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Temperature distribution along the surface of evaporating droplets
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The surface temperature can significantly affect the flow field of drying droplets. Most previous studies
assumed a monotonic temperature variation along the droplet surface. However, the present analyses indicate
that a nonmonotonic spatial distribution of the surface temperature should occur. Three different patterns of
the surface temperature distribution may appear during the evaporation process of liquid droplets: (i) the surface
temperature increases monotonically from the center to the edge of the droplet; (ii) the surface temperature
exhibits a nonmonotonic spatial distribution along the droplet surface; (iii) the surface temperature decreases
monotonically from the center to the edge of the droplet. These surface temperature distributions can be explained
by combining the evaporative cooling at the droplet surface and the heat conduction across the substrate and
the liquid. Furthermore, a “phase diagram” for the distribution of the surface temperature is introduced and
the effect of the spatial temperature distribution along the droplet surface on the flow structure of the droplet
is discussed. The results may provide a better understanding of the Marangoni effect of drying droplets and
provide a potential way to control evaporation-driven deposition as well as the assembly of colloids and other
materials.

DOI: 10.1103/PhysRevE.89.032404 PACS number(s): 68.03.Cd, 68.03.Fg, 47.55.pf, 47.55.dm

I. INTRODUCTION

When a liquid droplet dries on a solid surface, the particles
suspended in the droplet will deposit on the substrate and form
different deposition patterns, e.g., a ring at the drop periphery,
a central bump, and a uniform deposit [1–8]. This phenomenon
has been used as the basis of a wide range of industrial and sci-
entific applications involving particle deposition, including the
deposition of DNA-RNA mapping [9–11], the ink-jet printing
of functional materials [12–15], and disease diagnosis [16].
Controlling the distribution of deposition from evaporating
droplets plays a vital role in these applications.

Among the factors involved, the convective Marangoni
flow inside drying droplets can significantly influence the
resulting patterns of deposition [1–6,17] and thus has moti-
vated extensive theoretical and experimental research in recent
years [18–26]. The surface temperature gradient of evaporating
droplets generates convective flow and consequently alters the
deposition pattern. Therefore, a better understanding of the
temperature distribution along the surface of drying droplets
will be important both in fundamental research and in practical
applications.

While extensive theoretical and experimental research
has been conducted on evaporating droplets in recent years
[27–39], the spatial distribution of the surface temperature
remains poorly understood because of the intersection of
many related factors, e.g., the thermal conductivities of the
liquid and the solid substrate [40], the microstructure at the
droplet edge [22], and the heating substrate size [41]. Two
opposing views have been offered on the direction of the
surface temperature gradient. Deegan et al. [2] believed the
apex of the droplet to be coolest due to its longer conduction
distance from the substrate, which leads to a positive (i.e.,
outward) radial temperature gradient along the droplet surface.
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Contrarily, Steinchen and Sefiane [42] assumed that the edge
of the droplet is colder because of the larger evaporation rate at
this edge, and thus the surface temperature gradient is negative
(i.e., inward). Theoretical predictions [4,6,43] and infrared
thermographic observations [44,45] showed that the surface
temperature of drying droplets on isothermal substrates will
increase monotonically from the center to the edge, which
constitutes a positive surface temperature gradient. However,
numerical simulations by Hu and Larson [23] showed that
the radial surface temperature gradient of drying drops on
finite thickness substrates will reverse its direction at a critical
contact angle. Further analyses by Ristenpart et al. [6] and Xu
et al. [4] indicated that the critical contact angle is determined
both by the relative thermal conductivities of the substrate and
the liquid and by the ratio of the substrate thickness to the
contact line radius of the droplet.

