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Optimal rectification in the ultrastrong coupling regime
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We study the effect of ultrastrong coupling on the transport of heat. In particular, we present a condition for

optimal rectification, i.e., flow of heat in one direction and complete isolation in the opposite direction. We show
that the strong-coupling formalism is necessary for correctly describing heat flow in a wide range of parameters,
including moderate to low couplings. We present a situation in which the strong-coupling formalism predicts
optimal rectification whereas the phenomenological approach predicts no heat flow in any direction, for the same

parameter values.
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I. INTRODUCTION

Manipulation of individual quantum systems represents
a breakthrough in the physical sciences [1]. It has been
successfully achieved with single atoms [2,3], ions [4] or
molecules [5], and more recently with artificial atoms, like
quantum dots [6-10], or superconducting qubits [11,12].
It opens perspectives in quantum information processing,
motivating studies on light-matter interaction at the single-
photon level [13-17]. In analogy to modern electronic cir-
cuits, quantum devices have been proposed such as photon
diodes [18,19] and photon transistors [20,21]. Diodes are
current rectifiers. An optimal rectifier is able to conduct current
in one sense and isolate it in the opposite sense.

All such realistic quantum systems are, of course,
open. Natural atoms interact with electromagnetic environ-
ments [22]. Artificial atoms also interact with their solid-state
environment. There is the need to understand, at the single-
quantum level, for instance, the influence of temperature [23—
25] and of phonons [26,27], fluctuating charges [28], and
nuclear or electronic spins [29]. Analogies to diodes and
transistors are also extendable to the flow of all such complex
excitations [30].

Manipulation of individual quantum systems also gave birth
to engineered interactions between those systems [31]. In
particular, ultrastrong couplings are achieved, e.g., between
a two-level system and a single-mode cavity in circuit quan-
tum electrodynamics (QED) [32], totally modifying standard
quantum optical scenarios [33].

In this paper, we explore heat transport under the influence
of strong coupling between spins. We argue that the strong-
coupling formalism is necessary even for moderate and low
couplings. We treat a case where optimal rectification is
expected within the strong-coupling description and is com-
pletely absent for the standard phenomenological approach.
Optimal rectification is evidenced by the system of two spins
coupled via Ising interaction. A broad range of experiments
is capable of reproducing Ising-type interactions, simulating
spins in the strong-coupling regime [34].
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II. MODEL

The system of interest consists in a pair of interacting spins.
We define the coupling constant A between the spins in the z
direction. The magnetic field 4 applied to the spin on the left
is also in the z direction. The Hamiltonian of the system is

h A
Hs=Z ol + S ofaf. (1)
The spin on the left (right) is coupled with a thermal reservoir
at a given temperature 7, (Tg). The system is illustrated in
Fig. 1(a). The four eigenstates of Hy are given in terms of the
eigenstates of o®, |1), and |]), in decreasing energy order
for the case of interest, A < h, |[4) = |11),13) = [11),12) =
[41),11) = |{ 1) We define the transition frequencies as wy, =
€n — €, Where €, is the eigenvalue of Hy for the eigenstate
|k). In the present case, they read wq = h + A, w3, = h —
A,wg3 = w1 = A,w31 = wgp = h.

The coupling to each bath of harmonic oscillators is given

by the spin-boson model in the x component,

L(R) L(R L(R) L(R)t
Hspinfres =0y o Z 8k (ak + ai )’ (2)
k

with identical coupling strengths g;. The Hamiltonians of
the two free reservoirs are Hyes 1(r) = Zk a)ka,f(R)TakL(R). The
model in Eq. (2) implies that the left (right) bath can only
induce transitions on left (right) spin. Therefore, transitions
|4) <> |2) and |3) <> |1), which simultaneously flip both spins,
are forbidden. The rates at which the remaining transitions
occur are computed in the following.

