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Topological implications of negative curvature for biological and social networks

Réka Albert”
Department of Physics, Pennsylvania State University, University Park, Pennsylvania 16802, USA

Bhaskar DasGupta' and Nasim Mobasheri*
Department of Computer Science, University of Illinois at Chicago, Chicago, Illinois 60607, USA
(Received 11 September 2013; revised manuscript received 16 February 2014; published 24 March 2014)

Network measures that reflect the most salient properties of complex large-scale networks are in high demand
in the network research community. In this paper we adapt a combinatorial measure of negative curvature (also
called hyperbolicity) to parametrized finite networks, and show that a variety of biological and social networks
are hyperbolic. This hyperbolicity property has strong implications on the higher-order connectivity and other
topological properties of these networks. Specifically, we derive and prove bounds on the distance among shortest
or approximately shortest paths in hyperbolic networks. We describe two implications of these bounds to crosstalk
in biological networks, and to the existence of central, influential neighborhoods in both biological and social

networks.

DOI: 10.1103/PhysRevE.89.032811

I. INTRODUCTION

For alarge variety of complex systems, ranging from the In-
ternet to metabolic networks, representation as a parametrized
network and graph theoretical analysis of this network have
led to many useful insights [1,2]. In addition to established
network measures such as the average degree, clustering
coefficient or diameter, complex network researchers have
proposed and evaluated a number of novel network measures
[3-6]. In this article we consider a combinatorial measure of
negative curvature (also called hyperbolicity) of parametrized
finite networks and the implications of negative curvature on
the higher-order connectivity and topological properties of
these networks.

There are many ways in which the (positive or negative)
curvature of a continuous surface or other similar spaces
can be defined depending on whether the measure is to
reflect the local or global properties of the underlying space.
The specific notion of negative curvature that we use is an
adoption of the hyperbolicity measure for an infinite metric
space with bounded local geometry as originally proposed by
Gromov [7] using a so-called “four-point condition.” We adopt
this measure for parametrized finite discrete metric spaces
induced by a network via all-pairs shortest paths and apply it to
biological and social networks. Recently, there has been a surge
of empirical works measuring and analyzing the hyperbolicity
of networks defined in this manner, and many real-world
networks were observed to be hyperbolic in this sense. For
example, preferential attachment networks were shown to be
scaled hyperbolic in [8,9], networks of high power transceivers
in a wireless sensor network were empirically observed to have
a tendency to be hyperbolic in [10], communication networks
at the IP layer and at other levels were empirically observed
to be hyperbolic in [11,12], extreme congestion at a very
limited number of nodes in a very large traffic network was

“ralbert @phys.psu.edu
tdasgupta@cs.uic.edu
fnmobas2 @uic.edu

1539-3755/2014/89(3)/032811(19)

032811-1

PACS number(s): 89.75.Hc, 87.18.Mp, 87.18.Cf, 87.18.Vf

shown in [13] to be caused due to hyperbolicity of the network
together with minimum length routing, and the authors in [14]
showed how to efficiently map the topology of the Internet to
a hyperbolic space.

Gromov’s hyperbolicity measure adopted on a shortest-path
metric of networks can also be visualized as a measure of
the “closeness” of the original network topology to a tree
topology [15]. Another popular measure used in both the
bioinformatics and theoretical computer science literature
is the treewidth measure first introduced by Robertson and
Seymour [16]. Many NP-hard problems on general networks
admit efficient polynomial-time solutions if restricted to
classes of networks with bounded treewidth [17], just as several
routing-related problems or the diameter estimation problem
become easier if the network has small hyperbolicity [18-21].
However, as observed in [15], the two measures are quite
different in nature: “The treewidth is more related to the least
number of nodes whose removal changes the connectivity of
the graph in a significant manner whereas the hyperbolicity
measure is related to comparing the geodesics of the given
network with that of a tree.” Other related research works
on hyperbolic networks include estimating the distortion
necessary to map hyperbolic metrics to tree metrics [22]
and studying the algorithmic aspects of several combinatorial
problems on points in a hyperbolic space [23].

II. HYPERBOLICITY-RELATED DEFINITIONS
AND MEASURES

Let G = (V,E) be a connected undirected graph of n > 4
nodes. We will use the following notations:

(1) u«v&v denotes a path P = (u = ug,uy,...,ug_1,
ur = v) from node u to node v and £(#) denotes the length
(number of edges) of such a path.

2) uihfﬁuj denotes the subpath (u;,u;+1, ..
from u; to u;.

.,Mj) of P

3) u «~v denotes a shortest path from node u to node v
of lengthd, , = ¢(u o v).
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TABLE 1. Hyperbolicity and diameter values for biological networks.

. + st (G)

Network id Ref. Average degree 31.(G) Sworst(G) D o
2

1. E. coli transcriptional [26] 1.45 0.132 2 10 0.400
2. Mammalian signaling [27] 2.04 0.013 3 11 0.545
3. E. coli transcriptional [28] 1.30 0.043 2 13 0.308
4. T LGL signaling [29] 2.32 0.297 2 7 0.571
5. 8. cerevisiae transcriptional [30] 1.56 0.004 3 15 0.400
6. C. elegans metabolic [31] 4.50 0.010 1.5 7 0.429
7. Drosophila segment polarity [32] 1.69 0.676 4 9 0.889
8. ABA signaling [33] 1.60 0.302 2 7 0.571
9. Immune response network [34] 2.33 0.286 1.5 4 0.750
10. T-cell receptor signalling [35] 1.46 0.323 3 13 0.462
11. Oriented yeast PPI [36] 3.11 0.001 2 6 0.667

We introduce the hyperbolicity measures via the four-
node condition as originally proposed by Gromov. Consider
a quadruple of distinct nodes' uy,us,uz,us, and let 7w =
(ry,my,m3,m4) be a permutation of {1,2,3,4} denoting a
rearrangement of the indices of nodes such that

Sul,uz,u},m = d”:rlau:Q + duﬂ3su7r4
< My, iz 3,5 = d

X UgyUnsy
< Luls”23”3au4 = dunl REA

+du
+du

yoly

7oty ?

Lujuyuzug=Muyuyuz B
andlets; = =~= o Considering all com-
binations of four nodes in a graph one can define a worst-case
hyperbolicity [7] as

Sho(G) = max {5}

Uy, Uy, Uz, U }’
RN 1,U2,U3, U4

and an average hyperbolicity as

1
S;e(G) = (n) z : 8:_1#2,143,'44'
4

Uy U, U3, U4

Note that §;.(G) is the expected value of 8 = when
the four nodes u;,u,,us,us are picked independently and
uniformly at random from the set of all nodes. Both 8.}, (G)
and §;.(G) can be trivially computed in O(n*) time for any
graph G.

A graph G is called § hyperbolic if 8}, (G) < 8. If § is
a small constant independent of the parameters of the graph,
a §-hyperbolic graph is simply called a hyperbolic graph. It
is easy to see that if G is a tree then 87, (G) = §;.(G) = 0.
Thus all trees are hyperbolic graphs.

The hyperbolicity measure 8, considered in this paper
for a metric space was originally used by Gromov in the context
of group theory [7] by observing that many results concerning
the fundamental group of a Riemann surface hold true in a
more general context. 8,7 is trivially infinite in the standard
(unbounded) Euclidean space. Intuitively, a metric space has

a finite value of 8, if it behaves metrically in the large scale

'If two or more nodes among uj,u,,us,us are identical, then
st = 0 due to the metric’s triangle inequality; thus it suffices
1,U2,U3,Uq

to assume that the four nodes are distinct.

as a negatively curved Riemannian manifold, and thus the
value of 8], can be related to the standard scalar curvature
of a hyperbolic manifold. For example, a simply connected
complete Riemannian manifold whose sectional curvature

is below o < 0 has a value of 8., that is, O((v/—a) )
(see [24)).

In this paper we first show that a variety of biologi-
cal and social networks are hyperbolic. We formulate and
prove bounds on the existence of path chords and on the
distance among shortest or approximately shortest paths in
hyperbolic networks. We determine the implications of these
bounds on regulatory networks, i.e., directed networks whose
edges correspond to regulation or influence. This category
includes all the biological networks that we study in this
paper. We also discuss the implications of our results on
the region of influence of nodes in social networks. Some
of the proofs of our theoretical results are adaptation of
corresponding arguments in the continuous hyperbolic space.
All the proofs are presented in the appendix for the sake of
completeness.

III. RESULTS AND DISCUSSION

Section IITA examines in detail the hyperbolicity of an
assorted list of diverse biological and social networks. The
remaining subsections of this section, namely Secs. IIIB-IIIE,
state our findings on the implications of hyperbolicity of a
network on various topological properties of the network. For
Secs. IIID and IIIE, we first state our findings as applicable
for biological or social networks, followed by a summary of
formal mathematical results that led to such findings. Because
the precise bounds on topological features of a network as a
function of hyperbolicity measures are quite mathematically
involved, we discuss these bounds in a somewhat simplified
formin Secs. IIIB-IIIE, leaving the precise bounds as theorems
and proofs in the Appendix.

