0.5 the fBm is anti correlated (negative correlation).
H = 0.5 characterizes an uncorrelated fBm and 0.5 < H < 1
corresponds to a correlated (long-range correlation) fBm. The
classification holds in higher-dimensional fBm. In general for
a d-dimensional fBM we have:

([h(x1) — h(x2)]*) o |x; — xa|*7. 2)

Taking the independent variable to be time and the
stochastic field & to be the distance x of a random walker to
the origin the notion of fBM can be applied to random walks
as well. This gives us the long time scaling behavior of a
random walker, i.e., ([x(t;) — x(t)]*) ~ (i — £,)*. Note the
case H = 0.5 corresponds to the normal diffusion. There exists
a variety of methods for generation of fBM in the literature
[1,35]. Midpoint, independent jumps, displacing interpolated
points and Fourier filtering are a few ones. In this paper,
we have implemented the Fourier method. We now explain the
construction method for a static force medium with long-range
correlation. Given the obstacles number density p and the
Hurst exponent H, we first specify the simulation box size
L. Then we generate Nops = pL? correlated random numbers
X1,%, ..., %y, from our code. In general, these numbers will
not be confined to the simulation box and we must apply two
sets of transformations on them. Denoting their minimum and
maximum by ¥y, and X the first set of transformations
will be a shift that is )E;l) =X — Xmin, I = 1,2, ..., Nops. After
applying this transformation all )Zi(l) will be positive. The
second transformation is a dilation, which brings all the points

=(1)

Y= i=1.2,....Nows
The long-range variables ii(z) can now be considered as the
x; coordinates of the obstacle points. In a similar manner, the
y; coordinates of the obstacles points are generated. Figure 1
exhibits two samples of obstacles generated by fBm process.
We remark that there is no cross correlation between x and y
coordinates of the obstacle points.

into the simulation box:

III. SIMULATION RESULTS

We now report our molecular dynamics simulation results.
Prior to that, let us define the quantities by which we wish
to characterize the statistical properties of the rod’s motion.
The rod center-of-mass (CM) mean-squared displacement
([AF(t)]?) and its orientational mean-squared displacement
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FIG. 1. (a) A sample of anticorrelated distribution of obstacles
with Hurst exponent H = 0.2. (b) A correlated sample with H = 0.7.
In both figures the number density is p = 0.06.

([Ap(2)]?) are basic quantities to describe the statistical
features of the rod’s movement. Space and time are measured
in units o and o (m/ e)% respectively. For each p, the average
distance between obstacles turns out to be (d) o p‘%. All
averages were performed over 100 samples of obstacles and
for each sample we have averaged over 200 different initial
conditions of the rod. The length of simulation box has been
L = 800. In each initialization, a single rod starts its motion
with a constant total energy E in reduced units. We have taken
the total energy of rod equal to one unless otherwise stated.
The CM of each rod is randomly set within a box of size L

10
centered in the middle of the simulation box. Its orientation
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FIG. 2. (Color online) Time series of rod’s kinetic (top) and
potential (bottom) energies. The rod’s length is L, =29 and its
total energy is E = 1. The medium is characterized with H = 0.2
and p = 0.006.

is randomly chosen between 0 and 2m. The initialization is
accepted provided the distance between each rod’s bead to
any of the force points is larger than o. If this criteria is not
fulfilled another attempt takes place. Furthermore, we have set
the initial angular velocity in a manner that half of the kinetic
energy is rotational. The direction of CM velocity is randomly
chosen between [0,277] and its x and y components are taken
equal to each other. Once the rod’s CM exits the simulation
box the run terminates. Before discussing the behavior of
([AF()]?) and ([A¢(£)]?) let us look at the time series of the
rod kinetic energy Ex and its potential energy E p in Fig. 2 for
a typical run. Note that the total energy satisfies £ = E; + E,,.
The medium is characterized by H = 0.2 and p = 0.006.