We derive a master equation to describe the system
evolution. Here comes the crucial step for what follows:
Strong-coupling formalism (A ~ h) is employed [35]. This
means that the Lindbladians are obtained on the basis of the
eigenstates of the full system Hamiltonian Hg. Consequently,
the dissipation mechanism of each spin depends not only
on the coupling to its own bath but also on the coupling between
the spins themselves. In a phenomenological approach, the
Lindbladian derived for a single spin is joined to the master
equation that describes the whole chain of spins as if each
bath acted in a completely independent manner, disregarding
the presence of other coupled spins. This is usually applied for
extremely low couplings between the subsystems as compared
to the transition frequency of the free subsystem, A << h. An
example is found in typical quantum optical scales, where
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FIG. 1. (Color online) (a) Two spins coupled with strength A.
Two independent thermal reservoirs are defined at temperatures 7},
(Ty) for the bath on the left (right). (b) and (c) Case A < h. |1) to
|4) are the eigenstates of Hy in the corresponding case. (b) Energy
transitions that allow for heat flow from the left hot bath to the right
cold bath (J; > 0, as defined in the text). Fs.(R) is the net rate of
transition from state |i) to |j), driven by the left (right) bath. The
colored thick arrows indicate the flow of heat involved in each step
of the cycle. (c) The same as (b) with reverted temperatures, and
correspondingly reverted cycle. Note that in both cases the transition
between states |2) and |3) involve heat exchange in the opposite sense
with respect to the net heat flow. This is the key ingredient for the
establishment of rectification, as explained in the text.

A/h ~107""-107° [1]. By contrast, the master equation
derived here is valid even in the strong coupling regime. In the

Born-Markov approximation with respect to the reservoirs, it
reads [35]

d

d_f = —i[Hs.p]l + L.[p] + Lrlp]. 3)

in 7 =1 units, where the Lindblad operators L g)[p] are
given by

Liplpl =) T@)(1+n5®) [AL<R)(w)pALR)<w>

w>0

1 '
- E{p,AL(R)(wML(R)(w)}]

+ T (@) ns® [A*L(R)(w)pAL(R)(w)
1
- E{/),AL(R)(a))ATL(R)(w)}jI, 4)

where w =¢€; —¢; > 0. The average number of excita-
tions in each reservoir is given by the Bose-Einstein
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distribution,

—1

L(R) _ ot

ng = |exp —1:| ,
|: keTr(r

and

Aup @)= > [i)ilo P 1)l

W=E€;—€;

is the Lindblad operator associated with the transition driven
by the bath from the left (right), with positive frequency w. For
A < h, L1[p] contains two nonvanishing operators, namely,
Ap(wg1) = |1)(4] and Ap(ws) = |2)(3|, along with their
adjoints. Because w43 = w31, the only pair of nonvanishing
operators for Lg[p]is Ag(ws3) = |3)(4] + |1)(2| and Ak(a)43).
The baths are chosen to be ohmic, so the spectral functions are
linear, J (w) = kw, where the constant « is the same for both
Ieservoirs.

III. DEFINITION OF THE HEAT CURRENT

Heat flow is characterized by heat current Jpey, defined with
the aid of a continuity equation for the average energy going
through the system (Hs) [23,24],

d

E(HS> ==V Jheat = —(Jr — JL). Q)
The left-hand side of Eq. (5), 2(Hs)= 2Tr{pHs} =
Tr{p Hs}, is calculated by the use of Eq. (3), providing

a
5<HS> = Tr{LLlp]1Hs} + Tr{Lr[p]Hs}. Q)

The rate of increase in the average energy of the system is
then the sum of the input energy rate J;z, from the left (right)
reservoir,

Ii‘r;R) = Tr{Lrw plHs} = £J1r). @)

IV. STEADY-STATE REGIME

We solve Eq. (3) in the steady-state regime, defined as p,; = O,
for which %(HS) =0, JL = —Jg. In this case, the density
matrix is diagonal in the energy eigenstates, [Hs, ps5] = 0. So
Eq. (3) reduces to

pr1=0=T4 T, ®)
p=0=-TH+Tf, ©)
p3=0=T2—T%, (10)
pas =0 =—Tg + T3, (1

where
rL® — Ka)-‘[(l +nL(R)) I 20 S 12
i = Koy wy VPii = ngpi].(12)

defined for i > j. The first term in the right-hand side of
Eq. (12) is the decaying rate from state |i) to |j) and
the second one is the excitation rate from |j) to |i). So

l"l.Lj(R) is the net decaying rate from the state |i) to the state
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|j). For j > i, T = -1 [see Figs. 1(b) and 1(c)].
System (8)—(11) shows that 'y, = ' = T4, =T'% =T, that
is, asingle function I' of the parameters A, 1, and T7,(g) governs
the rate that the cycle runs (see Appendix A, Eqs. (A5) and (A6)
for full expression of I'). Figure 1(b) represents the case where
I' <0, and Fig. 1(c), " > 0.

