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In the literature, it is pointed out that non-Brownian particles tend to show shear-induced diffusive behavior
due to hydrodynamic interactions. Several authors indicate a long correlation time of the particle velocities
in comparison to Brownian particle velocities modeled by a white noise. This work deals with the derivation
of a Fokker-Planck equation both in position and velocity space which describes the process of shear-induced
self-diffusion, whereas, so far, this problem has been described by Fokker-Planck equations restricted to position
space. The long velocity correlation times actually would necessitate large time-step sizes in the mathematical
description of the problem in order to capture the diffusive regime. In fact, time steps of specific lengths pose
problems to the derivation of the corresponding Fokker-Planck equation because the whole particle configuration
changes during long time-step sizes. On the other hand, small time-step sizes, i.e., in the range of the velocity
correlation time, violate the Markov property of the position variable. In this work we regard the problem of
shear-induced self-diffusion with respect to the Markov property and reformulate the problem with respect to
small time-step sizes. In this derivation, we regard the nondimensionalized Langevin equation and develop a new
compact form which allows us to analyze the Langevin equation for all time scales of interest for both Brownian
and non-Brownian particles starting from a single equation. This shows that the Fokker-Planck equation in
position space should be extended to a colored-noise Fokker-Planck equation in both position and colored-noise

velocity space, which we will derive.
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I. INTRODUCTION

Non-Brownian particles in shear flow have become a
considerably discussed topic throughout the literature. As
the name implies, non-Brownian particles do not perform
the well-known Brownian motion, which is an infinitely
short correlated motion due to the molecule pushes of the
surrounding solvent. Still, also non-Brownian particles are
found to perform diffusive motion. This type of diffusion
has been found to occur for particles with negligible inertia
in Stokes flow in the absence of any kind of Brownian or
turbulent diffusion [1]. Indeed, the so-called shear-induced
self-diffusion results from hydrodynamic interactions between
particles in the flow. This remarkable phenomenon has been
subject to various theoretical, experimental, and numerical
works, which are summarized below. The starting point of
theoretical considerations is the two-particle interaction of
purely hydrodynamically interacting particles with negligible
inertia in Stokes flow as described by Batchelor and Green [2],
[3] and in a review by Morris [4]. Though a viscous fluid is
considered, mathematically this implies fore-aft symmetry of
particle pair trajectories and reversibility [2-5].

From a theoretical point of view, this fore-aft symmetry
and reversibility is refracted, the reasons being manifold, cf.
Refs. [4,6-8], including surface roughness [9,10], weak
Brownian motion and interparticle forces [5], and inertia [11].

The underlying process of shear-induced self-diffusion was
evaluated experimentally, see, e.g., Refs. [1,12,13]. Numerical
considerations can be found in, e.g., Refs. [14—17] using the
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Stokesian dynamics method [18] and in, e.g., Ref. [7] using
so-called accelerated Stokesian dynamics [19]. Further, Pine
et al. [20] compare experimental data with numerical results
obtained by the Stokesian dynamics method. Even though
Drazer et al. [15] use a repulsive force in their simulation,
they argue that the diffusive behavior should also follow in the
case of purely hydrodynamically interacting particles. In the
present paper, which focuses on theoretical derivations, we
also regard the case of purely hydrodynamically interacting
particles and follow the assumptions in Refs. [7,8] that enough
many-particle interactions suffice to create diffusive behavior.

The common models to describe particle flows either refer
to an equation of motion (Langevin equation or Langevin-like
equation) or the corresponding Fokker-Planck equation. One
essential part of the present work is an asymptotics of the
equation of motion in Sec. II, which includes the analysis for
Brownian and non-Brownian particles for all apparent time
scales, here the inertial relaxation time scale and the time scale
of configurational changes, in a single starting equation. The
asymptotics to be discussed here can be placed in a context
of other asymptotics, e.g., Refs. [11,18,21-23], whereby we
derive a new compact form which includes all other cases as
special cases.

The corresponding Fokker-Planck equation depends on the
time scale of interest and differs from the Brownian to the
non-Brownian case. The basic version of the Fokker-Planck
equation derived for Brownian particles provides an equation
in position-velocity space (also indicated as phase space
distribution), cf. Refs. [21,24,25]. Under the assumption that
the velocity relaxes to equilibrium on a smaller time scale
than the position, this form can be reduced to position space
(Smoluchowski equation) [24,25]. Further, the reduction of the
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phase space form to position form is analyzed by regarding
multiple time scales in a single Fokker-Planck equation by
Wycoff and Balazs [26] and extended to Brownian particles in
shear flow by Subramanian and Brady [27].

Besides our interest in non-Brownian suspensions, we also
pay attention to the analysis of Brownian particles because
there are still cases when a reduction of the observed time
scale reinforces the use of a coupled position-velocity space
variable, namely the Kramers equation, see, e.g., Ref. [23].
In the non-Brownian case, we identify a similar problem and
therefore propose to also switch to a coupled variable.

Instead of the N-particle Fokker-Planck equation, a
one-particle representation decreases the complexity of the
problem enormously which can be done, e.g., by deriving the
coefficients for a one-particle Fokker-Planck equation from
a one-particle equation of motion, as described technically in
Ref. [23].

One very important aspect that was found in experiments,
e.g., in Ref. [28], and numerical simulations, e.g., in Ref. [7]
or Ref. [15], is that the shear-induced diffusion needs a certain
time to develop, i.e., it is a long-time diffusion. Section II C
gives a summary on diffusion. The time has to be long enough
so enough many-particle interactions can have taken place [7].
In experiments, the authors in Ref. [28] indicate a different
kind of diffusion for the small and intermediate time scales
which is considerably smaller than the shear induced diffusion.
Hence, we stick to Sierou and Brady‘s simulation results [7]
which show a nondiffusive behavior of particle positions for
short times due to long correlation times in the non-Brownian
case. This poses limits to the derivation of the non-Brownian
Fokker-Planck equation.

Existing Fokker-Planck equations for non-Brownian
particles rather selectively model shear-induced diffusion
in position space only using modified diffusion tensors.
Santamaria-Holek et al. [29,30] study coupled Fokker-Planck
equations in velocity and position space. They assume that
the coupled Fokker-Planck equation can be transformed into a
Fokker-Planck equation in position space only with a modified
diffusion tensor incorporating thermal and nonthermal effects
considering the second law of thermodynamcis. In this
context, they report a breaking of the fluctuation-dissipation
theorem due to an introduced shear flow which also has
been investigated, e.g., by Mauri and Leporini [31]. Sierou
and Brady [7] use a time-dependent diffusion coefficient
for the small and intermediate time scales which becomes
constant for long times and derive a Fokker-Planck equation
in position space. Breedveld et al. [32] use the Fokker-Planck
equation only in position space for the case of long-enough
time intervals and measure the shear-induced self-diffusivity
by use of a new correlation technique. Further, in Ref. [1],
some of the authors from Ref. [32] and coworkers work with a
Langevin equation with a colored-noise force with zero mean
which contains the hydrodynamic influence of the particles
onto each other. Based on that, they also aim at deriving
the full position diffusion tensor in a modified form, with
a colored-noise force in the equation of motion and, hence,
overcome the common white-noise assumption. Nevertheless,
they do not derive a Fokker-Planck equation in a coupled
variable based on their Langevin equation.
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Our work aims at deriving an alternative Fokker-Planck
equation. Based on the assumption from Breedveld et al. [1]
that the hydrodynamic influence of the particles is colored
noise correlated, we transform the N-particle system of
equations of motion to a one-particle equation for the par-
ticle velocity with a colored-noise-correlated hydrodynamic
velocity component. The equations of motion for all N
particles become independent. From that we aim at deriving
the corresponding one-particle Fokker-Planck equation. Most
importantly, we follow a new approach based on the Markov
process assumption. The Markov process assumption, see,
e.g., Ref. [23], allows us to combine the usage of a small
time step for the underlying equations of motion and, at the
same time, to describe the long-time behavior by the Fokker-
Planck equation. The present paper primarily focuses on the
investigation of the Markov process validity in the context
of shear-induced diffusion. We will prove, by the appropriate
choice of the time-step size, which is an important issue of
the present work, that large time-step sizes are not allowed
and small time-step sizes result in violation of the Markov
property of the position variable. In this context we use the
approach of a so-called colored-noise Fokker-Planck equation
which has not been introduced in that context so far and model
the hydrodynamic interaction via a hydrodynamic velocity
component as an Ornstein-Uhlenbeck process. The general
mathematical framework of the underlying colored-noise
Fokker-Planck equation and Ornstein-Uhlenbeck processes
can be found, e.g., in Ref. [23]. Ornstein-Uhlenbeck processes
with exponential autocorrelation functions are a common
scheme to describe colored-noise variables [23]. Further,
the principle of velocity autocorrelation functions decaying
exponentially in time has been observed in several particle-
type situations as, e.g., sedimenting non-Brownian particles
[33]. Our alternative equation is a colored-noise Fokker-Planck
equation meant to carefully fulfill the Markov assumption and
will be presented in Sec. III. Additionally, the solution based
on a Gaussian distribution is shown and analyzed in Sec. IV.
The resulting probability distribution is well founded.

