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Steadily oscillating axial bands of binary granules in a nearly filled coaxial cylinder
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Granular materials often segregate under mechanical agitation such as flowing, shaking, or rotating, in contrast
to an expectation of mixing. It is well known that bidisperse mixtures of granular materials in a partially filled
rotating cylinder exhibit monotonic coarsening dynamics of segregation. Here we report the steady oscillation of
segregated axial bands under the stationary rotation of a nearly filled coaxial cylinder for O(103) revolutions. The
axial bands demonstrate steady back-and-forth motion along the axis of rotation. Experimental findings indicated
that these axial band dynamics are driven by global convection throughout the system. The essential features
of the spatiotemporal dynamics are reproduced with a simple phenomenological equation that incorporates the
effect of global convection.
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Introduction. Mixtures of granular materials tend to seg-
regate when they are subjected to mechanical agitation such
as flowing, shaking, or rotating. Unlike in mixtures of liquids
or gases, dissipative interaction among macroscopic particles
gives rise to unconventional macroscopic behavior [1,2]. In
many industrial processes, such as the processing of food,
pharmaceuticals, and chemicals, this spontaneous demixing
phenomenon often needs to be avoided and has been the subject
of long-standing study [1]. This counterintuitive tendency has
also received the particular attention of physicists over the past
two decades [2].

One of the most fascinating examples of segregation is
demonstrated by a cylinder that is partially filled with grains
of different sizes [3]. When mixtures of grains are steadily
rotated in a horizontal cylinder around its axis, two types
of segregation are seen: radial and axial. As a result of
radial segregation, the smaller particles form a radial core
along the axis and the larger particles are expelled to the
periphery within just a few revolutions. The particles then
separate further into alternating bands that are rich in either
small or large particles along the axis. Subsequently, a pattern
of well-segregated bands slowly merges and coarsens at a
logarithmic rate [4], which represents a kind of relaxation into
a pattern of macroscopic segregation. Since axial segregation
was first reported by Oyama in 1939 [5], it has been extensively
studied experimentally [6–10], theoretically [11–13], and
numerically [14,15]. Axial segregation and its spatiotemporal
pattern dynamics are counterintuitive because there is no
obvious driving force for the axial motion in the system.
The origin of the driving force of axial motion needs to be
identified to gain a deeper understanding of the mechanism of
segregation dynamics.

We focus on the axial motion of grains by minimizing
the effect of surface flow by nearly filling the cylinder.
Our previous study with a nearly filled single cylinder [16]
suggested that very slow but steady global convection was
present under stationary rotation. In dense granular systems,
the very slow collective motion of grains gives rise to
macroscopic transport and circulation of the media [16–18].
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We adopt a coaxial cylinder to stabilize this global convection
by interposing a granular layer between cylinder walls as solid
boundary conditions.

The experiments were performed using two types of grains
in an acrylic transparent co-axial cylinder [Fig. 1(a)]. The
cylinder has inner Rin and outer radii Rout of 2 and 4 cm
[Fig. 1(b)], respectively, and a length L of 34 cm. The smaller
particles, silica sand, were 207 ± 67 μm in diameter and white
in color, while the larger particles, garnet sand, were 388 ±
173 μm in diameter and dark red (see E in [19]). The angle of
repose was 37◦ (silica sand) and 33◦ (garnet sand). An equal-
volume mixture of the two types of particles was poured into
a vertical coaxial cylinder that had one end open. The end was
then closed and the cylinder was placed horizontally on two
shafts parallel to its axis. The cylinder was rotated at a constant
rotation rate � by driving one of the shafts by a brushless dc
electric motor (Oriental Motors). Digital images of the entire
cylinder were taken every 30 s. To make a space-time diagram,
the images were cropped to the length of the cylinder and a
height of one pixel approximately at the height of the axis of
the cylinder. The cropped images were then stacked on top of
each other. The fill level was defined as the fraction of cylinder
volume that appeared to be filled with particles.