The steady-state current is computed,
Jp = —ouTh +onlsy =—2AT,

where we have used that wsy =h + A and w3y =h — A.
In other words, the left bath absorbs from the left spin
the amount w4; of energy at rate |['| and delivers w3, of
energy at the same rate, resulting in a net amount of 2A
of exchanged energy per cycle. Jp > 0 is obtained when
—I'>0,ie., —I'= F1L4 > (. The last inequality means that
energy leaves the left bath and goes to the left spin. Therefore,
heat flows from the left to the right reservoir when J, > 0
[Fig. 1(b)]. Heat current on the right spin is also computed,
Jr = o'} + wiTK. Using the definition of I' and that
w41 = w43 + w3 + wy1, we verify that Jg = (wp1 + wg3)l =
(a)41 - a)32)F = a)411"f(1 - w32Fé‘3 = —JL, indeed.

V. RELEVANCE OF THE STRONG-COUPLING
FORMALISM

We evidence the need for the use of strong-coupling
formalism as far as an appropriate description of heat flow
in a spin chain is concerned. In Fig. 2, J; is shown as a
function of 7, at T = 0. We compare three regimes, namely,
the strong-coupling regime A = 0.5k (blue, solid line), the
moderate or intermediate regime A = 0.14 (red dashed line),
and the low-coupling or weak regime A = 0.01/ (black, dotted
line). For all regimes, the current increases until saturating at a
stationary value J; = K A?/2,sinceI" = —k A /4for T; — oo

10° g

A = 0.5h (strong regime)

A = 0.1h (intermediate regime)

107 R A = 0.01h (weak regime)
A x10°
Jr ] ittt
4
107104 s A =0.01h (weak regime) j
3
2
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107151 1 / 4
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FIG. 2. (Color online) Left current J, as a function of left bath
temperature kg T; for Tx = Oand A = 0.01% (black dotted line, weak
regime), 0.14 (red dashed line, intermediate regime), and 0.5k (blue
solid line, strong regime). (Inset) Left current J;, from the microscopic
approach (black dotted line) and the phenomenological approach (red
solid line) as a function of kpT, for Tz = 0 in the weak-coupling
regime.
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and T — O (see Appendix A). Saturation in the energy flux is
expected since the system has a finite number of energy levels.

The phenomenological model is obtained by replacing the
Lindbladians operators in Eq. (3) by

h I | _
Czl (p] = j(h)(l ~|—n}Ll)|:oL oo, — E{p,afoL }:|

+J(h) nj; [a;pa; - %{p,o;o;}],

and [,ﬁh [p], which is equal to the Eih[p] with R instead of
L and h — 0. This model counterintuitively predicts zero
heat current (see Appendix B), J/ " = 0, regardless of the
temperature gradient, 77, — Tg, and of the coupling constant
A. In the inset of Fig. 2, a comparison of the two approaches
is made, particularly in the weak-coupling limit, A = 0.014
(red solid line for phenomenological, black dotted line for
strong-coupling model).

In order to situate our results with respect to the pertinent lit-
erature, we analyze the behavior of heat current within another
type of spin coupling. In Ref. [23], for instance, an XY model in
a transverse field is considered (see Appendix C), for a system
of four spins, in which the coupling rates are of the same order
of magnitude as the frequencies of the isolated spins, A ~ h.
However, the heat baths are modeled by the phenomenological
method. Figure 3 of Ref. [23] indicates that heat current first
increases to a maximal value and then vanishes, with respect to
the gradient of temperature (varying T}, keeping Tx = 0), that
is, the higher the gradient, the smaller the current, for high 77 .
We show in Appendix C that such unexpected behavior is due
to the use of a phenomenological approach outside its range
of validity. It is worth to highlight that our formalism solves
the apparent paradox in the XY model. It yields a physically
sound prediction, where the current saturates at a finite value,
proportional to the number of occupied quantum levels of
the system, not decreasing with respect to the increase of
temperature gradient (see Appendix C).