II. FUNDAMENTAL MODEL DERIVATION

We study a three-dimensional (3D) homogeneous shear
flow with purely hydrodynamically interacting non-Brownian
particles. We assume a particle volume fraction such that
enough particle-particle interactions can take place and
shear-induced diffusion can arise [7]. For appropriate values
of such particle volume fractions we refer to Ref. [7].
The works of Pine et al. [20], Santamaria-Holek et al. [30],
and Sierou and Brady [7] show that the intensity of the position
diffusion coefficients and the exact time after which diffusive
behavior starts is influenced by the particle volume fraction.
For our purposes it is most important that shear-induced
behavior sets in generally so the influences of varying particle
volume fractions are not investigated in the present work.
Further, we consider periodic boundary conditions such that
any wall interaction is avoided.

For the purpose of clearness we briefly define the difference
among time, time step, and time scale, because of extensive use
below. Time ¢ is the independent variable on which the process
may vary on the rather generic range ¢ € [#(,00). A time scale T

052145-2



COLORED-NOISE FOKKER-PLANCK EQUATION FOR THE ...

defines the length of a process on which a significant change is
observed, e.g., change in particle configuration, the period of a
cyclic process, or the relaxation time scale of an exponentially
decaying event. Finally, a time step At is the fraction of the
contemplated time scale (unless otherwise specified), e.g.,
At = 1/q with g € N, and therefore inherently coupled to
7. For the time scales to appear in the present work, it has to
be chosen accordingly such that even in the limiting process
of At — 0, itis a given fraction of this time scale. That means
that a time step At — 0 with respect to a certain time scale will
still be larger than the next smaller time scale (cf. Ref. [34]).
Further, we would like to point out that a At < or > t in the
present work refers to a At on the next smaller or larger time
scale, whereby a At < or > t indicates a time step on the very
same time scale 7.

A. Particle motion described by Langevin equations

The starting point of the present considerations is an
equation of motion for N particles in the system, which is
built up according to the following [18]:

mﬂzFH+FP+FB. (1)

dt

The system consists of 6N equations, i.e. three degrees of
freedom, respectively, for both translational and rotational
motion for all N particles in the system. m is the generalized
mass- and moment-of-inertia matrix and U is the combined
vector of particle translational and rotational velocities. In
the following, the hydrodynamic force-torque F*, the in-
terparticle or external force-torque F’, and the Brownian
force-torque F2 will be introduced. The particle Reynolds
number, Re, = ,ofaz)'/ /n, gives the inertia of the fluid with p ¢
as the fluid density, a as particle radius, y as shear rate, and n
as the suspending medium viscosity.

ForRe, « 1, which is one of the key assumptions regarded
in the present work, the hydrodynamic force-torque can be
built up as shown in Refs. [18,35-37],

F? = —Rpy(U — U®) + Ry : E™. )

€,

The operator “:” is a contraction which reduces the multipli-
cation of the rank 3 tensor Rgg with the rank 2 tensor E*
to a vector (cf. Ref. [34]). U® is the bulk shear flow. The
translational components of the velocity vector of the bulk
shear flow for one particle o are (yy,,0,0), with y, as the y
position of this particle . E* is the symmetric part of the
velocity gradient tensor, or the rate of strain tensor, i.e.,

E® =

S O

0 0
V 0. 3)
0 0

| =

Rpy and Ryg are the configuration-dependent resistance ma-
trices describing the connection between the force-torque (F)
and the relative velocity (U — U®°), as well as (F) and the rate
of strain (E*°), respectively. Ry is used to describe the hydro-
dynamic interaction of the particles on each other while Rpg
gives the shear-induced disturbances in the flow field [34]. Rgy
and Rpg can be built up such that they contain hydrodynamic
far-field many-body interactions and near-field lubrication
interactions, see Refs. [18,38] for the full derivation.
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In a physical experiment, particles rather naturally do not
coincide and, hence, it is also mandatory for numerical sim-
ulations to introduce an interparticle force F¥ [35] to model
physical effects as, for instance, particle roughness or residual
Brownian motion [15]. In our theoretical considerations, we
consider purely hydrodynamically interacting particles, and,
thus, particles without interparticle forces, so subsequently
F7? is set to zero.

Generally, for the present analysis, we regard a physical
regime where particles are considered to have a larger size
and mass than the particles or molecules of the surrounding
fluid so the time scale of molecular collisions onto the particle
is smaller than any other time scale of interest here [18,23].
Thus, the molecule impacts of the surrounding fluid onto a
particle result in arandomly fluctuating force, i.e. the Brownian
force F & (cf. [21]). The Brownian force F? is modeled such
that it has zero average, i.e. (F 8y = 0, and an infinitely short
autocorrelation time [18],

(FBO)F2(t)) = 2kT Rpys(2). 4)

In this context, the () brackets are the ensemble average, & is the
Boltzmann constant, and 7 is the absolute temperature, thus
kT is the thermal energy. 5(¢) is a Dirac correlated white noise
which models the infinitely short autocorrelated molecule
pushes onto the particle [39]. The procedure of adding white-
noise sources, i.e., F2 in Eq. (1), will subsequently be called
the Langevin approach (see Ref. [23]) while the resulting
equation (1) is referred to as the Langevin equation [18]. As
an alternative to the Langevin equation, stochastic processes
can be described equivalently by a differential equation for
the probability density P, i.e., the Fokker-Planck equation,
cf. Ref. [23], which will be widely employed below. The
Fokker-Planck equation can be set up for Markov processes,
which means that the probability density for a process at
time #, does not depend on earlier values than at time #,_1,
with ¢, —t,_; = At and n € N with 1 <n < g [23]. The
Fokker-Planck equation enables us to calculate any averaged
values of the regarded variable by integration [39,40].

For the following derivations, we limit ourselves to the
translational components of Eq. (1) and, hence, the rotational
degrees of freedom are not considered. Still, the influence
of shear-induced rotation onto the translational motion is
included due to (Rpg : E®), (the component of Rgg : E*®
acting on the particle «) (see Ref. [34]).

B. Asymptotic expansion in the colored-noise regime

In the present subsection, we employ a time-scale asymp-
totics applied to the dimensionless form of Eq. (1).

Below, we define the three elementary time scales on
which the essential physical phenomena will take place, cf.
Refs. [7,18],

T, = , the inertial relaxation time scale, 5)
6 na
1 . . .
T = ;, the flow time scale, with the shear rate y, (6)
and
a’ e ) kT
tp = —, the diffusive time scale, with Dy = , (D)
0 6rna
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TABLE I. Summary of Secs. II B and IT C for Brownian particles with 7, < 7p < 5.

Onrt, On 1p
t, At <7, >T, <Tp >Tp
Brownian velocity Correlated Uncorrelated
Configuration Constant Changing
Diffusion Velocity diffusive Position short-time Position long-time
(yy), (z2) ~1? ~t ~t
(AYAY), (AzAZ) ~At? ~At ~At
(U;U;) with i, j=x,y,z2 ~t Constant

where m is the mass of one particle. Dy is also known as
the Stokes-Einstein diffusivity and captures the diffusivity of
an isolated particle. Of the above-mentioned time scales it is
possible to define dimensionless numbers in order to describe
the significance of different phenomena. The ratio of tp to 7
defines the Peclet number as follows:

p 6mna’y
‘L’f - kT '

Pe = ®)

As the Peclet number may also be interpreted as the ra-
tio of shear forces to Brownian forces, the suspension is
Brownian for a vanishing Peclet number while it refers to
a non-Brownian suspension for a Peclet number tending to
infinity [18].

The influence of particle inertia is determined by the Stokes
number,

T
St=-L
Ty

, €))

i.e. the ratio of the inertial relaxation time to the shear
time scale. In the literature various authors investigated the
influence of inertia in terms of finite Stokes numbers, e.g.,
Drossinos and Reeks [41] and Subramanian and Brady [11].
Presently, however, we limit ourselves to a 7,, which is
considerably smaller than 7, and, hence, particle inertia shall
be neglected.