Despite the differences in the direction of the surface
temperature gradient, the above studies all assumed a mono-
tonic temperature profile along the droplet surface. However,
we show here that this assumption only partly explains the
phenomenon and that a nonmonotonic spatial dependence
of the surface temperature may appear. By numerically
solving the temperature fields of drying droplets resting on
flat substrates, the patterns of the temperature distribution
along the droplet surface are analyzed and then explained
by combining the effect of the evaporative cooling and the
effect of the heat conduction. The influences of the relative
thermal conductivities of the substrate and the liquid on
the surface temperature are also discussed. Furthermore,
a “phase diagram” for the temperature distribution along
the droplet surface is introduced, and the influence of the
temperature distribution on the flow field inside the droplet
is also discussed. The present study may contribute to the
body of knowledge concerning the Marangoni effects in
evaporating liquid droplets and thus may be useful to predict
and control the flow field and the deposition pattern of drying
droplets.
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FIG. 1. A sessile spherical-cap liquid droplet on a flat substrate
in a cylindrical coordinate system with radial coordinate r and axial
coordinate z.

II. MATHEMATIC MODEL

Here, we consider a small, pinned, and slowly evaporating
liquid droplet with a contact angle of θ (0 < θ < π/2) and
contact line radius of R resting on a flat substrate of thickness
hS (Fig. 1). The thermal conductivities of the substrate and the
liquid are kS and kL, respectively. The temperature at the lower
surface of the substrate is fixed at T0. Due to the axisymmetric
configuration, a cylindrical coordinate system (r , z) is chosen.

For the pinned, and slowly evaporating droplets, the
evaporation flux along the droplet surface can be well ap-
proximated by the simple form J (r) = J0(θ )(1 − r2/R2)−λ(θ),
where λ(θ ) = (1/2–θ/π ), J0(θ ) = J0(π/2)(0.27θ2 + 1.30)
[0.6381 − 0.2239(θ − π/4)2], J0(π/2) = D(1 − H )cv/R, D

is the water vapor diffusivity, cv is the saturated water vapor
concentration, and H is the relative humidity [1,2,27]. By
estimating the ratio of the relative rates of change of droplet
height to that of temperature, Hu and Larson [23] showed that
the temperature field in the drying droplet is at quasisteady
state. The thermal energy equation in the droplets is then
Peu · ∇T + ∇2T = 0, where u is the liquid velocity, and the
Peclet number Pe is a ratio of the convective to the conductive
heat transfer [6]. Typically Pe � 1, implying that the rate
of the convective heat transfer is much smaller than that of
the conductive one in the drying droplets [6,23]. Ristenpart
et al. [6] further indicated that, although the velocity u diverges
in the vicinity of the contact line, conduction is nonetheless
dominant in the whole droplet. Therefore, inside the slowly
evaporating droplets, the temperature field can be governed
by Laplace’s equation [6,23,28,29], which can be written in a
nondimensional form as follows [4,43]:

∇̃2T̃ = 0, (1)

where ∇̃2 = ∂2

∂2 r̃
+ 1

r̃
∂
∂r̃

+ ∂2

∂2 z̃
, r̃ = r/R, z̃ = z/R, T̃ = (T −T0)kL

HLJ0R

is the dimensionless temperature, and HL is the latent heat of
evaporation.

The nondimensional boundary conditions for Eq. (1) are as
follows [4,43]:

−∇̃T̃L · n = (1 − r̃2)−(1/2−θ/π) at z̃ = h̃(r̃), 0 � r̃ � 1,

(2)

∇̃T̃S · n = 0 at z̃ = 0, r̃ > 1, (3)

T̃L = T̃S, ∇̃T̃L · n = kR∇̃T̃S · n at z̃ = 0, 0 � r̃ � 1,

(4)

T̃S = 0, at z̃ = −hR; −hR < z̃ < 0, r̃ → ∞, (5)

where ∇̃ = er
∂
∂r̃

+ ez
∂
∂z̃

, er is the radial unit vector, ez is the
axial unit vector, n is the unit normal, T̃L is the dimensionless
temperature in the liquid, T̃S is the dimensionless temperature
in the substrate, h̃(r̃) = h(r)/R =

√
1/ sin2 θ − r̃2 − 1/ tan θ ,

h(r) is the height of the droplet, kR = kS/kL is the relative
thermal conductivity, and hR = hS/R is the relative substrate
thickness.

