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4He adsorption on a H2-plated C20 molecular surface: The formation of helium buckyballs
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We perform path-integral Monte Carlo calculations to study the adsorption of 4He atoms on a H2-plated C20

molecular surface. It is found that 32 H2 molecules form a complete solid layer on C20, where each H2 molecule
is located either above one of the 12 pentagon centers or above one of the 20 carbon atoms. The angular density
profiles of the first 4He layer on the (H2)32-C20 surface reveal different quantum states as the number of 4He atoms
N varies. Especially, the helium layer exhibits an icosidodecahedron structure for N = 30, where each 4He atom
is located at one of the vertices of 20 corner-sharing triangles. While the 4He density peaks for N = 60 constitute
a truncated icosahedron with 12 pentagonal and 20 hexagonal faces, the additional atoms beyond N = 60 are
found to be placed at the hexagon centers of the truncated icosahedron to form a hexakis truncated icosahedron
for N = 80. The superfluid response of the 4He layer at a temperature of T = 0.6 K is found to be completely
quenched for N = 30 and to be significantly suppressed for N = 60 and 80, reflecting the formation of compact
buckyball structures.
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I. INTRODUCTION

A system of 4He atoms adsorbed on a substrate has been
a test bed to study how reduced dimensionality or finite size
affects physical properties of a quantum fluid in a confined
geometry. While superfluid transition in a thin film of 4He
on an extended flat substrate exhibited characteristics of a
Kosterlitz-Thouless transition [1,2], the 4He atoms confined
inside a nanopore were predicted to show the Luttinger liquid
behavior as a one-dimensional quantum fluid [3]. Graphite,
the most abundant carbon allotrope in nature, is known to be
a strong substrate for 4He on which multiple distinct helium
layers have been observed [4]. Similar layering structures of
the 4He adatoms have been predicted on the surfaces of other
carbon allotropes including carbon nanotubes [5] and graphene
[6–9]. Through the interplay between the 4He-4He interaction
and the 4He-substrate interaction, these helium layers could
manifest various quantum phases such as commensurate and
incommensurate solids.

The 4He adsorption on the outer surface of a fullerene
molecule was first studied using a spherically averaged
isotropic 4He-fullerene potential, from which distinct layered
structures of 4He atoms were predicted to form on the
fullerene molecular surfaces as on graphite [10,11]. A series of
recent path-integral Monte Carlo (PIMC) calculations based
on anisotropic 4He-fullerene potentials, which allowed the
investigation of the helium corrugations on fullerene surfaces,
showed that the completed first 4He layer on a single fullerene
would be in different quantum states depending on the size
of a fullerene molecule, for example, a commensurate solid
on C20 [12], an inhomogeneous fluid on C28 [13], and an
incommensurate solid on C60 [14]. Furthermore, while the
4He layer on C20 showed nanoscale supersolidity near its
completion [12], the helium monolayer on C60 was predicted
to undergo a commensurate-incommensurate (C-IC) solid
transition as the number of 4He adatoms increased [14], a
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phenomenon akin to helium on graphite. This C-IC transition
was also predicted from global optimization and path-integral
molecular dynamics calculations of Calvo [15] for C+

60-doped
4He clusters. On the other hand, recent mass spectroscopic
measurements for 4He adsorbed on an isolated C+

60 confirmed
experimentally the existence of a commensurate solid state
where each of 12 pentagons and 20 hexagons on the fullerene
surface was occupied by a single 4He atom [16].

As discussed above, physical properties of the 4He adlayer
on a fullerene molecule are expected to depend on the
size of the molecule as well as on its surface corrugation.
One can tune these factors, along with the strength of the
surface binding potential, by plating the fullerene surface
with other particles more strongly bound to a fullerene than
4He. We here consider a system of 4He atoms adsorbed
on the C20 molecular surface coated with a single layer of
para-H2 molecules. Para-H2, hereafter simply H2, is a spinless
bosonic compound, which has been long considered as the
best candidate to find superfluidity other than a system of
helium isotopes of 4He or 3He. Unlike helium, however,
bulk H2 is solidified at low temperatures because of strong
interparticle interaction before a condensation phenomena
such as superfluidity takes place. Therefore some scientists
have focused on a confined or a finite-sized system to find
hydrogen superfluidity [17–19]. Motivated by this along
with possible application for hydrogen storage, Turnbull and
Boninsegni performed ground-state quantum Monte Carlo
calculations for H2 molecules adsorbed on the outer surface of
a fullerene molecule, from which they predicted a transition
from a commensurate to an incommensurate layer with the
increase of the chemical potential from its equilibrium value
but did not find any evidence for hydrogen superfluidity [20].
Recent high-resolution mass spectroscopic measurements for
(H2)NC+

60 revealed the formation of an energetically favorable
commensurate phase for N = 32, where each face of a C+

60 ion
is covered by one H2 molecule [21].