For the successional analysis, we may furthermore need to
introduce three placeholder time scales as follows:

7,, aplaceholder for the regarded time scale, (10)
7., the time scale on which the particle configuration of

the system changes,and 11
T,c, the time scale for the velocity autocorrelation. (12)

The system can be analyzed with respect to any of the given
time scales, here 7,,, 7y, and tp from Egs. (5)—(7), by setting
to the time scale of interest. Then the time ¢ and the time-step
size At are taken in relation to t,. 7. is defined such that during
a time step At on 7., the characteristic distance a particle has
moved is a fraction of its own radius a. The determination of ..
and t,. differs significantly from Brownian to non-Brownian
particles.

For Brownian particles (see Refs. [21,23,24,27]) there is
a so-called separation of time scales. This means, in the
Brownian case, that the position of the particle changes on a
time scale that differs from that of the velocity, so 7. = 7p and
Tqe = Tp With Tp > 1,. Therefore it is constructive to define
a time step At in the range 1, < At < 7p for the integration
of the Langevin equation (1) such that the configuration (and
thus Rpy, Rpg, and U) and forces on the particle, e.g., F H
and FF effectively stay unchanged over the time step while
the random part of the velocity resulting from the Brownian
motion is completely uncorrelated with the random part from
the previous time step [21,24].

For non-Brownian particles (see Ref. [7]), the diffusive
behavior results from the hydrodynamic part of the velocity.
In contrast to the Brownian velocity with short autocorrelation
times, the hydrodynamic velocity component directly depends
on the configuration. Therefore, the time scale of the hydro-
dynamic velocity correlation is the same as the time scale
of position change. In the non-Brownian case, 7, = 7y and
7. = 7¢. This means, for At — 0 on 7, = 7, i.e., At < T,
the present velocity is still correlated with velocities from
previous time steps while the configuration is considered as
unchanged over the time step. In contrast, for large At > 7y,
the forces and configuration are not constant over the time step,
and, in return, the velocities are uncorrelated. A summary of
all the time scales and phenomena that occur on these time

TABLE II. Summary of Secs. II B, I C, and III for non-Brownian particles with 7, L 15 L Tp.

Onrt, On 7
t, At <7, >T, <7y >Ty
Velocity Correlated Uncorrelated
Configuration Constant Changing
Diffusion Colored-noise velocity diffusive Position long-time
(yy), (z2) ~1 ~t
(AyAy), (AzAz) ~Ar? ~At
(ViV;) with i, j=x,y,z ~t Constant
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scales can be found in Tables I and II. Note that (xx) and
(AxAx) are not listed as this behavior differs from the y and
z directions in the case of shear flow in the x direction. Note
that these tables also contain information that will be referred
to in later sections.

In addition to the different time scales, the system imbeds
different length scales. On 1, = 7, the appropriate length
to nondimensionalize all lengths is the particle radius a,
cf. Ref. [18].

In the case where the considered time scale is 7, = 7,
the characteristic length scale is the correlation length of a
Brownian particle or the distance the particle moves during 7,

with the velocity ’%, see [40],

) kT
x| —T1,,
m P

in the absence of any other forces which could introduce
additional length scales.

From 7, < tp with 7, from Eq. (5) and 7p from Eq. (7) it
follows | < a.

In the following, the nondimensionalized form of the
Langevin equation (1) is analyzed. Depending on the physical
situation, special forms of nondimensionalzing (1) were
developed, cf. Refs. [11,18,21,22]. In this context, multiple
time scale analysis has been used to receive reduced forms
of the Fokker-Planck equation for Brownian particles [26,27].
However, we derive a new form of multiple time and length
scale analysis which includes all time and length scales of
interest for both Brownian and non-Brownian particles. This
will be our starting equation, which has not been derived so far.
This new compact form that we will expose for Brownian and
non-Brownian particles shall consolidate the relation between
the equations of motions and their corresponding Fokker-
Planck equations as we will outline which variable is a Markov
variable in the corresponding Fokker-Planck equation. The
above-mentioned different time scales for Brownian and non-
Brownian particles will become apparent below. Further, the
analysis of the Brownian particle case which incorporates the
white noise due to Brownian motion is done in order to show
the special case of the Kramers equation (see, e.g., Ref. [23])
which poses a fundamental mean for our argumentation for
the non-Brownian case.

For the nondimensionalization of Eq. (1), we employ the
assumptions from [18] or [22], which imply that the hydro-
dynamic resistance matrices Rgy and Rgg are respectively
nondimensionalized with the friction coefficient f, = 6w na
and the product f,a whereby in our work we modify the
nondimensionalization of Rgg to f,.h with & as the placeholder
for the length scales a and [, depending on the respective
time scale that is regarded. The asymptotics will show that

J

13)

( 1 dU,
m| ———+ =
1,7, diy 1.7, dby » T

a - = 00
+fi—Rpg: E ) +
Tr

dUu - I . N
“ —2> Z_erFU<r_Ul +2U2

ml ~ B
TpTp TpTD
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the component referring to ! is negligible; however, it is
introduced to present the full analysis on both the time
scales. The components of E* are nondimensionalized by
Ty =1/y. The mass m of one particle, is subsequently
used for any nondimensionalization of quantities with mass
dimension.

In the following, all components of the Langevin equa-
tion (1) with respect to all time scales are considered in the
dimensionless equation. For that, first, all components are
decomposed into their different parts in order to understand
which processes are active on the respective time scales. Note
that we only work with the translational components of Eq. (1).
We will not use any identification mark or index to point that
out. The m reduces to a simple m, since in the translational
components m =m - I, with I as a unity matrix of size
3N x 3N. In the analysis to follow, we need to introduce
two expansion parameters,

El:T_p and ezzt—p,
(7)) Tf

(14)

i.e., €] as a small parameter for the asymptotic analysis of the
Brownian case and €, as a small parameter for the asymptotic
analysis of the non-Brownian case.

For a better understanding of the time-scale expansion to
follow, we consider the key time scales 7, and 7. for each term
separately in an additive form, whereby Eq. (20) is received
by inserting 7, and 7p into Eq. (4),

h=t/t, Hh=t/t, (15)
X =lf1(fl)+af2(f2)s (16)
dx I . a - .
U=—=—U(t)y)+ —Ujy), (17)
dt Tp Tc

. | R
U7 = (75.:.0,0) = ;(l yla(t1)+ayza(tz)),0,0>, (18)

1, . ~
U~ = ;(l U7 (%) +a U5 (%)), (19)
I -p . ~B .
FP =2 Flay+ 2L F @), (20)
Tp Tp Tp TD

The tilde represents the dimensionless components. The index
o represents the a-th particle. In contrast, the indices 1 and 2
refer to the two components of the variables on the respective
time scales. The components with index 1 create equations
on the time scale 7, = 7, and the components with index
2 create equations on 1, = 7.. Implementing (15)—(20) into
Eq. (1) where F/ has been replaced by (2) and F? is set to
zero, we obtain:

- [ . a -~ [ . -
) + f,RFU<—U§’° + —U§°> + fr—(Reg : E™),
Tf Tf Tr

ma . p
F,.

21
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1. Brownian particles

First, Eq. (21) is considered for Brownian particles. That implies that 7, = tp is inserted into Eq. (21). Furthermore, we

I
Tf

multiply Eq. (21) by % After applying Eq. (14), to get

(61/20”71

Uan VTS

T, 1/2 .
=Pe¢; and L— [ — 61/ , We receive
a D

du S - - I L
—‘1-62 2) = —Gll/zRFuUl — €1 RpyU, + Pe 6?/2RFUUTO + Pe 61R]:UU;Q + Pe 6]3/2(RFE : Eoo)l

+Pe e (R : EX), +€°FF + ¢ FL. (22)

Ordering (22) according to the small parameter €; = ;—g
yields, to leading order, the asymptotics for the Brownian case
in the separate equations (23)—(25) and (28)—(29),

611/2 terms: d—l{I = —RpyU, + Ff, 23)

dh
where (23) is an equation of motion on 7, = 7, so At is a
fraction of 7, here. As already indicated above, this is the
time scale of velocity correlation for Brownian particles, i.e.,
Tqc = Tp. An analog equation in 1D can be found in Ref. [23].
There is derived the Fokker-Planck equation in correspondence
to Eq. (23), namely Rayleigh‘s equation [23], which is a
Fokker-Planck equation in velocity space, as the velocity is
a Markov variable here, while the position is not. Of course,
the appendant redimensionalized Rgy has to be known (note
that on the time scale 7,,, Ry is constant).
Further,

€ terms: 0 = —RpyU; + PeRpyUS

+Pe(Rpg : ), + F2, 24)

thus, for Pe — 0: 0 = —RpyU, + F5. (25)

Equation (24) is an equation of motion on 1, = 7p, thus
At is a fraction of 7p. Isolating U, in (24) by multiplying
the inverse of Ry and using U = % from (17) leads to a
differential equation in position space. One more integration
of (24) yields the change of the particle positions with
Peclet number dependency; see the dimensional analysis in
Refs. [18,21]. The position space differential equation in turn
may be reformulated to an N-particle Fokker-Planck equation
in position space as the positions of all particles are Markovian;
see also Refs. [18,21].