A. Hyperbolicity of real networks

We analyzed 20 well-known biological and social networks
(see Supplemental Material [25]). The 11 biological networks
shown in Table I include three transcriptional regulatory,
five signaling, one metabolic, one immune response, and
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TABLE II. Hyperbolicity and diameter values for social networks.

. + st (G)

Network id Ref. Average degree 8h.(G) Sworst (G) D o
2

1. Dolphins social network [37] 5.16 0.262 2 8 0.750
2. American College Football [38] 10.64 0.312 2 5 0.800
3. Zachary Karate Club [39] 4.58 0.170 1 5 0.400
4. Books about US Politics [40] 8.41 0.247 2 7 0.571
5. Sawmill communication [41] 3.44 0.162 1 8 0.250
6. Jazz musician [42] 27.69 0.140 1.5 6 0.500
7. Visiting ties in San Juan [43] 3.84 0.422 3 9 0.667
8. World Soccer data, 1998 [44] 3.37 0.270 2.5 12 0.286
9. Les Miserable [45] 6.51 0.278 2 14 0.417

one oriented protein-protein interaction networks. Similarly,
the nine social networks shown in Table II range from
interactions in dolphin communities to the social network
of jazz musicians. The hyperbolicity of the biological and
directed social networks was computed by ignoring the
direction of edges. The hyperbolicity values were calcu-
lated by writing codes in C using standard algorithmic
procedures.

As shown in Tables I and II, the hyperbolicity values of
almost all networks are small. If D = max, ,{d, ,} is the
diameter of the graph, then it is easy to see that 8] (G) < %),
and thus small diameter indeed implies a small value of
worst-case hyperbolicity. As can be seen in Tables I and II,
8ot (G) varies with respect to its worst-case bound of % from

25% of % to no more than 89% of %, and there does not seem

to be a systematic dependence of §;,.(G) on the number of

nodes (which ranges from 18 to 786), edges (from 42 to 2742),
or on the value of the diameter D.

For all the networks 8} .(G) is one or two orders of
magnitude smaller than 8] . (G). Intuitively, this suggests
that the value of 8;,.(G) may be a rare deviation from
typical values of 8 , . . that one would obtain for most
combinations of nodes {u,us,us,us}.

We additionally performed the following rigorous tests for

hyperbolicity of our networks.

J

number of subset of four nodes {u;,u ,uy,u.} such that §

1. Checking hyperbolicity via the scaled hyperbolicity approach

An approach for testing hyperbolicity for finite graphs
was introduced and used via “scaled” Gromov hyperbolicity
in [9,11] for hyperbolicity defined via thin triangles and in [46]
for hyperbolicity defined via the four-point condition as used in
this paper. The basic idea is to “scale” the values of 6, , . .
by a suitable scaling factor, say fi,, u,us,us> SUch that there
exists a constant 0 < ¢ < 1 with the following property:

+

. . 8” Uy ,u3.u . .
(1) The maximum achievable value of //«124 is € in the
u,ugu3,ug

standard+hyperbolic space or in the Euclidean space, and

(2) i‘lzzﬁ goes beyond ¢ in positively curved spaces.

We use the notation Dy, u,.us,u, = MaX;, je(1,2,3,4{du;u;} 1O
indicate the diameter of the subset of four nodes u;,u,,u3, and
u4. By using theoretical or empirical calculations, the authors
in [46] provide the bounds shown in Table III.

We adapt the criterion proposed by Jonckheere, Lohsoon-
thorn, and Ariaei [46] to designate a given finite graph as
hyperbolic by requiring a significant percentage of all possible
subsets of four nodes to satisfy the ¢ bound. More formally,
suppose that G has ¢ connected components containing
ni,ny, ...,n; nodes, respectively (Z’jzl nj=n).Let0 <n <
1 be a sufficiently high value indicating the confidence level
in declaring the graph G to be hyperbolic. Then, we call our
given graph G to be (scaled) hyperbolic if and only if

Y
>
Ui Uj, U, g €

AY(G)

number of all possible combinations of four nodes that contribute to hyperbolicity

number of subset of four nodes {u;,u ;,ux,u.}

such that §Y

> €
Ui Uj Uk Uy

Zlgjgt:n/>3 (IZ)

The values of AY(G) for our networks are shown in Tables IV
and V. It can be seen that, for all scaled hyperbolicity measures
and for all networks, the value of 1 —n is very close to
Zero.

We next tested the statistical significance of the AY(G)
values by computing the statistical significance values (com-
monly called p values) of these AY(G) values for each
network G with respect to a null hypothesis model of the
networks. We use a standard method used in the network

<1-—n.

(

science literature (e.g., see [5,26]) for such purpose. For each
network G, we generated 100 randomized versions of the
network using a Markov-chain algorithm [47] by swapping
the endpoints of randomly selected pairs of edges until 20% of
the edges was changed. We computed the values of AY( Grand,)s
AY(Grandy)s - - - »AY(Grand,y)- We then used an (unpaired)
one-sample student’s 7 test to determine the probability
that AY(G) belongs to the same distribution as AY(Gyyng, ),
AY(Grandg)v s sAY(Grandl(}O)-

032811-3



ALBERT, DASGUPTA, AND MOBASHERI

PHYSICAL REVIEW E 89, 032811 (2014)

TABLE III. [46] Various scaled Gromov hyperbolicities.

Name Notation Moy iz 3,0 £ Method for determining &
Diameter-scaled hyperbolicity 8P Dy unuyus 0.2929 Empirical

L-scaled hyperbolicity st L,y uzug % ~ 0.1464 Mathematical

(L + M + S)-scaled hyperbolicity SLAMES Ly uyusus + My iy s T Suyapizug 0.0607 Mathematical

The p values, tabulated in Tables VI and VII, clearly show
that all social networks and all except two biological networks
can be classified as hyperbolic in a statistically significant
manner, implying that the topologies of these networks are
close to a “tree topology.” Indeed, for biological networks,
the assumption of chainlike or treelike topology is frequently
made in the traditional molecular biology literature [48]. Inde-
pendent current observations also provide evidence of treelike
topologies for various biological networks, e.g., the average
in-out degree of transcriptional regulatory networks [26,49]
and of a mammalian signal transduction network [27] is close
to 1, so cycles are very rare.

B. Hyperbolicity and crosstalk in regulatory networks
Let C = (up,uy, ..

A path chord of C is defined to be a path u; Lou ; between
two distinct nodes u;,u; € C such that the length of P is less
than (i — j) (mod k) (see Fig. 1). A path chord of length 1 is
simply called a chord.

We find that large cycles without a path chord imply large
lower bounds on hyperbolicity (see Theorem 1 in Sec. A of
the Appendix). In particular, G does not have a cycle of more
than 4 8. (G) nodes that does not have a path chord. Thus,
for example, if 8}, (G) < 1 then G has no chordless cycle,
i.e., G is a chordal graph. The intuition behind the proof of
Theorem 1 is that if G contains a long cycle without a path
chord then we can select four almost equidistant nodes on the
cycle and these nodes give a large hyperbolicity value. This
general result has the following implications for regulatory
networks:

.,Ug—1,Up) be a cycle of k > 4 nodes.

TABLE IV. AY(G) values for biological networks for Y €
{D.L,L+M+S}.

Network id AP(G) AMG) AMMES(G)
1. E. coli transcriptional 0.0014  0.0018 0.0015
2. Mammalian signaling 0.0021  0.0018 0.0022
3. E. coli transcriptional 0.0006  0.0006 0.0007
4. T LGL signaling 0.0228  0.0221 0.0318
5. 8. cerevisiae transcriptional 0.0031  0.0032 0.0033
6. C. elegans metabolic 0.0020  0.0018 0.0019
7. Drosophila segment polarity  0.0374  0.0558 0.0750
8. ABA signaling 0.0343  0.0285 0.0425
9. Immune response network 0.0461 0.0552 0.0781
10. T-cell receptor signaling 0.0034  0.0045 0.0056
11. Oriented yeast PPI 0.0013  0.0009 0.0012
Maximum  0.0461  0.0558 0.0781

(1) If a node regulates itself through a long feedback loop
(e.g., of length at least 6 if 8}, (G) = %) then this loop must
have a path chord. Thus it follows that there exists a shorter
feedback cycle through the same node.

(2) A chord or short path chord can be interpreted as
crosstalk between two paths between a pair of nodes. With
this interpretation, the following conclusion follows. If one
node in a regulatory network regulates another node through
two sufficiently long paths, then there must be a crosstalk path
between these two paths. For example, assuming 8. (G) =
%, there must be a crosstalk path if the sum of lengths of the two
paths is at least 6. In general, the number of crosstalk paths
between two paths increases at least linearly with the total
length of the two paths. The general conclusion that can be
drawn is that independent linear pathways that connect a signal
to the same output node (e.g., transcription factor) are rare, and
if multiple pathways exist then they are interconnected through
crosstalks.

