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Model equations for describing and efficiently computing the radiation profiles of tightly spherically focused
higher-order electromagnetic beams of vortex nature are derived stemming from a vectorial analysis with the
complex-source-point method. This solution, termed as a high-order quasi-Gaussian (qG) vortex beam, exactly
satisfies the vector Helmholtz and Maxwell’s equations. It is characterized by a nonzero integer degree and order
(n,m), respectively, an arbitrary waist wy, a diffraction convergence length known as the Rayleigh range zg,
and an azimuthal phase dependency in the form of a complex exponential corresponding to a vortex beam. An
attractive feature of the high-order solution is the rigorous description of strongly focused (or strongly divergent)
vortex wave fields without the need of either the higher-order corrections or the numerically intensive methods.
Closed-form expressions and computational results illustrate the analysis and some properties of the high-order
qG vortex beams based on the axial and transverse polarization schemes of the vector potentials with emphasis

on the beam waist.
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I. INTRODUCTION

Modeling the beam forming [1] of tightly focused beams
[2-6] is a subject of particular interest in electromagnetic
(EM), optical, and acoustical research, which received signifi-
cant attention in the development of imaging microscopes, and
other devices for particle manipulation and medical imaging.
Usually, the predictions using numerical integration methods
(commonly performed by means of the angular spectrum
method of plane waves [7-10]) are computationally intensive,
requiring the evaluation of a double integration procedure
that can be time consuming. Higher-order corrections [11-13]
have been also suggested, which may provide an approximate
solution with minimal numerical errors if a set of parameters
is carefully chosen. Nevertheless, the lack of an exact solution
for the description of tightly focused beams without any
approximation provided the impetus to further extend a method
based on the complex source point (CSP) formalism [14-20]
(Note the misprint in Eq. (3) of [20]; as written, Eq. (3) is not
a proper solution of the Helmholtz equation since the angle 6
is real as given in Eq. (2). The polar angle in Eq. (3) should
have been expressed as a complex angle, 6_ given after Eq. (1)
in the following), and introduce a solution corresponding to
a fundamental (lowest-order) quasi-Gaussian (qG) beam, that
is an exact solution of the Helmholtz equation and Maxwell’s
equations [21].

In this work, a generalized spherical vectorial solution
of vortex nature that encompasses the lowest-order result
[21] (see also the cylindrical counterpart solution in [22]), is
provided, for which the degree and order (n,m) = (0,0). Vector
solutions, which take into account the vector character of the
field and its polarization, are necessary for the description of
EM fields [23], especially when the wavelength is in the order
of the beam waist. Moreover, it is of particular importance
to develop exact vortex solutions that are applicable to
the computation of tightly focused (or strongly divergent)
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wave fields without any approximations nor the need for the
higher-order corrections usually required for Gaussian beams
[11,12,24], particularly for the computation of the beam-shape
coefficients (BSCs) [25] used to obtain a priori information
on the arbitrary scattering [26-29], radiation force [30,31],
orbital and angular spin momentum [32], and torque [30] in
particle sizing, particle manipulation, and optical tweezers,
to name a few applications. Unlike the lowest-order result
[21], the present solutions are fundamentally different as they
carry an angular momentum [32,33] which sets a particle or
a collection of particles into rotation by inducing a radiation
torque [30]. Although previous vectorial analyses of vortex
[28,34-37] (and nonvortex [38-40]) beams of Bessel type
have been developed, the beams were considered ideally
nondiffracting in an unbounded space, or in other words, of
infinite extent.

The present analysis starts by considering the general
solution to the Helmholtz equation in spherical coordinates
based on the method of separation of variables (i.e., Eq. (42)
in [18]). The same method can be also applied using the CSP
formalism (Eq. (22) in [16]) [14,15,18,19,41-43], and the
result remains an exact solution of the Helmholtz equation.
The effect of having the description of a generalized solution
in a complex coordinates system, which may appear at first
glance a simple artifice, has a major physical meaning in the
description of evanescent waves [44] and the production of
finite directional beams [17]. It is noted that the solutions
presented in [16,18] can be interpreted as a generalized set
of spherical harmonics centered on a CSP. However, such
solutions are singular at the CSP and may not be used to
describe a physically realizable wave field.

The removal of this singularity can be accomplished by
introducing a sink in addition to the point source [45,46], the
sink being identical in amplitude and opposite in sign [47]. The
vectorial solution, termed here a spherical “quasi-Gaussian”
(qG) vortex beam, to make a distinction from the paraxial
Gaussian solution used in conventional laser beams, consists
of products of (nonsingular) spherical Bessel functions of the
first kind and associated Legendre functions with a complex
exponential phase dependency on the azimuthal angle.
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FIG. 1. Geometry of the problem.