In the following, we may shortly outline the effects of a
position-dependent external force field F(x) added on the left-
hand side of the Langevin equation (1), because in the non-
Brownian case we will use a similar argumentation for the use
of an alternative Fokker-Planck equation. Transferred to our
terminology, such an additional external force F(x) could be
nondimensionalized by the following:

F(x) = % (I Fi(x/1) +a Fy(x/a))

moooe .

= —— (I F1(X1)+a Fy(x2)), (26)
Tk Tp

while the time scales t; and 1, will subsequently be identified

with some of the given time scales 7,, Tp, or Ty, where we

(

will distinguish two cases below. In the case that 7; and 7,
do not equal 1,, Tp, or 7y, additional time scales have to
be introduced in the asymptotics, including the dimensionless
analysis for x [Eq. (16)] and U [Eq. (17)]. For the explanations
to follow we stick to the simpler cases that 7; and t, equal
either 7, or 7p with 7,7, = 7,7p Or T; T = rg, whereas the
case that 7,1, = tf, prohibits the use of the Fokker-Planck
equation in position space but necessitates another type
of Fokker-Planck equation, namely the Kramers equation
(see, e.g., Refs. [23,25,26,39]).

Wilemski [25] (among others like, e.g., Ref. [26]) gives a
rule for the use of the Fokker-Planck equation in position,

7, IF(x)

< 1. 27
m 0x

Inserting F(x) with 7,7, = 7,7p into Eq. (27) does not pose
any problems as the condition is fulfilled. The corresponding
Fokker-Planck equation is an equation in position space, as for
Eq. (24). For the second case that 7,7, = t;f, Eq. (27) is not

fulfilled. Adding the force F(x) from Eq. (26) with 7,7, = ‘L'g
to the right-hand side of Eq. (21), we see that these terms
dominate on the 7 time scale, i.e. in Eq. (24). The approach
is as follows [23]: The regarded time scale t, = tp has to be
scaled down to 7, = 7,. The equation of interest for this case
is the equation of motion on the smaller time scale 7,, i.e.,
Eq. (23). The corresponding Fokker-Planck equation to (23)
is a Fokker-Planck equation in velocity (Rayleigh‘s equation)
which does not take into account the position dependency
of F(x). So, in this case, the corresponding Fokker-Planck
equation to the equation of motion on t,, i.e., (23), has to be
a Fokker-Planck equation in position and velocity space, the
so-called Kramers equation, where neither the velocity nor the
position alone is Markovian but only a coupled variable in
position-velocity space.

Finally,
Pee” terms: 0= ReyUT + (Ree : E™);, (28)
dUu
and €] terms: =0 (29)
dt,

Equations (23) and (28) are equations on 7,. Equation (28)
with 613/ 2 components can be neglected when compared to
Eq. (23) with the 611 2 components. The same argumentation
applies for Eqs. (24) and (29), which are both equations on
7p. Therefore, Eq. (29) with 6]2 components can be neglected
when compared to Eq. (24) with €; components. Thus, in the
following, Egs. (28) and (29) are not considered.
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2. Non-Brownian particles

For non-Brownian particles, 7. = 7. Setting this into Eq. (21) above and multiplying by

L= /& z’/ J a6 the following:

1 1/2dU1 ,dU\
<P © T )T

‘[p

Ordering according to small ¢, = = < 1 (which means a

small Stokes number) yields the separate equations (31)—(35),

[1 ap dU, o o =B
_— t . — = —R U F .
Pe €," " terms a rulU1 + F

Equation (31) is the equation of motion on t,, where the

hydrodynamic shear forces have no influence since they are of

order O(e 3/2) in Eq. (34). Pe tends to oo, thus (31) and (34) do

not have the same significance as (23) and (28). As mentioned

above, in the non-Brownian case, 7, = 7, so the time scale 7,

is not in the scope of interest for the shear-induced diffusion.
Further,

3D

. 7 7 700 % 7,00 1 =B
€ terms: 0=—RpyUs + RpyU, + (Rpe : E )z—f—P—er,

(32)

thus, for Pe — 00: 0= —RpuUs2+RpyU; +(Rys : E™),.
(33)

Equations (32) and (33) give the change of position on 7.
It is important to note that the present approach also covers
existing special approaches, as, for example, Eq. (33) can
also be found as part of a Stokes number expansion in U in
Ref. [11].

Finally,

1 - - - -
,/P— e;/z terms: 0= RpyU" 4+ (Ree : ET)1,  (34)
e

dU
and e% terms: —~2 =0. 35)
dt,
For the description on 7, Eq. (34) with e;/ : components can

be neglected when compared to Eq. (31) with 621 2 components.
Also, the €3 components of Eq. (35) can be neglected in
comparison to the €; components of Eq. (32).

As we are interested in investigating the Fokker-Planck
equation for non-Brownian particles for the case of shear-
induced diffusion which occurs on 7y, we analyze Eq. (33)
in the following. After returning to the dimensional represen-
tation and rearranging terms in Eq. (33), it follows for a single
particle « that:

0= _fr(Uoz
—(Riuy(U —

_UX)+ FP (36)

with F%® = U*)y + (Rre : E®)y,  (37)

T, Tp
ma

yields with 2 = L =
p

Pe T and

1 I 34 I 30,5 =
— P—eez RFUUI_ €2RpuU2+ 62 RpuUl +€2RpuU2 P—e€2 (RFE.E )1

- - 1
+exReg  E¥) 4 o & F

1

Fl + 5 eze (30)

(

where * indicates the hydrodynamic influence of all the other
particles on a particle « resulting from —Rgy(U — U®) in
Eq. (33). The o components are still bold, as they denote
a vector with the three components for the x, y, and z
directions. Note that the diagonal components of Ry
include both the friction f, of an isolated particle and the
hydrodynamic influence of the other particles [34]; therefore,
a decomposition according to (36) is possible with nonzero
diagonal elements of R};.

In Ref. [1], an analog to Eq. (36) is presented for the
equation of motion of a non-Brownian particle with the
hydrodynamic influence of the other particles expressed in
a colored-noise force. We declare F¥ also as a colored-noise
force. In contrast to the Langevin equations, cf. Eq. (1),
equations of motion with a colored-noise force, as (36), are
called Langevin-l/ike equations [23].

For our starting point, we rewrite Eq. (36) according to the
following:

1
with V,=—
Ir

U, =U+V, FP. (38)
We model + F¢! as a colored-noise velocity V. In contrast to
Eq. (1) which actually is an N -particle system of coupled equa-
tions (38) belongs to a system of 3N independent equations
where the velocity V has to be modeled separately. The model
for the colored-noise velocity will be presented in Sec. II1.

It will be pointed out below that the derivation of a Fokker-
Planck equation strongly depends on the appropriate choice of
the regarded time scale 7, and the time step size Az, which is
an important issue of the present work. Most importantly, we
derive a possible alternative approach for the Fokker-Planck

equation based on (38).

C. Shear-induced diffusion in comparison
to Brownian diffusion

The basic approach may be taken from Refs. [23] and [42].
The Fokker-Planck equation is a parabolic differential equation
for the probability density P(s,?), see Ref. [23],

r

a2
_—Z—A ($YP + > Za a5, PP, 39

ij=

oP(s,t)
at

and can be derived by the differential quotient AP/At, with
AP(s,t) = P(s,t + At) — P(s,t) in the limit Ar — 0. s is
the set of variables of interest s; with dimension r, here, e.g.,
position or velocity.
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The drift A; and diffusion terms D;; of the Fokker-Planck
equation can be found by evaluating s in the Langevin
equation (1) during the characteristic time step A¢ on the
regarded time scale t,,

_ <Asi>s
A = (40)
D(s) = SEEU @)

for At — 0, whereas As; is the change of the variable of
interest during At, i.e., As; = s;(t + At) —s;(t). The ()
represents a conditional average with a known constant
reference value, whereby in our paper an index s denotes the
reference to the current s(¢). The time step Ar for integrating
the equations of motion, e.g., (1) on the time scale 7,, has to
be small so s does not change much during A¢. Due to the
smallness of At, all terms with O(A¢) in the calculation of
(40) and (41) can be neglected. In the following, we consider
linear Fokker-Planck equations which, following the definition
from Ref. [23], limits us to drift coefficients which are linear
functions of s and constant diffusion terms D;;. Further, s is
supposed to be a Markov variable. Then the change of s during
At serves to find AP/At, or 3P /9t in the limit At — 0.