Some years ago, Ebey and Vilches reported thermodynamic
measurements of monolayer 4He adsorbed on graphite plated
with a few layers of H2, which revealed a low-temperature and

1539-3755/2014/89(4)/042118(6) 042118-1 ©2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevE.89.042118


SUNGJIN PARK AND YONGKYUNG KWON PHYSICAL REVIEW E 89, 042118 (2014)

low-density region for gas-liquid coexistence and probable
solidification at high helium densities [22]. The torsional os-
cillator measurements of Nyéki et al. showed finite superfluid
response in the second 4He layer adsorbed on hydrogen-plated
graphite but provided no evidence for superfluidity in the first
helium layer [23,24]. Chan and his coworkers later showed
that the thickness of the nonsuperfluid or inert 4He layer on
a substrate increased monotonically with the strength of the
4He-substrate interaction and hence it could be reduced by
plating strongly binding substrates with some inert gas atoms
or hydrogen molecules [25,26].

Using the PIMC method, we here investigate structural and
superfluid properties of the 4He monolayer adsorbed on C20

plated with a single layer of H2 molecules. It is found that
the 4He layer shows various quantum states as the number
of 4He adatoms N varies. While 4He adatoms form clusters
at low helium coverages, the helium layer is found to exhibit
an icosidodecahedron structure for N = 30, where 4He atoms
are located at the vertices of 20 corner-sharing triangles on
the near-spherical surface of a H2-plated C20. More dense
buckyball structures of truncated icosahedrons are found for
N = 60 and 80, even though they are not as rigid as the
N = 30 icosidodecahedron. The superfluid response of the
4He monolayer on the H2-plated C20 is also found to depend
on its helium coverage; the superfluid fraction is negligible at
low helium coverages but increases rapidly at T = 0.6 K as
the helium coverage increases beyond N = 40. Significant
suppression of superfluidity observed at N = 60 and 80
reflects the formation of the compact buckyball structures.
The paper is organized as follows. Section II deals with the
computational details including the description of the 4He-C20

and the H2-C20 potentials. The PIMC results along with the
related discussions are presented in Sec. III. We summarize
our findings in Sec. IV.

II. COMPUTATIONAL DETAILS

In this study, both H2 molecules and 4He atoms are treated
quantum mechanically while a C20 molecule is fixed at the
origin without rotation. This is justified by the fact that a
C20 molecule has much larger mass than H2 or 4He. The
4He-C20 (H2-C20) interaction is assumed to be a sum of the pair
potentials between each of the 20 carbon atoms and a 4He atom
(a H2 molecule). For the 4He-C interatomic pair potential, we
employ an isotropic 6-12 Lennard-Jones potential proposed
by Carlos and Cole to fit the helium scattering data on
graphite [27,28]. Our H2-C pair potential is also of the 6-12
type, which was used by Levesque et al. [29] to describe the
H2-nanotube interaction in their study of hydrogen storage
in carbon nanotubes. As noted in Ref. [12], these substrate
potentials allow us to investigate H2 and 4He corrugations on
the C20 molecular surface. While we use an empirical exp-6
potential proposed by van den Bergh and Schouten [30] for
the 4He-H2 interaction, the well-known Aziz potential [31] and
the Silvera-Goldman potential [32] are used for the 4He-4He
interaction and the H2-H2 interaction, respectively.

In order to calculate thermodynamic properties of 4He-
H2-C20 complexes, we here employ the PIMC method which
is based on Feynman’s original idea of mapping the path
integrals of quantum particles onto classical polymers. In

the discrete path-integral representation, the thermal density
matrix at a low temperature, T , is written as a convolution
of M high-temperature density matrices with a time step of
τ = (MkBT )−1. All pair potentials between the constituents
are used to derive exact two-body density matrices at the
high temperature MT [33,34], which was found to provide
an accurate description of all involved interactions with a time
step of τ−1/kB = 80 K. The multilevel Metropolis algorithm
described in detail in Ref. [33] is used to sample permutations
among 4He atoms or among H2 molecules as well as their
imaginary-time paths.

