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Wishart ensembles of random matrix theory have been useful in modeling positive definite matrices encountered
in classical and quantum chaotic systems. We consider nonzero means for the entries of the constituting matrix
A which defines the correlated Wishart matrix as W = A AT, and refer to the ensemble of such Wishart matrices
as the noncentral correlated Wishart ensemble (nc-CWE). We derive the Pastur self-consistent equation which
describes the spectral density of nc-CWE at large matrix dimension.
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I. INTRODUCTION

Random matrix theory (RMT) has been applied in a
vast domain of science [1-10] and it is now in frontiers of
modern research on complex systems. The Wishart model
for the correlation matrices [11] is probably the origin of
RMT. In recent research this model has received much
attention, with various generalizations in trend, to model the
symmetric positive definite matrices encountered in classical
or quantum chaotic systems. For instance the Wishart model
which incorporates actual correlations [12-20] provides an
improved paradigm to understand the correlations in the
financial market [21-24], and also in practical statistical
signal processing applications such as synthetic aperture
radar, extra-solar planet detection, and multi-antenna wireless
communications [25]. The ensemble of such Wishart matrices
is known as the correlated Wishart ensemble (CWE). Also
the fixed-trace generalization of Wishart matrices to model
density matrices in quantum entanglement problems [26], or
power-map-deformed Wishart matrices [27,28] in the context
of short time series analysis of multivariate systems, have been
useful.

In a general sense the Wishart model may be defined as
W = AAT where A is of dimension N x T'. The matrix entries
Ajy, for 1 < j< Nand1<v<T, are Gaussian variables
with mean p j,, variance o2, and correlations, &k, between the
Jjthand kth rows of A. In a usual setup, where p;, = 0 and &
is diagonal with 1, this model defines the Wishart or Laguerre
ensemble (WE) where a lot is known in terms of Laguerre
polynomials for the eigenvalue statistics [29,30]. The WE has
been extensively used in diverse fields, particularly in QCD
where it is referred to as the chiral ensemble [31].

If the off-diagonal terms of & are not O then the model
defines the CWE. Using Dyson’s classification of invariant
ensembles [ 1,32], the three invariant CWE can be defined as the
correlated Wishart orthogonal ensemble (CWOE), correlated
Wishart unitary ensemble (CWUE), and correlated Wishart
symplectic ensemble (CWSE). In this paper we consider rather
a simple generalization for all three invariant CWEs, using
Wy # 0. This generalization defines the noncentral correlated
Wishart ensembles (nc-CWEs) [33]. While CWEs are natural
for correlation matrices [34], nc-CWEs are important in
several other applications. For instance, noncentral Wishart
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ensembles (nc-WEs) have been used in QCD calculations at
finite temperature and/or chemical potential [35-37] where
exact results are known in much detail but for the unitary
case. Recently, nc-CWEs have been used in the context of
density matrices in Ref. [38] with a remark that the zero-mean
condition is a priori not valid for the density matrices.
Besides, nc-WEs have been revisited in the context of signal
processing [39] and also in mathematical statistics [40—42]. It
is also important to mention that the noncentral generalization
of Gaussian and other ensembles [43—48] has also been useful
in several other contexts; see Refs. [48,49] and the references
therein.

For CWEs, the spectral density is known in terms of
a Pastur self-consistent equation [12-14,16,18,50] which is
valid for large N and T with finiteratio N/T = k.For& = 1y,
where 1y is the N x N identity matrix in our notation, this
Pastur equation yields the famous Marcenko-Pastur law for
the spectral density of WEs. For finite N and T, the CWE
poses a serious difficulty, yet the exact result is known for
the spectral density [15,19,20] and the two-point spectral
correlation is known asymptotically [18] for large matrices.
The Pastur equation, however, has never been investigated
for nc-CWE and our focus in this paper is to obtain the
Pastur equation for nc-CWEs. We use the binary correlation
method [2,18,46,51,52] to obtain our analytic results and in-
vestigate some important features such as the effect of nonzero
means and cross correlations on the ensemble-averaged bulk
density and on the ensemble-averaged mean positions of the
eigenvalues separated from the bulk.

The paper is organized as follows. In the next section,
Sec. II, we shall describe the model and fix our notations.
In Sec. III we shall derive the loop equation. A similar loop
equation has also been obtained in Ref. [52] in the context
of nonsymmetric correlation matrices. In Sec. IV we shall
rederive the Pastur equation by solving the loop equation for
the CWE case and discuss analytic results for the separated
eigenvalues. In the first part of Sec. V we shall specialize
in the Pastur equation for nc-WEs and in the second part
we shall derive the result for the ensemble-averaged mean
position of the separated eigenvalues and compare this result
with that for the CWE. In the final part of Sec. V we shall
analyze our result for a nontrivial case. Similarly, in Sec. VI
we shall generalize the method of Secs. IV and V and derive
the Pastur equation for the nc-CWE in the first part. Next, we
shall discuss the separated eigenvalues and the bulk density.
Finally, we summarize our work with discussions in Sec. VIIL.
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II. PRELIMINARIES

The model we are interested in is defined as
W=AAT/T, (1
where A is N x T and
A=¢"2A+B, (2)

so that, A = B and W = v?¢ + BB'/T. Here £ is the N x N
real symmetric positive definite fixed (nonrandom) matrix
which defines the correlation between the rows of A, B is the
N x T fixed matrix which represents the ensemble average
matrix A, and the overbar represents the ensemble averaging.
Matrix A is the random matrix where the matrix entries A j;
are statistically independent real Gaussian variables with mean
0 and variance v?. These choices define the nc-CWOE where
the subscript in vf represents the value of the Dyson index
B. Similarly for nc-CWUE, 8 =2 and we consider A =
AD +iA® where AV and A® are statistically equivalent
but independent Gaussian matrices described with mean 0
and variance v%. Finally for the nc-CWSE, A is composed of
four statistically equivalent but independent Gaussian matrices
described by mean 0 variance v and written in terms of a two-
dimensional identity matrix 1, and a two-dimensional matrix
representative of quaternion units 7, wherey =1, ...,3. Alis
the transpose, Hermitian conjugate and dual of A, respectively
for § = 1, 2, and 4. The joint probability density (jpd) of the
matrix elements of A is given by the Gaussian probability
measure,

i

P(A) o exp [—Tr%] . 3)
2vg

Since variance supplies the scale for the statistics, we fix

the scale as v§ = o2~ [53]. Without loss of generality we

consider T > N.

