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Fifth to eleventh virial coefficients of hard spheres

Andrew J. Schultz and David A. Kofke*

Department of Chemical and Biological Engineering, University at Buffalo, The State University of New York, Buffalo,
New York 14260-4200, USA

(Received 10 June 2014; published 4 August 2014)

Virial coefficients Bn of three-dimensional hard spheres are reported for n = 5 to 11, with precision exceeding
that presently available in the literature. Calculations are performed using the recursive method due to Wheatley,
and a binning approach is proposed to allow more flexibility in where computational effort is directed in the
calculations. We highlight the difficulty as a general measure that quantifies performance of an algorithm that
computes a stochastic average and show how it can be used as the basis for optimizing such calculations.
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I. INTRODUCTION

The virial coefficients Bn appear in the expansion of the
pressure P as a power series in the number density ρ, written
here in terms of the compressibility factor Z [1–3],

Z ≡ βP/ρ = 1 + B2ρ + B3ρ
2 + . . . , (1)

where β is the reciprocal temperature 1/kBT . All of the
virial coefficients can, in principle, be determined once a
model of the intermolecular interactions is specified. Thus
the virial equation of state (VEOS) is a rare example of a
thermodynamic model that can be derived rigorously from
molecular considerations. It can accommodate a broad range
of complicating factors, such as mixtures [1,4], molecular flex-
ibility [5–7], non-pair-wise interactions [1,8–12], inhomoge-
neous densities [13–18], nuclear quantum effects [19–23], and
so on, without introducing any approximations. Furthermore,
the general series-based formulation is not restricted to an
equation for the pressure—it can be modified to treat almost
any equilibrium property of interest [24–26]. In practice, the
difficulty of computing Bn from a molecular model grows
very quickly with n, such that is it feasible to complete such
calculations only for n up to about 10, depending on the
complexity of the model. Consequently, it has been difficult
to study the VEOS to ascertain its convergence properties and
how it behaves in relation to thermodynamic phase transitions.

In this context, hard-particle models, and hard spheres in
particular, have attracted much attention because they exhibit
nontrivial behaviors while possessing simplifying features that
make calculation of their virial coefficients a bit more tractable.
In general, the coefficients Bn are functions of temperature,
but for hard potentials of a given shape and size they are
simple constants. The coefficients B2, B3, and B4 for hard
spheres can be determined analytically, while higher-order
coefficients require numerical computation. Beginning with
B5 in the 1950s [27], continuous progress has been made in
computing three-dimensional hard-sphere virial coefficients
at higher orders and with greater precision. Notable results
reported in the past decade include B5 and B6 by Kolafa
et al. [28], B6 to B9 by Labı́k et al. [29], B9 and B10 by
Clisby and McCoy [30], B11 and B12 by Wheatley [31],
and B5 to B12 by Zhang and Pettitt [32]. Many results have
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been reported for hard spheres in other dimensions as well;
see in particular Ref. [32]. For hard potentials, the VEOS is
sometimes expressed as a series in packing fraction η = ρv0,
instead of density,

Z = 1 + B̂2η + B̂3η
2 + . . . . (2)

Here v0 is the volume of the hard particle, and for spheres
of diameter d, v0 = (π/6)d3. We use B̂n to represent the
coefficients for the equivalent packing-fraction series as
follows: B̂n = Bn/v

n−1
0 .

In the present work, we report new, more precise, values
for the virial coefficients of three-dimensional hard spheres
from B5 to B11. We make use of an important algorithm
recently proposed by Wheatley [31], and we introduce some
other methods that aid the calculation and which may find
general use. Our focus is on detailing these calculations
and analyzing their performance. We leave the study of the
coefficients and the VEOS to a future work. We begin in
the next section by proposing some simple measures that
quantify the effort needed to calculate a stochastic average to
some precision. These measures are useful in comparing the
performance of algorithms, optimizing multipart calculations,
and identifying where to direct effort to have the greatest effect
on precision. The concepts we present there are general, and
we would suggest that they be adopted for broader use in
molecular modeling and other calculations having a stochastic
element. In Sec. III, we detail the techniques we use for
the virial-coefficient calculations, in Sec. IV we present our
results and analyze the performance of the calculations, and
we conclude in Sec. V.

II. CHARACTERIZATION OF EFFORT

Stochastic methods yield results that are reproducible to
within a precision that depends on the amount of sampling
performed. When assessing and optimizing such calculations,
it is useful to work with a measure that is independent of the
amount of sampling. Accordingly, we define a quantity we call
the difficulty as follows:

Dy = t1/2
y σy, (3)

where ty is the amount of CPU time required to obtain a result
for a quantity y with uncertainty σy . For a given computational
algorithm and hardware platform, and for sufficiently long ty ,
Dy is expected to be invariant with ty . The difficulty is useful
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as a focus for optimization of algorithms and for comparison
of different algorithms for computing the same quantity y.
A desirable algorithm is one that produces a result with the
least difficulty, Dy . Rather than CPU time ty , the difficulty
could instead be defined in terms of the number of samples, or
the number of floating-point operations, or a similar quantity,
and this definition would have the advantage of being less
dependent on the computational hardware. However, the
time-based definition is more useful if optimization includes
balancing the effort applied to different components of a larger
calculation.

When comparing the difficulties for calculation of different
quantities, it is useful to work with the relative difficulty, de-
fined as D̄y ≡ Dy/|y|, and which has dimensions of (time)1/2.
This provides a convenient measure for specifying the effort
required for any stochastic calculation. Thus, for example,
the amount of CPU time required to obtain a result to 10%
uncertainty would be equal to 100D̄2

y .
Let us consider now the case in which the uncertainty in y

has contributions from independent stochastic averages:

σ 2
y =

∑
n
a2

nσ
2
n , (4)

where σn is the uncertainty in the average labeled n, which
has difficulty Dn, and an � 0 is a constant (made positive by
absolute value, if necessary). An example is easily found in
Eq. (1), from which the uncertainty in Z is given in terms of
the uncertainties in the coefficients Bn, with an = ρn−1. Of
interest is the question of how to allocate a fixed amount of
CPU time ty across the averages that contribute to y, defining
tn as the computation time devoted to average n. We optimize
on the square of the difficulty of y, which is

D2
y = ty

∑
n

a2
nσ

2
n

=
∑

n

a2
nDn

2ty/tn. (5)

Minimization of D2
y with respect to the tn, subject to the

constraint
∑

n tn = ty , and assuming Dn is constant, shows
that the optimal allocation has the time allotted in proportion
to the difficulty,

t
opt
n

ty
= anDn∑

j ajDj

. (6)

If the effort is allocated this way, then substitution of Eq. (6)
into (5) shows that the difficulty for the calculation of y will
be given as a weighted sum of the component difficulties,

Dy =
∑

n

anDn. (7)

The situation can arise in which previous calculations
have made available values of average n to some uncertainty
σn, and a decision is needed regarding where to direct
new effort toward the averages to have the largest effect in
reducing the uncertainty in y. For this purpose, we define the
computational impact, In, given in terms of the change in σ 2

y

with computational effort tn applied to average n. A simple

analysis yields

In ≡
(

−∂σ 2
y

∂tn

)1/2

= an

σ 2
n

Dn

. (8)

We write the impact in terms of σn rather than tn: available data
for average n are likely to have been generated by different
researchers using different methods and computing platforms,
so the time expended on them (if it is reported at all) is not
relevant to the present analysis, which projects the impact
based on Dn for the method and platform to be used for the
new calculation. We further define the relative impact, dividing
by the uncertainty in y, yielding again a quantity that does
not depend on the units of y: Īn ≡ In/σy [having dimensions
(time)1/2].

