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A general framework for analyzing the recently discovered phase transitions in the steady state of dissipation-
driven open quantum systems is still lacking. To fill this gap, we extend the so-called fidelity approach to quantum
phase transitions to open systems whose steady state is a Gaussian fermionic state. We endow the manifold of
correlation matrices of steady states with a metric tensor g measuring the distinguishability distance between
solutions corresponding to a different set of control parameters. The phase diagram can then be mapped out in
terms of the scaling behavior of g and connections with the Liouvillean gap and the model correlation functions
unveiled. We argue that the fidelity approach, thanks to its differential-geometric and information-theoretic
nature, provides insights into dissipative quantum critical phenomena as well as a general and powerful strategy

to explore them.
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I. INTRODUCTION

The occurrence of typical equilibrium phenomena in out-of-
equilibrium driven condensed-matter systems (e.g., long-range
order, topological order, and quantum phase transitions) has
been recently discovered [1-4]. This poses new, fascinating,
and challenging problems both at the theoretical and exper-
imental levels. Indeed, it has been shown that dissipation
processes can in principle be controlled and tailored in order to
compete with system-free evolution and to realize fundamental
protocols such as quantum state preparation [5], quantum
simulation [6], and computation [7]. The natural question
that arises is whether and how the methods typically used
in the equilibrium realm can be adapted to characterize
nonequilibrium problems. In particular, the occurrence of
quantum phase transitions (QPTs) in nonequilibrium steady
states (NESSs), which are the results of complex many-body
dissipative evolutions, is far from being understood, and we
still lack a comprehensive and systematic framework that can
link equilibrium and nonequilibrium properties.

In this paper, we propose an information-geometric strategy
for describing NESS-QPT based on the study of a quantity
borrowed from quantum information theory, i.e., the fidelity
F between quantum states. This general approach has been
successfully applied to a large variety of ground-state QPTs
(GS-QPTs) [8-11] and quantum chaos [12]. In the context of
NESS-QPTs, the set of (control) parameters A € M defines
a Liouvillean superoperator £(A) which drives the system,
independently of the chosen initial state, to the corresponding
(unique) NESS p(L). Depending on A, the NESS can exhibit
quite different properties and the system can exhibit NESS-
QPTs. The main idea behind the fidelity approach is the
following: when dramatic structural changes occur in p(1),
e.g., approaching a critical point, the geometric-statistical
distance d[p(L), p(A 4+ 6A)] between two infinitesimally close
states grows as they become more and more statistically
distinguishable. Although there are several metrics in in-
formation geometry [13-15] for (mixed) density operators
p(A) [16], here we concentrate on the Bures metric ds%, =
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2[1 — F(p,p + dp)]. The latter is written in terms of the
Uhlmann fidelity [17] F, and, in turn, represents the natural
measure of distinguishability. The infinitesimal distance dslz9
is the fundamental tool of the fidelity approach: it has been
shown that the study of its scaling behavior (extensive versus
superextensive) allows a systematic study of GS-QPTs [10,18].
When expressed in terms of the physical A of the model,
the Bures distance provides a metric g onto the parameter
manifold M. The tensor elements of g allow one to study
the responsiveness of the system to small variations of the
physical parameters and eventually detect a phase transition.
Although the metric tensor g is not coordinate-free, as long as
the coordinate transformations are not singular themselves and
are independent of the system size, the finite-size scaling of the
metric is an intrinsic property of the family of quantum states
that is parametrization-independent. This simple fact has been
amply recognized in the corresponding fidelity approach for
closed quantum systems [9,10] and applied here verbatim.
Dissipative QPTs are of a different nature from the standard
QPTs at zero temperature. Accordingly, in spite of some ob-
vious yet somewhat superficial similarity, their understanding
calls for a different set of conceptual as well as mathematical
tools. In the first place, stationary states are the result of an
equilibration process: NESS-QPTs need a new equilibration
time after the perturbation and, as such, they are not a result
of an adiabatic reorganization of the (ground) state. From
a mathematical point of view, a NESS is the zero eigenvalue
density matrix of the non-Hermitian Liouvillean superoperator
L, as opposed to pure eigenvectors of a Hermitian Hamiltonian
operator H. This implies that, on the one hand, one has
to employ the more sophisticated information-geometry of
mixed states and, on the other hand, that the whole wealth of
powerful results stemming out of Hermiticity, e.g., the spectral
theorem and perturbation theory, is simply not available in
the dissipative case. The challenge here is to find a suitable
way to parametrize the manifold of stationary states and pull
back into the parameter manifold the state metric. This is in
general a quite daunting task, but restricting to the physically
relevant case of a quadratic Liouvillean can be achieved.