We use the binary correlation method to obtain the
ensemble-averaged spectral density, pyy(A). In this method it is
convenient to deal with the Stieltjes transform or the resolvent
or the Green’s function of the density. The resolvent, gw(z),
is defined as

gw(2) = (ely — W) )y, 4)

where z = A £ie with € > 0 and the angular brackets rep-
resent the spectral averaging. For example, (H)x = K~'trH
where the matrix His K x K. Then pw(A) can be determined
uniquely via the relation

P(3) = lim TIm (). (5)

In order to calculate gw(z) we may use the moment expansion,
since for large z

OB ©)
n=0

Here m,, is the nth moment, of pw(1), defined as

m, = f XA Bgg(h) = (WY . )
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In principle, the problem is solved once we obtain a
closed form of gwy(z). As in Ref. [18], we could have started
the moment expansion to obtain gw(z). However, due to
the additional matrix B the expansion results in nontrivial
combinations of £'/2A and B. Further complications will
arise in the ensemble averaging of this series with respect
to the jpd given in (3). We simplify the problem regarding the
ensemble averaging first by using the trick of linearization [54].
Following Ref. [54], we define

-l e

where we used A instead of £!/2A for notational convenience.
In the QCD language the above form of the matrix is nothing
but the Dirac operator in the chiral basis [31]. In our calculation
we alsouse (N + T) x (N + T) matrices, defined as

~ 0 A = 0 B
Notice that the eigenvalues of X? coincide with those of Wwith

a twofold degeneracy for each. Next we define the resolvent,
gy (u), for the spectral density px(y) of X as

gx(w) = (U—=X)"")y 7. where U = uly,r,  (10)

and u = y +ie. In what follows, we calculate gyw(z) from
gy (1) using the relation between them as given below. For the
first, and so on, moments of py are related with the moments
of pw via

T
[u(2)gx (u(z)) — 1], (11

N +
_ -
z28wl(2) N

where u? = z.
We will calculate the ensemble average of a matrix-valued
Green’s function

GPw =LW-x)", (12)

where
G G
GX — 11 12\ 13
Ga Gn (13)
In the right-hand-side (rhs) of the above equation, G ;s are the
square blocks, of dimensions N x N and T x T respectively
for j =1 and 2, and G, and G,; are rectangular blocks,
respectively of dimensions N x T and T x N. We use L as
an (N + T) x (N + T) arbitrary fixed matrix. For L = 15,7,
G(LX) gives GX® and on the spectral averaging the latter yields

gy (u), as (GX(u)) y 1 = Ex(u). Finally, we define the ratio
K =N/T. (14)

III. LOOP EQUATION

We notice that the large-u expansion of Gf_X)(u) has
nontrivial combinations of A and B. Since B is a fixed matrix,
we may use

K=U-B"", (15)

and expand G(,_X) (u) the for small K (or equivalently for large
u). It is worth mentioning that this trick has been used in the
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context of noncentral Gaussian ensembles in Ref. [46]. Then
the large-u expansion of Eq. (12) can be written as

oo
GXw) = LK (AK)". (16)
n=0
Since the A j;’s are centered, at 0, on the ensemble average,

the odd-n terms of the above expansion are identically 0. Thus
the ensemble-averaged series reduces to

GP(u) = LK + LKAGOAGX. an

In order to perform the ensemble averaging for the remaining
terms we use the jpd (3) with A = £'/?A and derive the
following exact identities, valid for arbitrary fixed ® and W:

%—AcDAT\y — 02()rEW, (18)

%ATCDA\IJ =0’ (ED)7V, (19)
. 2

AGAD = LA g (20)

where & = @', for B =1 where @' is the transpose of @,
® = @ for B =2, and d = —1,P'1, for B =4 [18]. As the
identities suggest, we consider only the terms resulting from
the binary associations of A with A" and avoid terms resulting
from the binary associations of A with A. With the help of
these identities we calculate only the leading order terms of
the series in Eq. (17). We find

G = LK + LKEGX, Q1)
where the equality is valid only in the leading order and
G») 0
528G 0 ) . 2
( 0 G 22

In the derivation of Egs. (21) and (22) we have avoided binary
associations across the traces as those also result terms of
O(N~"). Substituting now L — L1y — KZ)~! in Eq. (21),
and then using Eq. (15), we finally get

GPw) =LU-B-x)". 23)

In order to calculate the inverse of the matrix in the rhs of
Eq. (23), we use the Schur decomposition. For instance, using
M= U — B — X, we may write

Moi_ (2 b o s —Shbd-!
“\e d) T \-d'eS! @d—-calp)!)’
(24)
where S = a — bd~'c and
a=ul o’tg b ! B
=uly — 2, b=-——=b,
JT
| (25)
¢c=———=B d=@-oglr.

JT

We have used here more general spectral averaged quantities,
defined as

Zjjc = (LG i)k, (26)
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with £ as an arbitrary fixed matrix and K is N and T, respec-
tively, for j = 1 and 2. For example, the spectral-averaged
quantity g,, is obtained by using £ = 17 in definition (26),
for the corresponding upper diagonal-block matrix in the rhs
of Eq. (22). Similarly, for the lower diagonal-block matrix we
have used £ =§;g;, = (§Gui)w.

Next, we use L = 1y,7 in Eq. (23) and compute gy(u)
using Eq. (10). We get

gx(u) = ((@111y ® 8plr))n+r, (27)
where @ stands for the direct sum and
g = < _1 > ’ (28)
ulN_O'zégﬂ_(u_gZ{—Kg”f) N

_ 1
81 = — — .
2 <(M—02Kg1|;g)1T—%BT(M—szgzz)IB>T
(29)

In the above eq(uation we have introduced a positive definite
matrix { = BB'/T. As mentioned above, we calculate gyy(z)
from gy(u) using Eq. (27) for the latter and then use
relation (11) to obtain the former.

IV. PASTUR EQUATION FOR CWE

For our model, Bj; =0 defines the CWE. The Pastur
equation of the CWE has been derived by several authors [12—
14,16,18] using different techniques. As mentioned before, for
large N and T with finite ratio «, the spectral density is known
in terms of a Pastur self-consistent equation. Below we give
an alternative method to obtain the Pastur density for the CWE
by solving the loop equation (28) and (29).