As can be seen, most of the energy is in the form of
kinetic and only a tiny portion is devoted to the potential
part. This behavior is generic for other values of H,p, L. and
total energy E. In terms of molecular dynamics terminology,
we have performed all our simulations in NEV ensemble. In
this ensemble, the temperature can be defined via the relation
(Er) = kgT. In our subsequent simulations, we have chosen
E = 1, which corresponds to kgT =~ 1.

A. Diffusion in a medium with H < 0.5

Now let us discuss the temporal dependence of translational
and angular MSDs. Figure 3 exhibits the dependence of
([AG()1?)/t and ([Ar(2)]?)/t on time ¢ for an anticorrelated
distribution of obstacles characterized by the Hurst exponents
H = 0.2 in a medium with p = 0.006.

For both displacements, one can distinguish between two
different regimes. In the first regime, ([Ar(2)]?) and ([Ag(1)]?)
exhibit quadratic dependence on time. This is a signature of
directed motion in which the diffusion plays no dominant role.
After a certain time, the rod’s motion undergoes substantial
changes. Let us first discuss the angular motion. As you can see
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FIG. 3. (Color online) (a) Positional mean-squared displacement
and (b) angular mean-squared displacement of CM in a medium with
Hurst exponent H = 0.2 and p = 0.006 for various L.

from Fig. 3, the directed angular motion of the rod smoothly
terminates and ([A¢(¢)]>) exhibits a linear dependence on
time. It turns out that angular motion is diffusive. The diffusion
constant of the corresponding random angular motion is
a decreasing function of the rod length L.,4. This seems
natural because larger rods are more entangled among the
obstacles. Let us consider the translational motion of CM.
Analogous to angular motion, the results shown in Fig. 3
depict that the directed motion of CM terminates after a
transition time beyond which the CM motion exhibits diffusive
behavior. The significant point is that the diffusive motion
of CM is not normal but anomalous. We recall that in the
case of uncorrelated distribution of obstacles with the same
number density, rod’s CM shows a normal diffusion after
termination of its directed motion [19,22]. The reason we
observe anomalous diffusion is entirely due to the existence
of long-range correlation among the obstacles. As a matter of
fact, anticorrelation crucially changes the nature of the CM’s
diffusion to a subdiffusive one with scaling exponent § < 1,

([Ar(1)]*) = D?°. 3)
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FIG. 4. (Color online) (a) Angular mean-squared displacement
for a rod of length L = 21 in a correlated medium with H = 0.3 for
various densities. (b) Angular mean-squared displacement in a dense
medium characterized by density p = 0.019 and the Hurst exponent
H = 0.3 for various rod’s length.

We have obtained the values of exponent § for different rod
lengths L;yq. The length of the rod is varied from L =5 to
L = 39 and the corresponding scaling exponent § turned out
to be 0.48 £ 0.039,0.45 + 0.041.0.40 & 0.048,0.38 £ 0.051,
and 0.34 +£0.029. It demonstrates the strong effect of
anticorrelation in comparison with normal value 6 = 1.
Rotational motion, in contrast to translational one, does not
show anomalous behavior and after some transient time
asymptotically tends to a normal diffusion. Nevertheless, if
we increase the density or the rod’s length, the subdiffusive
behavior will also be observed the rotational degree of
freedom. Figure 4 shows the temporal dependence of angular
motion MSD for a denser medium.
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FIG. 5. (Color online) (a) Mean-squared displacement of CM,
and (b) angular mean-squared displacement in a medium charac-
terized by the Hurst exponent H = 0.7 and p = 0.006.