©2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevE.89.022102

LEONARDO BANCHI, PAOLO GIORDA, AND PAOLO ZANARDI

Specific models belonging to this class indeed display rich
nonequilibrium features and NESS-QPTs, which have been
characterized by studying long-range magnetic correlations
and the Liouvillean spectral gap A, [1,19]. However, to
the best of the authors’ knowledge, a precise mathematical
definition of a NESS-QPT is still lacking. This paper aims
to be an attempt toward the use of the fidelity approach for
defining the NESS-QPT.

We derive a general formula for the Bures distance over the
set of Gaussian fermionic (GF) states and the metric tensor
g over the parameter manifold. Then we discuss how the
scaling of the metric implies both the closing of A, and
the divergences of some two-point correlations. Finally, we
apply our theoretical framework to exactly solvable models.
Our analysis demonstrates that the NESS phase diagram can
be accurately mapped by studying the (finite-size) scaling
behavior of the metric tensor g; critical lines can be identified
and the different phases distinguished.

II. BURES METRIC FOR GAUSSIAN FERMIONIC STATES

The calculation of the Bures distance is a notoriously
hard task for large Hilbert spaces: standard methods [16] are
computationally not applicable for many-body systems, and
finding an efficient way to evaluate ds% is still a subject of
active research [20]. Here we show a compact and efficient
way to evaluate the Bures metric (for convenience, we use a
rescaled metric ds> = 8 ds%) when the state space is restricted
to the physically important case of Gaussian fermionic states.
Consider a system of n fermion modes described by a set of 2n
Majorana operators w;. These operators are Hermitian, depend
linearly on the fermionic creation and annihilation operators
via wp = fo + f) wase = i(fe — f), £ =1,....n, and sat-
isfy the algebra {w;,w;} = 2§;;. A GF state p, i.e., a Gaussian
state in terms of the operators w j, is completely specified by the
two-point correlation functions C;; = %([wi ,w;]),, where the
complex 2n x 2n matrix C is imaginary and antisymmetric.

With this natural parametrization, the metric can be pulled
back from the many-body Liouville space to the manifold of
the two-point correlation functions. Indeed, in Appendix A
we have shown that the fidelity metric around the GF state p
specified by the correlation function C is given by

ds® = T{dC(1 — Ade)'dC] =: |1 — Ade) "% dC |2,

(D

where AdcX:=CXC'=CXC is the adjoint action,
and ~! refers to the pseudo-inverse. In particular, when p
is pure, Sp(C) = {£1} and the above equation reduces to
dsgure=||dC||%/2.

This is an interesting result, but it is just the first step of our
analysis. In fact, the crucial physical information is contained
in the external parameters {1,} € M of the model. As dC =

>, 41,3, C, we obtain

!/

(a C)rs(avc)sr
ds> =Y guvdhydhy, gu =y T2 (2)

1—c¢
m,v rs C;CS

where C =) ¢, |r)(r|, with ¢, € R and (3C),s = (r|dC|s),
i.e., the sum in the above equation is performed in the
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basis in which C is diagonal and it is restricted over
the elements such that c¢,c; 7 1. The infinitesimal distance
ds? encodes the statistical distinguishability between two
infinitesimally close Gaussian fermionic states; this result is
completely general and it can be used to study the geometrical
properties of manifolds of GF states. Equations (1) and (2)
provide the basic tool for studying the phase transitions
occurring when the NESS are GF states. In this respect,
a first qualitative indication that the scaling behavior of
the metric can spot QPTs is suggested by the following

inequality (see Appendix D): ds? < 2n Pc ||dC||2%,, where
Pe = ||(1 4+ C®*)7 !« and ||A|le refers to the maximum

singular value of A. If Pc=0(1), a superextensive behavior of
ds? implies some sort of singularity in the correlation functions
that may reflect the occurrence of a phase transition.