We first note that in this case Eqgs. (28) and (29) reduce to

21 = ((uly — 06 g5) "),

- o (30)
82o() = (U —0Kg116)
where
_ _ ug;;(u) —1
Zie) = (E (uly — 0?6 gy ") = IV 3y
0780 (u)
We may also write g,, as
ugon(u) = 14 07K8 11,18 (w). (32)

Using the second equality of Eq. (31) in the above equation,

we get

kugy+1—«
» .

8n = (33)
This is a very useful equation because not only does it establish
a linear relation between g, and g,,, that we need to solve the
loop equation, but also when inserted in Egs. (11) and (27) it
leads to another useful identity, viz.

728w(z) = u(2)g(u(2)). (34)

It will be shown ahead that the above two relations (33)
and (34) are also valid for nc-WEs and nc-CWEs. Finally,
we use these two relations in Eq. (30), with #> = z, and obtain
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the Pastur equation for the CWE:

gw(@) = ({zly — o[l — k + zkEw(@IEY N, (35)

As noted in Ref. [18], this result is independent of the Dyson
index # because of the scaling v; = 0*/. The same holds
true for the Pastur equations of nc-WEs and nc-CWEs.

Notice that Eq. (35) depends on the spectrum of &. For a
nontrivial spectrum of £, the analytic solution is complicated.
Thus, this equation has to be solved numerically. To this
end an efficient numerical algorithm has been discussed in
Ref. [18] where various cases of & have been worked out.
However, analytically we can solve the Pastur equation when
itis quadratic. For instance, consider & = § ;. For this choice
the Pastur equation (35) yields the resolvent

z2—02(1 — k) — [z — 02(1 — K)]? — 4zk0?
2k 702

gw(z) =

(36)

where we have considered the negative sign for the square
root, so that gyw(z) behaves as 7z~ ! for large z. Next, the inverse
transform of this resolvent gives the famous Marcenko-Pastur
density [12]:

VO =0 —2)

2m Ko

pmp(A) = ; (37)
where A+ = o2(/k £ 1)%

It has been shown in Ref. [18] that Eq. (35) can also be
solved for the equal-cross-correlation matrix model, viz. §j; =
Sjk + (1 —68;1) ug. Notice that in this case £ is diagonal plus
a rank-1 matrix. Thus for N M% > /K the spectral density we
find is composed of a bulk and a separated eigenvalue:

Pwl) = Do(h) + N7'80 — Ay). (38)

The bulk density, py(2), is described by the Marcenko-Pastur
law with a rescaled variance o?(1 — ,u%). The ensemble-
averaged mean position of the separated eigenvalues, A, is
given by

[(N = Dp2 + 1][(N — )l + «]
Nug

o 2 (NG + 1) (Vg +x)

~ N .

NZU2

(39)

A simple generalization of the equal-cross-correlation matrix
is a block diagonal matrix where each block is an equal-
cross-correlation matrix. This matrix can also be seen as a
diagonal plus a finite-rank matrix. In this case the above result
can be easily generalized for other separated eigenvalues.
However, it has been shown in Ref. [18] that even for a
more complicated spectrum of &, the analytic result for the
kth separated eigenvalue A; can be written as

=02 (1 =+ AP 1y —8)7Y),), @0

where )\f) is the kth eigenvalue of & and Q; = 1y — |k) (k| is
the projection operator to the kth eigenstate |k) of &.
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V. PASTUR EQUATION FOR NC-WE

Analytically, nc-WEs are perhaps the simplest case next
to WEs. nc-WEs have already been addressed in Refs. [35—
37,42,48] where many important results have been derived
using different methods. Since the Pastur equation has never
been given explicitly, below we derive the Pastur equation for
the nc-WE.

We begin with using £ = 1y, in Egs. (28) and (29), which
results in

_ 1
811 =< p 7 > , (41)
=08y = iz |

— 1
8» = = — > , (42)
<(u o?kg)1r prresral I8

where in the second equality we have used B'B/T = 5. Notice
that except for the zeros, ¢ and 1 both have the same spectrum.
As mentioned above, Egs. (33) and (34) also hold here. To
show this we first write

1Y u—o’g

B - 2

82 = 7 - 7

T ; |:(M11v —02kg (U —02gy) — )‘;{)i|
1—x)

(uly —o2kgy,)’

(43)

Next, we use Eq. (41) in the above equality and obtain the
relation (33), which consequently implies the relation (34).
Finally, we use these relations, (33) and (34), with u”> = z, to
simplify the loop equation (41) into a self-consistent equation
for gyw(z). This method yields the Pastur equation for the
nc-WE:

1
{Z - 02[1 — K +ZKEW(Z)]}1N — #g\w(z)>N
(44)

gw(z) = <

If we set now ¢ = 0, then we retrieve the resolvent of the
Marcenko-Pastur density as given in Eq. (36). Otherwise, if
we set 0> = 0 then it will give the resolvent corresponding to
the spectrum of . Like the Pastur equation for the CWE, here
as well, Eq. (44) depends on the spectrum of ¢ and thus has
to be solved numerically when ¢ has a nontrivial spectrum.
Below we consider a rank-1 matrix B which is closely related
with the equal-cross-correlation matrix model of the CWE.
However, unlike the CWE in this case the bulk density is not
rescaled with variance but remains the same as for the WE.
Using the techniques of Refs. [18,46] we start with this simple
choice to calculate the ensemble-averaged mean position of the
separated eigenvalues and generalize this result for the bulk
density being different from the Marcenko-Pastur density.

A. Separation of eigenvalues

We begin with a simple choice for B, viz.
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Then the only nonzero eigenvalue of ¢ is )\(15) = Nu?. In this
case, from Eq. (44) we get
_ —= N~
gW(Z) = g(O)(Z) + ©
z—0?[1 —k + 2k gw(2)] —

N
1 — o2k gw(z)

(46)

Here we have used

g0(z) = <QN [ZIN —0?[1 — k + zkBw(2)ly

¢ -1
) “

where (@,(f) = 1y — |k) (k| and |k) (k| is the projection operator
for the eigenstate |k) corresponding to the eigenvalue )L%) .
Solving Eq. (46), while ignoring the second term, we retrieve
the Marcenko-Pastur result (36) for the bulk density; it is
understood that the bulk density is normalized to 1 — 1/N.
However, in the the above equation we do not drop the
term containing ¢ and treat this term as for general ¢. The
ensemble-averaged mean position of the separated eigenvalues
can be identified from the pole in the second term of Eq. (46) as
_ o )»(; )

v =01 —k +AnkgO0N)] + —————,  (48)