C. Shortest-path triangles and crosstalk paths
in regulatory networks

(a) Result related to triplets of shortest paths. Originally, the
hyperbolicity measure was introduced for infinite continuous
metric spaces with negative curvature via the concept of
the “thin” and “slim” triangles (e.g., see [50]). For finite
discrete metric spaces as induced by an undirected graph, one
can analogously define a shortest-path triangle (or, simply a
triangle) Ay,y.u,.u,) as a set of three distinct nodes ug,u;,us
with a set of three shortest paths P (ug,u1), Pa (uo,us),
Pa (uy1,up) between ug and uq, ug and u,, and u; and u,,
respectively. As illustrated in Fig. 2, in hyperbolic networks

TABLE V. AY(G) values for social networks for Y e
{D,L,L+ M+ S}.

Network id AP(G) AYNG) AVMISG)
1. Dolphins social network 0.0115 0.0120 0.0168
2. American College Football ~ 0.0435  0.0395 0.0577
3. Zachary Karate Club 0.0195 0.0249 0.0284
4. Books about US politics 0.0106  0.0074 0.0116
5. Sawmill communication 0.0069 0.0068 0.0085
6. Jazz musician 0.0097 0.0117 0.0124
7. Visiting ties in San Juan 0.0221 0.0242 0.0275
8. World Soccer data, 1998 0.0145  0.0155 0.0212
9. Les Miserable 0.0032  0.0034 0.0049
Maximum  0.0435  0.0395 0.0577
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TABLE VL. p values for the AY(G) values for biological networks for Y € {D, L, L + M + S}. In general, a p value less than 0.05 (shown
in boldface) is considered to be statistically significant, and a p value above 0.05 is considered to be not statistically significant.

Network id
1. 2. 3. 4. S. 6. 7. 8. 9. 10. 11.

E.coli Mammalian E. Coli TLGL  S.cerevisiae C.elegans Drosophila ~ ABA Immune T-cell  Oriented

signaling  transcriptional signaling transcriptional Metabolic ~segment  signaling response receptor yeast

polarity network signalling PPI
p AP 0.0018  <0.0001 <0.0001 <0.0001 0.3321 <0.0001  <0.0001 <0.0001 <0.0001 <0.0001 <0.0001
values Al <0.0001  <0.0001 <0.0001 0.011 0.3434 <0.0001  <0.0001 09145  <0.0001 <0.0001 <0.0001
AMES 05206 <0.0001 <0.0001 <0.0001 0.3424 <0.0001  <0.0001 03342  <0.0001 <0.0001 <0.0001

we are guaranteed to find short paths? between the nodes that
make up P (uo,u1), Pa (uo,u2), Pa (u1,us). This is formally
stated in Theorem 3 in Sec. B of the Appendix. Moreover, as
Corollary 4 (in Sec. B of the Appendix) states, we can have
a small Hausdorff distance between these shortest paths. This
result is a proper generalization of our previous result on path
chords. Indeed, in the special case when u| and u, are the same
node the triangle becomes a shortest-path cycle involving the
shortest paths between u( and u; and the short-chord result is
obtained.

A proof of Theorem 3 is obtained by appropriate modifica-
tion of a known similar bound for infinite continuous metric
spaces.

The implications of this result for regulatory networks can
be summarized as follows:

If we consider a feedback loop (cycle) or feed-forward loop
formed by the shortest paths among three nodes, we can
expect short crosstalk paths between these shortest paths.
Consequently, the feedback or feed-forward loop will be nested
with “additional” feedback or feed-forward loops in which one
of the paths will be slightly longer.

The above finding is empirically supported by the observa-
tion that network motifs (e.g., feed-forward or feedback loops
composed of three nodes and three edges) are often nested [51].

(b) Results related to the distance between two exact or
approximate shortest paths between the same pair of nodes. It
is reasonable to assume that, when up- or down-regulation of

By a short path here, we mean a path whose length is at most a

constant times BZ(MU w1y [DOtE that BZ(MU iy S 8 (G

a target node is mediated by two or more short paths® starting
from the same regulator node, additional very long paths
between the same regulator and target node do not contribute
significantly to the target node’s regulation. We refer to the
short paths as relevant, and to the long paths as irrelevant.
Then, our finding can be summarized by saying that

almost all relevant paths between two nodes have crosstalk
paths between each other.

See Fig. 3 for a pictorial illustration.

Formal justifications and intuitions (see Theorem 5 and
Corollary 6 in Sec. C and Theorem 7 and Corollary 8 in Sec. D
of the Appendix).

We use the following two quantifications of “approxi-
mately” short paths:

(1) A path ugef»uk = (ug,Uy, -..,Ux) is p-approximate

short provided £(u; «fﬁéuj) S Wdy,u, forall0 < i < j < k.

(2) A path ug wauk is e-additive-approximate short pro-
vided £ (P) < dyypu, + €.

A mathematical justification for the claim then is provided
by two separate theorems and their corollaries:

(1) Let%; and P, be a shortest path and an arbitrary path,
respectively, between two nodes ug and u. Then, Theorem 5
and Corollary 6 implies that, for every node v on %, there

SHere by short paths we mean either a shortest path or an
approximately shortest path whose length is not too much above
the length of a shortest path, i.e., a u approximate short path or
a g-additive-approximate short path, as defined in the subsequent
“Formal justifications and intuitions” subsection, for small x or small
&, respectively.

TABLE VIL p values for the AY(G) values for social networks for Y € {D, L, L + M + S}. In general, a p value less than 0.05 (shown
in boldface) is considered to be statistically significant, and a p value above 0.05 is considered to be not statistically significant.

Network id
1. 2. 3. 4. 5. 6. 7. 8. 9.

Dolphins American Zachary Books Sawmill Jazz Visiting ties  World Soccer Les

social College Karate about communication musician in San Juan data, 1998 Miserable
network  Football Club US politics

p AP <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001
values AL <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 0.0779 <0.0001 <0.0001
AMMES 20,0001 <0.0001  <0.0001  <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001
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Us U
Uy Uy

Uus Uo
FIG. 1. Path chord of a cycle C = (ug.uy,uz,us,uq,us,ugp).

exists a node v’ on P, such that d,, depends linearly on
8+ (G), only logarithmically on the length of #, and does
not depend on the size or any other parameter of the network.
To obtain this type of bound, one needs to apply Theorem 3 on
uo, u1 and the middle node of the path #, and then use the same
approach recursively on a part of the path $, containing at most
{@] edges. The depth of the level of recursion provides the
logarithmic factor in the bound.

(2) If Py and P, are two short paths between 1o and u then
Theorem 7 and Corollary 8 imply that the Hausdorff distance
between P; and P, depends on 8, (G) only and does not
depend on the size or any other parameter of the network.
Intuitively, Theorem 7 and Corollary 8 can be thought of
as generalizing and improving the bound in Theorem 5 for
approximately short paths.

D. Identifying essential edges in the regulation
between two nodes

For a given & > 0 and a node u, let B (u) = {v|d,,, = &}
denote the “boundary of the £ neighborhood” of u, i.e., the
set of all nodes at a distance of precisely & from u. Our two
findings in the present context are as stated in (I) and (IT) below.

(I) Identifying relevant paths between a source and a target
node. Suppose that we pick a node v and consider the strict &
neighborhood of v,

NS () = U B, (v) \ {u| degree of u is one)
r<¢

(i.e., the set of all nodes, excluding nodes of degree 1, that are at
a distance at most £ from u) for a sufficiently large &. Consider

Vv in one path 3v’ in the other path such that

dy v < max {6 X s
Vv = T Alfugug,ug}’

2} < max { 667, (G), 2 }

FIG. 2. An informal and simplified pictorial illustration of the
claims in Sec. III C(a).

PHYSICAL REVIEW E 89, 032811 (2014)

O« dv,v’
N,

) Uq

«—— shortest path P; ——>

FIG. 3. An informal and simplified pictorial illustration of the
claims in Sec. III C(b).

two nodes u; and u, on the boundary of this neighborhood,
i.e., at a distance £ from v. Then, the following holds:

(A) The relevant (short) regulatory paths between u; and u, do
not leave the neighborhood, i.e., all the edges in the relevant
regulatory paths are in the neighborhood.

Thus, only the edges inside the neighborhood are relevant
to the regulation among this pair of nodes.