III. DISSIPATIVE SOLVABLE MODEL

We consider a Markovian dissipative open quantum system
evolution [21] governed by the Lindblad master equation,

d .
= Lpi=—ilH.p1+ Y CLup L, — (L, Lup). ()

"

with a quadratic Hamiltonian H =}, H;; w;w; and linear
Lindblad operators L, =Y, {,; w;, where the matrices H
and ¢ depend on the parameters A € M defining the specific
model. In the following, we obtain the steady state €2, namely
the state for which d2/dt = L = 0, and pull back the set of
admissible NESS to the parameter manifold. The Liouvillean
can be written as a quadratic form in terms of the following
set of 2n creation and annihilation superoperators:
1 1

ZW{wjﬂ}v ajz_EW[wj5]’

T
a;-=

“)
where W = i" 3": , w;j is a Hermitian idempotent operator
which anticommutes with all the w;. A direct calcula-
tion proves that the operators defined in Eq. (4) satisfy

the canonical anticommutation relations (CAR), {a},ak} =
8jk, and that £ = — Zij(Xij ajaj +7Y;; ajaj/Z), where X =
4GH +ReM)=X*, Y = —-8iImM = —Y* = YT, with
Mij =3, Lull; = M. This result was derived in [22], but
thanks to our definition (4), complex transformations [23] for
unifying the different parity sectors are avoided. The two-point
correlation functions in the steady state, C;; = ([w;,w;]),
are obtained from the solution of the following Sylvester
equation [23]:

Xc+cx'=v. 3)

As shown in Appendix B, the matrix C also plays a central
role in the diagonalization of the Liouvillean. To simplify our
analysis, we assume the real matrix X to be diagonalizable,
ie, X = UxU~! for x = diag({x;}), x; € C, as this condition
is always satisfied in our numerical simulations; the general
(nondiagonalizable) case is discussed in Appendix C. The
transformation d = U~ !(a + Ca'), d* = UTaf, realizes a
nonunitary Bogoliubov transformation and brings £ to the
diagonal form £ = — )", x; d; di. The (unnormalized) steady
state Q2 is then obtained as the d-vacuum, (d;Q =0,V j =
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1,...,2n),1ie.,
Q = e 22, 6)

where the identity operator is the a-vacuum. The physical
conditions for the existence and uniqueness of the steady state
are given in [24]: if A := 2min; Re(x;) > 0, then the solution
of (5) is unique and every initial state converges for t— 00
to the unique steady state (6). The gap A represents both the
inverse of the time scale for reaching the steady state and the
gap of the Liouvillean: min(| Zi xjnj|:n;e{0,1}} = A.

If A > 0, the steady state €2(A) is unique, and since L
smoothly depends on the parameters A € M, it is a smooth
function of A [25]. If the gap A(n)—0 for n— o0, the steady
state 2(A) may become a nondifferentiable function of A.
However, NESS-QPT are not defined by the closing of the
Liouvillean gap. Nevertheless, the scaling properties of A(n)
have been used as indicators of NESS criticality [19,26-28].
Motivated by this, in Appendix D we derive the following
upper bound, which relates the behavior of A(n) and ds?:

ds? P,
- < 2A—C2 (1Y llos + 21ld X l|oo)*. (7N

The latter is the dissipative analog of the GS-QPT one given in
[10], where it was shown that superextensivity of ds” implies
the closing of the Hamiltonian gap [10] and the occurrence
of criticality. Here the bound intriguingly links the geometric
quantity ds? to the dynamical property A, and it provides
the following information: if the numerator of the right-hand
side in (7) is O(1), then any superextensive behavior of ds> =
O(n**"), a > 0, implies that the Liouvillean gap A closes at
least as O(n~%/?). Therefore, the geometric properties of the
NESS manifold set the minimal time scales for the reaching
of the steady state.