II. METHOD

A magnetic vector potential field A, ; describing an exact
solution of the vector wave equation (i.e., the source-free
Helmholtz equation), and polarized along the x direction is
defined such that [47]

A, =qG*x = Age i j, (kg ) P (cos O1)e' ™%, (1)

where the time dependence in the form of e~**' is suppressed
from Eq. (1) for convenience, X is the unitary vector along the
transverse x direction, Ay is the characteristic amplitude, eTkar
is a normalization constant, the parameter ky = kR4, j,(-)
is the spherical Bessel function of the first kind, Pn‘m‘(-)
are the associated Legendre functions of integer degree n
and order m, Ry = vVx?>+y>+Z3%, 01 =cos ' (Z+/Ry),
¢ = tan~!(y/x), Zx = (z £ 20), and zg = kw} /2, where wy
is the beam waist, zo = izg, and zg is the Rayleigh range
(Fig. 1).

The analysis with complex angles introduces a representa-
tion for the field’s characteristics, which allows determining
the direction of propagation as well as field attenuation
interpretations [44]. Moreover, the complex distance function
R is multivalued (in this case four valued) with branch point
singularities on the circle defined by {x* + y? = z%,z = 0}.
A branch line (or cut) has to be introduced to make it
single valued [48]. Here, the branch cut is chosen such
that {x? + y? < z%,z = 0}, for which the complex distance
function is continuous at all points except the branch cut.

It is noted that the azimuthal dependence in Eq. (1) is
expressed under the form of a complex exponential func-
tion which represents a vector potential of vortex nature.
Equation (1) is an exact solution of the vector Helmholtz
equation, and the introduction of a sink along with an
appropriate choice of the branch cut such that {x? + y* <
z%,z = 0} makes this particular expression free from any
singularities at Ry = 0. Unlike the spherical Hankel functions,
the spherical Bessel functions are finite at Ry = 0. The cost
of this choice, however, is that the CSP beam as given by
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FIG. 2. (Color online) Axial (along the direction z) and cross-
sectional (x,y plane) magnitude and phase plots for qGs; (first row)
and qGs; (second row) for kwy = 0.1, corresponding to a strongly
focused (or strongly divergent) beam. The units along the axes are
in mm.

Eq. (1), which propagates along the £z direction, respectively,
possesses a weak field component propagating backwards in
the £z direction, respectively [45].

To illustrate this type of vortex beam, the magnitude
and phase profiles of the vector potential given by Eq. (1)
are computed for two given pairs (n,m) = (3,1) and (3,3),
respectively. Two examples are chosen for which the values
of kwy are selected to be kwy = 0.1, corresponding to a
tightly focused (or strongly divergent) beam, and kwy = 7,
corresponding to a quasicollimated beam. The parameter k =
25 x 10* m~!, and the axial z and transverse (x,y) coordinates
are varied by increments of §(x,y,z) = 1073 mm.

The panels in Fig. 2 show the comparison of both magnitude
and phase profiles for qG beams of third degree (n = 3) and
first (m = 1) and third (m = 3) orders, for a tightly focused (or
tightly divergent) beam (i.e. kwg = 0.1). The vortex nature of
the beam is clearly manifested in the phase plot (third column)
that varies in the cross-sectional plane according to the order
of the beam. Moreover, the magnitude plots displayed in the
central panels [i.e., cross-sectional plane (x,y)] show close
similarity. On the other hand, the axial plots (first column)
show quite distinct features of the qG vortex beams. To better
visualize the features, isosurface plots corresponding to the qG
vortex beam of third degree and first order (qGsy; first column,
first row in Fig. 2) and the third degree and third order (qGs3;
first column, second row in Fig. 2) are displayed in Fig. 3.

The effect of changing the size parameter kwy = 7, which
corresponds to quasicollimated beams, is displayed in Fig. 4.
One clearly notices the difference in the beam shape by
comparing the results with Figs. 2 and 3, as well as the
diameter increase of the hollow region when the order of the
beam increases. This behavior has been previously observed
for high-order Bessel vortex beams [49].

It is, however, important to note that the EM field has an
intrinsic vector structure. Thus, for a complete description of
the qG vortex beams, an electric and magnetic field should be
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FIG. 3. (Color online) Isosurface plots corresponding to a qGs;
vortex beam of first order (left panel) and a qGs3 vortex beam of third
order (right panel) with a “doughnut” shape.

defined using the vector potential given by Eq. (1) to account
for the vector nature of the waves.