III. FINITE ELEMENT METHOD

By incorporating the boundary conditions listed in
Eqs. (2)–(5), Eq. (1) can be numerically solved using a
commercial software, ANSYS (Ansys, Inc). In the finite element
method (FEM) models, the radius of the substrate is taken to be
1.5R because the results are insensitive to further increases in
the radius. When the contact angle of the droplet is less than 5°,
an error stating that a topological degeneracy has been detected
will occur in the modeling process of the simulations. Thus,
the contact angle, θ , in the present calculations is chosen in the
range 5° � θ < 90° to ensure the accuracy of the numerical
results.

To obtain an accurate surface temperature distribution, the
mesh in the model is refined continuously until the criterion

ε = (
T̃i

∣∣n+1
r̃ − T̃i

∣∣n
r̃

)/
T̃i |n+1

r̃ < 0.005 (r̃ � 0.95) (6)

is satisfied, where T̃i |nr̃ is the dimensionless surface tempera-
ture at r̃ for the nth finite element mesh refinement.

The influence of the refinement on the numerical results
is shown in Fig. 2, which indicates that the distribution of the
surface temperature is nonmonotonic: The surface temperature
first decreases from the center to the edge of the droplet,
reaches its lowest value, and then increases again. From the
figure it can also be seen that while the convergence criterion
in Eq. (6) is satisfied in the central region of the droplet, the
criterion cannot be achieved in the region near the droplet
edge as the refinement proceeds. This problem arises from a

FIG. 2. (Color online) Influence of the refinement on the surface
temperature of drying droplet. The black arrow indicates the direction
of the refinement progress. The parameters used are as follows:
kR = 2, hR = 0.2, and θ = 7°.
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mathematical issue. In the present model, the evaporation flux
becomes singular when approaching the droplet edge and two
kinds of boundary conditions meet at the edge, and as a result,
convergence of the computation may not be achieved in the
region close to the contact line even though the mesh is further
refined.

Thus, we restrict our analysis to the surface temperature
in the central region of the droplet. In the computation, the
convergence criterion used here can ensure that the obtained
temperature is accurate on most of the droplet surface (i.e.,
in the region r̃ � 0.95). In the following text, the velocity
field in the droplets is computed by using a lubrication theory
developed by Hu and Larson [23,28]. In the lubrication theory,
the liquid velocity in the droplet is related only to the local
surface temperature gradient. This means that the flow field
computed by the lubrication theory is also accurate in most of
the droplet (i.e., in the region r̃ � 0.95).

IV. RESULTS AND DISCUSSION

A. Patterns of the surface temperature distribution

Let us first analyze the distribution of the surface tempera-
ture of a pinned liquid droplet drying on a planar substrate (see
Fig. 1). During the evaporation, the radial surface temperature
gradient of the droplet reverses its direction at the critical
contact angle, θCrit. Therefore, if the temperature distribution
along the droplet surface is always monotonic, the temperature
must be uniform over the surface when θ = θCrit. Considering
the spherical-cap shape of the droplets, a uniform temperature
over the droplet surface for all the values of θ , R, hS, kS, and kL

is not so reasonable. This implies that the surface temperature
may change nonmonotonically during the transition period,
i.e., when the contact angle is near the critical value, θCrit.

We will then corroborate the above assertion by numerically
solving the temperature field inside the drying droplets. The
nondimensional equations (1)–(5) clearly indicate that the tem-
perature fields in the droplets are governed by three parameters:
kR , hR , and θ . Here, the parameters are chosen as follows: The
relative substrate thickness is hR = 0.15, the thermal conduc-
tivity of water is kL = 1.4536 × 10−3 (cal cm−1 s−1 K−1) [23],
and the thermal conductivity of glass is kS = 2.2976 × 10−3

(cal cm−1 s−1 K−1) [23]. Thus, the relative thermal conductiv-
ity is kR = 1.5806. The contact angles of the droplets are 10°,
12°, 14°, 16°, 18°, and 20°, which are near the critical value
of 14° obtained by Hu and Larson [23].