This result can be adapted to find the most relevant paths
between the input node usource and output node U aree; Of a signal
transduction network. In many situations, for example, when
the signal transduction network is inferred from undirected
protein-protein interaction data, a large number of paths can
potentially be included in the signal transduction network as
the protein-protein interaction network has a large connected
component with a small average path length [51]. There is
usually no prior knowledge on which of the existing paths are
relevant to the signal transduction network. A hyperbolicity-
based method is to first find a central node uceneay Which is at
equal distance between Usource and Uyarger, and is on the shortest,
or close to shortest, path between usource and arger. Then one
constructs the neighborhood around u cepery Such that usgyree and
Uarger are On the boundary of this neighborhood. Applying this
result, the paths relevant to the signal transduction network
are inside the neighborhood, and the paths that go out of
the neighborhood are irrelevant. See Fig. 4 for a pictorial
illustration of this implication.

very
long
path

FIG. 4. An informal and simplified pictorial illustration of claim
(A) in Sec. III D. As the nodes u3; and u4 move further away from the
center node u, the shortest path between them bends more towards
uo and any path between them that does not involve a node in the ball
Uyr<» By (1p) is long enough.
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on
&*‘i\ £ [)‘73‘

shorg »

Usource utnrgct

FIG. 5. An informal and simplified pictorial illustration of claim
(B) in Sec. III D. Knocking out the nodes in a small neighborhood
of Ucenar cuts off all relevant (short) regulation between uouce and

Utarget -

(11) Finding essential nodes. Again, consider an input node
Usource and output node Uargee Of a signal transduction network,
and let ucenral be a central node which is on the shortest path
between them and at approximately equal distance between
Usource aNd Uyarger. Our results show that*

(B) If one constructs a small & neighborhood around u epyal
with & = O (8],,(G)), then all relevant (short or approxi-
mately short) paths between uource and ey mMust include
a node in this & neighborhood. Therefore, “knocking out” the
nodes in this & neighborhood cuts off all relevant regulatory
paths between ugoyrce and Ugrger-

See Fig. 5 for a pictorial illustration of this implication.
Note that the size £ of the neighborhood depends only on

40 and Q are the standard notations used in analyzing asymptotic
upper and lower bounds in the computer science literature: given two
functions f(n)and g(n) of a variable n, f(n) = O(g(n)) [respectively,
f(n) = Q(g(n)] provided there exists two constants ng,c > 0 such
that f(n) < c g(n) [respectively, f(n) > c g(n)] forn > ny.

PHYSICAL REVIEW E 89, 032811 (2014)

8+ (G) which, as our empirical results indicate, is usually a
small constant for real networks.
Formal justifications and intuitions for (x) and (») (see
Theorem 10 and Corollary 11 in Sec. E of the Appendix).
Suppose that we are given the following:
(1) threeintegers« > 4, > 0,7 > (5 — 1)(6 84 (G) +
2),
(2) five nodes ug,u,uz,u3,uq such that
— uy,uy € By (ug) with dy, 4, = 5 (685,4(G) + 2),
= dyyuy = duyuy = Q.
Then, (A) and (B) are implied by the following type of
asymptotic bounds provided by Theorem 10 and Corollary 11:

For a suitable positive value A = O(S\J;orsl(G)), if dy, ., =
dy,u; = > A then one of the following is true for any
path @ between u; and uy that does not involve a node in
Ur’grBr/ (MO):

(1) Q does not exist (i.e.,, £(Q) > n), or

(2) Qis much longer than a shortest path between the two
nodes, i.e.,, if Q is a p-approximate short path or a e-additive-
approximate short path then p or ¢ is large.

A pessimistic estimate shows that a value of A that is about
68 (G) + 2 suffices. As we subsequently observe, for real
networks the bound is much better, about A ~ 8] (G).

Empirical evaluation of (A).

We empirically investigated the claim in (A) on relevant
paths passing through a neighborhood of a central node for the
following two biological networks:

Network 1. E. coli transcriptional, and

Network 4. T-LGL signaling.

For each network we selected a few biologically relevant
source-target pairs. For each such pair usouce and uiarger,
we found the shortest path(s) between them. For each such
shortest path, a central node ucenga Was identified. We then

TABLE VIII. Effect of the prescribed neighborhood in claim (A) on all edges in relevant paths.

SP, shortest path between ugource and targer-

ST, paths between Uguree and U With one extra edge than SP(1-additive-approximate short path).
SP*2, paths between usource and Urger With two extra edges than SP (2-additive-approximate short path).

N (U centrar)s SUICE E = dy et rger NIZHDOTK00OA OF U ceirar-
n, size (number of nodes) of the network.

N ) . .
w, fraction of strict £ = d,

source » U target

neighborhood of u e, With respect to the size of the network.

% of SP % of SP™' % of SPT?
with every with every with every
edgeinthe edgeinthe  edge in the

neighbor- neighbor- neighbor-

T hqod of hqod of hqod of

Network name Usource Uarget it source 8 target Ucentral % claim (A) claim (A) claim (A)
Network 1: E. coli transcriptional  fliAZY arcA 4 CaiF 0.20 100% 100% 18%
crp 0.27 100% 100% 70%
fecA aspA 6 crp 0.43 100% 100% 100%
sodA 0.28 100% 100% 62%
Network 4: T-LGL signaling IL15  Apoptosis 4 GZMB 0.37 100% 66% 40%
PDGF  Apoptosis 6 IL2, NKFB  0.72,0.59 100% 100% 100%
Ceramide 0.60 80% 64% 36%
MCL1 0.59 80% 88% 93%
stimuli ~ Apoptosis 4 GZMB 0.37 100% 100% 100%
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TABLE IX. The effect of the size of the neighborhood in mediating short paths.

SP, shortest path between i gyrceand Uarger -

SPH, paths between uource and U yrgee With one extra edge than SP (1-additive-approximate short path).
SP*2, paths between ugurce and U grgee With two extra edges than SP (2-additive-approximate short path).

Network name % of SP withanode % of SP™! withanode % of SP*? with a node
Usource Utarget Ay ource W arget U central in & neighborhood in £ neighborhood in & neighborhood

Network 1: fliAZY arcA 4 CaiF E=1 100% E=1 T71% E=1 59%
E. coli crp E=1 100% E=1 100% E=1 100%
transcriptional fecA aspA 6 crp E=1 100% E=1 100% E=1 100%
8 (G) =2 sodA E=1 100% E=1 100% E=1 100%
Network 4: IL15 apoptosis 4 GZMB E=1 100% E=1 100% E=1 100%
T-LGL L2 E=1 8% E=1 8% E=1 93%
signaling E=2 100% E=2 100% E=2 100%
8 (G =2 NFKB E=1 80% E=1 86% E=1 76%
E=2 100% E=2 100% E=2 100%
PDGF  apoptosis 6 Ceramide E=1  40% E=1 23% E=1 40%
E=2 100% E=2 100% E=2 100%
MCL1 E=1 60% E=1 47% E=1 T73%
E=2 100% E=2 100% E=2 100%
Stimuli  apoptosis 4 GZMB E=1 100% E=1 100% E=1 100%

considered the & neighborhood of ucenera Such that both uoyrce
and uge are on the boundary of the neighborhood, and for
each such neighborhood we determined what percentage of
shortest or approximately short path (with one or two extra
edges compared to shortest paths) between ugource and arget
had all edges in this neighborhood. The results, tabulated in
Table VIII, support (A).

Empirical evaluation of (B).

We empirically investigated the size & of the neighborhood
in claim (B) for the same two biological networks and the
same combinations of source, target, and central nodes as in
claim (A). We considered the £ neighborhood of ucepya for
& =1,2, ..., and for each such neighborhood we determined
what percentage of shortest or approximately short path (with
one or two extra edges compared to shortest paths) between
Usource aNd Uareer involved a node in this neighborhood (not
counting tgource and uyrger). The Tesults, tabulated in Table IX,

J

def Ay + Ay

m, =
veV maxx;éu {au,x + Ax . u }

-

yF#uU,v

_ (L if{pgleE
Whel‘e ap,q — 10, otherwise

adjacency matrix of G. By observing that a,, = a, , and
maxXy, {ay y + ay ) = max xy{a, ; +a;,} =2, the above
equation for 97, can be simplified to

are the entries in the standard

Zv,y € Nbr(u) Qy,y
INbr(u)|

Thus high-degree nodes whose neighbors are not connected to
each other have high 901, values. For an intuitive interpretation

M, = INbr(u)| — (D

show that removing the nodes ina ¢ < 8, (G) neighborhood
around the central nodes disrupts all the relevant paths of the
selected networks. As 8} (G) is a small constant for all of
our biological networks, this implies that the central node and
its neighbors within a small distance are the essential nodes in
the signal propagation between ource and Ugarger-

E. Effect of hyperbolicity on structural holes in social networks

Foranode u € V,let Nbr(u) = {v|{u,v} € E} be the set of
neighbors of (i.e., nodes adjacent to) u. To quantify the useful
information in a social network, Ron Burt in [52] defined a
measure of the structural holes of a network. For an undirected
unweighted connected graph G = (V,E) and a node u € V
with degree larger than 1, this measure 97, of the structural
hole at u is defined as [52,53]:

Qu,y + Qyu Ay +dyo

yev (Z

x7gu(au,x + ax,u)) (maxzyﬁy{av,z + az,v}> '

(

and generalization of (1), the following definition of weak
and strong dominance will prove useful (cf. dominating set
problem for graphs [54] and point domination problems in
geometry [55]). A pair of distinct nodes v,y is weakly (p,A)
dominated [respectively, strongly (p,A) dominated] by a node
u provided (see Fig. 6):

@ p < dyudiy < p+ A and

(b) for at least one shortest path P (respectively, for every
shortest path $) between v and y,  contains a node z such
thatd, , < p.
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A . WA
Let {v,y} <y U (respectively, {V,¥} <{rong W)

0, otherwise.