1 — o2k gO0y)

where we have used g© instead of g and ignored the O(N ')
term. Using this in Eq. (47) we obtain

__ Dy
Oy = —— 4
870N = T (49)
where
oy = Qv 1y — )7, (50)

Next, using Eq. (49) in Eq. (48), we obtain Ay. Following
Ref. [18] we can also generalize this result for the kth
separated eigenvalue, Ay, as

M= (1+ 02k @021 — i) + A1 + o2 @] (51)
The above result is of course different from that for the
CWE. However, for the rank-1 matrix B this result gives
o (Nu? + o) (Npu? + %)
N = N2 ,

(52)

which is valid only if Nu? > \/ko? otherwise the separated
eigenvalue will be absorbed in the Marcenko-Pastur bulk den-
sity. Interestingly, it also coincides with (39) for u = o and
0% = 1. In Ref. [38], this correspondence has been exploited
without any analytical treatment for the nc-WE. There are
the parameters chosen as u = /r/N and o = (1 — r)/+/N in
the nc-WUE case and 19 = +/r and o = 1/+/N in the CWUE
case. Indeed, for these parameters the two results (39) and (52)
coincide in the leading order.

B. Bulk density

It is important to point out that Eq. (44) describes only the
bulk density and not the density of the separated eigenvalues.
It has been proven for CWUE that the density of the separated
eigenvalues is described by a Gaussian distribution [17]
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FIG. 1. (Color online) Spectral density of the nc-WOE where
Bj, =8;,u/j, N =1024, T =2N,0?>=1,and p =0, 1, 3, and
10. Solid lines in this figure represent the theory obtained from
the numerical solution of Eq. (44) and open circles represent the
histogram data obtained from the Monte Carlo simulation of C.
Dashed line represents the Marcenko-Pastur density, i.e., the © = 0
case. In the inset (a) we show the density for 4 = 10 and in (b) we
show the density for A < 1 for the same .

and numerically the same has been found for the nc-WUE
case [38]. To obtain the bulk density for a nontrivial spectrum
of ¢, Eq. (44) has to be solved numerically. We thus use
Newton’s method, similar to the method described in Ref. [18],
to solve Eq. (44). We consider

F(E0@) — gz) =0, (53)

at given z where f (g’f&(z)) is the rhs of Eq. (44) for K"s(z),
and n represents the iteration number starting from O with an

initial guess g(&}(z).

To illustrate the result (44) we use B;, =8;,u+/j, for
0<j<Nand oc2=1.In Fig. 1 we compare the numerical
solution of our theory for N = 1024 with the Monte Carlo
simulations for N = 1024 and 7 = 2N. In the main figure,
we show results for © = 1 and 3, and for u© = 0 we plot only
the Marcenko-Pastur density. As can be seen from this figure,
the density tends to attain a uniform shape as p is increased.
This is closely predicted by the theory. In two insets, (a) and
(b), we show the result for & = 10. As shown in (a), our theory
gives a reasonable account for the histogram data throughout
the support for the density. In (b) we notice oscillations, for
A < 1, which is almost consistent with the theory.

VI. PASTUR-EQUATION FOR NC-CWE

Having specialized in CWE and nc-WE cases we now
consider £ # 1y and ¢ # 0 in Egs. (28) and (29). We first
note that Eq. (29) can be written as

1—«

g0 = + ([ — 02K§11;5)1N

——
U—0°Kg e

—u—0%gn) 1T . (54)
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Using this and Eq. (28) one finds the relation (33) and
consequently the relation (34). Next, exploiting relations (33)
and (34) with u? = z in Eq. (28) we obtain a coupled-Pastur
equation:

1
Sw- ={(L
Bwi(2) < Ay — 1 EW) E — wa@we (D)0 >N
(55)
where L is an arbitrary N x N matrix and
o1(2.8w(2) = 0°[1 — k + kz8w(2)], 56)

0 Ewe(2) = [1 — 0k By ()]

Choices L =1y and L = £ yield respectively gw(z) and
8w, (2) and thus complete the result. It is easy to see that
results (35) and (44) are immediate from the result (55),
respectively, for the choices L =1y and { =0, and L =1y
and & = 1y.

A. Separation of eigenvalues

It is also important to note that in general Eq. (55) cannot be
simplified to the eigenvalues of & and ¢ unless they commute
with each other. Therefore, unlike the Pastur equation, it is
difficult to extend the results (39) and (52) to the nc-CWE
case.

We consider &;x = 8jx + (1 — 8;) and Bj = udji. In
this case we can write Eq. (55) as

=¢,;(_{,’V>(z)+l L (57)
Nz — Ay

gw(2)

Here, since (N — 1) eigenvalues of ¢ are identically zero, we

have
: >
— , (58)
Ay —o(z,8w@) & [y

g9 = <QN
where Q; corresponds to the kth eigenstates of & and
v =45 @1 O BwOon) + A o@we Gon)). (59)
Next, we write

gwe () = g (z)+ O(N7Y),

(60)
£0.(2) = <<@Ns

1
2y — a1(z,8w(2)é >N

We notice a
(0)
02(2, 8y (2)):

relation between o (z, g (z)) and

1.8 = o az(g“” (). (61)

To obtain the above result we write g (z) in terms of g(o) (2)
and then use Eq. (56). This relation simplifies Eq. (59) as

Ty = (gl L) [02 +28]. (62)

Further, using the above equation in Eq. (60), we find

£ Oon) = L2 @y o )]~ Wy, 63)
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where
Wy = <QN : 1 > e
POy =)+ 20T ]
Substituting Eq. (63) in the definition of «, we find
@ @we(n) =140k Wy. (65)
Finally, we use the above result in (62) and obtain
v =1+ %Wy (022§ +28). (66)

This result can be generalized to the block diagonal & and
¢ with dimensionally the same blocks where each block of
& is represented by an equal-cross-correlation matrix while
the corresponding ¢ block is rank 1. For this setup one can
generalize results (64) and (66), replacing the subscript N by
k for the kth separated eigenvalue.

Solving the above equation for an equal-cross-correlation
matrix & and a rank-1 matrix { we obtain the ensemble
averaged mean position for the separated eigenvalue as

— (NA? 4+ 62)(NA? + 0%k)
)\.N == )
NA?
where the above result is valid for NA? > /. This result is
an interesting generalization of the corresponding results for
the CWE and nc-WE. Here the bulk density is described by the

Maréenko-Pastur density with a rescaled variance o(1 — ué)
as in Eq. (38).