1. Brownian particles

At first we will briefly discuss details for Brownian
particles because their diffusive behavior shows analogies to
the non-Brownian case. For times 7, < t < 1p there is a so
-called short-time self-diffusivity and for times tp < ¢ there
is a so-called long-time self-diffusivity [22,43]. For arbitrary
times ¢, both in the short-time diffusive regime and in the
long-time diffusive regime, use of Eq. (41) requires time steps
T, < At < 7p to capture the short-time diffusivity of position.
Since the configuration is unchanged during this time-step size
(and thus forces depending on the configuration), Brownian
particles with hydrodynamic interactions can be described
by a Fokker-Planck equation in position space, cf. Refs.
[21,24]. Here, the N-particle diffusion tensor is D = kTR;I},
cf. Ref. [18].

For time steps tp < At to capture the long-time diffusion,
the configuration is not constant during At and thus forces
depending on the configuration are not constant either, and
O(At) terms cannot be neglected. Hence, in the present
context, time steps tp < Af are not allowed for the derivation
of a corresponding Fokker-Planck equation in position space
[see also Sec. III, Eq. (60)], cf. Ref. [21].

On 1, =1, with At < 1, or t < 7,, Brownian particle
velocities are correlated while the mean-square displacements
((Ax?), (AY?), (Az?), and (xx), (yy), (zz)) show quadratic
behavior in At, respectively, in time ¢ [23,34,40]. Hence, the
position is not diffusive on 7, = 7, nor even a Markovian
variable, since the velocity from the last time step is not fully
relaxed and thus needed to update the particle‘s position [23].

In contrast, on t,, the velocity variable for one particle o
exhibits diffusive behavior with a linear in time mean-square
velocity (U;(1)U;(t)) for i,j = x,y,z [39]. In the previous
Sec. 1IB, the underlying equation of motion for 7, =1,
is given in Eq. (23) whereby the corresponding Fokker-
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Planck equation is built up in velocity space, named
Rayleigh‘s equation, cf. Ref. [23]. It can be shown that
on 7, =1, for times ¢ — oo, the mean-square velocity
(Ui(t = oo)U;(t — o0)) is no longer linear in time, but a
constant, i.e. the equilibrium value [23], cf. Appendix A,
Eq. (A3) with t — oo.

2. Non-Brownian particles

For non-Brownian particles under shear flow in x direction,
Sierou and Brady show simulation results with a linear
behavior in time for times t — oo, ie., t > 1y, for the
mean-square displacements in the y and z directions, with
initial positions of the particles in the origin [7],

(yy) ~ 2Dyyts (42)
(zz) ~ 2D,,t, (43)

with the angle brackets here and in the rest of the paper
as an average over all particles in the system. As the D;;
coefficients in the non-Brownian context include averages over
all particles they do not present the positions of all particles in
the system anymore. They are not comparable to the Brownian
N-particle diffusion tensor D = kT Ry, mentioned above.
The exact time ¢ for shear-induced diffusion to arise also
depends on the particle volume fraction and may not be
exactly t = 7y, see, e.g., Ref. [7]. For short times, t < 7y,
Sierou and Brady illustrate quadratic behavior in time. In
contrast to Brownian diffusion, the shear-induced diffusion
of non-Brownian particles exhibits a difficulty as it appears
only fort — oo on 7, = 1y, see, e.g., Refs. [1,7,15,28]. This
corresponds to the long-time diffusivity in the Brownian case.
The authors in Ref. [7] explain that the beginning of the linear
behavior at times ¢ > T, marks the beginning of the diffusive
behavior of position with a constant diffusion coefficient after
enough particle-particle interactions have taken place and the
velocity is not correlated anymore. So at arbitrary times ¢
(including times ¢ > ), time steps of At > 1, capture the
diffusive behavior in Eq. (41) while time steps At < 7y do
not. A summary on the time scales can be taken from Table II
in Sec. II B.

In contrast to Eqs. (42) and (43) for the diffusive component
in the y and z directions, the diffusion components in the x
direction, i.e., Dy, and D,,, are more complicated because
of the shear flow in the x direction (Ref. [7] which refers to
Ref. [44]),

(xx) = 2Dyst + 2Dyt + 3Dy, 71, (44)
(xy) = 2Dyyt + Dyypt?, (45)

where Dy, = Dy, is the only off-diagonal component [5,7].
Extracting D, and D,, via the mean-square displacements in
Eqgs. (44) and (45) in analogy to gaining D,, and D,, from
(42) and (43) causes a difficulty, as the authors in Ref. [7]
point out. Namely, for very large times ¢ in the non-Brownian
case, it is difficult to extract D, and D,, from Eqs. (44) and
(45) because the terms of order O(¢%) and O(#3) dominate. So,
instead, they derive D, and Dy, by calculating (xx) and (xy)
from [y Ug(t)dt' = fot UX(t) + Ul(t)dt' = x> + x" with
x" as the hydrodynamic displacement due to the hydrodynamic
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velocity component U”, resulting from a time derivative of
Egs. (44) and (45), which also can be found in general form in
Ref. [23], as follows:

9 (xx) —2(x (yy)) = 2Dy,
0 (Xy) - (y (Vy)> = 2ny-

Finally, Sierou and Brady [7] receive diffusion coefficients
with a coupling term,

(46)
(47)

ld h_h dxh ! . ’ I
D..(t) = EE(X x") + 7/0 yy@dr'), (48)
1d 1/d !
D,y (1) = Ea(xhﬁ + §<d_)t),/ )")’(f,)df,>- (49)
0

They justify the dependence on ¢ in order to use the diffusion
tensors also for short times ¢ where the diffusive behavior has
not started yet and claim that both the diffusion tensors become
constant for large times 7.

Still, we would like to point out that at arbitrary times #,
evenin the long-time limitf — oo, i.e.,t > 7, the behavior of
position is nondiffusive for small time-step sizes At < Ty on
the time scale 7, = 7. This implies that the description of the
diffusive regime necessitates time-step sizes At > 7. On the
other hand, large time-step sizes At > 7, cause a problem as
we will point out in the next Sec. III. Our argumentation will be
similar to problems that arise in the Brownian case either when
an external force field F(x) changes too fast (see Sec. II B, the
Kramers equation) or when At > tp. So we do not intend
to increase the time-step size to At > 7, until the position is
diffusive. In contrast, we model the colored-noise velocity V
in Eq. (38) such thatitis diffusive for At < 77 ont, = 7. The
mean square of V, will be linear in time for times ¢ < 7. For
times ¢ — oo, (V?) is a constant, in analogy to the Brownian
velocity ((U;(t — 00))*) as mentioned above. A summary on
the time scales can be found in Tables I and I in Sec. II B. We
will need diffusion coefficients for the colored-noise velocities
which we will derive from Dy, D,,, D.., and D,,.

III. ALTERNATIVE APPROACH FOR THE
FOKKER-PLANCK EQUATION BASED ON
THE COLORED-NOISE ASSUMPTION

In the present work, Eq. (38) is the basis for the derivation
of the Fokker-Planck equation of the shear-induced self-
diffusion process, whereby from now on we explicitly write
the dependence on time ¢ to account for the correlation of
varying times. The hydrodynamic velocity V;(¢) results from
the hydrodynamic interaction on this particle due to all other
particles. Here, V;(¢), exhibits a colored-noise property as
follows:

Uu(t) = US(@) + Vi(0), (50)
Uy (1) = V(). 51)
U.(0) = Va(0), (52)

for time ¢ > 7 in order to map the diffusive regime. Note that
this is the equation for one particle « in the full system. The
whole system for all N particles consists of 3N equations.

PHYSICAL REVIEW E 89, 052145 (2014)

These 3N equations all are independent since the influence of
the particles onto each other is going to be modeled separately
in V. Thus it makes no difference if the averaging procedures
are for a single particle over different configurations, i.e.,
ensemble averages, or if averaging procedures are performed
over all particles in the system. We will use the latter case for
the purpose of manageability and we will skip the « index in the
following. The important question is to find the corresponding
Fokker-Planck equation. Hence, which time scale shall be
taken as the underlying time scale 7, and which variable is
a Markov variable on this time scale must be determined.

We know from above that in the non-Brownian case,
on 1, =15, for At > 7y the position is diffusive and as
the velocity changes with the configuration, the velocity is
uncorrelated for this time-step size. However, the configuration
will only be constant for At — 0, respectively, At < 7. So
whether Ar should be larger or smaller than 7, must be
determined. At first, we have to develop a model for V;. In
a second step, the drift and diffusion terms in position for both
At < 7y and At > 17 will be considered separately to show
that time-step sizes At < 7y are necessary.