With the PIMC method, one can compute the superfluid
fraction of a quantum fluid as a function of temperature. Both
H2 and 4He superfluidities in the 4He-H2-C20 complexes are
computed using an area estimator [33]:

f s
α = 4m2

〈
A2

α

〉
kBT

�2I cl
α

, (1)

where m is the mass of a 4He atom or a H2 molecule, I cl
α is the

classical moment of inertia, and Aα is the area of a Feynman
path projected onto a plane perpendicular to the principal axis
x̂α . This estimator for the superfluid fraction has non-negligible
values only when the sizes of exchange-coupled paths are
comparable to the system size [33].

III. PIMC RESULTS

With the H2-C20 potential described above, We first
performed the PIMC calculations for H2 molecules adsorbed
on C20. We found that the first hydrogen layer is completed
with 32 H2 molecules, whose angular and radial density
distributions are shown in Figs. 1(a) and 1(b), respectively.
One can see 32 distinct density peaks located at the angular
positions corresponding to 12 pentagon centers (P sites) and
20 carbon sites (C sites) on the C20 molecular surface. The
same commensurate structure was also observed in the 4He
monolayer on C20. While the first 4He layer on C20 was shown
to exhibit the nanoscale supersolidity induced by mobile
vacancies near its completion, we observed no superfluidity
in the first H2 layer on C20, regardless of the number of
H2 molecules. This distinction between the H2 and the 4He
adlayers could be understood by the fact that the H2-C20

interaction has a potential barrier much higher than that of the
4He-C20 interaction. Since the global minima of the H2-C20

potential are located in the directions of the P sites and the
C sites involve only its saddle points, 12 H2 molecules at
the P sites are expected to be more tightly bound to C20

than 20 H2 molecules at the C sites. This is confirmed in
Fig. 1(b), where the dotted (dot-dashed) line represents the
radial density profile of H2 molecules at the P (C) sites. We
note that the same icosahedral structure consisting of 32 H2

molecules, a pentakis dodecahedron, was recently observed
through high-resolution mass spectroscopic measurements for
H2 clusters doped by a single C+

60 cation [21]. However, unlike
the (H2)32-C+

60 complex where each of 32 adsorption sites
on the C60 molecular surface, 12 pentagon centers and 20
hexagon centers, accommodates a single H2 molecule, all 32
lattice sites on the surface of C20 are not the adsorption sites
predetermined by the substrate potential. This tells us that the
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FIG. 1. (Color online) (a) Angular and (b) radial density distri-
butions of 32 H2 molecules adsorbed on C20. The vertical axis and the
horizontal axis in panel (a) correspond to the cosine of the polar angle
θ and the azimuthal angle φ while the characters C and P represent
the angular positions of the carbon atoms and those of the pentagon
centers, respectively. The solid line in panel (b) represents the total
density distribution and the dotted (dot-dashed) line corresponds to
the density distribution of 12 (20) H2 molecules located at the P sites
(C sites).

H2-H2 interaction as well as the H2-substrate interaction plays
a crucial role in realizing this crystalline structure, shown in
Fig. 1(a).

We now study the adsorption of 4He atoms on C20 plated
with 32 H2 molecules. The radial density profiles of H2

molecules (dotted line) and 4He atoms (solid and dashed lines)
with respect to the C20 molecular center are shown in Fig. 2(a)
for different numbers of 4He adatoms N . The 4He density
peaks are found to be located at a distance of R ∼ 8.2 Å
from the C20 molecular center or ∼2.8 Å from the peak
position of the H2 density distribution. We note that the H2

layer is well separated from the outer 4He layers with little
overlap between them. This indicates that even with quantum
fluctuations of both 4He and H2 being fully incorporated in the
PIMC calculations, 4He atoms cannot penetrate into the H2

layer nor replace H2 molecules from the immediate vicinity
of C20.

Figure 2(b) shows the energy per 4He atom of the first 4He
layer adsorbed on the H2-plated C20 as a function of N , which
was estimated by subtracting the energy of the (H2)32-C20

complex from the total energy of the entire (4He)N -(H2)32-C20

system. The binding energy of a single 4He atom to the
(H2)32-C20 complex is estimated to be −16.1(6) K, which
is close to the experimentally measured 4He binding energy

FIG. 2. (Color online) (a) Radial density distributions of 32 H2

molecules (dotted line) and N 4He atoms (solid and dashed lines) in
the (4He)N -(H2)32-C20 complex as a function of the distance from the
center of C20 and (b) the total energy per 4He atom of the 4He layer
adsorbed on the H2-plated C20 surface in units of kelvin. The PIMC
calculations were done at T = 0.6 K and the dotted line in panel
(b) is just a guide to the eye.