New effort should be directed toward the average having
the largest In. The impact goes inversely with Dn, because
a larger difficulty means that computational effort has less
impact on the coefficient precision and thus less impact on σy .
As new effort is directed toward the highest-impact average,
its precision improves (σn decreases), and its computational
impact diminishes. Eventually, it goes below the In of another
average, and computational effort can then be directed to that
quantity. If taken to completion, this process would culminate
in all In being equal. This, by the way, is the situation
one arrives at if starting from scratch and applying to each
coefficient the effort prescribed by Eq. (6).

We now turn to issues specific to the calculation of the virial
coefficients.

III. METHODS

A. General considerations

For pairwise-additive interactions, the coefficient Bn is
related to the intermolecular potential via the configurational
integral [2],

Bn = 1 − n

n!

∫
fB(rn)dr12dr13 . . . dr1n. (9)

Here fB is the sum of biconnected graphs,

fB(rn) =
∑
G

⎡
⎣∏

ij∈G

fij

⎤
⎦, (10)

where fij is the Mayer function for the particles labeled i and
j in the configuration rn (we sometimes refer to this as an “f
bond” between i and j ). In general, the Mayer function is given
in terms of the pair potential U by fij = f (rij ) = e−βU (rij ) − 1,
where rij = |rj − ri |; for hard-particle potentials this simply
has the value −1 or 0 for the cases in which the particles i and
j at separation rij are or are not overlapping, respectively. The
graphs G are formed from n vertices representing the particle
coordinates, with f bonds joining some of the vertex pairs.
The product in Eq. (10) is taken over all pairs having a bond
in a given graph G, and the sum is over all doubly connected
graphs of n vertices.

Except for low-order coefficients for simple pair potentials,
evaluation of the integral in Eq. (9) must be accomplished
numerically. Quadrature methods may be employed for small
n, perhaps supplemented with Fourier transform techniques
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to compute convolution integrals [33–36]. For higher-order
coefficients, Monte Carlo (MC) methods should be used:
configurations are generated at random, sampled in proportion
to a distribution π (rn); for each configuration, fB(rn) is
evaluated, and the integral is estimated as

Bn = 1 − n

n!
× � ×

〈
fB

π

〉
π

. (11)

Here the angle brackets indicate an average of the quantity
therein, taken over samples generated according to π , as
described; also, � ≡ ∫

π (rn)drn−1 and is assumed to be
known. There are two technical problems arising in the MC
approach. First, one has to generate configurations according
to π , and, second, one has to evaluate fB and π for each such
configuration. We will consider each of these in turn.

One way to generate configurations distributed as π is via a
Markov process. This method is appealing because it enables
π to be arbitrarily complex, as long as the reference integral
� can be determined by some means. We can then tailor π

toward some form of importance sampling [37], aiming to
compute an average having the highest precision for a given
amount of sampling of configurations. The Mayer sampling
MC method [38] is formulated this way [although it usually
employs an expression somewhat more complicated [39] than
Eq. (11)]. Often fB for a system of hard spheres is used to
define π , and the reference integral � is given in terms of a
hard-sphere virial coefficient or cluster integral. Obviously this
choice is not available if the objective is to compute the hard-
sphere virial coefficients, and alternatives have been examined
that allow Mayer sampling to be applied here [32].

As an alternative to the Markov process, configurations
may be generated directly from π , as long as π is sufficiently
simple. For simple potentials such as hard spheres, and perhaps
spherically symmetric models in general, it is possible to
define a π that is simple enough for direct sampling, yet
sufficiently similar to fB to provide a useful level of importance
sampling. Direct generation has the significant advantage
of yielding uncorrelated configurations, so each one offers
completely new information for the average. This contrasts
with the Markov process, in which each new configuration is
given as a perturbation on the one preceding it—thus many
configurations must be generated for the correlation to die off
and new information is obtained.

Another requirement of π , as used in Eq. (11), is that the
set of configuration where it is non-negligible—its important
configurations—must encompass those important to fB [40–
42]. Otherwise there will exist an unsampled, or rarely
sampled, set of configuration for which the ratio fB/π is very
large. The result is a biased average.

The second problem, that of evaluating fB for a given
configuration, is naturally handled in an additive manner,
meaning that one evaluates each of the terms of the sum
in Eq. (10) and adds them together. This approach rapidly
becomes unworkable with increasing order of the coefficient,
as the number of graphs in the sum in Eq. (10) grows faster
than exponentially with n (see Table I). The behavior places
a practical limit of about n = 8 on the order in which a
virial coefficient may be computed for most model potentials.
Wheatley [31] recently proposed a remarkable algorithm for

TABLE I. Number of biconnected graphs on n vertices. The total
number of graphs (unconnected, singly connected, and biconnected)
on n vertices is 2n(n−1)/2, and the third column records the fraction of
these that are biconnected.

Fraction of all
n Unlabeleda Labeled labeled graphs

2 1 1 0.5
3 1 1 0.125
4 3 10 0.156
5 10 238 0.232
6 56 11 368 0.347
7 468 1 014 888 0.484
8 7123 166 537 616 0.620
9 194 066 50 680 432 112 0.737
10 9 743 542 29 107 809 374 336 0.827
11 900 969 091 32 093 527 159 296 128 0.891
12 1.54 × 1011 6.88 × 1019 0.933
13 4.84 × 1013 2.90 × 1023 0.960
14 2.84 × 1016 2.42 × 1027 0.976
15 3.10 × 1019 4.00 × 1031 0.986

aOEIS Foundation Inc. (2011), The On-Line Encyclopedia of Integer
Sequences [http://oeis.org/A002218].

evaluation of fB that is formulated in a completely different
way. His method is based on subtracting non-bi-connected
graphs from the sum of all graphs obtainable from n points
and some or no f bonds. This sum-of-all-graphs starting point
is easily computed as the single graph of n points with an
(f + 1) bond between each point. In Wheatley’s method,
the disconnected and singly connected graphs are subtracted
from this starting point using a recursive algorithm. The
resulting method has memory and computation requirements
that scale (only) exponentially with n. Wheatley demonstrated
his algorithm with a calculation of B10 to B12 for hard spheres
and B5 to B10 for r−12 soft spheres.

Wheatley’s algorithm treats the vertices as labeled and
distinguishable, so distinct graphs that would be topologically
equivalent if the vertices were unlabeled are all included in
the sum. For example, the 10 graphs appearing in the sum
for B4 are shown in Fig. 1. Two sets of isomorphs—graphs
that differ only in the labeling of the points—are indicated.
For a given configuration of particles represented by the
vertices, isomorphic graphs differ in value. However, these

FIG. 1. (Color online) Biconnected graphs on four vertices.
When labeled as indicated in the top leftmost graph, all these graphs
are distinct. Graphs that are isomorphs are enclosed in the dashed-
line boxes—these graphs can be made equivalent by appropriately
rearranging the labels.
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graphs become equal upon averaging over configurations. In
some formulations of the cluster sum for the coefficient Bn,
such graphs would be represented by a single isomorph, a
symmetry number would be associated with the definition of
its value, and the prefactor of the integral in Eq. (9) would
instead be (1 − n)/n. The additive approach to evaluate fB

for a configuration usually (but not always [10]) considers
just the single isomorph, because to include the others would
require explicitly evaluating them and adding them to the
sum for fB . Although each distinct labeling delivers to the
average additional information for each configuration, these
contributions are correlated, and often it is not worth the cost
to include them. In Wheatley’s method, all of the isomorphs are
included “for free” in that no extra calculations are required to
represent them all. Rather, the process of subtracting from the
sum-of-all-graphs starting point is such that it causes no doubly
connected diagrams to be eliminated, and, consequently,
all isomorphs are included. This also simplifies matters by
eliminating any need to determine the weight (symmetry
number) associated with each graph.