Using Lorenz’s gauge condition [50], a magnetic field H,
is defined as

Vx A, =Hye ', @)

where ¢ is the dielectric constant of the medium.
Thus, from Maxwell’s equations and Eq. (2), the electric
field is expressed as

E, = ik[A,, + V(V-A,)/k*]. 3)

Substituting Eq. (1) into Egs. (2) and (3) leads to the deter-
mination of the electromagnetic field components. However,
one notices an asymmetry in the mathematical expressions of
the electric and magnetic field components, inappropriate in
the physical description of symmetric beams. Therefore, the
general physical description of beams in free space (with no
imposed boundary conditions) requires using the dual field
setup [42] to produce symmetrical behaviors in the EM field’s
components. The mathematical operation using the dual field
consists of defining another electric vector potential A, ,

J

EG—y — ﬂ (i|m|p=+kzr) 2 juk) Fum Z:tPrlml(COSQ:I:)\I”n
= e RZ RZ

1
+ 2ik( Jnler)P™ (cos 0) + p{
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FIG. 4. (Color online) The same as in Fig. 2; however, kwy = 7.

polarized along the negative (or positive) transverse y direction
such that
Aq,y — _quortexy’ (4)

nm
where y is the unitary vector along the y direction (note here
that the dual field setup procedure may not be required for the
description of transverse modes [51] with specific boundary
conditions imposed on the wave field).
An electric field E; may be therefore defined as

Vx A, =E, ®)

Thus, from Maxwell’s equations and Eq. (5), the magnetic
field is expressed as

H e "2 = —ik[A,, + V(V - A, ,)/k*]. (6)

In the final mathematical procedure, the solution of Egs. (2)
and (3) is added to the solution of Egs. (5) and (6), and dividing
the end result by 2, leads to the spatial Cartesian components
for a quasi-Gaussian vortex beam of any integer degree n and
order m, which are expressed as

jn(K:t)Zixz [zzian + Anm]
R(Z1 - RL)?

Gk ZsF 2ixy|m)juk)Za Fum X2 Zs Fy[3juks) — W, |m|y[2ix — [m|y]ju(ks) P (cos 61)

RI(ZL —RY) RI(RI-ZDH(x2+)yY) RL(R: —Z%) (x2 + y2)?

P(cos0)W,  ilm|xy Pl (cos 61)W, N x2P"(cos 01) [ &, v o
2R} RI(x2 + y?) 2R% 2 " '

4i|m| ju (k) Zs Fumy* — %]

E0 @ealmmim){4fn("i)zixy (224 Fum + Aum]

T8k RLZE - R2P

Axy Z Fum (W = 3ju(k)]  4ilm|juCes) Py (cos 0

RI(R: — Z1)(x2 +y?)

4lm| ju (k) P (cos 62)y[|m|xy + 2iy]
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(x2+y?) Ri(Z:i - RY) RL

. . |m] . [m]
Efl,;;:y) _ ﬂe(im¢j:kz,¢)(4ly|m|]n(’(i)P"m (cosfy) _ AxZy ju(kt) Fym Q«xpnm (cos 61)¥,

i {4jn<Ki>zix [ZsFon = D] | 2Z3xFanWn  2ilmly Py (cos 02)Z1 W,
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RY RI(Z1 - R}) Ri(x>+y?) RY
H = BV, a0
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MWgﬁﬁmwmwﬁwﬂhwmwm

1
. . |m|
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RI(ZZ —RL) RIL(R: —ZD(x2+)?) RL(R: - Z3) (2 + y2)2
P(cos 0w,  ilm|xy P (cos0)W,  y2P!™(cos6.)[ &,
+ > A, 7 =Wt (11)
2Ri Ri(.x +y ) 2R:i: 2
e _ AovE e(,-m,,bikz,g)(_4ix|m|jn(xi)Pn'”"(cos 02)  4yZajulke)Fan 2y P (cos 00)W,
nm,z (2 +y?) RI(Z% — RY) R
i 4jn(K:t)Z:|:y [Z:tan - Anm] 2Z;ztyl;‘nm\yn 2i|m|xP,lm|(cos Qi)ZilI/n
k RL(R: —Z%) Ri(ZZ —RY) RI(x% +y?)
N yP"(Cos 04)Z1 [&, — 22U, 4ju(ke)yFum  dixm|ju(ke)Fum 2y Fon'W, }) a2)
RY RI(ZZ—RY)  RIG*+yY RY ’

where the superscript (x,—y) in the EM field’s components [i.e., Eqs. (7)—(12)] denotes the polarization state of the vector
potentials A, , and A, ,, respectively. Moreover, the functions appearing in these expressions are given by