A* = pgo® + 12, (67)

B. A nontrivial example

For nontrivial and noncommuting £ and ¢, Eq. (55) has to
be solved numerically. Thus one has to extend the numerical
algorithm of Ref. [18] for two equations of two variables, viz.

A8, () — ghz) =0,
F(eD).85, () — g“” () =0,

where f; (g(")(z) g(") (2)) and fz(g(")(z) g(") (2)) are the rhs
of (55) respectively w1th L=1yand L = é Next, we start

(63)

with initial guesses g 9(z) and g(o) +(2) for a given z and
use Newton’s method to obtain the solution in the machine
precision.

To illustrate the result we solve Eq. (55) for &z = §;x +
(1 — 8,0l ™", where B;, = pl = with s = 0.5 and po is
varied as ug = 0.1, 0.3, and 0.5. Also we choose 62 =0.25
and N = 512 with T = 2N. The result is shown in Fig. 2
where open circles represent the histogram data obtained from
the Monte Carlo simulation of C and solid lines represent the
numerical solution of the theory (55) for N = 512. As shown
in the figure, the theory reasonably explains numerical results.
In this figure we also compare theory for u = 0.5 for the
corresponding CWOE (u = 0). As can be seen in this figure,
the nonzero mean not only changes the density profile but also
shifts nontrivially the spectrum.

VII. SUMMARY AND DISCUSSIONS

We have studied nc-CWE and obtained an exact result for
the spectral density at large matrix dimension. The derivation
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FIG. 2. (Color online) Spectral density for nc-CWOE where
Ejn =08+ (1 —8;u)™ and B, = V" with =05 and
02 = 0.25. In this figure we have used N =512 and T =2N. In
the main figure we show the spectral density on semilog plot for
o = 0.1, 0.3, and 0.5, respectively with black, orange, and brown
colors. Solids lines represent the theory (55) for nc-CWE and dashed
lines represent the corresponding i = 0 cases. We use the same color
code for p in the inset where we compare only theory for © = 0 and
1 = 0.5 on the log-log scale.

is formalized in two steps, viz. first we obtain the loop equation
for X, which eigenvalues are closely related with those of W,
and second we derive the Pastur equation for W from the
loop equation. With this formalism we have derived Pastur
equations for CWE, nc-WE, and nc-CWE. For all three cases,
we have exploited a linear relation between the averaged
quantities ug,; and ug,,. We notice that in the first two cases
the Pastur equation depends on the eigenvalues of positive
definite symmetric matrices, £ or { = BB' / T. We have shown
that in general, unlike CWE and nc-WE, the spectral density

PHYSICAL REVIEW E 90, 042144 (2014)

for nc-CWE does not depend simply on the spectra of £ and
¢, rather more intricately on the matrices.

From the Pastur equation, we have worked out the
ensemble-averaged mean position of the separated eigenvalues
for the nc-WE. For the CWE this has been worked out in
Refs. [17,18,42]. Following Ref. [18], we have derived the
result for a general ¢. In the nc-CWE case the Pastur equation
is more complicated. However, we have been able to work
out the ensemble-averaged mean position of the separated
eigenvalues for some special cases. As for CWE and nc-WE,
for more general cases of nc-CWE we have used Newton’s
method to solve the Pastur equation numerically. We have
supplemented our theoretical result with numerics for some
nontrivial examples.

Finally, it would be interesting to extend this generalization
for the Wishart model of nonsymmetric correlation matrices,
those as dealt with in Refs. [51,52]. Another important
extension of this work is related to short time series, meaning
the situation where the number of time series is larger than
the length of time series. This situation is often encountered
in the correlation analysis of multivariate complex systems.
In these examples, N > T resulting in a correlation matrix
which is singular with significantly many zero eigenvalues.
In Refs. [55,56] the power map method has been proposed
and used recently in Ref. [28] as a tool to get rid of this
degeneracy. This method results in a spectrum emerging from
the zero eigenvalues when the exponent is very close to 1. It has
been shown in Ref. [27] that the so emerging spectrum is very
sensitive to correlations. We believe that study of the emerging
spectra corresponding to the nc-CWE is very important in the
context of short time series.

ACKNOWLEDGMENTS

The author is grateful to T. H. Seligman and L. Benet
for useful discussions. Financial support from CONACyT
through Projects No. 154586 and No. PAPIIT UNAM IN
114014 is acknowledged. The author was supported by a
DGAPA/UNAM postdoctoral fellowship.

[1] M. L. Mehta, Random Matrices (Academic, New York, 2004).
[2] T. A. Brody, J. Flores, J. B. French, P. A. Mello, A. Pandey, and
S. S. M. Wong, Rev. Mod. Phys. 53, 385 (1981).
[3] T. Guhr, A. M. Groeling, and H. A. Weidenmiiller, Phys. Rep.
299, 189 (1998).
[4] S. S. Wilks, Mathematical Statistics (Wiley, New York, 1962).
[5] R.J. Muirhead, Aspects of Multivariate Statistical Theory, Wiley
Series in Probability and Statistics (Wiley, New York, 2009).
[6] M. Potters, J. P. Bouchaud, and L. Laloux, Acta Phys. Pol. B 36,
2767 (2005).
[7] P. Seba, Phys. Rev. Lett. 91, 198104 (2003).
[8] M. S. Santhanam and P. K. Patra, Phys. Rev. E 64, 016102
(2001).
[9] S. Abe and N. Suzuki, arXiv:0909.3830v1.
[10] J. Aljadeft, R. Segev, M. J. Berry II, and T. O. Sharpee, PLOS
Comput. Biol. 9, ¢1003206 (2013).
[11] J. Wishart, Biometrika 20A, 32 (1928).

[12] V. A. Marcenko and L. A. Pastur, Math. USSR Sb. 1, 457 (1967).

[13] J. W. Silverstein, J. Multivariate Anal. 55, 331 (1995).

[14] A. M. Sengupta and P. P. Mitra, Phys. Rev. E 60, 3389
(1999).

[15] S. H. Simon and A. L. Moustakas, Phys. Rev. E 69, 065101(R)
(2004).

[16] Z.Burda, J. Jurkiewicz, and B. Waclaw, Phys. Rev. E71, 026111
(2005).

[17] J. Baik, G. Ben Arous, and S. Péché, Ann. Probab. 33, 1643
(2005); S. Péché, J. Multivariate Anal. 97, 874 (2006).