Wheatley’s algorithm applied to the evaluation of a coeffi-
cient Bn collects information that, with little additional effort,
allows computation of averages for all coefficients Bk , k < n.
Unfortunately, it is not advantageous to collect these averages
because the configurations that are sampled for Bn, which are
generated using some form of importance sampling (including
the screening approach described in Sec. III C), are not the best
ones to use to evaluate the lower-order coefficients. We also
note that Wheatley’s method can be extended to compute only
the diagrams needed to correct the virial coefficients given
by an incremental application of Percus-Yevick theory [36].
However, our attempts to calculate the Bn using this strategy
did not show any advantage over the direct calculation of the
coefficients using the techniques described here.

B. Generation of configurations

Direct generation of a configuration begins with random
selection of a nominal bonding arrangement or template;
the template can be represented by a graph G. We define a
spherically symmetric pair weight function w(r), which, with
the graph G, defines a weight for a labeled configuration rn as
follows:

W (rn; G) =
∏
ij∈G

wij , (12)

where wij ≡ w(|rj − ri |). Spheres are placed in such a
manner that the configuration rn is produced with proba-
bility density π (rn; G) ≡ W (rn; G)/W (G), where W (G) ≡∫

W (rn; G)drn−1. Once rn is generated, evaluation of its
total probability density π (rn), needed for the average in
Eq. (11), must consider all ways the configuration could have
been obtained using this sampling algorithm. This requires
summing π (rn; G) over all the graphs G eligible for selection
at the outset of the process, weighted by their selection
probability. This procedure is detailed below.

It is important that w(r) be nonzero anywhere that f (r)
is nonzero, and an appropriate w(r) will also behave such
that f (r)/w(r) → constant (perhaps zero) as r → ∞. In
the simplest case—suitable for finite-range potentials such as

hard-sphere or square-well—w(r) is just an overlap function,
such that

w(r) =
{

1 r � d

0 r > d
. (13)

With this choice, spheres that have a bond in G will be
overlapping in configuration rn; spheres that do not have a bond
in G may or may not be overlapping in rn. We used this pair
weight function in the present work, but we will nevertheless
describe our methods in this section for general w(r).

A linear chain structure is among the simplest choices for
the nominal bonding arrangement G. However, for n � 6,
this template is not sufficient to produce all configurations
that contribute to fB (meaning that π will be zero for some
configurations where fB is not), so a MC method that uses
it as the only template to generate configurations will yield
a biased result. Other researchers [28–30,43–46] have treated
this problem by generating configurations also according to
one or more tree structures, selected to span biconnected
graphs that are not spanned by chains. Wheatley [31] instead
used just the chain template, but he did not restrict insertions to
the sphere overlap region [as in Eq. (13)]—instead, he included
a tail in w(r) that introduces some probability that adjacent
spheres in the chain are not overlapping. This approach
has the advantage of being easily extended to higher-order
coefficients, whereas the approach of selecting specific tree
structures requires examination of the biconnected graphs to
ensure that all of them are spanned by one of the nominal
bonding structures.

In the present work, rather than attempting to identify the
required spanning trees, we sample uniformly from all tree
structures. In addition, we introduce an algorithm based on
generation of ring structures, as well as the simple chain
structure (even though it is an element of the set of trees).
The choice of the template class is made at random at the
outset of the configuration trial, such that on average the
fraction of chain, tree, and ring templates selected are φC ,
φT , and φR , respectively (with φC + φT + φR = 1). Once
the configuration is generated, its probability for purposes of
computing the average in Eq. (11) is evaluated according to

π (rn) = φCπC(rn) + φT πT (rn) + φRπR(rn), (14)

where πX(rn),X ∈ {C,T ,R}, is the probability density for
generating configuration rn given selection of template class
X. For the φ to operate as intended, each πX should be
normalized; consequently, π (rn) is normalized, and � = 1
in Eq. (11). Accordingly,

πX(rn) = 1


X

∑
G∈X

π (rn; G), (15)

where 
X is the number of terms in the sum, which includes
all distinct labelings of each graph in the template class. This
form assumes that selection of each graph within template
class X is equally likely.

In the following, we detail the generation of configurations
and evaluation of πX(rn) for each of the template classes.
Going forward, we define V as the set of all n sphere positions
(or the set of vertices in a graph representing the sphere
positions, depending on the context). It is useful at times to
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make reference to the “graph for a configuration.” By this we
mean that, for definitions of w(r) that have it equal to zero
when r is greater than some cutoff value [such as Eq. (13)], we
can associate a graph with a configuration rn such that a bond
is present between vertices i and j where w(rij ) �= 0, and no
bond is placed between vertices for which w(rij ) = 0.

1. Chains

Generation of a configuration in a chain arrangement
follows a simple process of sequential insertion: sphere 1
defines the origin, and the kth sphere is inserted at a position
randomly directed with respect to the location of sphere k − 1,
with separation selected according to w(r)r2.

There is but a single graph in this template class, for which
W (G) = Wn−1

2 , where W2 ≡ ∫ ∞
0 w(r)4πr2dr; for w(r) given

by Eq. (13), W2 = 4π
3 d3. The sum in Eq. (15) is over the


C = n!/2 distinct labelings of the chain,

πC(rn) = 2

n!Wn−1
2

∑
τ∈P(V )

n∏
k=2

wτ (k)τ (k−1) ≡ 2

n!Wn−1
2

WC(rn),

(16)
where τ is a permutation, and the sum is over all permutations
P of the set V ; Eq. (16) defines WC(rn). An algorithm for
computing this sum can be implemented as follows. Let v be a
sphere in V , and let S be a subset of V containing v and sphere
1; v = 1 is allowed only for the initialization case in which 1
is the only sphere in S. Define

WC,v(S) =
∑

τ∈P(S):
τ (1)=1,
τ (|S|)=v

|S|∏
k=2

wτ (k)τ (k−1), (17)

i.e., WC,v(S) is a sum over all chains in S beginning from sphere
1 and ending at sphere v. Then, starting with S = {1} [for
which WC,1(S) ≡ 1], for each sphere u not in S, we compute

WC,u (S ∪ u) =
∑
v∈S

wuvWC,v(S).

This formula is applied recursively until we have determined
WC,v(S) for all subsets S ⊆ V , and all v ∈ S, v �= 1. Finally,
we obtain the sum over all distinct labelings of the chain, via

WC(rn) =
∑
S⊆V

∑
v∈S
u∈S∗

WC,v(S)WC,u(S∗ ∪ 1), (18)

where S∗ is the complement of S with respect to the set V .
The sum is taken over all subsets S which contain both sphere
1 and (to prevent double counting of subsets) another specific
sphere (say, sphere 2). Wheatley [31] employed a chain-
growth algorithm to generate configurations, using a recursive
algorithm very similar to this one to compute the weights.

This algorithm for computing WC(rn) is a dynamic pro-
gramming approach that has been applied to similar prob-
lems [47,48]. It can be used, for example, to compute the
number of Hamiltonian paths [49,50] for a graph, which for
w(r) given by Eq. (13), is equal to WC(rn).

2. Trees

We first select a tree structure at random, chosen uniformly
from among all possible nn−2 labeled trees that can be formed
from n vertices. This is done by generating a Prüfer code [51],

which is a sequence of (n − 2) integers each selected with
uniform probability from 1 to n. This code uniquely specifies
a labeled tree, and a simple iterative algorithm [49,50] can be
applied to generate the tree from the code. Then as the spheres
are inserted in sequence, the tree specifies which sphere to
reference when inserting each new sphere according to w(r).

All tree graphs have the same normalization, W (G) =
Wn−1

2 . Analogously to Eq. (16), the probability density πT (rn)
to generate rn using the tree algorithm is given in terms of the
sum WT (rn) over all 
T = nn−2 distinct labeled trees,

πT (rn) = 1

nn−2Wn−1
2

WT (rn). (19)

The sum WT can be computed quickly using an extension of
Kirchoff’s matrix-tree theorem [50,52]: One forms a matrix M

such that element mij = −wij for i �= j , and mii = ∑
j �=i wij .