B. Diffusion in a medium with H > 0.5

In Fig. 5, we exhibit the time dependence of ([Ar(¢)]?)
and ([A¢(t)]?) for the same density p = 0.006 but in a
force medium with H = 0.7 having long-range correlation.
The generic behavior of ([Ar(t)]?) is analogous to the
anticorrelated case of H = 0.2. One observes the anoma-
lous diffusion. Nevertheless, there is a distinguishing effect
between H = 0.2 and H = 0.7. The scaling exponent § is
noticeably lower in the correlated situation H = 0.7. The scal-
ing exponents are 0.21 £ 0.016,0.18 £ 0.019,0.16 £ 0.023,
0.12+0.017, and 0.10 + 0.018 for L = 5,13,21,29, and 39.
The reason is that when there is a long-range spatial corre-
lation, regions consisting of dense obstacles are ubiquitous
through the force medium. In this situation, the rod will spend
a larger time in these islands before it finds a way out through
a diffusive channel. In contrast, when the medium posses
anticorrelation, the probability of finding a large area having
a high local density of obstacles is not large and the medium
has a more homogeneous structure. This makes the diffusion
more easier comparing to a correlated medium. To see the
dependence of the exponent § on the Hurst exponent H we
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FIG. 6. (Color online) Dependence of diffusion scaling exponent
6 on the Hurst exponent H for two media of obstacle densities p =
0.006 and p = 0.01.

have performed extensive simulations for various rod lengths.
Figure 6 exhibits the results.

You see that § decreases almost in linear manner with
increasing the Hurst exponent H. The physical explanation
have been already given in the above lines. To see the effect
of obstacles density on rod’s motion, we performed extensive
simulations for denser media. In Fig. 7 the dependence of
exponent § on obstacles density p is shown for the range
[0.006,0.05]. The smallest relative standard deviation of the
data points is 0.08 whereas the largest one is 0.12.
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FIG. 7. (Color online) Dependence of diffusion scaling exponent
8 on the obstacles density for a medium characterized by p for
H =0.2.
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FIG. 8. (Color online) (a) Mean-squared displacement of CM,
and (b) angular mean-squared displacement in an uncorrelated media
with densities p = 0.02 and p = 0.03.

C. Uncorrelated medium (H = 0.5)

Despite our main focus in this paper has been on spatially
correlated force medium, it would be illustrative to revisit some
results for an uncorrelated medium in which the obstacles
are distributed randomly through the space. To distinguish
our results with the existing ones in the literature, we have
considered a denser medium with respect to the one explored in
Refs, [19-21]. Figure 8 exhibits the angular as well as position
MSD for an uncorrelated medium for densities p = 0.02 and
p = 0.03. You see that when the density is high (relative to
p = 0.006 considered in Refs. [19,20]) the positional MSD
becomes subdiffusive. This is in contrast to normal behavior
observed for a medium with p = 0.006. From rotational
viewpoint, for a dense medium the angular MSD becomes
subdiffusive as well. The reason is that when the medium
becomes denser the obstacles prevent the rod to rotate. This
gives to a subdiffusive in angular degree of freedom.

IV. SUMMARY AND CONCLUDING REMARKS

We have investigated the diffusion characteristics of a rigid
rodlike object immersed in a two-dimensional random force
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medium by molecular dynamics. The scattered static pointlike
sources of force interact with the rod, which is modeled as
an array of aligned points, via a repulsive soft potential.
The inhomogeneous spatial distribution of force centers has
long-range correlation characterized Hurst exponents greater
or less than 0.5. We have investigated the statistical prop-
erties of translational and rotational degrees of freedom for
various degrees of spatial correlation in the force medium.
In particular, the time-averaged mean-squared displacement
of the rod’s center of mass and its rotational diffusion is
obtained for some global densities of force sources. By contrast
to uncorrelated distribution of points, the existence of long-
range correlation crucially affects the transport characteristics.
Our findings demonstrate that the diffusion nature of the
rod’s CM undergoes a substantial change into a subdiffusive
character. We have obtained the diffusion scaling exponent
for both correlated and anticorrelated media. Our results
show that diffusion in a long-range correlated medium is
more slowed down compared to the anticorrelated medium.
This is due to existence of large patches with local high

PHYSICAL REVIEW E 91, 012122 (2015)

density of force source among which the rod is entangled and
confined.
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