[18] Vinayak and A. Pandey, Phys. Rev. E 81, 036202 (2010).

[19] C. Recher, M. Kieburg, and T. Guhr, Phys. Rev. Lett. 105,
244101 (2010).

[20] C. Recher, M. Kieburg, T. Guhr, and M. R. Zirnbauer, J. Stat.
Phys. 148, 981 (2012).

[21] L. Laloux, P. Cizeau, J. P. Bouchaud, and M. Potters, Phys. Rev.
Lett. 83, 1467 (1999).

042144-7


http://dx.doi.org/10.1103/RevModPhys.53.385
http://dx.doi.org/10.1103/RevModPhys.53.385
http://dx.doi.org/10.1103/RevModPhys.53.385
http://dx.doi.org/10.1103/RevModPhys.53.385
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1103/PhysRevLett.91.198104
http://dx.doi.org/10.1103/PhysRevLett.91.198104
http://dx.doi.org/10.1103/PhysRevLett.91.198104
http://dx.doi.org/10.1103/PhysRevLett.91.198104
http://dx.doi.org/10.1103/PhysRevE.64.016102
http://dx.doi.org/10.1103/PhysRevE.64.016102
http://dx.doi.org/10.1103/PhysRevE.64.016102
http://dx.doi.org/10.1103/PhysRevE.64.016102
http://arxiv.org/abs/arXiv:0909.3830v1
http://dx.doi.org/10.1371/journal.pcbi.1003206
http://dx.doi.org/10.1371/journal.pcbi.1003206
http://dx.doi.org/10.1371/journal.pcbi.1003206
http://dx.doi.org/10.1371/journal.pcbi.1003206
http://dx.doi.org/10.1093/biomet/20A.1-2.32
http://dx.doi.org/10.1093/biomet/20A.1-2.32
http://dx.doi.org/10.1093/biomet/20A.1-2.32
http://dx.doi.org/10.1093/biomet/20A.1-2.32
http://dx.doi.org/10.1070/SM1967v001n04ABEH001994
http://dx.doi.org/10.1070/SM1967v001n04ABEH001994
http://dx.doi.org/10.1070/SM1967v001n04ABEH001994
http://dx.doi.org/10.1070/SM1967v001n04ABEH001994
http://dx.doi.org/10.1006/jmva.1995.1083
http://dx.doi.org/10.1006/jmva.1995.1083
http://dx.doi.org/10.1006/jmva.1995.1083
http://dx.doi.org/10.1006/jmva.1995.1083
http://dx.doi.org/10.1103/PhysRevE.60.3389
http://dx.doi.org/10.1103/PhysRevE.60.3389
http://dx.doi.org/10.1103/PhysRevE.60.3389
http://dx.doi.org/10.1103/PhysRevE.60.3389
http://dx.doi.org/10.1103/PhysRevE.69.065101
http://dx.doi.org/10.1103/PhysRevE.69.065101
http://dx.doi.org/10.1103/PhysRevE.69.065101
http://dx.doi.org/10.1103/PhysRevE.69.065101
http://dx.doi.org/10.1103/PhysRevE.71.026111
http://dx.doi.org/10.1103/PhysRevE.71.026111
http://dx.doi.org/10.1103/PhysRevE.71.026111
http://dx.doi.org/10.1103/PhysRevE.71.026111
http://dx.doi.org/10.1214/009117905000000233
http://dx.doi.org/10.1214/009117905000000233
http://dx.doi.org/10.1214/009117905000000233
http://dx.doi.org/10.1214/009117905000000233
http://dx.doi.org/10.1016/j.jmva.2005.09.001
http://dx.doi.org/10.1016/j.jmva.2005.09.001
http://dx.doi.org/10.1016/j.jmva.2005.09.001
http://dx.doi.org/10.1016/j.jmva.2005.09.001
http://dx.doi.org/10.1103/PhysRevE.81.036202
http://dx.doi.org/10.1103/PhysRevE.81.036202
http://dx.doi.org/10.1103/PhysRevE.81.036202
http://dx.doi.org/10.1103/PhysRevE.81.036202
http://dx.doi.org/10.1103/PhysRevLett.105.244101
http://dx.doi.org/10.1103/PhysRevLett.105.244101
http://dx.doi.org/10.1103/PhysRevLett.105.244101
http://dx.doi.org/10.1103/PhysRevLett.105.244101
http://dx.doi.org/10.1007/s10955-012-0567-x
http://dx.doi.org/10.1007/s10955-012-0567-x
http://dx.doi.org/10.1007/s10955-012-0567-x
http://dx.doi.org/10.1007/s10955-012-0567-x
http://dx.doi.org/10.1103/PhysRevLett.83.1467
http://dx.doi.org/10.1103/PhysRevLett.83.1467
http://dx.doi.org/10.1103/PhysRevLett.83.1467
http://dx.doi.org/10.1103/PhysRevLett.83.1467

VINAYAK

[22] V. Plerou, P. Gopikrishnan, B. Rosenow, L. A. Nunes Amaral,
and H. E. Stanley, Phys. Rev. Lett. 83, 1471 (1999).

[23] V. Plerou, P. Gopikrishnan, B. Rosenow, L. A. Nunes Amaral,
T. Guhr, and H. E. Stanley, Phys. Rev. E 65, 066126 (2002).

[24] F. Lillo and R. N. Mantegna, Phys. Rev. E 72, 016219 (2005).

[25] R. R. Miiller, IEEE Trans. Inf. Theory 48, 2495 (2002).

[26] H.-J. Sommers and K. Zyczkowski, J. Phys. A: Math. Theor.
37, 8457 (2004); S. Adachi, M. Toda, and H. Kubotani, Ann.
Phys. 324, 2278 (2009); S. N. Majumdar, Handbook of Random
Matrix Theory (Oxford University Press, Oxford, 2011).

[27] Vinayak, R. Schifer, and T. H. Seligman, Phys. Rev. E 88,
032115 (2013).

[28] Vinayak, T. Prosen, B. Buca, and T. H. Seligman, Euro. Phys.
Lett. 108, 20006 (2014).

[29] T. Nagao and M. Wadati, J. Phys. Soc. Jpn. 60, 3298 (1991);J.7J.
M. Verbaarschot and 1. Zahed, Phys. Rev. Lett. 70, 3852 (1993);
J. J. M. Verbaarschot, Nucl. Phys. B 426, 559 (1994).