Fom = [(n 4+ 1) ZL P (cos 62) + (Im| — n — )R P} (cos 6],
Wy, = {kxljn-1(kx) — jut1(kx)] — julkL)},
A = {n(n + DP™(cos 02)Z% + (jm| —n — 1)2n + 3)Re Zo P} (cos 62) + R2[(n + )P\ (cos )
+(Im|* — @n + 3)|m| 4+ n* + 3n 4+ 2) P (cos 62)]},

&y = (K3 [n—aliex) — 2jnlicx) + Jus2(ke)] + 26 L1 (k) — Juo1 (k)] + 3 (kL)) (13)

It has been also recognized that other states of polarization [52], such as the axial polarization scheme, can be particularly
useful in the development of free-electron lasers [53-56]. Thus, the aim here is to further extend the analysis to the case where the
vector potentials are polarized along the axial directions £z by deriving closed-form expressions for the EM field’s components
in this configuration. Thus, a vector potential field A, ; denoting an exact solution of the Helmholtz equation, and polarized
along the z direction is expressed as

A _ qGVOrtCX (14)

P,z nm z,

where G} is given by Eq. (1), and z is the unitary vector along the z direction. Following the procedure as given by Egs. (2)—(6)
after defining another vector potential polarized along the negative axial direction as

Gvortex A ( l 5 )

nm

Aq,z = —q
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and manipulating the results, the spatial Cartesian components for a spherical quasi-Gaussian vortex beam of any
integer degree n and order m in the (z,—z) polarization scheme are found to be

Gt _ A0 ity (A Gee) P (€08 02) Ay Zajuki)Fam 2y P (005 02)W,
- (x2 4 y2) Ri(Z3 - RY) R

L[ 22X 2nk) @7 P + M) + ZiFon Vo] 2ilm|y[ Py (cos 02) Ze W, + 2 (ka) Fom ]
k RL(Z: — RY) RI(x2+y?)

2xFpm ¥, Pl (cos0)Z[E, — 2W,]  4x(3Z% — R2)ju(ki)Fum
n +X ( )Z1[§ ] (€Y Din(k+) })’ (16)

RL RL RL(RL —Z3)

e _ A gk (_HYImLn(D) P (008 00) | AxZoju(k) Fan | 20 P (008 02) Wy
Yy g (2 +y?) RI(Z: - RY) R%

i {zziy [2Jn<xi>(2zian + Aum) + Zi Fym W, 2i|m|x[P,l""(cos 0)Z4 W, + 2 (ks) B |
k Ri(Z% - RY) R3(x% + y?)

_|_

29 Fam W yPI"(cos 0)Z [£, — 2W,]  4Y(3ZY — R2)ju(ks) Fum }) an

RL R RL(RL —Z3)

EG@=D — —iAo
oz 2k RE(Jm| +n+1)

(z\ln\¢ikZR){] (K:t)[’(j: anm + (411 — I)Zanm + R:ZI:CD"’"]

—K+ J11+1(K:t)[R an + (2n - l)Z Xnm]} (18)

e _ AWVE iy (UML) P (€0802) Ay Zajuee) Fam | 2y P (005 01) W,
mmx T8 (x2 4+ y2) Ri(Z - RY) R:

2Z3% [2ju(ic) QZs By + Am) + Zs F W] 2i|m|y[Pn"”‘(cos 00)ZL W, + 2 (Ks) P |
ok RL(RL — Z2) RI(x2+y?)

20FmV,  xPV"N(cos0)Zo[E, —2W,]  4x(3Z — R2)ju(ks)Foum }) (19

R RL RL(R - Z3)

g _ AovE (zm¢isz)<4zy|m|Jn(Ki>P’”<cos9i> AxZy julks)Fom 25 Py"(cos 01)W,
8

nm,y -

(x2+y?) Ri(Zi—-RY) R

i (2Z4y [2ju(ks) QZs Fyp + Apm) + Zi Fp W] 2i|mlx[ P (c0s 602)ZoW,, + 2, (k) Fon ]
k RL(RL - Z}) RI(x2+y?)

