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of wakefields in dusty plasmas
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The method of symbolic transfer entropy has been applied to analyze the behavior of charged-particle systems
under the influence of an ion focus (wakefield) in a dusty plasma. Using long-run experiments under various
plasma and trapping conditions, it is revealed from the transfer entropy that information is transported from the
upper particle in an ion flow to the lower. The information transfer increases with smaller interparticle distance
and with reduced height in the sheath. This can be consistently explained by the formation of the ion focus by
an ion flow in the sheath. From the analysis of two-particle and many-particle systems, the symbolic entropy
transfer can be judged as a reliable measure for information asymmetry, and hence interaction asymmetry, in

dusty plasma systems.
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Directed processes usually drive asymmetries in physical
systems. An example is the formation of an ion focus
(or wakefield) in particle-containing, “dusty,” plasmas with
directed, streaming ions. Since dusty plasmas allow to measure
the full dynamical properties of the individual particles on the
kinetic level over long times, these systems are ideal to extract
statistical information from the particles’ motion. Here, by
exploiting techniques from information theory, namely, the
(symbolic) transfer entropy, we will measure the asymmetry
of the particle interaction due to the ion focus.

Dusty plasma usually consist of highly charged micro-
spheres that acquire a (negative) charge due to the continuous
inflow of plasma electrons and ions. Because of their high
charge the dust-dust interaction is strongly coupled [1-3].
The spatial and temporal scales of the dust motion allow
for a detailed observation by video microscopy [4] where the
particle motion can be resolved on the microscopic dynamic
level.

The particles are usually trapped in a region with streaming
ions, such as the space charge sheath. There, downstream
of the particles an ion focus or wakefield is formed [5-22]:
The streaming ions are deflected in the electric field of the
negatively charged particle and are scattered into a region
downstream of the dust particle forming an enhanced positive
charge, there. It has been found from theory, simulations, and
experiments that the interaction between two dust particles at
different heights in the sheath is not reciprocal, but asymmetric
in that the downstream particle feels an attractive force due
to the ion focus of the upstream particle, but the upstream
particle is repelled from the downstream one [8-10,18,23-26].
Moreover, the wakefield of the upstream particle affects the
charging properties of the downstream particle due to the
modified ion streaming motion [27-29].

However, there has been no attempt yet to detect the
asymmetry in the particle interaction from a statistical,
probabilistic measure using the detailed microscopic dynamic
information of the particles’ motion. Here we will apply
the symbolic transfer entropy (STE) to determine driving
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and responding particles from time series A; and B; of
different particles in an ion stream. Transfer entropy has
been used in various systems ranging from physiology to
climate science [30-33] to detect influences, or even causality,
between different agents. Hence, it is reasonable to try STE to
detect dependencies in the wakefield interaction between dust
particles. To reduce contributions of noise in the time series,
the symbolic representation of the time series [34] has been
proven successful for the analysis of transfer entropy [33]. In
this STE, not the time series A;, B; themselves are used, but
their symbolic representations determined from ordering the
amplitude values of these time series.

Following Refs. [33,34], we start from a time series
A; = {a;} with the amplitude values a; recorded at sam-
pling instance i. Given an embedding dimension m and a
delay ¢ the amplitude values are combined to {a(i),a(i +
£),...,a(i + (m — 1)¢)}, giving a sequence of length m for
each instance i. These sequences are then sorted in as-
cending order {a(i + (k;; — 1)) < ali + (ki — D] < --- <
ali + (ki — 1)€]}. A symbol then denotes the order indices
a; = (ki1,kin, . . . ki) thus mapping this sequence onto one of
the possible m! permutations of the numbers 1 to m reflecting
the successive order of the amplitude values. This is done
analogously for the time series B; = {b;}. From these symbols
then the symbolic transfer entropy is defined as

s A A g p(aiy11d;,b;)
Tps= Z p(@iy1,4;,b;)log —————,
= p(ait1la;)
Qjy1,4;,b;

)

that describes the information transfer from the time series B;
to A;. Here p(&i+1,éi,5i) is the joint probability of finding
the symbols 4; ) at instant i 4+ 1 together with @; and 51’ at
instant i. Further, p(d;,, |&i,13i) is the conditional probability
of finding the symbol @, at instant i 4 1 under the condition
that we have @; and 13,- at instant i. Equivalently, p(d;+/a;) is
the conditional probability to find d;+; with 4; given at instant
i. This can be interpreted as the Shannon-like entropy that is
found for finding ;4 at the instant i 4+ 1 under the knowledge
of both &; and b; at instant i tested against the consecution of
dj+1 from G; alone. This STE defines an asymmetric measure
that describes the additional amount of information gained
(or required) to represent the next observation d;; from the
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FIG. 1. (Color online) Particle trajectories of the two-particle
system at discharge powers of (a) 1.2 W, (b) 1.4 W, and (c) 1.6 W at
a gas pressure of 8 Pa. Directionality index TS in false colors for the
three situations at (d) 1.2, (e) 1.4, and (f) 1.6 W. The directionality

index is calculated taking the x, y and z coordinate of the upper versus
the coordinates of the lower particle.

previous observation @; and the input from b;. Hence, this
quantifies the influence of B; on A;.