(16 ± 2 K) to liquid molecular hydrogen [35] as well as
to a theoretical binding energy of 15.5 K [36] for a single
4He adatom on bulk solid H2. As shown in Fig. 2(b), the
energy per 4He atom decreases monotonically as the number
of 4He atoms increases from N = 1 to N = 30 while it keeps
increasing with the increase of the number of 4He atoms
beyond N = 30. The lowest-energy configuration of the 4He
layer, the most energetically stable state, occurs at N = 30.
The decrease of the energy per particle with the increase of N

for N < 30 suggests that 4He atoms are congregated together
to form clusters at low helium coverages, rather than fluids
dispersed evenly over the near-spherical H2-plated C20 surface,
because the 4He-substrate interaction is not strong enough to
spread the 4He atoms throughout the surface. At high enough
helium coverages beyond N = 30, these clusters are connected
with each other to become homogeneous 4He films, which is
reflected by the increase in the energy per particle for N > 30.

The structural properties of the 4He layer adsorbed on a
H2-preplated C20 are now investigated by analyzing its angular
density distributions, which are shown in Fig. 3 for different
numbers of 4He adatoms N . For N = 10, the 4He angular
density distribution shows that 10 4He adatoms are not spread
out over the whole spherical surface but are congregated in a
limited region, confirming the cluster formation conjectured
in the energetic analysis. One can see that the density peaks
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FIG. 3. (Color online) Contour plots of angular density distributions of N 4He atoms adsorbed on the surface of an (H2)32-C20 complex
for (a) N = 10, (b) N = 30, (c) N = 60, and (d) N = 80. The horizontal axis corresponds to the azimuthal angle φ and the vertical one to
the cosine of the polar angle θ . The white dots represent the peak positions of the underlying H2 layer and the characters C and P correspond
to the angular positions of the carbon atoms and those of the pentagon centers of C20, respectively. The PIMC calculations were performed at
T = 0.6 K and all contour plots are in the same color scale denoted by the color table in the upper right-hand corner.

of 32 H2 molecules are no longer located at the C and P

sites [see the white dots in Fig. 3(a)], indicating that the
uneven distribution of 4He atoms changes the structure of
the underlying H2 layer. Despite stronger binding of H2 to
C20 than 4He, the underlying H2 layer does not remain rigid
during the 4He adsorption process, which reflects that some of
the original lattice sites, i.e., C sites, for 32 H2 molecules are
not potential minima of the H2-C20 interaction. For N = 30
where the helium adlayer has the lowest energy per 4He atom,
one can observe 30 well-distinct density peaks constituting
the vertices of 20 triangles on the spherical surface, each of
which is centered at one of the underlying H2 density peaks
[see Fig. 3(b)]. The angular positions of the density peaks for
N = 30 correspond to the vertices of an icosidodecahedron,
an Archimedean solid whose surface consists of 12 pentagons
and 20 corner-sharing triangles as shown in Fig. 4(a). As noted
by Rousochatzakis et al. [37], this icosidodecahedron struc-
ture is a finite-size zero-dimensional realization of a planar
Kagomé lattice on the spherical surface. A striking anomaly in
the differential susceptibility observed recently in the giant
Keplerate magnetic molecule of Mo72Fe30, which features
30 Fe3+ ions on the vertices of an icosidodecahedron, was
interpreted as a manifestation of frustrated antiferromagnetism
due to the topological property of a polytope assembled with
corner-sharing triangles [38]. From this we propose that a
geometrically frustrated antiferromagnetism could be realized
in the fermionic counterpart of this 4He layer, i.e., a 3He layer
adsorbed on the (H2)32-C20 complex.

As the number of 4He atoms increases beyond N = 30,
the helium layer is found to go through fluid states consisting
of delocalized 4He adatoms until another highly symmetric
structure is observed at N = 60. Despite significant density
overlap which is due to quantum fluctuations of 4He atoms
including particle exchanges, one can clearly see 60 density
peaks in the angular density distribution for N = 60 [see
Fig. 3(c)]. The angular positions of these density peaks
correspond to the vertices of a truncated icosahedron of
Fig. 4(b) on the spherical surface, the same structure as a
buckminsterfullerene of C60. Each of 60 4He density peaks
is located at the center of a triangle consisting of three H2

molecules, leading us to call this truncated icosahedron a

FIG. 4. (Color online) Three-dimensional plots of buckyball
structures of N 4He atoms [red (gray) solid dots] in the (4He)N -
(H2)32-C20 complexes for (a) N = 30 (icosidodecahedron), (b) N =
60 (truncated icosahedron), and (c) N = 80 (hexakis truncated
icosahedron). The blue open dots and the gray-colored inner structure
represent 32 H2 molecules and a C20 molecule, respectively.
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FIG. 5. (Color online) Superfluid fractions of the 4He layer on
the surface of the (H2)32-C20 complex as a function of the number of
4He atoms N at T = 0.6 and 1.2 K. The dotted lines are just a guide
to the eye.