2yan \I'ln yPnlml(COS 9:|:)Z:t [%_n - 2an] 4)’(323[ - Ri)jn(K:I:)an }) (20)

RL R RL(RL — Z2)
H(z —-2) __ E(z Z)\/_ (21)

nm,z

Moreover, the additional functions appearing in Eqs. (16)—(21) are expressed as

Xom = [(Im] —n — DZ£ P (cos 61) + / RY — Z3 P (cos 6.)],

Dy = [(Im| = n — DZe(jm[* = 2/m|n + [m| — 3n> — K*Z3 — n + )P} (cos 0

+(Im)* —n? = kK*Z3),/ RL — Z3 P (cos 61)],

= [(=2[m|? + [m| + 2% + 3n + 1)Z+ P! (cos 62) + / RE — ZZ P (cos 61)]. (22)
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FIG. 5. (Color online) Comparison between the axial magnitude (along the direction z), isosurface, and cross-sectional (x,y plane)
magnitude and phase plots for the electric components of a qGs; vortex beam for kwy, = 0.1, corresponding to a strongly focused (or
strongly divergent) beam. The first and second rows correspond to the (x,—y) configuration, whereas the third and fourth rows correspond to

the (z,—z) configuration. The units along the axes are in mm.

For the reader’s convenience, the steps leading to
Egs. (7)—(12) and Eqgs. (16)—(21) are explicitly provided in
the Supplemental Material, Ref. [57].

To illustrate the vectorial analysis, the magnitude, iso-
surface profiles, and phase plots of only the electric field’s
components in both the (x,—y) and (z,—z) configurations [i.e.,
Egs. (7)-(9) and (16)—(18), respectively] are computed for
the pair (n,m) = (3,1). In the simulations, two values of the
size parameter kwy are selected to be kwy = 0.1 (Fig. 5),
corresponding to a tightly focused (or strongly divergent)
beam, and kwo =7 (Fig. 6), corresponding to a quasicollimated
beam. The parameter k = 25 X 10> m~!, and the axial z
and transverse (x,y) coordinates are varied by increments of
8(x,y,z) = 1073 mm.

Comparisons of the first with the third row, and the second
with the fourth row in Fig. 5 clearly show the effect of
changing the polarization states of the vector potentials from
the transverse (x,—y) to the axial (z,—z) one. One particularly
notices the spatial distributions in the cross-sectional plane
for the components |E§§:;y)| and |E§§jy )| (second row, first
and fifth panel, respectively), which show an asymmetry in

the central part of the plots, only in the transverse (x,—y)
polarization state. The central area of the beam is slightly
rotated in the plane so that the symmetry is broken. This is a
characteristic of the qG3; vortex beam for kwy = 0.1.

This antisymmetry is removed when the beam becomes
more directional as displayed in Fig. 6 (second row, first and
fifth panel, respectively) for kwy = 7. Moreover, evolutions
of the components |E_§Zl’,;Z)| and |E§Zl’,;Z)| (fourth row) are
perceived; the null observed when kwy = 0.1 (Fig. 5, fourth
row, first and third panel) is transformed into a maximum in
magnitude with a rotation in the transverse plane (Fig. 6, fourth
row, first and third panel).

As mentioned previously, the high-order qG vortex beams
carry both linear and angular momenta, responsible for the
production of a radiation force and torque [30] on a particle. A
recent analysis dealing with a coherent superposition of Bessel
beams [37] has shown that both linear and angular momentum
density fluxes may reverse sign at particular values of the
half-cone angle of the beam. These behaviors anticipate the
production of a “tractor” beam where particulate matter may
be pulled back toward the source, and a spinning reversal
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FIG. 6. (Color online) The same as in Fig. 5, but the size parameter is kwy = 7, corresponding to a quasicollimated beam.

effect in which particulate matter may rotate with opposite
handedness to the beam. For the present case of high-order
qG vortex beams, the analysis [37] can be directly extended to
evaluate the linear and angular momentum density fluxes with
particular emphasis on the dimensionless waist kwy, since the
EM components of the qG vortex beam are now available [i.e.,
Egs. (7)-(12), (16)—(21)]. Further investigations focused on
evaluating the EM radiation force and torque on a particle are
beyond the scope of the present study, and will be the subject
of future research.

III. CONCLUSION

In summary, the vector wave properties for a CSP vortex
solution representing tightly spherically focused beams, are

investigated. Particular emphasis is given to the polarizations
of the electric and magnetic vector potentials, which produce
distinct components for the EM field, with vortex behavior.
In addition, the effect of increasing the beam waist pro-
duces quasicollimated beams in the broad sense. The field’s
expressions are exact solutions of Maxwell’s equations and
are obtained without any approximations. Potential use of
the solutions is in modeling strongly focused (or quasicol-
limated) beams without the need of numerical integration
procedures, nor the higher-order corrections. Other potential
application is the accurate computation of the beam-shape
coefficients used in the generalized Lorenz-Mie theories
(GLMTs) for evaluating the arbitrary scattering, forces,
and torques on particles using tightly focused laser vortex
beams.
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