[30] A. Pandey and S. Ghosh, Phys. Rev. Lett. 87, 024102 (2001);
S. Ghosh and A. Pandey, Phys. Rev. E 65, 046221 (2002).

[31] J. J. M. Verbaarschot, Phys. Rev. Lett. 72, 2531 (1994).

[32] C. E. Porter, Statistical Theories of Spectra: Fluctuations
(Academic, New York and London, 1965).

[33] T. W. Anderson, Ann. Math. Stat. 17, 409 (1946); Ph.D. thesis,
Princeton University, 1945; A. T. James, Proc. R. Soc. London,
Ser. A 229, 364 (1955).

[34] J. P. Bouchaud and M. Potters, in The Oxford Handbook
of Random Matrix Theory, edited by G. Akemann, J. Baik,
and P. Di Francesco (Oxford University Press, Oxford, 2011),
Chap. 40.

[35] M. A. Stephanov, Phys. Rev. Lett. 76, 4472 (1996).

[36] T. Guhr and T. Wettig, Nucl. Phys. B 506, 589 (1997).

PHYSICAL REVIEW E 90, 042144 (2014)

[37] A. D. Jackson and J. J. M. Verbaarschot, Phys. Rev. D 53, 7223
(1996).

[38] Vinayak and M. Znidari&, J. Phys. A: Math. Theor. 45, 125204
(2012).

[39] J.-Y. Tourneret, A. Ferrari, and G. Letac, The noncentral Wishart
Distribution: Properties and Application to Speckle Imaging,
Proc. IEEE Statist. Signal Process. Workshop (IEEE, New York,
2005).

[40] G. Letac and H. Massam, J. Multivar. Anal. 99, 1393 (2008).

[41] P. Dharmawansa and M. R. McKay, J. Multivar. Anal. 100, 561
(2009).

[42] K. E. Bassler, P. J. Forrester, and N. E. Frankel, J. Math. Phys.
50, 033302 (2009).

[43] D. W. Lang, Phys. Rev. 135, B1082 (1964).

[44] R. C. Jones, J. M. Kosterlitz, and D. J. Thouless, J. Phys. A 11,
L45 (1978).

[45] A. Pandey and J. B. French, J. Phys. A: Math. Gen. 12, L83
(1979).

[46] A. Pandey, Ann. Phys. 134, 110 (1981).

[47] P. Shukla, Phys. Rev. E 75, 051113 (2007).

[48] S. Kumar and A. Pandey, Ann. Phys. 326, 1877 (2011).

[49] P. Shukla, Int. J. Mod. Phys. B 26, 1230008 (2012).

[50] L. A. Pastur, Theoret. Math. Phys. 11 10, 67 (1972).

[51] Vinayak, Phys. Rev. E 88, 042130 (2013).

[52] Vinayak and L. Benet, Phys. Rev. E 90, 042109 (2014).

[53] K. K. Mon and J. B. French, Ann. Phys. (NY) 95, 90 (1975).

[54] E. Gudowska-Nowak, R. A. Janik, J. Jurkiewicz, and M. A.
Nowak, Nucl. Phys. B 670, 479 (2003).

[55] T. Guhr and B. Kalber, J. Phys. A: Math. Gen. 36, 3009 (2003).

[56] R. Schifer, N. F. Nilsson, and T. Guhr, Quant. Finance 10, 107
(2010).