Segregation dynamics. Figure 2 shows the segregation
dynamics under representative steady states at approximately
10 and 25 h, respectively, after the start of the experiments.
In Fig. 2(a), at a fill level of 0.932, a series of snapshots
indicates the generation of traveling waves, where the axial
bands of the larger red particles appear one after another
at the middle, travel symmetrically toward both sides, and
then disappear near the end walls. A similar dynamic

Rin
Rout

(a) (b)

FIG. 1. (Color online) (a) Photo of the experimental setup.
(b) Sketch of a lateral image of the coaxial cylinder.
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FIG. 2. (Color online) Series of snapshots (top) and spatiotem-
poral plots (bottom) capturing the exterior segregation patterns at a
rotation rate of 27 rpm: (a) traveling waves moving from the center
toward both ends, observed at φ = 0.932 and (b) bidirectional steady
oscillation of the bands at φ = 0.977. The scale bar indicates 10 cm.

pattern with traveling waves has been observed with a nearly
filled single cylinder [16]. In Fig. 2(b), at a fill level of
0.977, a back-and-forth rhythmic band pattern is shown for
approximately two oscillations. The narrower bands consist of
smaller white particles. Note that all of the bands migrate
simultaneously in the same direction, either to the left or
right, in a repetitive manner, indicating that the oscillation
is not local but rather global throughout the cylinder. The
steady oscillating dynamics of the axial bands are shown
to be even more evident in the spatiotemporal diagram, the
lower panel of Fig. 2(b). It has been confirmed that such
back-and-forth oscillation dynamics can be sustained for
more than 3 days. Videos of this process are available in A
in [19].

Figure 3 shows a phase diagram of the segregation dynamics
as a function of the rotation rate and fill level. The surface
flow was shown to be steadily and smoothly streaming within
the parameter region shown here. Even at high fill levels,
surface flow appears because of compaction in the course
of the experiment. In every experimental run, the cylinder
is rotated for approximately 4 days to confirm the steady
dynamics. The dominant parameter is the fill level φ and there

FIG. 3. (Color online) Phase diagram of the spatiotemporal seg-
regation dynamics. The spatiotemporal patterns of segregation can be
classified into the following four steady states: monotonic coarsening
(open triangle), traveling wave (squares), oscillation (open circles),
and ceasing (cross). There are also nonsteady states: intermittent
oscillation (closed circles) and monotonic coarsening accompanied
by a traveling wave (closed triangles).

is a slight dependence on the rotation rate �. At the lowest φ,
the segregation dynamics show monotonic coarsening, which
is similar to that in the case of a partially filled single rotating
drum [4]. With an increase in the fill level, traveling waves
appeared. When the fill level is set as high as possible, an
indistinct solitary band (white) appears in the middle and does
not move in any direction (the ceasing pattern). Oscillatory
dynamics appears when the fill level is set slightly less than
that of the ceasing pattern. The fill level is set slightly less than
that of the ceasing pattern and the bands of white particles
steadily oscillate over 3 days. The steady oscillatory region
is relatively narrow and intermittent oscillation appears in the
region around it. In the lowest region of the fill level, there
is also a nonsteady state that shows a monotonic coarsening
pattern accompanied by a traveling wave near the end wall.
The detailed spatiotemporal plots of these states are given in
B in [19]. An internal segregation structure is also investigated
as shown in C in [19].