VI. OPTIMAL RECTIFICATION

Finally, asymmetric conduction of heat as a function of
the temperature gradient is studied. We focus back on the
system formed by two interacting spins as described via Ising
model. We start in the most asymmetric scenario, where
T, — oo and T — 0. Then, the cycle rate simplifies to
I' = —xA /4 [Eq. (A7) in Appendix A], and the current to
J. = kA?/2 > 0 [Eq. (A8) in Appendix A]. Therefore, finite
conduction is established from the left to the right. On the
opposite limit, 7;, — 0, we find that I' — 0, irrespective of
Tr. Hence, perfect thermal isolation takes place, Ji (T —
0) = 0, when the temperature gradient is reversed. Optimal
rectification is, therefore, present in that scenario. Interestingly,
the phenomenological method predicts vanishing current in
both directions (see Appendix B), hence null rectification. This
reinforces the disparity between the formalisms.

We give now a clear picture of the asymmetry found above.
The key point resides in transition |2) — |3), as it involves
heat exchange in the opposite sense with respect to the net
heat flow. Take, for instance, the case 7; — 0 (cold reservoir)
and Tk > 0 (hot reservoir), as illustrated in Fig. 1(c). The
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FIG. 3. (Color online) (a) Left current J; as a function of A/h
for (a) kpT; = 10h and kpTk = 0,0.14,0.3h, and (b) kgTr = 10k
and kgT; = 0,0.142,0.3h. We used a black dotted line for kg Tg(z) =
0, a red dashed line for kgTg) = 0.1k, and a blue solid line for
kgTgqy = 0.3h. When the temperature of the cold reservoir is set
to absolute zero, we find optimal rectification for any value of the
coupling parameter A. On the other hand, if the temperature of the
cold reservoir is finite, it is necessary to reduce the coupling parameter
to achieve optimal rectification. (Inset) Left current J, as a function of
the temperature gradient 87 = k(T — Tg) for A =0.5h and T =
0.5k (black solid line), and 5h (red dashed line). Here T = k(T +
Tr)/2 denotes the average temperature. As the average temperature
decreases, the curve around §7 = 0 becomes asymmetric, indicating
the presence of rectification.

natural path for the flow of heat is from the hot reservoir to
the cold one. In order to accomplish that, heat must jump
from the hot reservoir, placed on the right, into the system
by flipping the right spin. In principle, two paths allow this
jumping. One is the excitation from state |1) to |2) and the
other is from |3) to |4). Both steps depend not only on the
supply of thermal energy by the reservoir on the right, but
also on the population of the state of departure. State |1) is
the ground state, so it always has nonvanishing probability of
being populated. Nevertheless, the population of |3) critically
depends on the existence of an excitation process from state
[2) to |3). We remember that [2) =| ||) and [3) = | 1]).
Thus, to pass from state |2) to |3), the system needs to gain
energy by flipping the spin on the left. Only the left bath flips
the left spin. If the left bath is cold, 7, — 0, it is not able to
provide the required energy for the left spin to flip. As a result,
heat flow from the hot bath on the right to the cold one on
the left is blocked precisely at transition |2) — |3) (formally,
rk=r=0).

If the gradient is reversed so the left bath is hot, 7;, > 0, and
the right bath is cold, T — 0, the natural path for the flow of
heat also gets reversed, as illustrated in Fig. 1(b). In order to
allow a finite flow of heat in the new direction, the system has
to gain excitation from the left, |1) = | | 1) — [4) = | M1),
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and lose excitation to the right bath. It must then execute the
decays |[4) — |3) and |2) — [1). Again, this is only possible if
an intermediate transition occurs, i.e., |3) — |2). This involves
losing energy to the hot reservoir on the left. But that happens
with finite probability per unit of time (T'}, = —I' = kA /4 >
0), in contrast to the absorption of heat from a cold reservoir
as in the previous case.

Figure 3 proves that optimal rectification is robust to the
more realistic scenario where the cold reservoir is not exactly
at zero temperature. We compare J;(A) in the cases kg1, =
10h > kpTg = 0h,0.1h,and 0.3A, in Fig. 3(a), respectively,
black dotted, red dashed, and solid blue curves, and 7 =
0h,0.1h,and 0.3h « Tg = 10k, in Fig. 3(b), respectively,
black dotted, red dashed, and solid blue curves. Perfect
isolation of heat flow stillholds at kg T, ~ 0.1h (kgTgr = 10h),
for couplings below A ~ 0.5h. Hence, optimal rectification
can be preserved even if both reservoirs have nonzero
temperature. If the temperature of the cold bath raises above
T = 0.3h/ kg, asymmetric conduction is suddenly reduced.
We can understand this result based on the previous discussion.
The existence of a heat flux when Tx > T, depends on the
transition |2) — |3). However, as the energy associated with
this transition is w3 = h — A, the left current J; will be
approximately zero if the thermal energy supplied by the left
reservoir, kg Ty, is much smaller than ws».