042144-8


http://dx.doi.org/10.1103/PhysRevLett.83.1471
http://dx.doi.org/10.1103/PhysRevLett.83.1471
http://dx.doi.org/10.1103/PhysRevLett.83.1471
http://dx.doi.org/10.1103/PhysRevLett.83.1471
http://dx.doi.org/10.1103/PhysRevE.65.066126
http://dx.doi.org/10.1103/PhysRevE.65.066126
http://dx.doi.org/10.1103/PhysRevE.65.066126
http://dx.doi.org/10.1103/PhysRevE.65.066126
http://dx.doi.org/10.1103/PhysRevE.72.016219
http://dx.doi.org/10.1103/PhysRevE.72.016219
http://dx.doi.org/10.1103/PhysRevE.72.016219
http://dx.doi.org/10.1103/PhysRevE.72.016219
http://dx.doi.org/10.1109/TIT.2002.801467
http://dx.doi.org/10.1109/TIT.2002.801467
http://dx.doi.org/10.1109/TIT.2002.801467
http://dx.doi.org/10.1109/TIT.2002.801467
http://dx.doi.org/10.1088/0305-4470/37/35/004
http://dx.doi.org/10.1088/0305-4470/37/35/004
http://dx.doi.org/10.1088/0305-4470/37/35/004
http://dx.doi.org/10.1088/0305-4470/37/35/004
http://dx.doi.org/10.1016/j.aop.2009.04.007
http://dx.doi.org/10.1016/j.aop.2009.04.007
http://dx.doi.org/10.1016/j.aop.2009.04.007
http://dx.doi.org/10.1016/j.aop.2009.04.007
http://dx.doi.org/10.1103/PhysRevE.88.032115
http://dx.doi.org/10.1103/PhysRevE.88.032115
http://dx.doi.org/10.1103/PhysRevE.88.032115
http://dx.doi.org/10.1103/PhysRevE.88.032115
http://dx.doi.org/10.1209/0295-5075/108/20006
http://dx.doi.org/10.1209/0295-5075/108/20006
http://dx.doi.org/10.1209/0295-5075/108/20006
http://dx.doi.org/10.1209/0295-5075/108/20006
http://dx.doi.org/10.1143/JPSJ.60.3298
http://dx.doi.org/10.1143/JPSJ.60.3298
http://dx.doi.org/10.1143/JPSJ.60.3298
http://dx.doi.org/10.1143/JPSJ.60.3298
http://dx.doi.org/10.1103/PhysRevLett.70.3852
http://dx.doi.org/10.1103/PhysRevLett.70.3852
http://dx.doi.org/10.1103/PhysRevLett.70.3852
http://dx.doi.org/10.1103/PhysRevLett.70.3852
http://dx.doi.org/10.1016/0550-3213(94)90021-3
http://dx.doi.org/10.1016/0550-3213(94)90021-3
http://dx.doi.org/10.1016/0550-3213(94)90021-3
http://dx.doi.org/10.1016/0550-3213(94)90021-3
http://dx.doi.org/10.1103/PhysRevLett.87.024102
http://dx.doi.org/10.1103/PhysRevLett.87.024102
http://dx.doi.org/10.1103/PhysRevLett.87.024102
http://dx.doi.org/10.1103/PhysRevLett.87.024102
http://dx.doi.org/10.1103/PhysRevE.65.046221
http://dx.doi.org/10.1103/PhysRevE.65.046221
http://dx.doi.org/10.1103/PhysRevE.65.046221
http://dx.doi.org/10.1103/PhysRevE.65.046221
http://dx.doi.org/10.1103/PhysRevLett.72.2531
http://dx.doi.org/10.1103/PhysRevLett.72.2531
http://dx.doi.org/10.1103/PhysRevLett.72.2531
http://dx.doi.org/10.1103/PhysRevLett.72.2531
http://dx.doi.org/10.1214/aoms/1177730882
http://dx.doi.org/10.1214/aoms/1177730882
http://dx.doi.org/10.1214/aoms/1177730882
http://dx.doi.org/10.1214/aoms/1177730882
http://dx.doi.org/10.1098/rspa.1955.0091
http://dx.doi.org/10.1098/rspa.1955.0091
http://dx.doi.org/10.1098/rspa.1955.0091
http://dx.doi.org/10.1098/rspa.1955.0091
http://dx.doi.org/10.1103/PhysRevLett.76.4472
http://dx.doi.org/10.1103/PhysRevLett.76.4472
http://dx.doi.org/10.1103/PhysRevLett.76.4472
http://dx.doi.org/10.1103/PhysRevLett.76.4472
http://dx.doi.org/10.1016/S0550-3213(97)00556-7
http://dx.doi.org/10.1016/S0550-3213(97)00556-7
http://dx.doi.org/10.1016/S0550-3213(97)00556-7
http://dx.doi.org/10.1016/S0550-3213(97)00556-7
http://dx.doi.org/10.1103/PhysRevD.53.7223
http://dx.doi.org/10.1103/PhysRevD.53.7223
http://dx.doi.org/10.1103/PhysRevD.53.7223
http://dx.doi.org/10.1103/PhysRevD.53.7223
http://dx.doi.org/10.1088/1751-8113/45/12/125204
http://dx.doi.org/10.1088/1751-8113/45/12/125204
http://dx.doi.org/10.1088/1751-8113/45/12/125204
http://dx.doi.org/10.1088/1751-8113/45/12/125204
http://dx.doi.org/10.1016/j.jmva.2008.04.006
http://dx.doi.org/10.1016/j.jmva.2008.04.006
http://dx.doi.org/10.1016/j.jmva.2008.04.006
http://dx.doi.org/10.1016/j.jmva.2008.04.006
http://dx.doi.org/10.1016/j.jmva.2008.06.007
http://dx.doi.org/10.1016/j.jmva.2008.06.007
http://dx.doi.org/10.1016/j.jmva.2008.06.007
http://dx.doi.org/10.1016/j.jmva.2008.06.007
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1063/1.3081391
http://dx.doi.org/10.1103/PhysRev.135.B1082
http://dx.doi.org/10.1103/PhysRev.135.B1082
http://dx.doi.org/10.1103/PhysRev.135.B1082
http://dx.doi.org/10.1103/PhysRev.135.B1082
http://dx.doi.org/10.1088/0305-4470/11/3/002
http://dx.doi.org/10.1088/0305-4470/11/3/002
http://dx.doi.org/10.1088/0305-4470/11/3/002
http://dx.doi.org/10.1088/0305-4470/11/3/002
http://dx.doi.org/10.1088/0305-4470/12/5/002
http://dx.doi.org/10.1088/0305-4470/12/5/002
http://dx.doi.org/10.1088/0305-4470/12/5/002
http://dx.doi.org/10.1088/0305-4470/12/5/002
http://dx.doi.org/10.1016/0003-4916(81)90007-5
http://dx.doi.org/10.1016/0003-4916(81)90007-5
http://dx.doi.org/10.1016/0003-4916(81)90007-5
http://dx.doi.org/10.1016/0003-4916(81)90007-5
http://dx.doi.org/10.1103/PhysRevE.75.051113
http://dx.doi.org/10.1103/PhysRevE.75.051113
http://dx.doi.org/10.1103/PhysRevE.75.051113
http://dx.doi.org/10.1103/PhysRevE.75.051113
http://dx.doi.org/10.1016/j.aop.2011.04.013
http://dx.doi.org/10.1016/j.aop.2011.04.013
http://dx.doi.org/10.1016/j.aop.2011.04.013
http://dx.doi.org/10.1016/j.aop.2011.04.013
http://dx.doi.org/10.1142/S0217979212300083
http://dx.doi.org/10.1142/S0217979212300083
http://dx.doi.org/10.1142/S0217979212300083
http://dx.doi.org/10.1142/S0217979212300083
http://dx.doi.org/10.1007/BF01035768
http://dx.doi.org/10.1007/BF01035768
http://dx.doi.org/10.1007/BF01035768
http://dx.doi.org/10.1007/BF01035768
http://dx.doi.org/10.1103/PhysRevE.88.042130
http://dx.doi.org/10.1103/PhysRevE.88.042130
http://dx.doi.org/10.1103/PhysRevE.88.042130
http://dx.doi.org/10.1103/PhysRevE.88.042130
http://dx.doi.org/10.1103/PhysRevE.90.042109
http://dx.doi.org/10.1103/PhysRevE.90.042109
http://dx.doi.org/10.1103/PhysRevE.90.042109
http://dx.doi.org/10.1103/PhysRevE.90.042109
http://dx.doi.org/10.1016/0003-4916(75)90045-7
http://dx.doi.org/10.1016/0003-4916(75)90045-7
http://dx.doi.org/10.1016/0003-4916(75)90045-7
http://dx.doi.org/10.1016/0003-4916(75)90045-7
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.012
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.012
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.012
http://dx.doi.org/10.1016/j.nuclphysb.2003.08.012
http://dx.doi.org/10.1088/0305-4470/36/12/310
http://dx.doi.org/10.1088/0305-4470/36/12/310
http://dx.doi.org/10.1088/0305-4470/36/12/310
http://dx.doi.org/10.1088/0305-4470/36/12/310
http://dx.doi.org/10.1080/14697680902748498
http://dx.doi.org/10.1080/14697680902748498
http://dx.doi.org/10.1080/14697680902748498
http://dx.doi.org/10.1080/14697680902748498