Using the analogous definition of the STE T AH g from A;
to B;, the directionality index of the STE can be defined as
[33]

TS =T5 4 — T, 2)
where TS > 0 when A is the driver and B is the responding
system (analogously 7% < 0 for B being the driver and A
responding). In order to test the asymmetry in the interaction
between upstream and downstream dust particle in an ion flow
we will calculate the directionality index 75 for time series A;
and B; from the dust particle trajectories in a streaming plasma
environment [35].

The experiments on the dust systems have been performed
in a capacitively coupled radio-frequency ( frr = 13.56 MHz)
discharge in argon described in detail elsewhere [36-38].
Melamine-formaldehyde microspheres of 4.86 um diameter
are trapped inside a cubic glass box that provides a harmonic
three-dimensional confinement for the particles [39]. The
particle motion is followed in three dimensions using a
stereoscopic camera setup [37], and time series of 20 000 to
100 000 frames at a frame rate of 100 Hz have been recorded.
Gas pressures were varied between 4 and 8 Pa, and the rf power
ranged between 0.8 W and 2.2 W.

We start with the simplest system of two trapped particles.
Figure 1(a)—(c) shows the particle trajectories of the two-
particle system at 8 Pa and different rf powers. The particles
are vertically aligned as can be expected from the action of
the ion focus. The particles just move under the influence of
their thermal Brownian motion and their mutual (ion-focus
mediated) interaction. The trajectories show similar behavior

RAPID COMMUNICATIONS

PHYSICAL REVIEW E 89, 041103(R) (2014)

(a) ® 4P
04 % = GPZ
¢ 8pa
03 .
¢
(/7|_§<< 0.2 g
DD.I:I.
0.1 :qjﬂ
° EB.
0 0\ B 2 =iy

0 0.2 0.4 0.6 0.8 10 15 25 30
interparticle distance (mm) height above electrode (mm)

FIG. 2. (Color online) Directionality index T3 for the x compo-
nents of the upper and lower particle trajectory. In (a) T3 is shown
as a function of interparticle distance, whereas in (b) it is given as a
function of height above the lower electrode. The particle trajectories
of the outlier in (a) and (b), which is marked by the arrow, are shown
as an inset.

in the three cases; only the vertical distance between the
particles is reduced with increasing plasma power.

For these situations, the STE and the associated direction-
ality indices have been calculated from Eqs. (2) and (1); see
Fig. 1(d)—(f). There we have taken the x, y, and z coordinate
of the particle trajectory of the upper particle as the time series
A and those of the lower particle as time series B.

It can be seen that information transfer only occurs between
the same coordinates Xypr VEISUS Xigw, Yup VETSUS Yiow, and
Zup VEISUS Zlow. All other components are essentially zero.
Further, the diagonal elements 73 and TS are almost equal and

increase with increasing plasma power from T)SV ~ (.11

at 1.2 W via T3 ~0.21 at 1.4 W to TS 040 whereas
the component TS ~ (.13 remains relatlvely constant [40].
Most important, all the diagonal elements T}, T, and T3
are clearly larger than zero. This demonstrates that there is a
directed transfer of information from the upper to the lower
particle (otherwise T would be smaller than zero). Hence,
this supports that the interaction between upper and lower
particle can be described by a nonreciprocal interaction where
the upper particle forms the ion focus and the lower reacts to
this ion focus without reaction of the upper particle.

To study the effects of the plasma properties on the STE
such two-particle systems have been studied under different
rf powers and gas pressures. Also, the thermophoretic force
to levitate the particles against gravity has been varied. This
allows us to trap the two particles at different heights in the
plasma sheath and at different vertical interparticle distances
in order to judge the influence of the ion focus strength on
the STE. The results of this survey are shown in Fig. 2
for the directionality index T2 using the x coordinates of
upper and lower particle, only. Since no clear trend for the
behavior of T3 is seen as a function of rf power or gas
pressure, the directionality index is given as a function of
vertical interparticle distance in Fig. 2(a) and height above
the electrode in Fig. 2(b). There clearly the information
transfer increases with decreased interparticle distance. The
gas pressure has only a little influence. This is understandable
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FIG. 3. (Color online) Particle trajectories of a three-particle
system at discharge powers of (a) 0.8 W, (b) 1.2 W, and (c) 1.6 W
at a gas pressure of 6 Pa together with the directionality index 75 in
false colors. The directionality index is calculated taking the x and y
coordinates of the three particles against each other. The color bar is
nearly the same as in Fig. 1.