Then WT (rn) is equal to any cofactor of M . For the w(r) given
by Eq. (13), WT (rn) is the number of spanning trees of the
graph of the configuration rn. In the calculations we report
here, we computed WT using a recursive algorithm somewhat
like that used to compute WC ; we do not detail it here because
we expect that the matrix-based approach is more efficient.

3. Rings

We label the spheres 1,2, . . . ,n,n + 1, with n + 1 another
label for sphere 1. With sphere 1 defining the origin, we
repeatedly insert each sphere k in a position that depends
on the locations of the two previously inserted spheres
closest to it in the ordered sequence, having labels i and
j , respectively. In particular, the position rk is selected with
weight (unnormalized probability) Wk(rk; i,j ) such that

Wk(rk; i,j ) ∝ w1+|k−j |(|rk − rj |)w1+|k−i|(|rk − ri |), (20)

where wm(r) is the weight for two spheres at specific positions
separated by r when at the ends of a chain of m spheres
having adjacent spheres distributed according to w(r) [thus,
w2(r) ≡ w(r)]. It is obtained as the integral of W (rm; G) over
all positions of the spheres in the interior of the chain graph
G. This can be given analytically via Fourier transforms as
follows:

wm(r) = F−1[(F[w(r)])m−1]

= F−1

({
3[sin(kd) − kd cos(kd)]

(kd)3

}m−1
)

,
(21)

where the latter equality is for w(r) given by Eq. (13). Each
inverse transform yields a high-order polynomial in r . These
formulas are too complicated to reproduce here, but they can
be derived using a suitable symbolic mathematics package. We
note that care must be taken in coding these functions to guard
against loss of precision when evaluating the polynomial sum.

To select a point with weight Wk(rk; i,j ), we approximate
wm(r) as Gaussian in three dimensions, yielding via Eq. (20)
an approximate Wk(rk; i,j ) as a product of the approximate
wm(r). This approximate Wk(rk; i,j ) is also Gaussian and
thus can be sampled using standard methods. We then apply
a rejection algorithm to produce a sample with the desired
weight. The chain-growth process ends with one or more
insertions of spheres that each must overlap two previously
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TABLE II. Normalization of ring graphs of n spheres for w(r) as
given by Eq. (13) (for example, W (R3) = 8.22467d6).

n W (Rn)/(πd3)n−1

3 5
6 = 0.833 333 . . .

4 2176
2835 = 0.767 549 . . .

5 40949
54432 = 0.752 296 . . .

6 23648512
30405375 = 0.777 774 . . .

7 25040879363
30023136000 = 0.834 053 . . .

8 35836384927744
38979295480125 = 0.919 370 . . .

9 6060781370812815989
5854170457175040000 = 1.035 29 . . .

10 430588656377655296
363092137397364375 = 1.185 89 . . .

11 279634343277877995897619523
203006266387416011520000000 = 1.377 47 . . .

12 2181664367287144834983919616
1347828286825972065254765625 = 1.618 65 . . .

inserted spheres adjacent to it in the sequence. This requires
insertion into a lens shaped region formed by the overlap of
two spheres of diameter 2d located at the positions of the
adjacent-index spheres. This can be accomplished via repeated
insertion into the rectangular region that circumscribes the
lens, rejecting until a point in the lens is generated. Given
the high frequency that this lens insertion is performed, we
developed a slightly more efficient approach (not detailed here)
that inserts in the lens region more directly.

The normalization for the ring graph is W (Rn) ≡∫ ∞
0 wn(r)w(r)4πr2dr; this is tabulated as a function of n for

the w(r) of Eq. (13) in Table II. Defining WR(rn) as the sum
over all 
R = (n − 1)!/2 distinct labelings of the ring, the
probability density to generate rn using the ring algorithm is
as follows:

πR(rn) = 2

(n − 1)!W (Rn)
WR(rn). (22)

To compute WR(rn), we evaluate WC,v(S) as described above,
but instead of Eq. (18), we have

WR(rn) = 1

2

∑
v �=1

WC,v(V )w1v, (23)

where the 1/2 prefactor compensates for double counting.
For the w(r) given by Eq. (13), WR(rn) is the number of
Hamiltonian rings of the graph of the configuration rn.

C. Calculation of averages

1. Screening

Once a configuration is generated, Wheatley’s algo-
rithm [31] provides a means to compute fB(rn). For the vast
majority (more than 90%) of the configurations generated
using the methods outlined above, fB evaluates to zero.
Consequently, the efficiency of the calculation can be greatly
enhanced by application of methods to identify many of these
fB = 0 configurations without explicit calculation of fB . We
check first that each point has at least two bonds (which is
assured only when using the ring template), and then we search
for clique separators. A clique is a set of points that are all

mutually connected; if removal of all points in a clique causes
the graph to separate into two or more pieces, then it is a clique
separator. Graphs having such features will have fB = 0 [32].
Wheatley [31] employed this as a screening method as well,
stopping the search at cliques of no more than five vertices.
We found it worthwhile to not truncate the search, so we
examine the graph of each configuration for clique separators
of any size (it appears that Zhang and Pettitt [32] also screened
considering cliques of all sizes). If one is found, we add zero
to the simulation average; otherwise we evaluate fB using
Wheatley’s algorithm and add fB(rn)/π (rn) to the sum for the
simulation average.

To search for clique separators, we consider each subset
of points and determine whether the subset is a clique. As
in Wheatley’s algorithm, this can be done recursively by
recognizing that a subset is a clique if and only if all of
its subsets are cliques; in fact, only three subsets need to
be considered so long as they together include all pairs in
the set. For each clique found, we check to see whether
it is possible to walk along the bonds from one remaining
(nonclique) point to every other remaining point without
visiting a point in the clique. This operation theoretically
requires n − m steps (for a clique of size m), but this can
be accelerated using bitmasks to track the walk such that all
paths are considered simultaneously. While it would be slower
than Tarjan’s algorithm [32,53] for large n, the algorithm we
use is simple, faster than other parts of the overall algorithm,
and yields the full list of cliques, which we use for binning as
described below.

2. Binning

The sample average appearing in Eq. (11) can be expressed
as a weighted sum of averages as follows:

〈fB/π〉π = 1

N

∑
α

nα〈fB/π〉α. (24)

Here α(rn) is a parameter vector (one or more parameters)
that characterizes the graph of a configuration: Each graph
maps (independently of the graph labeling) onto a single, well-
defined α vector and, in general, each α represents more than
one graph (e.g., α could be a single parameter equal to the
number of bonds in the graph). Then nα is a random variable
for the number of configurations having parameter α from N

total configurations generated according to π . The expected
value of nα is Npα , where we introduce pα as the probability
that a configuration sampled from π will have parameter α.
Also in Eq. (24), 〈fB/π〉α is the π -weighted average of fB/π

over the population of graphs having parameter α.
The key idea of the binning strategy is recognition that

not all samples generated in bin α need be used toward
estimation of 〈fB/π〉α . Given the expense of computing fB/π ,
it may not be worthwhile to do so if the average for bin
α is already well characterized. Thus, upon generating a
configuration according to π , we determine its α, increment the
counter for nα , and then decide with probability Pα whether
to compute fB/π . If we do compute it, we accumulate the
result in an average for 〈fB/π〉α; if not, we do nothing to the
average and continue on to the next sample. In either case,
the contribution to nα is recorded. Hence, each sample is used
toward estimation of pα , even if it is not used toward 〈fB/π〉α .
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We set values for the Pα to minimize the uncertainty
σπ in 〈fB/π〉π for a fixed total computation time. This
uncertainty will have contributions from the uncertainty σα in
each 〈fB/π〉α average and from fluctuations in the sampling
of each of the nα; the latter are correlated and also cannot
be optimized with respect to each other, so we collect their
contribution to σπ into a single term, labeled σs , thus,