The inset of Fig. 3 illustrates the characteristic curve of
the thermal diode, J;(8T) at constant T = kz(T, + Tr)/2,
where 67 = kg(T, — Tg). Two average temperatures are
considered: Tiow = 0.5k (black solid curve) and Thigh = 5h
(red dashed). Asymmetry is evidently guaranteed at low
average temperatures, whereas it completely ceases at high
average temperatures.

VII. CONCLUSIONS

We derive a master equation for a two-spin chain, within
the Ising model, valid in the strong-coupling regime A ~ h.
This formalism proves necessary for correctly describing heat
flow, yielding J;(8T) > 0 at 67 > 0 not only in the strong-
coupling regime A ~ h, but also in the weak-coupling limit
A < h.Optimal rectification of heat current is predicted in the
limit 77,gy — O with Ty — o0o. An intuitive explanation
of that asymmetry is given. Optimal rectification is robust
with respect to nonzero low temperatures (7 ~ 0.1h/kp)
of the cold thermal bath. The phenomenological formalism
predicts no heat flow in any direction, for the same parameter
values to which rectification is optimal in the strong-coupling
approach. Application of this effect to practical devices
should allow, for example, temperature control of quantum
circuits.

A possible subsequent study is on how the size of the
chain affects rectification in the ultrastrong coupling regime.
For instance, one can distinguish between the role played
by surface effects and by inhomogeneity on rectification, in
analogy to what happens in other contexts [36]. The influence
of strong coupling in quantum thermal machines is another
perspective offered by this work.
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APPENDIX A: HEAT CURRENT IN THE
STATIONARY REGIME

In this appendix, we calculate the full expression for
net transition rate I'. This is the rate at which the cycle
of the Figs. 1(b) and 1(c) runs allowing heat flow be-
tween the two reservoirs. Our calculation starts from the
system of equations (8)—(11). As we have already discussed,
Egs. (8)—(11) form a linear system of equations from which
one can check that all the net transitions rates I"iLj(R) involved
are equal. Thus,

Mh =8 =rh =8 =T.

J
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This fact results in four independent equations for I,

I =Ty =koa[(1+ng,)os —ng, o], (AD)

I = FIRZ = lez[(l + ngn)pn - nglzpzz], (A2)

[ =5 = kon[(1+ng,)0m —ngpenl,  (A3)
I =T3 = koul(1+ng,)05 —ng ou] (A

To find I', we need to solve the linear system (A1)—(A4) and
find the populations in the eigenstates of the Hamiltonian p;;
in terms of I". After that, we can use the condition Trp =1,
that is, we sum all the expressions for p;; and make it equal
to 1 resulting in an expression for I' which is independent of
the populations p;;. The resulting general expression for I' in
terms of the energies & and A and temperatures 7, and Tk is

k A(h? — A?)sinh(Bg — BL)A

=— , A5
2[(2AZ% — h2)(sinh B A + cosh B h sinh Bg A) — h? sinh(Bg — B)A — Ahsinh B h(1 + cosh BrA)] (A3)
[
where ,BL(R) = 1/](3 TL(R)~ with
Now we evaluate the low temperature limits 7, — 0 and h A
Tr — 0. The limit 7;, — 0 results in I' = 0 which implies Hs = ) UZL + 5 UZLUZR, (B2)
Jp = 0, that is, for low T; and arbitrary Ty there is no heat
current. and
On the other side, the limit T — O results in EZ},I(R)[/O] _ J(h)(l + nls.(R)) [UL(R)pUL,(R)
2 2
= kAR — A7) i — 3.0 woLw)]
2ePrA[(h? — 2A%)cosh B1h + h A sinh B k] + 2h? LR+
(A6) +J(h) n,’ [O‘L’(R)pO‘L,(R)
- l{p’o—_ U+ }]’
which is always negative resulting J; > 0. Thus, in this 2 LRTL.(R)
case, we always have heat current from the left to the where

right reservoir. These two cases demonstrate the optimal
rectification discussed in Sec. VI.