PHYSICAL REVIEW E 89, 032811 (2014)

_ {1, if v,y is weakly (respectively, strongly) (p,A) dominated by u

Since B;(u) = U0<j< | 8, () = Nbr(u), it follows that

' 1—{v,y} <% u
») 0<j<12J
Zu yel <18 ( { ’y} weak )

M, = |Uo<j<1 Bjwm)| —

=E
| (0.1) dominated by u

>E

_(0, 1) dominated by u

and a generalization of 91, is given by (replacing 0,1 by p,A):

mu,p,)\ = |Up<j<)\ BJ(M)| -

[ number of pairs of nodes
v,y such that v,y is weakly

[number of pairs of nodes
v,y such that v,y is strongly

[Uo<j<1 Bju)]

v is selected uniformly
randomly from U0<J< 1 Bj(u)

v is selected uniformly
randomly from (J, _ ; | 8,(u)

P

A
Zv,ye Bi(u) (1 - {V’y} = weak l,l)
U,<j<:8;

=E
_(p,k)-dominated by u

_(p,k)—dominated by u

When the graph is hyperbolic [i.e., 8, (G) is a constant], for
moderately large A, weak and strong dominance are essentially
identical and therefore weak domination has a much stronger
implication. Recall that n denotes the number of nodes in the
graph G.

Our finding can be succinctly summarized as (see Fig. 7 for
a visual illustration)

(O If & = (687,5(G) + 2)log, n then, assuming v is selected
uniformly randomly from U, _ ; <, 8;(u) for any node u, the
expected number of pairs of nodes v,y that are weakly (p,A)
dominated by u is precisely the same as the expected number
of pairs of nodes that are strongly (p0,A) dominated by u.

FIG. 6. Illustration of weak and strong domination. (a) v,y is
weakly (p,A) dominated by u since only one shortest path between
v and y intersects B,(u). (b) v,y is strongly (p,A) dominated by u
since all the shortest paths between v and y intersect 8, (u).

[ number of pairs of nodes
v,y such that v,y is weakly

[ number of pairs of nodes
v,y such that v,y is strongly

| Up<ngB_j(u)|

v is selected uniformly
randomly from U, _ ; <, 8B;(u)

v is selected uniformly
randomly from U, _ j <,8;(u)

A mathematical justification for the claim (C) is provided
by Lemma 12 in Sec. F of the Appendix.
An implication of (C).

If A2 (68),x(G)+2)logyn and M, ,; ~ |B,.. ()|, then
almost all pairs of nodes are strongly (p,1) dominated by u,
i.e., for almost all pairs of nodes v,y € 8,4, (u), every shortest
path between v and y contains a node in B, (u).

A visual illustration of this implication is in Fig. 8 showing
that as A increases the shortest paths tend to bend more and
more towards the central node u for a hyperbolic network.

Empirical verification of (C).

FIG. 7. Visual illustration. Either all the shortest paths are
completely inside or all the shortest paths are completely outside
of B4, (u).
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FIG. 8. For hyperbolic graphs, the further we move from the
central (black) node, the more a shortest path bends inward towards
the central node.

We empirically investigated the claim in (C) for the
following three social networks from Table II:

Network 1. Dolphin social network,
Network 4. Books about US politics,
Network 7. Visiting ties in San Juan.

For each network we selected a (central) node u such that
there are sufficiently many nodes in the boundary of the &
neighborhood B; (1) of u for an appropriate £ = p + A. We
then set A to a very small value of 1, and calculated the
following quantities.

(1) We computed the number n; of all pairs of nodes from
B (u) that are weakly (o,1) dominated by u.

(2) We computed the number n, of all pairs of nodes from
B¢ (u) that are strongly (p,A) dominated by u.

Table X tabulates the ratio v = %’ and shows that a large
percentage of the pair of nodes that were weakly dominated
were also strongly dominated by u.

IV. CONCLUSION

In this paper we demonstrated a number of interesting
properties of the shortest and approximately shortest paths
in hyperbolic networks. We established the relevance of these
results in the context of biological and social networks by
empirically finding that a variety of such networks have close-
to-treelike topologies. Our results have important implications

TABLE X. Weak domination leads to strong domination for
social networks. u is the index of the central node and v = Z—f =

{0, »)E€Bp 1 (W{v, V)<5(m“gU=1H

(0,18, 1@y, Y} =hyu=1}

Network name u p A B, v
Network 1 Dolphin social network 14 4 1 5 80%
37 4 1 3 100%
Network 4 Books about US politics 8 4 1 4 83%
3 3 1 5 90%
Network 7 Visiting ties in San Juan 34 4 1 4 50%
9 3 1 5 90%

PHYSICAL REVIEW E 89, 032811 (2014)

to a general class of directed networks which we refer to
as regulatory networks. For example, our results imply that
crosstalk edges or paths are frequent in these networks. Based
on our theoretical results we proposed methodologies to
determine relevant paths between a source and a target node
in a signal transduction network, and to identify the most
important nodes that mediate these paths. Our investigation
shows that the hyperbolicity measure captures nontrivial
topological properties that are not fully reflected in other
network measures, and therefore the hyperbolicity measure
should be more widely used.
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APPENDIX A: THEOREM 1

Theorem 1. Suppose that G has a cycle of k > 4 nodes
which has no path chord. Then, 8},(G) > %1.

Proof. In our proofs we will use the consequences of the
four-node condition when the four nodes are chosen in a
specific manner as stated below in Lemma 2.

Lemma 2. Let ug,uy,u,,us be four nodes such that u3 is on
a shortest path between u; and u,. Suppose also that all the

internode distances are strictly positive except for dy, ,, and
du S +du U _du U
dyy iy = [2—%51—22]. Then,

lrdllo,ul + dqu,MZ + duls“Z—‘ < d + d
X Qug,uz Uy,

2
< [d“""“ * iy +d“"“21 + 28, s
2 0,U1,U2,U3"
Proof. Note that due to triangle inequality 0 <

duy uy Fduguy —dugu .
[—=2—3-—227 < d,, 4, and thus node u3 always exists.

First, consider the case when O < d,, », < d,, u,. Consider
the three quantities involved in the four-node condition for
the nodes ug,u;,us,us, namely the quantities dy, u, + du, uy»
dug.u, + Ay, uy> and dy y, + dy, 4, Note that

2(du(),u3 + dul,uz) = (dug,u3 + dul,u3) + (dug,u3 + duz,u3) + dll],uz
2 duu,u] + du(),uz + dul,uz
:> du() us + dul us
’7 Uy, Uy +du0uo +du1 uz—‘
d

WV

’

du| 723 + duo uy — duo,uz
Uug, Uy B

— \‘ Uug,Up +duou2+dul MZJ
d

dugur + duyuy =

’

du. us + duo uy — duo,ul
Ug, U B

— ’Vduo,ul + duo,uz + dul,uz—‘

duguy + duy s =

2

032811-10



TOPOLOGICAL IMPLICATIONS OF NEGATIVE ...

ThllS, duo,uz + dul,uz 2 maX{duo,uz + d’ll’u3’ d”()’ul + duz'M}
and using the definition of §; , , , we have
Augu, + dugur + d,
’7 Ug, U1 ugz,u_ ul,uz—‘ < duo,m —+ du],uz
Aug, + gy + duy
< ’7 ot u02u2 U u_—‘ +28;ZJ,L¢1,M2!”3'

Next, consider the case when d,,, ,, = 0. This implies

dM[),Ll] + dm,u; = duo,u] + dul,uz = dl,t(],uz
_ duo,ul + du(),uz + dul,uz
2
< lrdug,u| + du(),uz + dl/tl,uz
- 2

|

Finally, consider the case when d,, 4, = d, u,- This implies

du],uz + duo,ul - duo,ug <

dulquz - 2

= duyu, + duyus

=dyyu, +2—2¢ forsome0 <e < 1.

8\—V~_OTST(G) 2 (S+

PHYSICAL REVIEW E 89, 032811 (2014)

Thus, it easily follows that

duo,u3 + dul,uz = duo,uz + dul,uz
du[),ug + dul,uz + duo,ul +2-2¢

2
_ duo,uz + dunwuz + duo,ul +1—¢
2
= dMoJL% + dulﬂz
< ’Vduo,un + duo,uz + dUl»MZ —‘
2 m
We can now prove Theorem 1 as follows. Let
C = (uo,uy, ..., ux_1,up) be the cycle of k=4r+r

nodes for some integers r and O < r’ < 4. Consider

the four nodes UQs Uy 1195 Uy g | (412 /2 and Uz y,.