σ 2
π = σ 2

s +
∑

α

p2
ασ 2

α . (25)

Equation (25) is in the form of Eq. (4), so, according to Eq. (6),
the optimal ratio of computing time tα spent on averaging
〈fB/π〉α to time ts spent generating samples from π to estimate
pα is given in terms of their respective difficulties by

tα

ts
= pαDα

Ds

. (26)

The Pα enter Eq. (26) through the tα . We define τc as the
CPU time required to compute fB/π for a given configuration
(and perform any other computations related to contributing
to 〈fB/π〉α); we assume τc is independent of α. Then tα =
Pαnατc. Also, the difficulty of the average for bin α is Dα =
τ

1/2
c �α , where �2

α is the π -weighted variance of the fB/π

values for configurations in bin α.
The uncertainty due to sampling is defined as follows:

σ 2
s = 1

N2

∑
α

∑
β

Cov(nα,nβ )〈fB/π〉α〈fB/π〉β . (27)

The nα are sampled from a multinomial distribution with
parameters N and pα , and from this one can show that Eq. (27)
can be expressed as follows:

σ 2
s = 1

N
�2

s , (28)

where �2
s is the variance of the 〈fB/π〉α averages across the

bins. This can be estimated by

�2
s = 1

N

∑
α

nα 〈fB/π〉2
α −

(
1

N

∑
α

nα〈fB/π〉α
)2

. (29)

We define τs as the CPU time required to generate and
screen one new configuration and determine its α. Then, with
Eqs. (3) and (28), the difficulty associated with sampling is
Ds = τ

1/2
s �s .

Putting together the pieces developed here, each side of
Eq. (26) is transformed,

Pαnατc

Nτs

= pατ
1/2
c �α

τ
1/2
s �s

, (30)

which, substituting nα/N back for pα , yields the prescription
for Pα ,

Pα = ϕ− 1
2
�α

�s

, (31)

where ϕ ≡ τc/τs is the ratio of the cost of computing fB/π to
the cost of sampling a new configuration. Thus, the probability
to compute fB/π is in proportion to the standard deviation in
bin α, relative to the standard deviation of the average across
the bins. It is possible that the probability computed this way is

greater than 1, indicating a need to compute fB/π more while
sampling fewer configurations. Of course, because sampling is
a prerequisite for each fB/π calculation, this optimum cannot
be met; instead we just cap Pα at 1.

There are two practical issues that complicate application
of this formula for Pα . The first is that at the beginning of the
simulation, the values of �α cannot be estimated accurately
because they have insufficient samples (or even no samples at
all). A similar problem can occur for a bin with many samples
that happen to have identical values. To handle both of these
cases, we use the following formula for the variance in bin α

appearing in Eq. (31):

�2
α = 〈

�2
α

〉 + 〈(fB/π )2〉
nαc

, (32)

where 〈�2
α〉 is the running average of the variance of bin α,

based on nαc samples. This modification forces the variance for
each bin to be a bit larger, as though an additional sample was
included that is typical for all bins but atypical for the given
bin. As the simulation progresses, nαc grows and this additional
term becomes less important, but its presence assures that every
bin has a finite probability, even if its 〈�2

α〉 is 0. To ensure that
at least two values are computed for each bin, we force Pα = 1
whenever there are fewer than two samples for that bin.

This binning approach admits considerable flexibility for
optimizing the calculation through a judicious definition of
α. Unlike look-up tables, which are similar in spirit and
have been used by others for hard-sphere virial calcula-
tions [29,30,43,44,46,54], the approach proposed here does
not require that the bin parameter specify a graph uniquely (a
canonical label). A good choice will allow quick determination
of α for a configuration and also will cause �α to be small,
meaning there is not much variation in fB/π within each
bin. The conventional look-up table represents a limiting case
in which 〈fB/π〉α has zero variance, except here, as also
suggested by Zhang and Pettitt [32], the table is populated
dynamically instead of being precomputed. Generation of a
canonical label for a graph is not simple, and McKay [55,56]
has developed and implemented an efficient algorithm to do
this; Zhang and Pettitt found the speed of McKay’s algorithm
still to be limiting their calculations, and they devised a
less-thorough alternative. The larger problem is that for n

greater than about 9 or 10, there are too many graphs to
permit storing fB/π for every α (see Table I). With Wheatley’s
algorithm, it becomes more effective to compute fB/π on the
fly, and one is then back to computing the average in the direct
fashion indicated by Eq. (11). As a stopgap remedy, the table
can be populated dynamically, as suggested by Zhang and
Pettitt [32], which avoids computing and storing values for
graphs that are never encountered. At the other extreme, α is
the same for all graphs and does nothing to distinguish them.
Then the sum in Eq. (24) consists of a single term and thus
reduces again to Eq. (11).

We did not attempt a thorough investigation of how to define
α to maximize the efficiency of the calculation. For these
calculations, we used the following parameters for α:

(i) the number of f bonds,
(ii) the number of cliques based on f bonds,
(iii) the number of cliques based on e bonds,
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(iv) the number of f bond clique pairs that share some (but
not all) points, and

(v) the number of e-bond clique pairs that share some (but
not all) points.

D. Computational details

We performed calculation of virial coefficients Bn of the
hard-sphere model for n from 5 to 11. All calculations were
performed using codes developed in Java. The number of
samples and total amount of CPU applied to calculate each
coefficient is reported in Table III. The calculations required
CPU times on the order of years and could be accomplished
only through the application of many (thousands) of processors
performing independent calculations that are subsequently
collected to yield results with the precision given below. The
number of samples represents the total number of configura-
tions generated, regardless of whether the configuration led
to a calculation of fB/π , and the CPU time is totaled over all
independent processors applied to the calculation. Calculations
were performed on a heterogeneous cluster composed of
mostly Intel Xeon compute nodes with 8 to 32 cores and
speeds from 2.13 to 2.66 GHz.

Each coefficient was computed by averaging together the
results from numerous runs. Computation probabilities (Pα)
were determined during the first run. These were used as input
for further runs, which were performed in parallel and did
not attempt to update Pα . When this set of runs had finished,
their results were combined and new Pα were computed. This
process continued until the desired number of simulations had
finished.

We can increase the efficiency of the calculation by
increasing the number of parameters used to determine α,
so every bin has a distinct value with small �α . However,
when performing calculations for high-order coefficients the
memory needed to store data for each bin can exceed the
memory available on a compute node, especially when it is
multi-CPU and multicore, where we might run simultaneous
calculations on all cores. To remedy this problem, we modified
our Java program to run independent calculations in different
threads which shared a common storage for the bin data. This
multithreaded implementation is efficient because each thread
can perform most of its work without synchronization—the
only activities requiring any synchronization are incrementing
the number of unscreened configurations, adding a measured
fB/π to a bin’s sums and recomputing Pα for each bin.

TABLE III. Sampling measures for calculation of the virial
coefficients Bn.

Number of CPU
n samples ×10−12 (years)

5 48 4.3
6 32 3.8
7 38 5.3
8 41 6.6
9 47 8.8
10 87 21.0
11 115 30.7

To generate random numbers during the calculations,
we use the MT19937 implementation of the Mersenne
Twister [57] pseudorandom number generator (PRNG).
MT19937 is seeded at the beginning of each simulation with
four 4-byte integers from the Linux kernel’s /dev/urandom
PRNG. When running with multiple threads, each thread has
its own PRNG initialized with different seeds.