In the limit of high temperature in the left bath, 7, — oo,
and low temperature in the right one, 7 — 0, the expression
for I' simplifies to

KA
N=——. A7
1 (A7)
This results in a heat current of
K A2
Jp = 5 (AB)

from the left to the right reservoir.

APPENDIX B: PHENOMENOLOGICAL APPROACH TO
THE HEAT CURRENT FOR THE ISING MODEL

In the phenomenological approach, the dissipative dynam-
ics of the Ising model is obtained by the master equation (ME),

d
d_/; = —i[Hs,p] + L[] + L[], (B1)

-1
nLI:)(R) = [exp P Z(R) — 1i|

is the average number of excitations in the reservoir and
J (h) is the spectral density. The Lindblad operators Eﬁ'( R)[,o]
describes the dissipative effects of a single spin, whose
Hamiltonian is H = ho®/2, coupled to a bosonic thermal
reservoir [35]. In other words, these operators are deducted
without taking into account the interaction between the spins.
Moreover, as in our case there is no magnetic field applied
to the spin on the right; the Lindblad operator Cﬁh [p] must
be calculated in the limit # — 0. For an ohmic spectral
density, J (h) = kh, wehave k h(1 + nf) — khnf — xkpTg
in the limit 7 — 0. This result shows that 52" [p] is
proportional to Tk.

Our goal now is to calculate the heat current J;, in the sta-
tionary regime for (i) 7g — 0 and 7y, # 0 and (ii) Tx # 0 and
T; — 0. 1In case (i), we have Eﬁh [p] = 0 since this operator is

proportional to Tk. Therefore, as Jg = —Tr{Lfeh [pss]Hs} =0
and J;, = —Jg [see Eq. (7) in the paper], then J; = 0. This
result was illustrated in Fig. 2 in the paper. To determine the
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FIG. 4. (Color online) Left current J; as a function of left bath
temperature 7, for the XY model with N =2 and N = 4. We fixed
Tr = 0. While the left current J,, obtained through microscopic ME
(black solid line) saturates at a finite value, as the left temperature
T, increases, the current obtained by the phenomenological ME (red
dashed line) vanishes. The left current J; for N = 2 and N = 4 have
the same behavior.

heat current J; in case (ii) it is necessary to determine the
steady state p,, of the ME (B1). As the steady state is diagonal
in the energy eigenstates, Eq. (B1) reduces to

o1 =0 = —hpss + kpTr(p33 — paa),
022 =0 = —hp33 + kpTr(ps4 — p33),
033 =0 = hp3z + kpTr(o11 — p22),
Paa =0 = hpaq + kpTr(022 — p11),

PHYSICAL REVIEW E 89, 062109 (2014)

whose solution is p33 = p44 = 0 and p;; = p2y = 1/2. So, the
steady state is given by
pss = 3T+ 12)2) = 1IN T+ LD AL D.
(B3)

Therefore, using this steady state we have

Tr{L'fh[psS]Hs} =0for Tz # 0and T; — O.

I =

APPENDIX C: HEAT CURRENT FOR THE XY MODEL:
PHENOMENOLOGICAL VS MICROSCOPIC APPROACH

In this section we study the behavior of the heat current
Jp for the XY model in the transverse field using the
phenomenological ME (B1) and the microscopic ME [see
Eqg. (3) in the paper]. In both cases the ME dynamics was
determined by numerical methods. The XY model is described
by the Hamiltonian,

N-1 P
(oloi™ +oj0,") + 3 ZU;, (CD)

i=1 i=1

where N denotes the number of spins. Following Ref. [23],
we assume 2 = A = 1 (strong coupling regime).

Figure 4 shows the behavior of the left current J; as
a function of left bath temperature 7; for the XY model
with N =2 and N = 4. The temperature of the right bath
is set to zero, Tg = 0. As previously shown in Ref. [23], as
the temperature 7} increases, the heat current obtained by
the phenomenological ME (red dashed line) first grows to a
maximum value and then vanishes. On the other hand, using
the microscopic ME we find that the heat current saturates at
a finite value (black solid line). Since the excitation number
of the system is conserved, the left current J;, for N = 2 and
N = 4 have the same behavior.
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