Since C has no path chord, we have d,,, o =r+
4%
' 4T
157, du, =2+ [ ydy s, =20 +

Uorsl (4151 /2
r'—T151<2r+ 151, duu,,,, =1, and Upr i L 4727) /2] is
on a shortest path between u, and u3,,, . Thus, applying the
bound of Lemma 2, we get

Hou U e M rar gy 2y Mot
. ., g F
Hot e gt 2
S 2 —5 2] 2
=
2
L , , FH5] ,
R et IV e DO i B
2 2
+ k
Zr—— = §,,.(G)=r= 1l
|
(
APPENDIX B: THEOREM 3 AND COROLLARY 4 Theorem 3 (see Fig. 9 for a visual illustration). For a

The Gromov product nodes u 1,uo 2,1 2 of a shortest-path
triangle A4} are three nodes satisfying the following:’

(1) uo,1, up2, and u; » are located on the paths Pa (ug,u;),
Pa (uo,uz), and Pa (uy,us), respectively, and

(2) the distances of these three nodes from ug,u, and u,
satisfy the following constraints:

du[%”(].l + duy gy = dugurs dugug, + duz,uo.z = dug,u,»

dulyul.z + duz,ul,z =duurs duyugy = dulqull’
— dul,uzJ

duo,LH + du(),uz
du()vu(),l = duo.uo,g =
2
It is not difficult to see that a set of such three nodes always
exists. For convenience, the nodes u; g, 1z, and u, | are
assumed to be the same as the nodes ug 1, up2, and u »,
respectively.

>To simplify exposition, we assume that uguy + Auy oy + ugouy 18
an even number. Otherwise, the definition will require minor changes.

shortest-path triangle Ay, 4, 4,) and for 0 < i < 2, let v and
Pati Uis2 (mod 3)
v’ be two nodes on the paths u;

Pa(ti izt mod3))
—_—

Ui, i+2 (mod 3)

and u; Ui i+1 (mod 3)» Tespectively, such that
dy; v = dy, . Then,
+
dv,v’ < 66A(u0.u1,u2) + 27

where 3, | < 8uorst(G) s the largest worst-case hyperbol-
w0y

icity among all combinations of four nodes in the three shortest
paths defining the triangle.

Corollary 4 (Hausdorff distance between shortest paths).
Suppose that $; and P, are two shortest paths between two
nodes uy and u;. Then, the Hausdorff distance dg (P1,P>)
between these two paths can be bounded as

def . .
dp(P1,P2) = max{max min {d,, ,,}, max min {d,, ,,}}
vlePl szPz vzePZmEPl
X +2,

< 65%,

usuq,u}

where u; is any node on the path P;.
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U

du(hul + dut),u2 —

d =

u0,U0,1 2

dulvuz o dul,uz + dul-,uﬂ — duz,uu
dul,’uu.l - 9

dul,ﬂu.x = dul,ul,z dumltu.l = duo,uw duz,uu.z = duz,uu

s+ + ot
< <
OAW_H.M < Oporst(G)  dyw < max {b ON fugr g} 2}

FIG. 9. A pictorial illustration of the claim in Theorem 3.

Proof of Theorem 3. To simplify exposition, we assume that
Ay, + dyy .y, + duy.u, 18 €ven and prove a slightly improved
bound of d, ,y < 68% + 1. Itis easy to modify the proof

Aug.ay )
to show that d, ,» < 68;(1‘0#1“2) + 2 if dyy oy + duy iy + dugoy
is odd.

We will prove the result for i = 1 only; similar arguments
will hold fori =0 and i = 2.1fd, 4,, = 0thenv =v" = u,
and the claim holds trivially, Thus, we assume thatd,,, ,,,, > 0.

Case 1. v =up, and v/ = u; . In this case we need to
prove that d, 4, , < 681’(‘(0“1.“2} + 1 (see Fig. 10). Assume
that d,,, .,, > O since otherwise the claim is trivially true.

Using Lemma 2 for the four nodes ug,u;,us,u; 2, we get

duo,m + dul,uz + dug,uz —‘

268,
5 +

Ug,uy,uz,u1 2"

duo,um +du|,u2 < ’7
B1)

Now, we note that

du u du u _du u
duh“z +du0,u0,2 = dulquz + \‘ 0,U1 + ;, 2 1, ZJ

> (B2)

_ \‘duo,u] + duo,uz + duls”ZJ

FIG. 10. Case 1 of Theorem 3. v = ug 1, V' = uy ».
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which in turn implies

\duo,um - duo,u()‘2| = |(duo,u|.z + dul,uz) - (dul,uz + duo,uo,z)|

< ’ lrduo,ul + dul,uz + duOv“Z—‘

< 28"
2 +

Uo,uy,uz,u12

[by inequality (B1)]

_ Lduo.ul + duo,u?_ + du]s”ZJ ‘
2

[by equality (B2]
+ 1. (B3)

<268t

Uo,Uy,uz,u12

In a similar manner, we can prove the following analog of
inequality (B3):

‘ duz,uo‘l
Using inequalities (B3) and (B4), it follows that

| (dug.irr + durin) = dug.us|
= [(dugr> + usuor) = (duo.ios + duns) |
= |(dugurs = dugor) + (dusuor = duruss) |
< |dugurs = duoinz| + |duruos — durouos |
<28+ +28+ + 1. (B5)

Uo,uy,uz,uy2 Uuo,Uy,uz,uo,1

- duz,u(]yz| < 28+

Uo,u1,uU2,u0,1"

(B4)

N

Now, consider the three quantities involved in the four-node
condition for the nodes ug,us,u0 1,412, namely the quantities,
Augus + Aug s ur 2 dugur + dugyurs A0 diyg ug, + duy iy, Note
that

duo,uo,l + dMZsul,Z = dyyup, + duzyuo,z

= duo,uz < duo,uz + duo,l,u],z' (B6)

If dyy i,y + dugy iy < dugug, + dus.u,, then by the definition of

+
SMO’quMOJ‘uLZ we have

du(),l»ul,Z = (duo,uz + dltn.l,ul,z) - duo,uz
= (duo,uz + duo‘l,um) - (duoyuo,l + duz,ul‘z)
<268

Uo,uz,uo,1,u12"

Otherwise, dyg u, », + @ug,.ur > Qug,uo, + dur.u,, and then again

o 2
by the definition of 26, ,,, . .,, We have
+
|dM0~,MI,2 + duomuz - duo,uz - d”O.l»“l,Z < 28u0,u2,u0,1,u11’

and now using inequality (B5) gives

d

uo,1,41,2

= (duo,ul,z + dquuO,l - duo,uz)

- (dllo,ul,z + duo,l#z - duo-uz - duU.]wul.Z)
< |duu,u1,2 + duz,um - duoeu2|

+ |duo,u1,z + duo.l,uz - duo.,uz - duo,lqM1A2|
S 28;»“1,142.141.2 + 281:)»141»1/!2,140.1 + 28;%”%”0,1»”1.2 + 1
S 68Z(u0.u|,u2) +1
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Uo U9 ="7V14

FIG. 11. Case 2 of Theorem 3: v # ug 1, v’ # uj .

Case 2. v # ug,1 and v' # uy . The claim trivially holds
if d, v < 1, thus we assume thatd, ,, > 1. Let (v; = u;,v; =
U3, U3, ..., 0 =V, ...,0s =Uy2,...,0, = uy)betheordered
sequence of nodes in the given shortest path from u; to u,
(see Fig. 11). Consider the sequence of shortest-path triangles
Afugour o2} Do, vs)s + -+ » Duo.ur,vy» Where each such triangle
Aug.uyv;) is obtained by taking the shortest path P (ug,u1),
the subpath P (u1,v;) of the shortest path P (u1,us), from u,
to v;, and a shortest path ug s vj fromug tov;. Letv; ; be the
Gromov product node on the side (shortest path) P (u1,v;)
for the shortest-path triangle Ay, 4, v;}-

We claim that if v; ; = v, and vy ;41 = v, then g is either
oy oy i, =g v
. gy Ty ;=g
por p+ 1.Indeed, 1fdu,,up =|———=+—"]and du.,v,, =
duo,ul +du1,u d,

|_ £+]_ “Ov”jHJ then

dul,Uq - dul,Up = \‘duoyul +dul’U2H1 - duo‘leJ

_ \‘duo,ul +du1.vj _duo,v,J
2

< \‘d”(]vul + (1 +du1,vj) —

(duovv/ﬂ - 1) J

2
d”()sul + dul,v/ - duo,v/
2
dug,u] + dul,u, - duo,vj
= +1
2
duo,ul +du1.vj - dug,vj <1
- x L
2
and a similar proof of d ., —di., <1 can be
ey ) i —Cug
. . gy Fluy ;g
obtained if du],vp =[——F—"] and dul,vq =
g s —dug v
[ —i o] Thus, the ordered sequence of
nodes v; 1,v1.2, ...,V cover the ordered sequence of nodes
V2,03, . ..,Us in a consecutive manner without skipping over

any node. Since v ; is either v; or vy, and v, = vs = uy 2,
there must be an index ¢ such that v;; = v = v;,. Since
dy, v = dy, v, v, and v are the two Gromov product nodes for
the shortest-path triangle Ay, ., v, and thus applying Case
1.1 0n Ay u,.0,) We have d, v < 685 + 1. [ ]

Afuguy,un)
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O & d?),'u’
%

Uo U1
<«——— shortest path P, ———

oo Smin{ (65vt01-st(G)+1) (UOggf(Pz)J 71), VTJ }

FIG. 12. Illustration of the bound in Theorem 5.