1 × 1 commensurate structure with respect to the underlying
hydrogen layer. Noting that the same buckyball structure was
not observed in the second 4He adlayer on top of the first 4He
layer on C20 [39], we conclude that the H2-4He interaction,
which is stronger than the 4He-4He interaction, plays a crucial
role in realizing this icosahedral structure. In Fig. 3(d) for
N = 80, one can find the additional density peaks located at
the 20 hexagon centers of the truncated icosahedron structure.
We call this structure, whose three-dimensional plot is shown
in Fig. 4(c), a hexakis truncated icosahedron. Unlike the cases
for N � 30, the underlying hydrogen layer for N = 60 and 80
preserves the pentakis dodecahedron structure commensurate
with the C20 molecular surface [see the white dots in Figs. 3(c)
and 3(d)]. This tells us that as the 4He layer is filled with more
4He atoms, the density distribution of the outer 4He layer
becomes more symmetric and does not disturb the structure
of the inner H2 layer. It is also found that the truncated
icosahedron structures of Figs. 3(c) and 3(d) for N = 60 and 80
4He atoms are more robust than the N = 30 icosidodecahedron
structure of Fig. 3(b) against some defects in the underlying
H2 layer, i.e., when one H2 molecule in the H2 layer is replaced
with a 4He atom.

We now analyze the relation between different structures
of the 4He monolayer on the H2-plated C20 surface and its
superfluid response. Figure 5 shows the superfluid fraction of
the helium layer as a function of the number of 4He adatoms
N , which were computed using the area estimator of Eq. (1).
For N � 40, the superfluid fractions are negligible at both
T = 0.6 and 1.2 K, suggesting that with a small number
of 4He atoms, exchange coupling among 4He atoms takes
place only locally and macroscopic exchanges spanning the
whole spherical surface rarely, if ever, occur. This is consistent
with the observation that the 4He atoms form clusters,
rather than a homogeneous fluid, at low helium coverages.
In addition, we note that for N = 30, where the helium

atoms form an icosidodecahedron structure, the superfluid
response is negligible. As the number of 4He adatoms increases
beyond N = 40, one can observe a rapid increase of the
superfluid fraction, reaching near the unit value for N = 50,
at a temperature of T = 0.6 K while it remains negligible at
T = 1.2 K. Though the superfluid fraction remains significant
at T = 0.6 K with further increase of the number of 4He atoms
beyond N = 50, one can see its noticeable suppression at
N = 60 and 80. This suggests that the exchange couplings
among 4He atoms are hindered in the compact icosahedron
structures of Figs. 4(b) and 4(c) because of the decreased 4He
mobilities.

IV. CONCLUSIONS

From the PIMC calculations for the (4He)N -(H2)32-C20

complexes, we have found that the 4He monolayer adsorbed
on the H2-plated C20 molecular surface exhibits various
quantum states as the number of 4He atoms N changes. In
particular, the structural analysis along with the energetic
analysis showed that three different buckyball structures with
the icosahedral symmetry could be realized in the 4He layer
at low temperatures; the smallest buckyball structure of an
icosidodecahedron, formed by 30 4He atoms located at the
vertices of 20 corner-sharing triangles, was found to be
the lowest-energy state for the 4He layer while more dense
helium buckyballs of truncated icosahedra were observed at
N = 60 and 80. The icosidodecahedron structure, each of
whose lattice points is shared by two neighboring triangles,
is a zero-dimensional realization of a planar Kagomé lattice
on the spherical surface. The angular density distributions
whose peaks are well connected through the density overlap,
especially for N = 60 and 80, reflect that these helium
buckyballs are bound through weak van der Waals interaction
and are not as rigid as a fullerene molecule consisting of
covalent-bonded carbon atoms. Significant superfluid fractions
observed at T = 0.6 K for N = 60 and 80, albeit being
suppressed noticeably from the unit value, indicate prevalent
exchange couplings among 4He atoms constituting these
buckyballs. These lead us to conclude that the polyhedron
structures exhibited by N = 30, 60, and 80 4He adatoms on a
H2-plated C20 are quantum buckyballs. Finally we conjecture
that a geometrically frustrated antiferromagnetism could be
realized in the icosidodecahedron structure consisting of 30
fermionic 3He atoms adsorbed on a H2-plated C20.
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