In the next sections, we specialize our results to particular
solvable instances of (3) and we perform numerical and
analytical analyses aimed at validating the importance and
usefulness of the fidelity approach to NESS-QPT and at
comparing the scaling properties of A and ds?. In particular,
we will focus on the scaling of metric tensor g,, and of
its largest eigenvalue |g|, which depends on the control
parameters of the model. However, the scaling of the metric
tensor is a coordinate-free concept, as long as the coordinate
transformations over the control manifold do not depend on 7.
This latter is always going to be the case on physical grounds,
as the control manifold’s dimension is unrelated to the Hilbert
space one and therefore does not scale with the number of
particles.

IV. BOUNDARY-DRIVEN XY SPIN CHAIN

We now concentrate on a solvable spin—% model exhibiting
a NESS-QPT [1]. Coherent interactions are described by the
XY Hamiltonian

n—1 n
1+y X __X 1—]/ y__y z
H:;(Tq ol + 5 07 07, —i—h;ai, ®)

where o7 are the Pauli operators acting on the jth spin.
The two boundary spins of the chain are coupled to two

(thermal) reservoirs via the Lindblad operators LT =T LIoli,
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TABLE 1. Scaling analysis of the gap A and of the maximum
eigenvalue of the fidelity metric g,,. These laws do not depend on
the particularly chosen rate Ff z- An asterisk denotes that the lines
h =0 and y = 0 consist of a short-range region embedded in the
long-range phase; one finds (see discussion in the text) |g| & g, for
h=0and |g|~ g, fory =0.

Phase Parameters A lg|
Critical * h=0 n=3 n
Long-range 0< |k <h, n=3 n’
Critical |h| ~ h, n=> n®
Short-range |h| > h, n=3 n
Critical * y =0,|h| < h, n=3 n?
Ly =~Tgof, where 0" = (07 +i07)/2, and the strengths

Ff z depend on the reservoir parameters as well as on their
temperature [23]. Due to the Jordan-Wigner transformation,
such a model can be exactly described by a quadratic
Majorana master equation (3). The steady state of the resulting
dissipative Markovian evolution is therefore Gaussian, and
different phases can be identified depending on the parameters
(h,y) of the Hamiltonian (8). Along the lines 7 =0, y =0,
and for h > h. = |1 — y?|, magnetic correlations are short-
ranged, i.e., the correlation function Cff = (afaf) exhibits
an exponential decay, Cjj ~ e™"~/I/5, with a localization
length & =~ \/2h./(h — h.)/8. On the other hand, for & < h,
a phase with long-range magnetic correlations emerges which
is characterized by nondecaying structures in C;’ and a
strong sensitivity to small changes of the parameters. Around
the critical point A, one finds a power-law behavior Cj; ~
i — I~

In Table I we summarize the scaling analysis performed.
Our results show that the Liouvillean gap and the metric
encode different information. Indeed, unlike the Hamiltonian
gap ruling ground state QPT, the Liouvillean gap A closes for
n — oo both at the critical point and for & # h,, both in the
long-range and short-range phase. As the reservoirs act only
at the boundaries of the spin chain, the eigenvalues x; of the
matrix X forn > 1 are a small perturbation of the n— oo case,
where x;, = +4iwy;, where w, = \/(cos k —h)? + yZsin?k is
the quasiparticle dispersion relation of the Hamiltonian (8).
In particular, x; gains a small real part and one finds a
gap A = O(n=3) for h # h. and A = O(n™>) for h = h,.
Therefore, the scaling of the Liouvillean gap allows one to
identify the transition from the short-range phase to the
long-range phase only along the critical line 4 = h,, while the
transition occurring at the & = 0 (or y = 0) line can only be
appreciated by evaluating the long-rangedness of the magnetic
correlations. The question that naturally arises is how the
different phases and transitions can be precisely characterized
in a way similar to what happens for GS-QPTs. This question
becomes more compelling if one compares the above results
with the scaling of the geometric tensor g,,,,, and in particular
of its largest eigenvalue |g|; see Table I and Fig. 1 for specific
values of the parameters.