Presently, we assume that the colored-noise velocity V;(z)
itself is a Markov process and can be mimicked by an
Ornstein-Uhlenbeck process (cf. Refs. [23,45]) represented
by the following Langevin equation:

avio 1

-——Vi)+ Li@),
dt Teorr

(53)

for i = x,y,z with white noise L;(¢). The denotation as a
colored-noise velocity also has its origin in the fact that this
velocity component is correlated on the same time scale as the
configuration changes. This is in stark contrast to the velocity
in the Brownian case, which is correlated on 7, and thus on
a much smaller time scale than the change of position. Due
to the Markov property, the value of V;(¢) depends on the
value from the previous time step but not from earlier time
steps. V is defined on 7y and not on 7, as it results from
the equation of motion (36) for non-Brownian particles on
Tf. Teorr 1S the correlation time of the colored-noise velocity.
According to Ref. [7] the correlation time of the velocity in the
non-Brownian case is 7¢. Since in our colored-noise velocity
model (53) we have to account for these long correlation times,
Teorr 18 set to 7. The white noise L;(¢) introduces a randomness
which results in the diffusive behavior in the position space
for times t > 77, — 00.

For an Ornstein-Uhlenbeck process the following results
apply in the limit ¢t — oo [23,39,45]:

(Li(t + 1)L (1)) = B;;8("), (54)
, Bijty —|t']
(Vi +HV;(0)) = exp <—>7 (55)
2 ‘L'f
(Vi) =0, (56)

where V fulfills these equations for t — oo, which is the
equilibrium state. The large ¢ guarantees that there is no
dependency on the initial value V;(0), cf. Appendix A,
Eq. (A3). Further, for our case the large time ¢ guarantees
that it is in the regime where shear-induced diffusion has
already started. We will show how to gain the B;; coefficients
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in Sec. III B. Later, the B;; coefficients will appear in our new
colored-noise Fokker-Planck equation. Equation (55) accounts
for the long correlation times which result in colored noise in
contrast to the white noise from the Brownian force FZ, cf.

Eq. (1).

A. Drift and diffusion terms in position space

In the following, the drift and diffusion terms in position
space are analyzed with respect to the time-step size Ar. We
will show that a time step At < 7 is necessary. Note that the
present derivation for the drift and diffusion terms will be done
for the x direction only as this is also the direction of shear
flow. The y and z directions work analogously. First, we regard
the drift term which consists of a term due to the shear flow
Ax® and a term due to the hydrodynamic interactions Ax".
Here we show the full drift coefficient for this work (we use
the rules for these coefficients from, e.g., Refs. [39] and [23]).
From Egs. (50) and (53) we have:

(Ax) = (Ax™®) + (Ax"Y, (57)

with (Ax™) =</"H y(t)))dt>, (Ax") = /M(VX(I))dt,
" " (58)

At
and (Vi(t,11)) = (Vi(2,)) exp (‘;) (59

Note that the order of the averaging and the integration can be
interchanged, cf. Ref. [42]. Now we regard the first and second
parts of Eq. (57) separately for At > 7, and At < /.

In the first part of Eq. (57), y is expanded in a Taylor series
around #,, cf. the derivation of the Fokker-Planck equation in
Refs. [23,42],

(Ax) = < / y(rn>y'dr>+< / - rn>d{jt’”)y'dt>

n

+ < / "o - tn)2)dz>

—tin 2 d n . frt1
=<y(tn)>7At+[(t Zt) <%>VL +0(AF)
(BXFhey At dy(ty) )
= —V(y(tn)+ =2 >+0(At ) (60)

Note that in Eq. (60) we added the x,V index to account for
the conditional average from Eq. (41) with constant x,V at
time f,. As a result, the () brackets for the constant values at
t, can be removed. In the following, the dimensionless form
is regarded. Since we are only interested in the question if
At should be smaller or larger than 7y, 7, is set to 7y and
thus only the components on 77 are regarded (and not possible
components on 7,) as follows:

. > (61)

with A7 = 7, AT, G = £ G [see Eq. (17)]and y = ;.. Note,

that % = V,(t,), see Eq. (51). For At — 0, i.e., At < 7y,
terms of order O(Af) can be neglected since A7 — 0. For

a (AX%®), 1
@B Dy —(a Flta)+
Tf

thfidy(t,,) L
Tf At

2 Tf df
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At > 7y, the higher-order terms cannot be neglected since
AF > 1.

This means that the update of the position cannot be realized
with only the position of the last time step. U>°, depending also
on the position, cannot be taken as constant over the time step.
For an alternative argumentation concerning the problem of
too-large time-step sizes in analogy to the Kramers equation,
see Appendix D. We come to the conclusion that, for time steps
At > 77, a Fokker-Planck equation in the position is not valid
here as the drift term U (corresponding to an inhomogeneous
force field) changes too fast for this time step, cf. (the Kramers
equation and the condition for constant forces over the time
step).

We also analyze the (Ax") part of Eq. (57), where for
At < 75, At — 0, cf. Eq. (59), we have the following:

Veltar D))y = (Ve(t))v + O(A1), (62)

(Ax) = fW(Vx(f))dt = (Ve(t)) A1 4+ O(A),  (63)

n

<Axh)x,V _
A—t - Vx(tn) + O(At)7 (64)

where terms of order O(Af) can be neglected. The O(Af)
terms in (62) come from the series representation of the
exponential function in (59).

For the purpose of completeness, we also analyze (Ax")
for At > 7. We see from Eq. (59) that (V(t,11))v ~ 0 for
At — oo. The time-step size is longer than the correlation
length of the colored-noise velocity and thus, using Eq. (59),

(Ax"y = / " iy 65)
= f " (Vilt)) exp [—m]du (66)
Iy Tf
(Ax"ey = (Velt)hv Ty = Valtw)Ts, (67)
and thus
(Axh>x,V ~
Y~ 0. (68)

Due to the problems arising for large At in the context
of U, in the present work, the time step Az is considered
to be much smaller than the time scale of configurational
changes, 7. For this case, the bulk velocity is considered to be
constant over the time step and the drift term for the position
in our alternative Fokker-Planck equation later is achieved by
combining Egs. (60) and (64) into % = yy(t,) + Vi(t).
Hence, the correlation time 7 of V; is larger than the time step
employed in the present work.

This colored-noise property destroys the Markov prop-
erty of the position (for a mathematical reason, see, e.g.,
Ref. [23]). We conclude that also for the small time-step size
it is not possible to derive a consistent Fokker-Planck equation
in position space.

The same analysis can be conducted for the diffusion terms.
Again the rules for the diffusion terms for Ornstein-Uhlenbeck
processes and Fokker-Planck equations can be found, e.g.,
in Refs. [34,39], or [23]. The diffusion coefficients can be
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achieved by using the following equation (already mentioned
in Sec. I1 C):

tht1 2
(AxAx) = <</ y(t)))dt) >
+2< / / Ufo(t’)Vx(t”)dt’dt”>

bt g1
+< / / Vx(t’)Vx(t”)dt’dt”>. (69)
ty ty

For At — 0,1ie., At < 1y,

(AxAx)ey = [US0)2),  AF% + 2AUE @) Vilt)), A8

+ (V) A1% =0, (70)

with (sz(tn))v = sz(t”); see also Appendix B. We see here
the quadratic component that arises for small times (compare
simulation results from Sierou and Brady [7], mentioned
above).

The calculation of the first and second parts of Eq. (69)
poses further difficulties. But, at least for the diffusivity of the
position in the y and z directions, where there are no such
terms as the first and second parts of Eq. (69), we see that the
time-step size should be larger than 7, in order to reach the
linear regime. For At — 00, i.e., At > 7, in Appendix B in
Eq. (BI) is shown that (Ax"Ax"),v =VZ@)t]+
BT AL — 3B ‘L'J%, thus linear behavior in At.

B. Colored-noise Fokker-Planck equation

Due to this conflict, the traditional Fokker-Planck equation
in position space has to be extended. On the time scale 7, = 7y
with At < 7y, the colored-noise velocity is a diffusive process.
This is analog to the Brownian case, where for 7, = 7, not the
position but the velocity is assumed to be diffusive. In the
present work, it is not the whole velocity but only V;,

for At < tpand At — 0: (AV;AV;)y = BjjAt,  (71)
for At > 7, and At — oc:
Bijts
(AV,AV))y = 5 + Vi(t,)V;(t,) = const. (72)

For a proof see Appendix A and for an overview see Table II
in Sec. II B.