Band velocity profiles. Figure 4(a) shows the average band
velocity as a function of time and position, which was deduced
from the analysis of the space-time plot given in Fig. 2(b). The
velocity is shown according to the color map. Time increases
downward from the top. The space coordinate is shown on
the horizontal axis from −12 to 12 cm. The spatiotemporal
plot was in a binary format and the centroid of each band
was tracked to obtain the band velocity. Since the oscillation
is highly periodic, the data regarding the band velocity were
divided by one oscillation period τ = 48.7 min. The band
velocity was then averaged over the divided samples in the
same phase and position. Data were obtained for 3500 min
(∼2.4 days) to ensure that the bands oscillated steadily. We
found that there are two vortices in the velocity field that
rotate in positive and negative directions, respectively, at the
surface of the cylinder. The two velocity vortices inflate and
deflate alternately in a periodic manner. These observations
suggest that oscillation is accompanied by the two vortices in
the velocity field driving each other back and forth, as shown
schematically in Fig. 4(b).
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FIG. 4. (Color) (a) Band velocity profile given as a color rep-
resentation, for a steady oscillation pattern at φ = 0.977 and � =
27 rpm. The phase is determined with a period τ = 48.7 min.
(b) Schematic drawing of the profile of the velocity field in the coaxial
cylinder. The upper part of the cross section (drawn as a rectangle)
corresponds to the outer cylinder and the lower part corresponds to
the inner cylinder.

Similarly, the velocity profile of the traveling-wave pattern
(φ = 0.913) was also analyzed, as shown in Fig. 5(a2).
Figure 5(a1) shows the space-time plot of the traveling-wave
pattern for a period of 340 min for reference. The band
velocity was correlated with its position, but not its width.
Thus, the velocity of all the bands was averaged over time
at each position. We found that the bands accelerate around
the center and slow as they approach the boundary of the
convections. The velocity profile was highly symmetric. Based
on Fig. 4(a), the velocity profile of the oscillating pattern was
plotted as a function of position for different oscillation phases
[Fig. 5(c2)]. Figure 5(c1) shows a space-time plot for a period
of 340 min. In our experiments, the band velocity is mostly
dependent only on its position, irrespective of the difference
of the spatial pattern. This suggests that the band dynamics
is determined macroscopically through the global convection.
Therefore, we adapt an assumption that the band velocity is
the same as in the velocity profile of the global convection.
Hereafter, we propose a model based on a one-dimensional
(1D) Cahn-Hilliard model while adopting the band velocity
profiles obtained in these experiments.

Modeling. In our previous work, we proposed a 1D
Cahn-Hilliard equation to reproduce the segregation dynamics
of a nearly filled single rotating drum [16]. By extending
this model, we propose a simple model for the segregation
dynamics of a nearly filled coaxial cylinder. First, we focus on
the two-phase separation on the surface of the cylinder where
the segregated bands appear. We define the fraction of large
red particles at X as c(X) = SL(X)/[SL(X) + SS(X)], where
SL(X) and SS(X) are the local partial volume concentrations

FIG. 5. (Color online) (a1)–(d1) Space-time plots of the segre-
gation dynamics. (a2)–(d2) Band velocity profiles as a function of
position. Shown is the traveling wave from (a) experiment (φ = 0.913
and � = 27 rpm) and (b) the numerical model and the oscillatory
pattern from (c) experiment (φ = 0.977 and � = 27 rpm) and
(d) the numerical model. The time periods of the spatiotemporal
diagrams are (a1) and (c1) 340 min, while those of numerical
models are (b1) 140 time units and (d1) 340 time units. The
model is numerically solved with the following parameters in the
case of a traveling wave (oscillatory pattern, if not identical): time
intervals �T = 5.0 × 10−4 (3.125 × 10−4), cylinder length L = 8π ,
space interval �X = L/400, λ = 0.225 (0.18), ε = 0.0225, α =
0.15L/2π (0.089L/2π ), u0 = 0.2 (0.07), β0 = 3, β1 = 0 (0.75),
c1 = −0.15, c2 = 0.3, and c3 = −0.7.

of the large and small particles, respectively, at X, where X is
the spatial coordinate parallel to the axis of the cylinder. The
origin represents the middle of the cylinder. We define an order
parameter η as η(X) = [c(X) − cmin]/(cmax − cmin), where
cmax and cmin are the maximum and minimum concentrations
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of the phase, respectively. We assume that the velocity profiles
of the global convection at the surface obey those obtained
from the experiments [Figs. 5(a2) and 5(c2)]. To grasp the
essence of dynamic segregation, we consider a simple 1D
model of a Cahn-Hilliard-type equation by incorporating the
advective term as