By using the above parameters, the dimensionless surface
temperature, T̃i , is obtained as a function of r̃ for drying water
droplets and plotted in Fig. 3. The figure clearly shows that
the gradient of the surface temperature reverses its direction as
the contact angle decreases, and the distribution of the surface
temperature becomes nonmonotonic in the transition period.
The figure indicates that three states of the surface temperature
distribution will appear as the contact angle changes: (i) at a
contact angle above 16°, the surface temperature increases
monotonically from the center to the edge of the droplet; (ii) at
a contact angle between 12° and 16°, the temperature exhibits
a nonmonotonic spatial dependence along the droplet surface:
It first increases and then decreases from the top to the edge
of the droplet; (iii) at a contact angle below 12°, the surface

FIG. 3. (Color online) The dimensionless surface temperature,
T̃i , of a drying droplet at contact angles of 10°, 12°, 14°, 16°, 18°, and
20° computed by the finite element method. The parameters used are
as follows: kR = 1.5806 for water droplets on glass substrates, and
hR = 0.15.

temperature decreases monotonically from the center to the
edge of the droplet.

Thinking in terms of the synergy between the evaporative
cooling at the droplet surface and the heat conduction across
the substrate and the liquid helps to understand these surface
temperature profiles. During evaporation, evaporative cooling
reduces the liquid temperature at the droplet surface. To
compensate for the evaporative heat loss and to maintain
the liquid temperature necessary for evaporation, heat is
transferred from the lower surface of the substrate to the droplet
surface by conduction in the substrate and in the liquid. Hence,
the surface temperature is mainly determined by two factors:
the evaporation rate at the surface and the heat conduction path
length to the surface.

For given values of kR and hR, the relative influence of
the evaporation rate and the conduction path length on the
surface temperature is determined by the value of the contact
angle, θ . When the contact angle is large, the difference in
the conduction path length is comparatively remarkable, and
the nonuniformity in the evaporation rate is relatively unde-
tectable along the droplet surface [1,2,27]. Thus, the surface
temperature is more likely dominated by the conduction path
length and will then increase monotonically from the drop-
let center where the heat conduction distance is the longest
to the droplet edge where the conduction path is the shortest.
Contrarily, the difference in the conduction path length can
be neglected for small contact angles, and the nonuniformity
in the evaporation rate is comparatively apparent. Therefore,
the evaporative cooling effect may be predominant, and the
surface temperature then decreases monotonically from the
droplet center where the evaporation rate is the lowest to
the droplet edge where the evaporation rate is the highest.
For the intermediate contact angles, the influences of the
evaporative cooling and the conduction path are comparable.
Hence, the surface temperature exhibits a nonmonotonic
spatial distribution.
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FIG. 4. (Color online) The dimensionless surface temperature,
T̃i , of a drying droplet at relative thermal conductivities of 1, 1.5, 2,
3, and 5. The parameters used are as follows: hR = 0.1 and θ = 10°.

B. Influence of kR on surface temperature distribution

The thermal conductivities of the substrate and the liquid
significantly affect the temperature field of drying droplets.
The asymptotic analyses by Ristenpart et al. [6] and by Xu
et al. [4] indicated that the critical contact angle is closely
related to the relative thermal conductivities of the substrate
and the liquid. To investigate the influence of the relative
thermal conductivity, kR, on the spatial distribution of the sur-
face temperature, the dimensionless surface temperature, T̃i ,
is obtained as a function of r̃ for drying droplets on substrates
with different thermal conductivities and then plotted in Fig. 4.

Figure 4 shows that the above-mentioned profiles of the
surface temperature also appear successively as kR changes:
For sufficiently large values of kR, the surface temperature
increases with the distance from the top of the droplet; for
small kR, the surface temperature decreases with the distance
from the top of the droplet; and for intermediate values
of kR, the spatial distribution of the surface temperature is
nonmonotonic.