A first important result is that the tensor g is able to
identify the transitions between short-range and long-range
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FIG. 1. (Color online) Scaling of |g| for y = 0.6 and & € [0,0.8]
(left) and for y = 0.5 and & € [0.735,0.755] (right). In both cases,
't =03,I'; =0.5 't =0.1, 'y = 0.5. Points represent the nu-
merical data, while lines are linear fits, whose results are summarized
in Table I. |g| fluctuates slightly as a function of » in the long-range
phase, and the relative amplitude of the fluctuations increases close
to the critical field /.. Due to finite-size effects and to the differential
nature of the geometric tensor, the value where |g| takes its maximum
is slightly smaller than /., and this difference depends on 7.

phases. On the “transition lines” h = 0 and h = h, one has
that |g| = O(n®), while in the rest of the phase diagram
|g| < O(n%). Furthermore, a closer inspection of the elements
of g shows that while g,,(h = 0,y) = O(®), one has that
8yy(h =0,y) = O(n): the scaling is superextensive only if
one moves away from the line &7 =0 (g;,) and enters the
long-range phase, while if one moves along the 4 = 0 line
(gyy), 1.e., if one remains in the short-range phase, the scaling
is simply extensive and it matches the scaling displayed in
the other short-range phase 4 > h.. On the other hand, the
transition occurring at y = 0 has a different scaling: g,, =
O(n?) while g, ~ 0. These findings can be further confirmed
by adetailed study [29] based on the analytical results available
for y « 1[23]. The understanding of the transitions occurring
at h =0 or y =0 is complicated by the fact that each of
these lines corresponds both to the critical line separating
two phases, but also to one of those phases. Therefore, in
these lines there are mixed features: there is both a phase
with short-range correlations and a critical line separating two
phases, which is detected by the superextensive scaling of
some metric tensor elements. Moreover, it turns out that the
introduction of the magnetic field or the anisotropy drives
different transitions whose specificity is accounted for by the
different superextensive scalings of different components of
the metric tensor.

Another important result shown in Table I is that the metric
tensor is able to signal the presence of long-range correlations:
within the long-range phase, ds? scales superextensivity as
|g| = O(n?), and this superextensive behavior is different from
that displayed at the transition lines. One is therefore led to
conjecture that all long-range phases have a critical character,
due to the presence of long range correlations.

The findings discussed above demonstrate that the metric
tensor g, being directly linked to the correlation properties of
the Gaussian NESS, encodes all the relevant information about
the dissipative phase transition featured by the model (8). In
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FIG. 2. (Color online) Maximum eigenvalue |g| of the fidelity
metric (2) for n = 250. The Lindblad parameters are the same as
in Fig. 1. The larger value of |g| close to the phase transition line
h = h.(y) is not evident in Fig. 2 because of the numerical mesh,
and because the actual values of |g| for & =~ h. can be comparable to
those of the long-range phase, depending on n (e.g., see Fig. 1). The
qualitative form of Fig. 2 is not affected by different values of the
Lindblad parameters I'; , and by the dimension n.