In order to avoid the violation of the Markov property
of the position variables, we use a colored-noise approach
for the Fokker-Planck equation. Van Kampen [23] gives a
general mathematical description for colored-noise problems
in 1D under the assumption of a composite Markov process
which means that the behavior of the one variable space can
be decomposed from the other variable space and thus is
added separately in the Fokker-Planck equation which yields
a modified form of Eq. (39). We extend this approach to the
3D shear-induced diffusion problem. This means that by using
Eq. (39) there are no diffusion coefficients in position space
[as for small time-step sizes, the mean-square displacements
are of order O(At?), cf. Eq. (70)] and due to the composite
Markov process assumption, no coupled diffusion coefficients
of position and the colored-noise velocity. The diffusion
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coefficients for V; according to Eq. (41) are obtained from
(71) as W = B;;. Thus, we only need the coefficients
B,‘j.

Integrating Eq. (55) for¢ — oo yields for B;; the following:

oo 2 00 _t/ —1
Bij = / lim<vi(r+r’>vj<t)>dz/—[/ exp(—)dr’]
g 0 —00 : ‘[f 0 -L-f

(73)
- / ” 1im<v,-(z+ﬂ)vj(t))dﬂ%. (74)
0 [~ Tf

The determination of B;; requires
Jo S imy oo (Vi(t + 1) V(1))dt

The B;; coefficients are not the same as the diffusion coeffi-
cients D;;. By, is connected to Dy, using (U, (t + 1)U, (1)) =
(Vy(t + ")V, (1)) with Eq. (51).

From the known rule Dy, = fooo limy_, oo (U, (¢t + 1)U, (0))dt’
(cf. Refs. [7,46] or with a colored-noise force in Ref. [1]) we
find that

knowledge of

o0
Dy, :/ tlim(Vy(t +1)Vy(1))dt'. (75)
0 — 00
For D,, the procedure is fully analogous.
Equation (73) results in:
2D;; .
B = —5 for i,j=y,z (76)
tr

A mathematically analog form to Eq. (76) can also be found
in Ref. [46]. In contrast to D;;, which scales as a’y = a?/1y,
cf. e.g., Ref. [7], our coefficients B;; scale as az/r;, as can
also be seen by regarding the dimensions in Eq. (71). Under
use of the exponentially decaying correlation for long times ¢,
i.e., Eq. (55), we find for the x direction the following:

/ lim (V. (t + )V, (2))dt
0 =0

* : 00 4/ ’ 1d h_.h
=D,y — lim UX@ )V ()dt') = = — (x"x"), (77)
0 [7>® o 2dt

for proof, see Appendix C. The coupled U, V, term
corresponds to the coupled term of Sierou and Brady [7] in

Eq. (48). Consequently, we obtain:
(78)

For the xy component the procedure is analogous (compare
proof for the xx component in Appendix C) resulting in the
following:

> 1d
. / r_ 2 h
/O Mm (Vo(t + £)Vy(0))dt = 5 {xTy),  (79)
and, hence, we obtain
21d
By = ———(x"y). 80
y ‘L'J%Zdl <.X }’) ( )

As shown above, the B;; coefficients can be derived via
the position diffusion coefficients, i.e., the mean-square
displacements. As already mentioned in the context of the
non-Brownian position diffusion tensors D;; in Sec. II C, also
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the B;; coefficients do not incorporate any position dependency
since these are only one-particle velocity diffusion tensors.
The mean-square displacements can be achieved either by
experiments, see, e.g., the work of Breedveld er al. [1], or
by numerical simulation, e.g., via the accelerated Stokesian
dynamics method [19] as done by Sierou and Brady [7]. Hence,
all terms necessary to determine (V;(¢ 4 ¢')V;(¢)), and thus B,
are available. The drift for the colored-noise velocity results
from Eq. (40) by calculating AV; = V;(t,+1) — V;i(t,) with
Eq. (59) for small time-step sizes At.

Inserting the terms into Eq. (39) under the assumption of a
composite Markov process yields

ap(x,y,Z, an‘/yvvz’t)
ot

I 9 9
= — 55 (US + V)P = (V)P = (VP

1 0 I I 9
— VPt —— VP ——
+ + Tf BV, i’ + Tf BVZ

= V.P
Tf 0 Vx :

1 *P 1 2P 1 2P

-Byy——+-By—— +-B..———
*3 aV.av, 2 7Mav,av, 2 vV,

1 %P

2-B,, ) 81
23 ToV,aV, 61

We observe the separated behavior in position terms and
colored-noise velocity terms due to the composite Markov
process. The third and fourth lines of Eq. (81) correspond to the
Fokker-Planck equation of the Ornstein-Uhlenbeck process of
V. Altogether, Eq. (81) is a Fokker-Planck equation describing
the shear-induced self-diffusion of non-Brownian particles
taking into account long correlation times. The analysis of the
different time-scale phenomena gives rise to the assumption

J
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that a coupled variable of position and colored-noise velocity
is necessary in order to fulfill the Markov property.

IV. SOLUTION OF THIS FOKKER-PLANCK EQUATION:
THE PROBABILITY DISTRIBUTION P

Fokker-Planck equations of type of (39) can be solved
according to Ref. [23] by a Gaussian distribution of the form

1, 1 1
P(s,t) = ) 2" (Det E)"2 exp [_E(ST —(sTy)

X E_l(s — <s))i|7 (82)

WhEmzféHmm“mUﬂ (83)
0

(s) = etAS(O), (84)

and initial condition P(s,0) = ]_[5’=1 8(s; — 5;(0)). The super-
script T indicates the transposed terms.

In accordance to the algorithm of solution in Ref. [23], we
set our initial variables x(0), y(0), z(0), V,(0), V,(0), V,(0) to
zero. Setting this into Eq. (84) shows that the variables (x),
(v), (), (V), (Vy), and (V;) are zero in Eq. (82). For the
actual evaluation of the analytic solution and an asymptotic
expansion for large t, MAPLE16 (Maplesoft, Waterloo Maple
Inc.) was employed. With the assumption t — oo it is implied
that the diffusive regime has started. Therefore, in the present
work, terms of order O(exp(—t/ty)) are neglected, when
summed with terms of order O(¢°), and, respectively, terms
of order O(t") are neglected when summed with terms of
order O(t"t"), for n > 0. We have to keep in mind that the
displacement in the x direction grows as V13 in contrast
to the displacements in y and z directions which grow as
Jt, see Egs. (42), (43), and (44). In the limit t — oo to
leading order the approximated probability distribution is
given by:

. —1/2
_s ( (BuByy — B},)y* B, B2.t°1; 1| (x —1/2py1)? y? 5
P32, Ve, Vi Vo) = (20 e B R Rl e e 3 p
96 2| 5Byt T; Byytty  Btty
N 2V,? N 2v,? N 4V, V, 2V,2
(Box — B /Byy)ty  (Byy — BL/Bux)ty  (Buy — BxxByy [ Byy)ty  Boty
Vyyt(x —1/2yty) — 2yV,  2zV; (85)
1/12)}21‘3Byyl'f Byyll'f Bzzl‘ff '
The prefactor of the Gaussian distribution can be decomposed into
. —1/2 =12 4. —-1/2
(B« By, — B},)y*B;,B.1°1] (BuxByy — B},)B..T} V? B 't} B 1T}

The highest order of the prefactor, i.e., Eq. (86) agrees with
the composite Markov process, as it can be separated. The
first part of the product on the right-hand side of (86) equals
the prefactor of a process corresponding to a Fokker-Planck
equation for an Ornstein-Uhlenbeck process in V. From

(

Eq. (55) with#’ = 0, itfollows that (V;(1)V; (1)) = 24%; hence,
the colored-noise velocity is in equilibrium for large times.
Further, we want to compare our resulting probability dis-
tribution P(x,y,z, Vs, Vy, V,,t) with the solution of Breedveld

etal. [32], who use a Fokker-Planck equation solely in position
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space and gain a corresponding P(x,y,z,t). The second part
of our prefactor in Eq. (86) equals the highest order of the
prefactor of P(x,y,z,t) corresponding to their Fokker-Planck
equation in position space, see Ref. [32]. The 7:% terms in the
second part arise due to the connection between B;; and D;;,
cf. Eq. (76).

The first three terms of the exponent of our
P(x,y,2,Vy,Vy,V,,t) in (85) are position-related terms and
agree with the highest-order terms of the P(x,y,z,t) from
the position Fokker-Planck equation in Ref. [32], whereby
the term (x — 1/2yyt)> implies the increasing affine motion
of the particle from zero (due to the starting position y = 0)
to the total velocity of yyt. The colored-noise terms in the
exponent of our P(x,y,z,Vy,V,,V,,1), i.e., third and fourth
lines of (85), correspond to the terms from a Fokker-Planck
equation for the Ornstein-Uhlenbeck process V. The terms in
the fourth line of Eq. (85) account for a coupling effect of the
displacement and the colored-noise velocity.