IV. RESULTS

A. Analysis of performance

Before computing coefficient values, it was necessary to
conduct benchmarks to determine optimal template class frac-
tions (φR,φC,φT ) as well as the ratio of computational costs
(ϕ). To determine the cost of sampling a configuration for each
template, we conducted a 1010-step calculation (109 steps for
n > 6) with Pα = 0 for all α; we generated samples, screened
each by looking for clique separators, and determined α but did
not compute fB/π . To determine τc, the cost of computing fB

and π , we conducted a second calculation with 109 steps (108

for n > 9) and Pα = 1 such that fB/π was computed for every
unscreened configuration. The cost per configuration was the
difference in time between the two calculations divided by
the number of unscreened configurations. We found that τc is
almost independent of template, so we have taken the average
τc. To determine the φX, we conducted 109-step calculations
for each order and for various values of each φX, taking
the most efficient choice for use in further calculations. We
considered only φT = 0, 0.1, 0.2 and taking candidate values
for φR and φC based on calculations with fewer steps. All of
these benchmarks were run single-threaded on 2.83-GHz Intel
Core 2 Quad Q9550 processors. The resulting values of τs , τc,
φ, and ϕ are reported in Table IV. The benchmarks project
total CPU times that are 50% (n = 5) to 95% (n = 11) of the
times given in Table III, due partly to differences in hardware
but primarily because of poor efficiency for the multithreaded
implementation at low order.

We observe from Table IV that the time to compute fB/π

grows exponentially with n, as expected, while the time to
generate and screen a configuration grows only a bit faster than
linearly with n; the algorithm we use to detect clique separators
in principle grows exponentially with n, but apparently this

TABLE IV. Benchmarks for Bn. The τs are CPU times to generate
and screen a configuration and evaluate its α for the tree (T), chain
(C), and ring (R) template classes, and τc is the CPU time to compute
fB and π for one configuration. The φ are the optimized probabilities
to select the tree, chain, or ring template class when generating a new
configuration. ϕ is the ratio of τc to the φ-averaged τs . All τ values
are reported in units of μs.

n τsT τsC τsR τc φT φC φR ϕ

5 1.40 1.01 2.12 9.0 0 0.2 0.8 4.69
6 1.91 1.36 3.13 17.7 0.1 0.2 0.7 5.96
7 2.48 1.86 4.26 32.2 0.1 0.3 0.6 8.88
8 3.09 2.29 6.27 76.1 0.1 0.5 0.4 18.08
9 3.78 2.82 7.79 174.9 0.1 0.6 0.3 41.73
10 4.82 3.25 9.84 560.1 0.1 0.6 0.3 97.41
11 6.05 4.28 12.73 1560.9 0.1 0.7 0.2 272.57
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TABLE V. Binning parameters and properties for Bn, with n indicated in the first column. The values in the remaining columns are: the set
of binning parameters used at each order, made in reference to the list given in Sec. III C; the number of bins; the fraction of bins observed to
have zero variance in fB/π ; the fraction of configurations identified as having fB = 0 by screening; the fraction of all configurations for which
computation ought to be performed (Nc/N ); the optimized fractional contribution of sampling to the total variance (σ 2

s /σ 2
π ); and the fraction

of the total CPU time spent on sampling and screening (ts/t).

Bins with Configurations that
n α Parameters No. of bins σ 2

α = 0 pass screening Nc/N σ 2
s /σ 2

π ts/t

5 1 5 100% 20.1% 0 1.00 1.00
6 1–5 23 100% 8.9% 0 1.00 1.00
7 1–5 150 89% 4.9% 0.103% 0.98 0.99
8 1–5 1776 73% 2.8% 0.146% 0.97 0.97
9 1–5 31 794 53% 2.0% 0.173% 0.92 0.93
10 1–5 631 832 39% 1.9% 0.152% 0.86 0.87
11 1–5 8 926 893 30% 1.4% 0.102% 0.77 0.78

behavior is not yet dominant for the values of n encountered
here. Rings are most costly to sample, taking about 2 to 3 times
longer than a chain or tree of the same size. The optimized tem-
plate distribution de-emphasizes the use of rings as n increases,
with chains becoming the most probable template choice.

Parameters and observations related to the screening and
binning processes are reported in Table V. The binning is
perfect for n � 6, with the bins essentially serving as a
look-up table. With increasing n, the fraction of bins with
zero variance decreases to 30% for n = 11. At the same
time, the fraction of configurations that pass the screening
process diminishes to almost 1%, and, as a consequence, the
number of configurations where fB/π is actually computed
never exceeds 0.2% of the total configurations generated for
all n. The amount of time spent sampling relative to the total
time should in principle equal the ratio σ 2

s /σ 2
π for the optimum

allocation of effort. It is seen in Table V that they differ slightly,
and this is due to capping of some of the Pα at 1.0.

The relative difficulty D̄n for the calculation of virial
coefficient Bn, based on our calculations, is displayed in Fig. 2.
The figure in fact shows the difficulty for several variations
of the binning method, projected from the data in Tables IV
and V. Due to an error in our original development, the
algorithm we used to optimize Pα differs from that described
in Sec. III C, so in addition to presenting the relative difficulty
for the calculations as we performed them, we show also D̄n

projected for the optimal selection of Pα (this is optimal for the
fixed definition of α). In addition, we project D̄n for the case
in which no binning is performed (fB/π is computed for all
configurations that pass the screening), and for the (idealized)
case in which we have perfect binning, such that the each bin
has zero variance and fB/π never needs to be computed more
than once for any bin.

For all variations of the binning approach, we observe a
smooth exponential growth in D̄n with virial-coefficient order.
What is rather surprising is what seems at first glance to be
an insensitivity of D̄n to how much fB/π is computed—the
no-binning and perfect-binning cases do not differ radically
on the scale of the figure. The effect of the optimization of Pα

is attenuated considerably by the fact that only a low fraction
of trial configurations make it through the screening process.
With only a few percentages of configurations available to
be considered for calculation of fB/π , there is not much on

which to optimize. Still, the benefit of binning is apparent in the
inset, which shows the ratio of each D̄n to the perfect-binning
ideal. For B11, D̄n(no-binning) is almost double D̄n(optimal-
binning), which corresponds to a nearly fourfold increase in
CPU time. Further, Fig. 2 suggests that the binning method is
becoming increasingly effective as n increases.

A fit to the relative-difficulty data for the optimum imple-
mentation yields

log10[D̄n/(sec)1/2] = −4.78 + 0.408n + 0.0205n2, (33)

which can be used to project the amount of CPU required
to obtain higher-order virials to a desired precision. Thus,
we expect that using the methods and hardware employed
for the present work, evaluation of B12, B13, and B14, each
to a precision of 10%, would require 4.1, 280, and 24 000
CPU-years, respectively. If binning were not used, we project
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FIG. 2. (Color online) Relative difficulty of the virial-coefficient
calculation as a function of the order of the coefficient. Points are
based on the calculations reported in this work, and each line is a
quadratic fit to the corresponding data. The points labeled “actual” are
from the (nonoptimal) binning algorithm employed here; “opt” is the
estimated data if using the optimal algorithm described in Sec. III C;
“no binning” indicates projected results if the binning method were
not used at all; “perfect binning” projects the results if Pα = 0 for
all α. The inset shows the ratio of D̄n for each case relative to the
perfect-binning case.
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that evaluation of B12, B13, and B14 would instead require 21,
2700, and 470 000 CPU-years.

Using Wheatley’s method, the time required for calculation
of fB for each configuration is expected to increase as 3n [31].
If this were the only factor affecting the difficulty, then
we would expect log10 D̄n = const + 0.239n. We observe an
increase faster than this, because at larger n more sampling is
required to achieve a result to a given relative precision. It ap-
pears that the contribution of this effect to the relative difficulty
is about the same as the growth of effort needed to compute
fB . We note that τC is increasing at about 2.9n near n = 10.