The effects of kR on the spatial distribution of the surface
temperature can also be explained by combining the evapora-
tive cooling and the conduction path length. For conductive
substrates with a high thermal conductivity, the length of
the conduction path through the substrates can be neglected
compared with that in the liquid. As a result, the difference
in the path lengths is relatively notable along the droplet
surface due to the spherical-cap shape of the droplet. In this
case, the surface temperature is most likely dominated by
the length of the conduction path. In contrast, the lengths
of the conduction path are almost identical along the droplet
surface for insulating substrates with low thermal conductivity
because the path length in the liquid can be neglected compared
with that in the substrate. In this situation, the surface
temperature should be determined by the evaporation rate at
the surface. For intermediate kR values, the evaporative cooling
effect and the heat conduction effect are comparable, which
results in a nonmonotonic temperature distribution along the
surface.

FIG. 5. (Color online) “Phase diagram” for the temperature dis-
tribution along the surface of drying droplet on substrates with the
relative thickness of hR = 0.1. The data points were obtained from
numerical simulations.

C. “Phase diagram” for the surface temperature distribution

The patterns of the surface temperature distribution can
be summarized in a “phase diagram” on the parameter plane
(kR , θ ). As shown in Fig. 5, the phase plane is divided into three
regions, i.e., region I, where the surface temperature increases
monotonically from the center to the edge of the droplet;
region II, where the temperature exhibits a nonmonotonic
spatial dependence along the droplet surface; and region III,
where the surface temperature decreases monotonically from
the center to the edge of the droplet.

Figure 5 also shows that the surface temperature of pinned
drying droplets can undergo all three states as the contact
angle decreases during evaporation for small values of kR

(approximately kR � 2.5). However, only two patterns of
surface temperature can be observed on the droplet surface
for intermediate values of kR from 2.5 to 7.5. Therefore, the
inward (or negative) temperature gradient will not appear on
the droplet surface on substrates with intermediate thermal
conductivity. Thus, the droplet is unlikely to contain convective
Marangoni flow, which is radially inward along the substrate
and radially outward along the air-liquid interface. For large
kR (approximately kR � 7.5), the surface temperature will
increase monotonically from the center to the edge of the
droplet throughout the evaporation process, which is similar
for isothermal substrates.

The “phase number” decreases because the significance of
the effect of evaporative cooling decreases relative to the effect
of the conduction path length as the thermal conductivity of
the substrate increases. When the evaporative cooling effect
is too weak to dominate, the inward temperature gradient
will no longer appear on the droplet surface. If the thermal
conductivity of the substrate is sufficiently high, the effect
of the conduction path length will be predominant during the
entire evaporation process. As a result, the surface temperature
always increases with the distance from the top of the droplet.
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FIG. 6. (Color online) The dimensionless surface temperature,
T̃i , of drying droplets on substrates with a relative thermal conductiv-
ity of kR = 10.

The surface temperature of liquid droplets drying on flat
substrates with a relative thermal conductivity of kR = 10 is
numerically solved and plotted in Fig. 6. The figure shows that
the surface temperature always increases from the center to
the edge of the droplet for kR = 10, and its spatial profiles
along the surface of finite thickness substrates are quite close
to that of isothermal substrates (i.e., hR = 0). This conformity
in the distribution of the surface temperature implies that a
substrate with a kR exceeding 10 can be reasonably assumed
as isothermal, especially when the substrate is thin.

D. Comparison with the previous theory

A quantitative criterion for the direction of the surface
temperature gradient of drying droplets was established in
our previous paper based on an asymptotic analysis of the
heat transfer in the droplet central region [4]. To compare
the present “phase diagram” with the quantitative criterion in
the previous paper, the critical contact angles are calculated
according to the criterion and then plotted in Fig. 7 together
with the data from the present numerical computations.
These two theories both suggest that the surface temperature
increases (decreases) with distance from the top of the droplet
for large (small) values of contact angle θ . As shown in Fig. 7,
the critical contact angles at which the radial temperature
gradient along the surface exhibits a transition to a negative
slope are almost the same in the two theories. This consistency
may partly corroborate the validity of both the numerical
simulations in the present work and the theoretical analyses in
the previous theory.