When the probability distribution P(x,y,z,V,V,,V,,1)
from Eq. (85) is inserted into our Fokker-Planck colored-noise
equation (81), it fulfills the Fokker-Planck equation to an
accuracy in order O((1/ t)%). The time is supposed to be large
in order to come into the shear-induced diffusion regime.

V. SUMMARY

The comparison of Brownian to non-Brownian diffusion
behavior reveals that the short-time diffusivity of Brownian
particles, captured by Fokker-Planck equations in position
space [23], is not existent in the non-Brownian case. As
shown, e.g., in Ref. [7], the non-Brownian particles only
show long-time diffusive behavior. Other works in that context
focus on modifying the diffusion tensor in the position space
Fokker-Planck equation, e.g., Refs. [7,32], in order to describe
non-Brownian particles. In contrast, our intention was to
investigate whether generally the Fokker-Planck equation
restricted to position space still is a suitable means to also
describe the non-Brownian suspensions. For that, we started
with an analysis of the Brownian particles’ equation of motion
in comparison to the non-Brownian case by using a new
compact formulation. By means of the Kramers equation
[23] we outlined a special situation which necessitates the
use of a Fokker-Planck equation in coupled position-velocity
space in the Brownian case. In that context, we showed
that the non-Brownian case creates a similar situation and
thus also requires an alternative Fokker-Planck equation. We
adapted the approach of Ref. [1] where they assume that the
hydrodynamic influence of the other particles results in a
force with long correlation time, i.e., a colored-noise force.
We reformulated the problem with a colored-noise velocity
and assumed that this colored-noise velocity can be modeled
by an Ornstein-Uhlenbeck process. Then we applied the strict
rules of the mathematical framework of Markov processes
and validity ranges of the Fokker-Planck equation described
in Ref. [23] to show that the Markov property of the position
in the present case is violated. Furthermore, we showed that
the Fokker-Planck equation in position can be used neither
for short time-step sizes nor for long time-step sizes. Our
approach suggests that in the present case a coupled variable

PHYSICAL REVIEW E 89, 052145 (2014)

has to be introduced which then is a Markov variable again.
This leads to the conclusion that the Fokker-Planck equation
has to be built up in a coupled position and colored-noise
velocity space. The method used to obtain all coefficients
necessary to determine the new Fokker-Planck equation is
shown. Furthermore, the resulting probability distribution is
derived, which is an extension of the probability distributions
derived from position space Fokker-Planck equations for non-
Brownian particles [32] in combination with the probability
distributions according to Ornstein-Uhlenbeck processes.
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APPENDIX A
We will prove the relations (71) and (72), i.e.,

for At < tpand At — 0: (AV;AV})y = B At + O(At?),
(AD)

for At > 1y and Ar— oo:

Bijty
(AV,AV))y = — + Vi)V, (A2)

whereby the () brackets are supposed to be related to #, instead
of t =0.

From AV; = V;(t,+1) — V;i(t,) we have:

(AViAV;)yy = (Viltar D ViEGar))v — Vit D V(@) v —
Vit)Vi(tar )y + (Vi) V(@) v

The following rule from Ref. [39] for a general equation
for the velocity autocorrelation according to an Ornstein-
Uhlenbeck process is transferred to our colored-noise velocity
as follows:

(Vi V;(t")y = Vi(0)V;(0) exp [M}

2

Bi' 1t =t
+ JTf{exp( | |>
2 ‘[f
<_(t/+t//)>}
—eXp| ———— .

Tf

Transferring Eq. (A3) to (V;(t)V;(t"))v yields:

(A3)

—(t "o 2 L
(Vi@HV;t")v = Vi(t)V;(t,) exp [M}

Tf

Biit —t" =t
#Et e (4)
2 ‘L'f

—exp [—_(ﬂ +£; — 2””} } (A4)
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Therefore, we have the following:

(AViAVj)y = Vi(t)Vi(tn) exp(—=2At /Ty)

B;;

+ =L [exp(0) — exp(—241/7)]

—2{%(rn)v,-<rn>exp<—m/rf>

2
+ Vi(tn)vj (tn)
= Vi(t)Vj(ta) exp(=2At /y)

Bijzs
+ [exp(—At/ts) — exp(—At/Ty)]

B,’j‘L’f
+ ——[1 — exp(—=2At/7y)]

2
- Zvi(tn)vj(tn) GXP(—AI/Tf) + Vi(tl1)vj(tn)~
(A5)
For At — oo the following applies:
Bijty
(AViAVj)y = T Vi)V (). (A6)

Note that in the case where the () brackets are related to t = 0
(instead of V in the index) witht > 77, — 00, it follows that
Vi)V (1) = Bijrs/2.

For At — 0 the following applies:

(AV;AV)y = Bij At + O(AF). (A7)

APPENDIX B

Here we will show the Ar? dependence of Ax? in Eq. (70).
Integrating Eq. (A4) yields:

/ / (Vi(!hV;(e"))ydr'dt”

2
= vtV e[ <=2}

Tf

_(t - tn)
+ Bijl'f{‘ff(t — 1)+ rj% exp [T} — t%}

2
—%Bijt;{l—exp[_(tt—;tn)iu . (BI)

For t = t,41, in the limit At = (t,41 — t,) — 0 we have the
following: f; fti(Vi(t’)Vj(t”»th/dt” = Vi(ta)V,(ta) At

APPENDIX C

We need to define fooo lim;_, oo (V. (¢t + ")V, (2))dt’ in order
to find B,,.

We will show the relation 77, ie.,
Jo (Vi + t)Vi(@))dt' = 34 (x"x") in the limit f — co. The
case for By, is analog.

D,, can be written as shown in Eq. (45): 9,(xx) —
2(x (Vy)) =2D,,.

PHYSICAL REVIEW E 89, 052145 (2014)
With x(t) = [y (Vi(t') + UX())dt’, x(0) = 0 we find:
t 2
(xx) = <</ [Ve() + U;’o(t/)]dt’> > (C1)
0

t
B (xx) =2 <(/ [V + Uf(t’)]dr’) [Ve() + U;O(t)]>,
0
(C2)
with (f; Vi(OVi(t)dt') = ([ Vi(O)Vi(t + 1))dt') as t — oo.
This can be shown by integrating Eq. (55) for both cases, #’

andt + 1.
Inserting this into the equation for D, yields:

19
T 20

= </ V() Vi(t + l/)dt/> +< UX(t)Vi(t + t’)dt’>
0

J

+<fot Vx(f)U;O(t/)dt/>+</o
’>

J

{xx) — (x(yy))

t

Uf°(t)Uf°(t’)dt’>
_<f UVt + t')dt —</ U;’°(t)Uj°(t/)dt’>,
0 0

t
t

(©3)
Dy = </, Vx(t)Vx(t+t’)dr’>+< Vx(t)U;’o(t/)dt’>-
0 (C4)
Thus,
< / Vi + t’)dﬂ> = Dy, - < / t vx<t>U;°(r’>dr’>
0 0 (C5)

It can be shown that (fy Vi()UX(¢)dt') =
(Vi(t) [y UX(t")dt'). So it follows that ( f; V.(HUX(¢)dt') =

(% fot yy(¢)dt'). With the diffusion coefficient in the x
direction from Ref. [7], see also Eq. (48) in Sec. II C, Eq. (C5)
yields the following:

< / Vi)Vilt + t’)dt’>
0

/ (Vi()Vi(t +1'))dt’
0

1d
= EE(xhxh). (C6)

APPENDIX D

The derivation of the drift coefficient can also be compared
to the explanation of the Kramers equation. In case that the
time step on which we regard the system is larger than 7, we
can also define a new time scale based on the length that a
particle would travel in the time Ar. We call this new length
L which actually is of the same magnitude as the particle
radius a, but here we just want to show the matter of principle.
The corresponding time scale is called 7; with 7 > 7, with
the Ar now small on 7. Now we go back to Eq. (1) with
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F? =0, F® = 0 and nondimensionalize on the new time scale t,

dUu
m—- = —Rey(U = U) + Reg : B, (D1)
L _dO I
Tpﬁmﬁ = —RFU(f—kU — ;U + ;RFE B, (D2)

We see that the term including the shear flow dominates over all other terms; this is the same situation as described in the context
of the Kramers equation where the time scale has to be scaled down from 7p to 7, which finally required a coupled variable of

position and velocity.
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