particular, the specificity of the different phases (short-range
versus long-range) and the information about the physically
relevant parameters (whether it is the magnetic field or the
anisotropy) that drive the different transitions are properly
accounted for. As shown in Fig. 2, the complete phase diagram
can indeed be reconstructed with the study of the single
function g. While these results are specific to the model
examined, the connection established in (2) roots the behavior
of g in the correlation properties of the general class of GF
states. Accordingly, one expects the fidelity approach to have
a broader scope of application. We would like to stress that
there are compelling questions that are still unanswered. In the
first place, there is the relation between g and other relevant
quantities that have been used so far to characterize NESS-
QPT. For the model (8), these are the ranges of correlations
and the finite-size scaling of the Liouvillean gap A. The
latter does not entirely capture the criticality phenomenon,
and further investigation of the relation between criticality in
NESS-QPT and geometrical and dynamical aspects is in order
[30]. Notice also that, in the XY model, different types of
symmetries (discrete versus continuous) are broken moving
away from the # = 0 or y = 0 line. It would be interesting to
understand whether the scaling exponents of ds? at different
lines can be related to different nonequilibrium universality
classes. Extending the present results to non-Gaussian states
[31] and transitions [32] is also an important future direction.

V. TRANSLATIONALLY INVARIANT CASE

To support the generality of the geometric approach in
understanding dissipative phase transitions, we apply our
theoretical framework to a different dissipative model, first
introduced in [19]. We consider an XY spin chain on a ring
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where each site is coupled to the environment via L; = epuf;,

Ll.+ =e€v fiT: these Lindblad operators describe a competition
between particle-loss and particle-gain processes. The closed
boundary conditions and the uniform interaction with the
environment make the phase diagram very different from the
previous one.

In this case, the quadratic Liouvillean is translationally
invariant and can be diagonalized with a Fourier transfor-
mation together with a Bogoliubov transformation. In the
Fourier basis, the two-point correlation function matrix takes
the following form [19] in the weak-coupling limit € — 0O:

A 0 1 + el

where g, = —2 arctan( hy_ségfd‘;k ), and where ¢y = 2k /n is the
. . . 2_,,2
quasimomentum, # is the length of the chain, and A = 52 +z2.

The eigenvalues of the above matrix are ¢y + = £A cos &.
The metric (2) can be obtained by writing the matrix dC
in the basis in which C is diagonal. A straightforward
calculation yields

A2 1 — A2 cos? % cos gy
ds* = — 2 dagy)?, 10
P = aten g @ (10
. h_ .
qu=2ysmfkdh—2( cos¢2>k)sm¢kd% (1
Wy Wy

where w; = \/(cos ¢y — h)2 + y2sin2 ¢y is the dispersion
relation of the XY model. An extensive behavior of (10)
is given by the continuous limit ), — 5~ 02” d¢: if the
resulting integral is convergent, no superextensive behavior
can occur. However, from (11) it is clear that a possible (the
only?) source of a divergent behavior of dq,f is the vanishing of
the gap miny wy. Itis known thatin the X Y model this condition
occurs only for 4 = 1, where one finds for ¢ >~ O(n~") that
ming @ &~ O(n~"). Hence

max dg; ~ O(n) dh + om™Y dy, (12)

from which
gl ~ g = O(n*), for h=1. (13)

On the other hand, for y — 0, w >~ |h — cos¢|, so if h =
cos¢ + O(n~") we obtain

Ok

dq}cly—>0 =
again recovering the scaling |g| = O(n?).

In this particular translationally invariant case, the critical
points match the known values for GS-QPT: for y # 0 there is
acritical field 2 = 1, while in the X X case the whole segment
|h| < 1 is critical. The information-geometric content of this
dissipative phase transition is not as rich as the one in Table I,
and again the scaling of the metric tensor allows one a precise
mapping of the phase diagram.