B. Virial coefficients

The hard-sphere virial coefficients computed here are
reported in Table VI. The new values are 2 to 6 times more
precise than previously available values from the literature,
which are included in the table for comparison. All values are

mutually consistent, within their reported uncertainties. We
form an average of our values with the literature data, with each
value weighted inversely with the square of its uncertainty, to
arrive at the “best estimate” reported in the table for each
coefficient.

The packing-fraction coefficients B̂n have been observed
to increase with n roughly as n2 [58]. This behavior has
been known at least since Carnahan and Starling [59], who
developed their equation of state based on the observation that
the virial coefficients are well approximated by B̂n = n2 +
n − 2. Table VI demonstrates this for the actual hard-sphere
virial coefficients, where we tabulate B̂n/n2. It should be noted
that this observation of course does not provide any guarantee
that as-yet-unknown higher-order coefficients will adhere to
this trend.

When developing an equation of state based on the virial
coefficients, one must address the question of how many
coefficients to compute and what level of precision is sufficient

TABLE VI. Hard-sphere virial coefficients. The table records the values computed in this work, values from the literature with sources as
indicated; to ease comparison of the precision for each n, zeros are appended to the literature values (and their uncertainties) such that they
show the same number of digits as given in the corresponding new value. The best estimate represents a weighted average of the new and
literature values. The fifth column gives the packing-fraction coefficients B̂n ≡ Bn/( π

6 d3)n−1 divided by the n2 approximation to them. The last
column gives the coefficients of the approximant defined in Eq. (36). Numbers in parentheses indicate the 68% uncertainty in the last digit(s)
of the reported values (σBn

). One should note that the Ĉn values are correlated, so their uncertainties cannot be propagated when combining
them to compute Z; instead, it is necessary to work with the B̂n uncertainties, as given in Eq. (38).

Bn/d
3(n−1)

n This work Literature Best estimate B̂n/n2 Ĉn

2 — 2π

3 2.094395102 . . . 1 0
3 — 5π2

18 2.741556778 . . . 1.1111 . . . 1
4 — 2.636218008 . . .f 2.636218008 . . . 1.147798024 . . . −1.635231617 . . .

5 2.1213811(13) 2.1213850(30)a 2.1213819(11) 1.1289751(6) 0.765304(15)
2.1213870(80)b

6 1.5668970(90)a

1.5669044(41) 1.5669300(400)c 1.566904(4) 1.105979(3) −0.52890(11)
1.5669130(150)b

7 1.099157(11) 1.099190(20)a 1.099162(10) 1.088614(10) 0.7337(6)
1.099150(30)c

8 0.739342(37) 0.739430(90)a 0.73937(3) 1.07075(5) −1.010(4)
0.739490(110)c

9 0.48470(40)a

0.48487(12) 0.48480(50)d 0.48485(11) 1.0596(2) 1.46(2)
0.48470(50)c

10 0.31380(110)a

0.31248(30) 0.31400(300)e 0.3126(3) 1.0568(9) −1.01(12)
0.31290(120)d

11 0.19582(97) 0.19800(600)a 0.1959(10) 1.046(5) −0.6(7)
0.19800(700)e

12 — 0.13(3)a 0.106(19) 0.91(16) −17(24)
0.09(2)e

aZhang and Pettitt [32].
bKolafa et al. [28].
cLabik et al. [29].
dClisby and McCoy [30].
eWheatley [31].
fExact: π2(219

√
2−712π+4131atan

√
2)

7560 .
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for each. Assuming the coefficients are of interest for their
ability to yield an accurate value for the compressibility
factor Z, these questions can be addressed through analysis
of the difficulty and computational impact introduced in
Sec. II.

The relation between the difficulty of computing Z, DZ

and the difficulty of the virial coefficients Dn provides a
basis to consider how many coefficients should be computed.
We consider a coefficient Bn worthwhile to compute only if
its contribution to Z, �n exceeds the uncertainty σZ when
computing all coefficients up to Bn using total CPU tZ . This
comparison is density dependent. From the relations developed
in Sec. II, we can show that the coefficient Bn should be
computed if tZ exceeds the threshold value,

tZ >

[
1

�n

n∑
k=2

ZkBkD̄k

]2

, (34)

where Zk = |∂Z/∂Bk|. With Z given by Eq. (2), and approx-
imating the Bn for hard spheres using B̂n ≈ n2, we can write

tZ >

[
n∑

k=2

ηk−n

(
k

n

)2

D̄k

]2

. (35)

The right-hand side can be evaluated with the aid of Eq. (33).
We find that it is insensitive to η for η > 0.15 or so, and,
moreover, that for such densities the sum is well approximated
by its last term, where k = n. Making this approximation,
we find that that a coefficient Bn should be included in the
calculation if tZ > D̄2

n, i.e., the total CPU allotted to calculation
of all coefficients is greater than the square of the relative
difficulty for coefficient Bn. This suggests, for example, that
if planning to use more than about 15 CPU-days in total,
then calculation of coefficients up to and including B12 should
be performed. This result assumes that the coefficients will
be used directly in the VEOS as written in Eqs. (1) or (2) to
evaluate Z, but as we show below, it is not always advantageous
to use them this way.

We now turn to the issue of allocation of computational
effort from the standpoint of improving the current results.
Where should effort be directed next if one wants to improve
the accuracy and precision of the hard-sphere equation of state
as computed from the virial coefficients? First, we consider
whether to direct effort to higher coefficients or whether to
improve the precision of the available values. Figure 3 presents
the uncertainty of Z—using the “best estimate” coefficient
uncertainties recorded in Table VI—in comparison to the error
incurred from truncation of the VEOS as given in Eq. (1).
The figure shows that for densities greater than ρd3 ≈ 0.3,
neglect of the contribution from B13 introduces more error
than the uncertainty in the virial coefficients. This suggests
that improvement in the equation of state for these densities
would benefit more from effort applied to calculation of B13,
and perhaps B14, rather than toward increasing the precision of
lower-order coefficients. This situation in fact held even before
we generated the results presented in this work, except that the
threshold for relevance of B13 was at about ρd3 ≈ 0.4. From
this perspective, the new data for Bn have not done anything
to improve the characterization of Z in this range of density.
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FIG. 3. (Color online) Errors in the compressibility factor Z

when given by the virial equation of state, Eq. (1). Dashed lines are,
from top to bottom, the estimated contribution to Z from B11 (red),
B12 (green), B13 (blue), and B14 (orange). The latter two coefficients
are estimated from B̂n ≈ n2. The solid black line (labeled “VEOS”) is
the uncertainty in Z as given by the VEOS propagated from the “best
estimate” coefficients presented in Table VI, up to and including B12.
The solid pink line (labeled “Approximant”) is the uncertainty in Z

as given by the approximant including terms up to n = 11. The solid
lines in this figure are the same as those given in Fig. 4.

This picture changes considerably if we make use of the
regular behavior of Bn with n. We can form an approximant
by summing the infinite series with the assumption that
B̂n = n2 and applying a series-based correction to force the
approximant to match the known virial coefficients. Thus,

Z = 1 + η

(1 − η)3 (1 + Ĉ2η + Ĉ3η
2 + Ĉ4η

3 + . . .). (36)

The coefficients Ĉk that cause the series expansion of Eq. (36)
to match Eq. (2) are recorded in Table VI. The uncertainty in
each of these coefficients is propagated from the B̂n according
to

σĈk
=

⎡
⎣ k∑

n=2

(
∂Ĉk

∂B̂n

)2

σ 2
B̂n

⎤
⎦

1
2

, (37)

(for hard spheres, σBn
≡ 0 for n = 2,3,4). The uncertainty in

Z is obtained via

σZ = 1 + η

(1 − η)3

⎡
⎣ m∑

n=2

(
m∑

k=n

(
∂Ĉk

∂B̂n

)
ηk−1

)2

σ 2
B̂n

⎤
⎦

1
2

, (38)

with m such that Ĉm is the last coefficient appearing in Eq. (36).
Other choices of an approximant that matches known virial
coefficients are possible and have been proposed [30,44,58,60–
69]. The one suggested here is given just to make a point about
gauging the precision required of the Bn, and the observations
we make regarding it should to some degree apply to other
approximants as well.