since at closer vertical distance the influence of the ion focus of
the upper particle becomes stronger. Further, with decreased
height above the electrode the directionality index T3 also
increases, at least for gas pressures of 6 and 8 Pa; for the case
of 4 Pa the trend is not that clear. This behavior is evenly
reasonable, since, when at constant pressure the particles are
located closer to the electrode, i.e., deeper in the sheath, the
ion streaming motion can be assumed to increase, and the ion
focus is then strengthened at least up to a certain streaming
velocity of the order of the Bohm velocity [19,41]. Whether
the somewhat different behavior of the measurements at a gas
pressure of 4 Pa can be attributed to the fact that here already
the ion focus strength decreases with increasing ion streaming
velocity cannot be answered.

An interesting fact can be illustrated by the apparent outlier
in Fig. 2(a) and 2(b), which is marked by the arrow. There the
entropy transfer is found to be nearly vanishing. This data point
corresponds to very small interparticle distance of the order
of 0.1 mm and a relatively small height above the electrode
of only 15 mm. The peculiar trajectory of this particle pair is
shown in Fig. 2 as an inset from which it is seen that here
the upper particle moves in a circle whereas the the lower is
more or less stationary. In all other situations the particles are
vertically aligned (as in Fig. 1). This indicates that the STE can
serve as reliable indicator for determining vertically aligned
situations with asymmetric interactions.

Extending these investigations, we will now study three-
particle systems at different discharge powers; see Fig. 3. For
the lower powers, we find three vertically aligned particles;
for the highest discharge power, a triangular system is seen,
where the uppermost and the lowermost particle are vertically
aligned (particles 1 and 3). For these systems the directionality
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FIG. 4. (Color online) (a) Directionality index 75 in false colors
for a system with 30 particles (color bar as in Fig. 1). Here, the
x-time series of all particles are calculated against each other. The
particle number is counted from top to bottom. (b) Trajectories of the
30 particle system. See text for details.

index is calculated using the x and y coordinates of the particles
against each other (obviously 75 = 0 when using the same
time series as input for A; and B;, hence the diagonal elements
of the directionality matrix are exactly zero). Starting with the
situation at 1.2 W [see Fig. 3(b)], one finds high positive values
for TS at particle 1 influencing particle 2 (in both x — x and
y — y coordinates), as well as particle 2 influencing particle
3 (in both x — x and y — y coordinates). So the information
transfer is stepwise from the upper to the lower particle in
this vertically aligned chain. The same behavior is seen for
0.8 W in Fig. 3(a), however, somewhat less pronounced.
For the triangular case in Fig. 3(c) one finds the dominant
contributions for entropy transfer from 1 — 3, but not for
1 — 2, again substantiating that the direct vertical interaction
is decisive. This is in perfect agreement with an analysis using
(instantaneous) normal modes under the influence of an ion
focus [22].

Finally (see Fig. 4) in an even larger system of 30 particles,
the directionality index T3 is determined for the x — x
interaction of all particles against each other (also here the
diagonal elements are zero). The particles are counted here
from top to bottom along their (vertical) z coordinate. It
is now seen that almost only the upper triangular part of
the directionality matrix shows positive values. This clearly
indicates that the information flow is from top to bottom (since
the particle countis also arranged this way). As an example, the
maximum value for the STE is found for particle 12 influencing
particle 19 (marked by the arrow). Now, these two particles
are also highlighted in the trajectories of the 30-particle cluster
in Fig. 4(b), and they are found to be vertically aligned and
positioned just atop of each other substantiating that the STE
serves as a powerful indicator of vertical alignment.

To summarize, we have demonstrated that the symbolic
transfer entropy that has been used for statistical interpretation
of information transport from a driving to a responding
agent in other systems can be successfully applied to the
asymmetry introduced by the ion focus (wakefield) interaction
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in dusty plasmas. The STE reveals that indeed information is
transported from an upper particle in an ion flow to a lower.
The information transfer increases with decreased interparticle
distance and trapping height in the plasma sheath, which can
be reasonably explained by the ion flow and its role in the
formation of the ion focus. This technique is also reliably
applicable to larger particle clusters and will open up new
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directions for the statistical interpretation of the asymmetric
interactions in dusty plasmas.
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