APPENDIX C: THEOREM 5 AND COROLLARY 6

Theorem 5 (see Fig. 12 for a visual illustration). Let Py =
uo«w~u; and P, be a shortest path and an arbitrary path,
respectively, between two nodes ug and u;. Then, for every
node v on P, there exists a node v’ on $5 such that

dy.y < min {<6 Borst(G) + 2)(Llog, £(P2)] — 1), L—d“"z’“' J }

= O(S;’Orst(G) log £(P>)).
Since £(P») < n, the above bound also implies that

dyy < (685,4(G) +2)(Llogyn ] — 1)
= 0(8},,,(G)logn).

WOTS

Corollary 6. Suppose that there exists a node v on the
shortest path between u and u; such that minycp,{d, v/} = v.

—r 4 +
; 8o (G
Then, £P5) > 22 _ 1 = g? /w6

Proof of Theorem 5. First, note that by selecting v’ to be one

. dugu
of ug or u; appropriately we have d, ,» < [ =% ]. Now, assume

that £(%,) > 2. Let u, be the node on the path #, such that

L(ug bR u) =T @ 1. and consider the shortest-path triangle
A{yp.uy.up)- By Theorem 3 there exists a node v’ either on a
shortest path between 1 and u; or on a shortest path between
uy and u, such thatd, , < 68, (G) + 2. We move from v to
v’ and recursively solve the problem of finding a shortest path
from v’ to a node on a part of the path $, containing at most
((7)72)1 edges. Let D(y) denote the minimum distance from v
to a node in a path of length y between u( and u;. Thus, the
worst-case recurrence for D(y) is given by

D(y) < D(BD +685,(G)+2, ify>2 D@ =1.

A solution to the above recurrence satisfies D({(P;)) <
(6830t (G) +2) ([og, £(P2) T = 1. u

APPENDIX D: THEOREM 7 AND COROLLARY 8

For ease of display of long mathematical equations, we will
denote 8, (G) simply as §T.
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Theorem 7. Let P and P, be a shortest path and another
path, respectively, between two nodes. Define np, p, as

ne,e,
= (68T +2)log, (6 +2)(68T +2)
x logy[(68% +2)3 u + 1) ] + )
= O(5" log(u 8T)), if P, is u-approximate short.

ne,e,

= (658" +2)log, (8(6 8T +2) log,[(68T + 2)(4 + 2¢)]
142
2
= 081 log(s + 8T loge)),
if P, is e-additive-approximate short

Then, the following statements are true.

(a) For every node v on P, there exists a node v’ on P,
such thatd, , < [np, .9, |.

(b) For every node v’ on P, there exists a node v on P
such that d, ,y < {p, p, Where

min {| (1 + D g, p, + 5] [ 22 )

= O(ud™ log(ud™)), if P is p-approximate short
min {|2np, 5, + 52 ] [ 2257 )

= O(e + 8" log(e + 8T loge)),

if P, is e-additive-approximate short.

Cp o, =

Corollary 8 (Hausdorff distance between approximate short
paths). Suppose that P and $, are two paths between two
nodes. Then, the Hausdorff distance dy(P;,P,) between
these two paths can be bounded as follows:

du (P1,P2)

def . .
= max {Ullnea;)(1 UIZIélgz {dvl,v2 }, vrzneay)% v{rggl {al,,,,v2 }}

<

X

s s .
Pir,Uy ™ U] Pr, Uy ™ U

Corollary 9. Suppose that there exists a node v on the
shortest path between u and u; such that min cp,{d, '} = v.
Then, the following is true.

If P, is a pu-approximate short path then
_Y R
268t +1 1 a 25%
— — = u=
Ty —@é+oy6st+1n 3 M

u

If P, is a e-additive-approximate short path then
207 log,(48 6™ +8)
> ——  —1o +
(@857 + 1) %

r
25%

+
o —log$é

=e=Q

In particular, assuming real world networks have small
constant values of §*, the asymptotic dependence of u and

PHYSICAL REVIEW E 89, 032811 (2014)

& on y can be summarized as
both p and ¢ are Q(2¢7) for some constant 0 < ¢ < 1.

Proof of Theorem 7. Let | and P, be a shortest path
and another path, respectively, between two nodes ug and
u;. Note that any “subpath” of a p-approximate short path

is also a w-approximately short path, i.e., u; «Zi»u_,- is also
a p-approximate short path, and similarly any subpath of
a e-additive-approximate short path is also a e-additive-
approximate short path. p-approximate shortest paths also
restrict the “span” of a path chord of the path, ie., if
(uo,uy, ...,ux)is a p-approximate short path and {u;,u;} € E
then [j —i| < .

(a) Let v and v/ be two nodes on P and P,, respec-
tively, such that o = d, ,y = max, cp, mingrep,{dy v»}. Let

P P
V¢ € ug e~ v and v, € uj « v be two nodes defined by

- 20+1, ifd,,>2a+1,
VeV T dyy s otherwise

4 = 2a+1, ifdy,>2a+1.
VT dy otherwise

By definition of «, there exist two nodes 0y and 0, on the path

. ~ Py o~
P, such that d,, 5 ,d,, 5 < a.Consider the P3 = vy « 0. that
is the part of path P, from 0; to v,. Note that

di, 5. < dg, v, +dy,0, +dy, 5 <60+ 2.
Thus, we arrive at the following inequalities:

6o +2)u,
<
E<P3)\6a+2+8,

if P, is p-approximate short
if P, is e-additive-approximate short.

Now consider the path Py = v, s Dy & 3, e~ v, obtained by
taking a shortest path from v, to vy followed by the path P;

followed by a shortest path from v, to v,. Note that

6a+2)u+2a, if P, is u-approximate short

6a+2+e+2a=8a+2+e¢,
if P, is e-additive-approximate short.

L(Ps) <

We claim that mingcp,{d, 7} = @. Indeed, if ¥ € P5 then,
by definition of «, ming{d,3} = a. Otherwise, if T €
vy~ Dy, then by triangle inequality d,, , < dy5 +dv.,, =
dyy =220+ 1—dy, >« Similarly, if v e 3y «s vy, then
by triangle inequality d,, , < dp5+dv,, = dvy =20+
1 —dy,, > a. Since v, fvl»v, is a shortest path between v,
and v, and v is a node on this path, by Theorem 5, o <
(68T +2)(Llog, £(P4)] — 1). Thus, we have the following
inequalities:

If P, is a p-approximate short path then
LPy) < ba+2u+2a=06u+2)a+2u
6 +2)(657 +2)log, 6(Py) — 1) +2u
(61 +2)(68" +2)log, (6u+2)a+2u) — 1]
+2u
= o < (687 +2)[logy(Bu+ Da+ wl.

<
<

(D1)
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If P, is a e-additive-approximate short path then
LPs) < 8a+2+¢
< 8(68T +2)(log, 6(Py) — 1) +2+¢
< 8(687 +2)(log,(8a +2+¢6) —1)+2+¢
= 8a+2+¢
< 8(687 +2)(log,(8a +2+¢6) —1)+2+¢

o < (65 +2)<1og2 (4a+ 1+ %)) (D2)

Both (D1) and (D2) are of the form o <
2¢ < ba + ¢ where

alog,(ba+c) =

a=638T+2>1 forboth (DI1)and (D2),
b= 3u+1>24 for (DI)

T4 for (D2)

n=1 for (D1)
“TlU+tz1 for (D)

Thus, « is at most zo where zg is the largest positive integer
value of z that satisfies the equation,

2a <bz+ec.

In the sequel, we will use the fact that log,(x y +1) >
log,(x + y) for x,y > 1. This holds since

2l&y2l=yx-1DD2x—-1=xy+1>2x+y.

We claim that zo < n =a log2(2a blog,(abc) + c). This is
verified by showing that 2¢ > b 5 + c as follows:

2% — 210g2(2ah10g2(abc)+c) =2ab logz(a bC) +c
bn+c =abllog,(2ablogy(abc) + )] +c,
2

\Y

bn+c

2ablogy(abc) + ¢
abllog,(2ablogy(abc) +c)]l+c¢
2 logs(abc)

> log,(2ablogy,(abc) +¢)

< 2 logy(abe)

log,(2abclogy,(abce) + 1)

A\l

WV

since 2a blog,(abc)

WV

landec > 1

= (abc)

> 2abclogy(abce)+1
<abc > logy(abe)+1,

and the very last inequality holds since a b ¢ > 4. Thus, we

arrive at the following bounds:
If P, is a pu-approximate short path then

n= (68 +2)log, (6 +2)(65" +2)
x logy[(687 +2)3u + 1) u] + ).