The difference between these two theories is that a region
containing a nonmonotonic spatial dependence of the temper-
ature does not appear in the phase plane given by the previous
criterion. This difference is attributed to the assumption of a
monotonously changing surface temperature, which results in
only the surface temperature close to the symmetry axis being
analyzed in the previous model. Although a nonmonotonic
distribution of the surface temperature appears, the theories
presented by Hu and Larson [23], Ristenpart et al. [6], and Xu

FIG. 7. (Color online) Comparison between the present numer-
ical simulations and the previous theoretical analyses. The relative
thickness of the substrates hR = 0.1.

et al. [4] are still applicable in most cases because the surface
temperature of drying droplets still varies monotonically
when the contact angle is not close to the critical value
(see Fig. 7).

E. Effect of surface temperature distribution on flow structure

Hu and Larson [23,28] have developed a lubrication theory
to obtain an analytical solution for the velocity in the drying
droplets. They showed that the lubrication approximation
provides an accurate analytical solution to the flow field
of drying droplets. Here, with the numerical results of the
surface temperature obtained above, we have computed the
velocity field in the droplets by using the lubrication analysis
method.

To show the effect of the temperature distribution along
the droplet surface on the flow structure within the droplet,
the velocity fields of drying droplets at three contact angles
of 10°, 14°, and 18° are illustrated in Fig. 8. From the figure
it can be seen that the surface temperature distribution has
significant influence on the flow structure inside the droplets.
When the distribution of the surface temperature is monotonic,
a single vortex flow structure often appears inside the droplet
(at contact angles of 10° and 18°). Contrarily, a two-vortex
flow structure may emerge in the droplet when the variation
of the surface temperature is nonmonotonic (at contact angle
of 14°).

The structures of the flow field in drying droplets can be
explained by the Marangoni stress along the droplet surface
generated by the nonuniform surface temperature. When the
surface temperature decreases (increases) monotonically from
the center to the edge of the droplet, an outward (inward) stress
along the droplet surface will form because, for most liquids,
the surface tension decreases with rising temperature. This
stress will generate a clockwise (counterclockwise) circulation
inside the droplet [4–6,23]. If the distribution of the surface
temperature is nonmonotonic, e.g., the surface temperature
increases first and then decreases as one moves from the
center to the edge of the droplet with a contact angle of 14°,
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FIG. 8. (Color online) The sketch of the velocity fields in the
drying droplet at contact angles of (a) 10°, (b) 14°, and (c) 18°,
calculated by using the lubrication theory developed by Hu and
Larson [23,28]. The insets in each panel show the streamlines of
the flow fields inside the drying droplets and the direction of the
temperature gradient along the droplet surface.

a Marangoni stress which is inward in the central region and
becomes outward in the outer region of the droplet is induced
along the droplet surface. Such a Marangoni stress may
generate two vortexes inside the droplet: a counterclockwise
vortex in the central region and a clockwise one in the outer
region as shown in Fig. 8(b).

V. CONCLUSIONS

We first performed an analysis on the surface temperature
of drying liquid droplets, which demonstrates that the spatial
distribution of the temperature along the droplet surface may be
nonmonotonic. To corroborate this assertion, the temperature
field inside evaporating liquid droplets resting on flat substrates
has been numerically solved. The results indicated that
three different distributions of the surface temperature will
appear as the contact angle decreases during the evaporation
process: (i) the surface temperature increases monotonically
from the center to the edge of the droplet; (ii) the surface
temperature exhibits a nonmonotonic spatial distribution along
the droplet surface; (iii) the surface temperature decreases
monotonically from the center to the edge of the droplet.
These patterns of the surface temperature distribution have
been explained by combining the evaporative cooling at the
droplet surface and the heat conduction across the substrate and
the liquid. The influence of the relative thermal conductivities
of the substrate and the liquid on the surface temperature
distribution has been discussed. Then, a “phase diagram” for
the surface temperature distribution was presented and further
discussions indicated that the surface temperature distribution
has significant influences on the flow field inside the droplets.

The “phase diagram” was also compared and found
consistent with the previous theoretical criterion. Despite its
simple origin and limitations, the results presented in this study
may serve as an attempt to understand thoroughly the spatial
distribution of the surface temperature and the Marangoni
effect of drying droplets. Thus, they may provide a potential
way to predict and control the flow field and the deposition of
drying droplets.
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