It is evident from the table that the Ĉn are determined with
much less precision than the corresponding B̂n. This is because
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FIG. 4. (Color online) Sources of error in the approximant de-
fined by Eq. (36). Dashed lines are, from top to bottom, the
contribution (in absolute value) to Z from Ĉ7 to Ĉ11, respectively.
Uncertainties in the lines representing the Ĉ7 to Ĉ10 contributions are
not shown but would be barely discernible on the plot if they were.
The uncertainty in the Ĉ11 line is significant, such that the line could
be shifted up as high as the solid black line or as low as being off the
bottom of the scale of the figure (inasmuch as Ĉ11 = 0 is within the
uncertainty). Solid lines are as described in Fig. 3.

the Ĉn relate to the deviation of the B̂n from their dominant
behavior with n, and this causes them to be computed as the
small difference of large numbers. Indeed, with the level of
precision we now have for the B̂n, the approximant coefficients
Ĉ11 and Ĉ12 cannot be distinguished from zero. Whether it is
worthwhile to determine them more precisely depends on how
much they contribute to Z, relative to the uncertainly in Z using
the approximant with terms up to n = 11. This comparison is
made in Fig. 4. First, we note that for intermediate densities,
the uncertainty in the approximant is 10 times less than the
uncertainty of the VEOS. If the VEOS were truncated (like
the approximant) at n = 11, its uncertainty would be less
than the approximant’s, but given that the error of VEOS is
already dominated by its truncation at these densities, such an
adjustment would not be helpful overall.

Next we notice that above ρ ≈ 0.2 (where the solid line
showing the uncertainty in the approximant crosses the dashed
line showing the contribution from Ĉ10), the approximant’s
uncertainty is considerably less than the contributions from
Ĉ10 (and of course all lower-order coefficients), so B10 (which
is the highest virial coefficient contributing to Ĉ10) makes
a contribution that is significant in comparison to σZ . The
uncertainty in Ĉ11 makes it difficult to gauge its contribution
to Z, but it appears to be comparable to the present uncertainty
in Z itself. If we exclude the new results, a plot similar to Fig. 4
would show the Ĉ10 contribution about equal to the uncertainty,
and the Ĉ11 contribution well below it, so from this perspective
the new results have been effective in reducing the overall error
in Z. It seems clear that additional effort toward reducing the
error in Ĉ11 would be helpful in reducing the error in Z further
and would be more important than improving the precision of
B12 or determining higher-order coefficients.
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FIG. 5. (Color online) Relative impact on the precision of Z of
additional computation directed toward each Bn, as a function of
density, when Z is given by VEOS (Eq. (1)). Curves are presented for
n = 5 (black) varying smoothly to n = 11 (pink), while the purple
curve is for n = 12.

Thus, the advantage of the approximant is that is allows
Z to be determined to a given accuracy using at least two
fewer virial coefficients (based on comparison of contributions
shown in Figs. 3 and 4). It does not offer any particular
advantage with respect to precision, except to the extent that
it allows less-precise, higher-order coefficients to be omitted
from the calculation of Z without loss of accuracy. If computed
for the same number of coefficients, the difficulty DZ for the
approximant is larger than that for VEOS, but if computed for
the same accuracy, the difficulty for the approximant is much
less.

We now turn to the issue of deciding where to direct new
effort toward improving the precision of the known coefficients
in order to have the most impact on the uncertainty in Z. The
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FIG. 6. (Color online) Relative impact on the precision of Z of
additional computation directed toward each Bn, as a function of
density, when Z is given by the approximant (Eq. (36)). Curves are
presented for n = 5 (black) varying smoothly to n = 11 (pink). Cusps
appear in some of the curves where |∂Z/∂Bn| = 0.
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analysis is made by reference to the computational impact
In, defined in Eq. (8). The computational impact differs
depending on whether Z is given by the standard VEOS or
an approximant. Using the results for the difficulty given in
Fig. 2, we compute the relative impact Īn (impact relative
to the uncertainty in Z) for each coefficient based on the
“best estimate” Bn and σBn

as given in Table VI and present
the results in Figs. 5 and 6. Figure 5 shows that for VEOS,
reduction of error in Z for densities ρd3 < 0.25 is best
obtained by more effort at computing B5, while for densities
greater than this, there is a clear indication to improve B12.
Figure 6 indicates that, for the approximant, effort toward B5

is again the best strategy to reduce the error in Z for densities
ρd3 < 0.25 and reducing the uncertainty of B11 is the best
choice to improve Z at densities ρd3 > 0.6; for densities
in between, attention to B6, B9, or B10 is best at different
points. We estimate that for ρd3 = 0.94, another 70 CPU-years
directed at B11 would be required to bring its uncertainty to a
level where one should start to consider directing effort instead
at B10.

V. CONCLUSIONS

We have obtained results for hard-sphere virial coefficients
with precision 2 to 6 times better than previously established
values. It may seem that such a calculation is overkill, but
attempts to understand subtle features and limits of the virial
equation of state can benefit from knowledge of the coefficients
to the highest precision possible. Our ability to complete
these calculations for B9 and higher is made feasible by
the breakthrough presented by Wheatley, whose recursive
algorithm circumvents the explosion in the number of graphs
with increasing coefficient order. While his technique has
opened the door to calculation of hard-sphere virial coefficients
up to B12, our analysis suggests that practical limits will still be
found, almost certainly at B14, without further improvements
in hardware or technique.

One potential route for improvement is the optimized
binning method that we introduced and employed in this work.
There is room to tweak this approach through the definition

of the bin parameter α, finding a choice that makes fB/π

span a narrow range of values within each bin (small �α).
Another area for improvement is in the generation of sample
configurations, which ideally are generated in proportion to
their importance to the virial-coefficient average. This means,
first, that they pass screening, which will leave more samples
for the binning optimization to work on. But, more generally,
the sampled configurations should yield values of fB/π that
show little variation across bins (small �s). The ring template
generally provides better configurations in this respect, but for
larger n there is an increasing number of configurations that it
cannot generate but that are required for the average, so it is
de-emphasized relative to the chain template. As a remedy, it
might be worthwhile to introduce multiple-ring templates: two
(or more) rings sharing a common vertex or two (or more) rings
sharing a bond (the latter would take some effort to implement,
but it may be tractable).

The notion of the difficulty—defined formally here via
Eq. (3)—as a measure of computational effort is largely an
obvious construction, inasmuch as it is well understood that
the group t1/2σ is invariant with t and σ for these calculations.
Still, we have not seen routine use of this quantity in published
work as a point of reference for characterizing the effort needed
to obtain a precise result from a calculation. The relative
difficulty in particular is useful for general comparisons, as
it does not depend on the scale or units of the quantity
being computed. The calculations performed here have relative
difficulty ranging from 0.006 to 140 (CPU-seconds)1/2 for
n = 5 to n = 11. In this work, we have shown how the
difficulty can be applied to estimate the effort required to
complete calculations at new conditions (e.g., higher-order
virial coefficients) and to direct the computational effort to
minimize uncertainty in the final result.
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[62] M. Á. G. Maestre, A. Santos, M. Robles, and M. L. de Haro, J.

Chem. Phys. 134, 084502 (2011).
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