PHYSICAL REVIEW E 89, 032811 (2014)

If P, is a e-additive-approximate short path then

n=(68"+2)log, (8(68* +2)

x log,[(68" +2)(4 +26)] + 1+ g)

(b) Let the ordered sequence of nodes in the path P53 =

P .
v; v} be a (length) maximal sequence of nodes such that

Vu' € Ps: min{dy .y} > Zp, p,.
vEPl

Consider the following set of nodes belonging to the two paths

P, , Py
ug ~~ vy and vy e« iy

P .
Se = U{v’e upe»v|3v € Py 1 dyy = min {dy,v}}
e,

P
S, =U{v/€ V] e |3v € P

dy v = min {d, ,}}.
v,V v”€7’2{ v,v’}}

Since ug € S;andu; € S,, it follows that S, # @ and S, # 0.
Note that

P .
Ut eugabu|3v € S US, 1 dyy = min {d,,»}}
v’ eP,

= U W

P
VEUY U

Thus, there exist two adjacent nodes v4 and vy on P; such
that both d,, ,, and d,; ., are at most Zp, p,. Using triangle
inequality it follows that

dl)},vé < dU3,v4 + dm,vé + dvg,vg = 2Z$D1,P2 +1,
giving the following bounds:

I’Ldvg,vé < zlu ZP],PZ + M7
P, if P, is p-approximate short
£(v3 5 v3) <
d,h,/+8 ZZ¢21732+1+8
if P, is e-additive-approximate short.

For any node v’ on P3, we can always use the following path
to reach a node on P:

(1) Ifdy v, < dy .y, then we take the path v’ & V3 s vy Of

LMJ + Zp, p, to reach the node v = vy

length at most
on P] 5
. P
(2) otherwise we take the path v’ &~ v} o v, of length at

P,
most LMJ + Zp, p, to reach the node v = v on P;.

This gives the following worst-case bounds for d,, ,:

[+ 1D Zpp, + 5],
if P, is p-approximate short

Lz ZPl 2, + I+EJ ,
if P, is e-additive-approximate short.

dv,v’ <

APPENDIX E: THEOREM 10 AND COROLLARY 11

Theorem 10 (see Fig. 13 for a visual illustration).
Suppose that we are given the following:
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very
long
path

FIG. 13. Illustration of the claims in Theorem 10 and
Corollary 11.

three integers k > 4, > 0,r > (

five nodes ug,u1,us,u3,us such that

uy,uy € B(up) with du],uz ) (6 aworst(G) + 2), dul,m =
dyyuy = Q.

Then, the following statements are true for any shortest path
P between usz and u4:

(a) there exists a node v on P such that

3k —
duo,v <r— 12

=r — Ok 8} (G)).

- 1)(6 8w0rst(G) + 2)’

)(6 84 (G)+2)

(b)
3k —2

L(p) = ( )(6 Syorst(G) +2)

+2a = QK 8} (G) + a).

Corollary 11 (see Fig. 13 for a visual illustration). Consider
any path Q between u3 and u4 that does not involve a node in
Ur<r By (up). Then, the following statements hold:

o K 5

0 @z 2@ T
In particular, if 8} (G) is a constant then £(Q) = 252(® + )
and thus £(Q) increases at least exponentially with both «
and .

(ii) if Q is a w-approximate short path then

G TK ).

o K 1
26850 (G)+2 +77% 1
= -3
12a 4+ Bk —26 —o(1))(6 (Swor;t(G) +2) 3
2® (‘S»tolil(c) +K)

o + K 850 (G)

In particular, if 8], (G) is a constant then 1 = Q(ZO(W)) and
thus w increases at least exponentially with both o and K.

g1 — anl < 285,(G) = gy = q) — 28554 (G)

PHYSICAL REVIEW E 89, 032811 (2014)

(iii) if Q is a e-additive-approximate short path then
o K 1
2685, (G)+2 +35%

488} ,(G) + ¥

— log, (4835} . (G) + 16).

In particular, if 8}, (G) is a constant then & = Q(2©©@+<)
and thus ¢ increases at least exponentially with both « and «.

1. Proof of Theorem 10.

Consider the shortest-path triangle Ay, ,;.,) and let
U10,3,40,4, and u3 4 be the Gromov product nodes of Ay, s u)
on the sides (shortest paths) ug to us, ug to uy, and usz to
uy, respectively. Thus, dy; .o, = dugue.» and B =

Ay un Ay —due duzu
| et S | — | 285 | since dyyuy = duguy =T + O

We ﬁrst claim that dy .., <7 = dyyu,. Suppose for the
sake of contradiction that d, .., = duy,u,, = r. Then, by
Theorem 3 we get dy, ,, < 6 Sworst(G) + 2 which contradicts
the assumption that d,,, ., > % (6 87,(G) +2) since k > 4.

Thus, assume that duo,,m = duyuy, =7 —x for some
integer x > 0. By Theorem 3, dyysup, < 6870r(G) + 2.
Let dugsups = 684or(G) +2 — y for some integer 0 < y <
684 0rst(G) + 2 and dy, u, = 5 (6834,4(G) +2) + z for some
integer z > 0. Consider the four-node condition for the
four nodes uy,us,up3,up 4. The three relevant quantities for
comparison are

q| = dul,uz + du0_3,uo,4

dys, uz4 =

(2 + 1>(68vt0r§t(G) + 1) +z- Y,

G= = dugyu, t dug s,
= (dugur — duguos) + (dugun
g\ = dugsyuy + Aug gz
< (dugsos + dugar) + (ugs e + dugsz)
=128} ,(G) +4 — 2y + 2x.

We now show that x > (2" 2)(68,,(G) +2). We have the
following cases.
Assume that g\, <

lg) — q=| < 28,

worst

- duo,uu,za) =2x,

< min{q, g=}. This implies
(&)

‘(2 + 1)(65wom(G)+2)+z —y—2x

2 5$0rsl(G)
( )(6 5w0rst(G) + 2) +z— y - 2 5w0rst(G)
Xz
2
> (22265t (G)+2) + 2
= 12 worst 6 N

Otherwise, assume that g— < min{qy, g\ }. This implies

= duos,ul + duo,4,u2 > (2 + 1>(6 8worst(G) + 2) tz—y— 28\—»\/"_orst(G)
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= (dllo.3»u0.4 + dllo.4,'41) + (dllo.3,uo,4 + duo,syuz) 2 duo.,%ul + dllo.zhuz

<2+4)m@m¢6y+m+z—y—2&g¢6)

= 2x + 268 (G)+2—y) > (2 + 1)(6 8do(G)+2)+z—y—28% (G)

3k — 1
:> X 2 12 (6 Bworst(G) + 2) + 6

Otherwise, assume that gy < min{g_, ¢\ }. This implies
lg= — q\\' 2(S\—)»/"_orst(G) = |2x - (duog,u] + dM0,4 uz) | 2(s\-i/_orsl(G)
= 2x duo? uy + du(m,m 28$orit(G) 2 (dul uy du0_4.u|) + (dulsu2 - d”o}»”]) 28\J;orqt(G)
k(6 Sworst(G) +2)+2z —2x — 28$orsl(G)

: G
= X > < K= )(6 8worst(G) —+ 2) 4 worstt Worgt( ) + 1

2
x 2

12 2 6'

Using Theorem 3, it now follows that

3k —
dlloqu.m < duo,uo..z + duo,s,uo,A S(r—x)+(6 8worst(G) +2)<r— (6 8worst(G) +2).
12
This proves part (a) with u3 4 being the node in question. To prove part (b), note that
3k -2
Pl =28220r+a)—2du,, =20+ (68 (G) + 2).

2. Proof of Corollary 11

Consider such a path Q and consider the node u3 4 on the shortest path between u3 and uy. Since every node of Q is at a
distance strictly larger than r + « from u, by Theorem 10 the following holds for every node v € Q:

3k —2 + 3k — n
dyyyo 2 (r + @) —dygusy = r + ) — |1 — o (6850 (G)+2) ) = + B (6 850r(G) + 2).

Thus, by Corollary 6 [with y = o + (3K 2)(6681.,(G) +2)1, we get

v S S
o302 i @2 T 4 T 6
(@ > 2" = e ~1.
If Q is a p-approximate short path, then by Corollary 9,
Y o el
26850 (G)+2 1 268im(GH2 T 4 6 1

M 2 Z 24+ 0(1) (665G +2) 3 12a+ Gk —26—o()655.u(G)+2) 3

If Q is a e-additive-approximate short path, then by Corollary 9,

o K 1

2 @72 8@ T4 T 6
—— — log,(484 G)+16) = — log,(48§ G) + 16).
48 S%N(G) + 127 g2( WOIbt( ) ) 48 S;JForst(G) 77 g2( WOr&t( ) )

APPENDIX F: LEMMA 12

Lemma 12 (equivalence of strong and weak domination; see Fig. 7 for a visual illustration). If % > (68} ,.(G) + 2)log, n
then

[ number of pairs of nodes v is selected uniformly
Mo poa Ly v,y such that v,y is weakly | randomly from
(p,A) dominated by u Uy <j<28ju)
[ number of pairs of nodes v is selected uniformly
= E [ v,y such that v,y is strongly | randomly from
(p,A) dominated by u Up<j<a8Bju)
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Proof. Suppose that v,y is weakly (p,)) dominated by u, i.e., there exists a shortest path v & y between v,y € B,,(u) such

that for some node v/ € v <xs y we have v’ € B,(u). Let v &, y be any other path between v and y that does not contain a node

from B,(u). Then, by Corollary 11 (i) (with k = 4) we have

A 11

60iom(G)H2 T 6
(Q) =2

_zolmntd sy,

which contradicts the obvious bound ¢(Q) < n. Thus, no such path Q exists and v,y is strongly (p,1) dominated by u. ]
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