∂T η + ∂X[u(X)η] + α∂Xu(X) = −λ∇2[f (η) + ε2∇2η], (1)

where u(X) is the position-dependent velocity, λ is the
diffusion constant, ε corresponds to the width of the bands
associated with the diffusion constant, α is a system-dependent
constant, and T is time. The detailed derivation of the model is
described in D in [19]. Based on an ordinary Cahn-Hilliard
equation, the additional second term on the left-hand side
represents advection and the third term represents the inflow
and outflow of η if it is positive and negative, respectively. The
free energy is defined to also be position dependent, as

f (η) = −η[η2 − (β + 1)η + γ ], (2)

β = β0

∣
∣
∣
∣

X − X0

L

∣
∣
∣
∣
+ β1, (3)

where γ = β for β � 1 and γ = 2β − 1 otherwise, L is
the cylinder length, and β0 and β1 are constant parameters.
Intuitively, this means that a phase of larger particles becomes
more stable linearly from X = X0 to the ends of the cylinder.
In the case of the traveling wave, X0 is constant as X0 = 0,
whereas in the case of the oscillatory pattern, X0 oscillates
as X0 = Lc1 sin(ωT ), where ω is the time derivative of the
oscillation phase and c1 is a fitting parameter. This is based
on the experimental observations that larger particles tend to
gather and stay at both ends. The velocity profiles are given
[Figs. 5(b2) and 5(d2)] by assuming the system size L and
time unit to be the cylinder length and 1 min, respectively.
The detailed functional forms are described in D in [19].
These models are numerically solved and the space-time
plots are successfully reproduced as shown in Figs. 5(b1)
and 5(d1) in the case of a traveling wave and oscillatory
pattern, respectively. The diffusion coefficient λ is set at 0.225
for Fig. 5(b2) and 0.18 for Fig. 5(d2). The larger λ means a
less dense configuration of the particles. In the case of a lower

fill level, the surface flow is expected to be longer and deeper
and the particle configuration would be less dense than that in
the case of a higher fill level. Thus, the parameters are chosen
to be consistent with the observations in the experiments. With
regard to a monotonic coarsening pattern, it can be reproduced
simply by eliminating the advection term [12,16].

Discussion. By using a coaxial cylinder, when the fill
level is varied over a wide range, the emergence of mode
bifurcations among a rich variety of spatiotemporal patterns is
found (see Fig. S1 in [19]). We observed segregation dynamics
similar to those in a single rotating drum, from monotonic
coarsening to a traveling wave [16]. The fill level was shown
to be crucial to the segregation dynamics. Interestingly, in the
present study with a coaxial cylinder, new modes with steady
oscillatory behavior are also generated. In previous studies,
transient oscillation [20] and standing-wave-like decaying
oscillation [10,21] of axial bands were observed. However,
the steady oscillating pattern without any apparent source
of restoring energy is quite different from those in previous
studies.

Our simple model successfully reproduced the experimen-
tal observations, suggesting that the segregation dynamics seen
here can be decomposed into phase separation and global
convection. The axial bands evolve over the surface and are
driven by global convection in the axial direction. As a next
step, it is of value to seek the origin of global convection and
determine whether global convection is driven by an avalanche
as supposed in partially filled cases or simply by revolving
motion as in rotating fluids. It would also be interesting to
examine the possible occurrence of unknown flow instability
even for the granules with a single species, inspired by
the present study. Currently, there are so many studies on
microphase segregation that are frequently interpreted by
a Cahn-Hilliard-type model [22]. On the other hand, fluid
dynamics have been described based on the Navier-Stokes
equation. We hope that our study promotes the extension
of physics toward the mostly unexplored but important
phenomena, i.e., the cascade of instability on microphase
segregation under global convection.
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