VI. CONCLUSIONS

In this paper, we developed an information-geometric
framework for studying dissipative critical phenomena

PHYSICAL REVIEW E 89, 022102 (2014)

exhibited by the nonequilibrium steady states of Markovian
evolutions described by a quadratic Fermionic Liouvillean.
The presented results represent a step toward a full mathemat-
ical understanding of dissipative quantum critical phenomena
via information-geometric concepts. Indeed, to the best of
our knowledge, a precise definition and characterization of
NESS-QPT is still lacking in the literature. We first derived a
general formula for the infinitesimal Bures distance between
Gaussian fermionic (mixed) states. This in turn allows one
to define a metric tensor g on the manifold of steady
states corresponding to different sets of control parameters.
The intuitive underlying idea is that a transition between
two structurally different phases should be reflected by the
statistical distinguishability of pairs of infinitesimally close
steady states. The method does not require knowledge about
or the existence of any order parameters, as the tensor g
is directly connected to the two-point correlation functions
which define the Gaussian fermionic steady states. We have
shown that the superextensive behavior of the tensor g implies
some singularity for n— oo in the derivative of the correlation
functions. We have applied the method to specific (XY) models
and shown that the scaling of the geometric tensor enables one
to identify the critical lines and to distinguish between different
phases characterized by short- or long-ranged correlations.
The metric tensor encodes also for the direction of maximal
distinguishability in the parameter manifold, thus allowing
a detailed study of the sensitivity of the steady state to
small variations of some control parameters. This is a crucial
point for experimental applications of dissipative evolution.
The scope of the information-geometric approach extends
well beyond the important quadratic case analyzed in this
paper, and it may pave the way to the systematic study
of general nonequilibrium critical phenomena. This in turn
would allow the investigation of a broad class of systems and
processes which are natural candidates for the preparation
of desired quantum states and the realization of quantum
protocols.
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APPENDIX A: PROOF OF EQ. (1)

We consider a Gaussian fermionic state written in the
following form:

p=e iXuGiuiiyz, (A1)

where the matrix G has to be real and antisymmetric.
Accordingly, G can be cast in the canonical form by an
orthogonal matrix Q, i.e.,

n 0
G=0"P <_gk gg) 0. 0"=0". (Y
k=1
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and it has eigenvalues +ig;. Moreover, let z; = > j Oijw; be
the new Majorana operators. Hence

1 ..
p== l_[ [Cosh (%) — i sinh (%) Z2k—1Z2k:|, (A3)

Z =T ]2cosh (%) = \/det |:2005h (é)} (Ad)
k

where we used the fact that the eigenvalues of i G are -g;. As

Cij= %([wi,w_,-]) = %%, one can show that
G
C = tanh 13 . (AS5)
The correlation matrix C = CT = —C7 is diagonal in the same

basis of G, and its eigenvalues read ¢, = tanh(g;/2). Hence

1 —ick 2or—122k
p= ]:[ 5 :
where |c;| < 1. Note that for ¢; = %1, one has g; = Fo0,
making the ansatz (Al) not well-defined, unlike Eq. (A6).
The latter possibility occurs, for instance, for pure states, as is
clear from the following explicit expression for the purity of
the states (A1) and the states (A1) and (A6):

(A6)

det[2 cosh(i G)]7 <1 - 02)
det[2cosh (i$)] 2

We now derive the proof of Egs. (1) and (2), dividing the
different steps into three lemmas. At first we assume ¢ # %1
and then we extend the result for including pure states.

Lemma I. Let p, p’ be two GF states (A1) parametrized by
G,G’, respectively. Then

Tr[p?] = (A7)

F(p.p") =Tr\/ /o' /P (A8)
det[1 4 /¢10/2¢iG ¢iG/2]2 (A9)

det[l + €G] det[1 + el9 )i
Proof. This lemma is a direct consequence of the fact that
the quadratic Majorana operators form a Lie algebra:

<A - B -[A,B
woAw w-Bw) _ w-[4.Blw (A10)
4 4 4
and accordingly
e£w~Awe£w-Bw — eiw-Dw’ eA eB — eD. (All)
Thanks to the above identity,
VPo'/p
1 log[e1G/2¢=i1G ¢=iG/2]
X exp ZZ< > “wiwj )
ij i
(A12)
and using (A4) we find
1
. det[cosh (}loge 02710 ¢71G/2)]>
Fp.p) = Leosh L NE

=

\/det [ cosh (z%)]% det [ cosh (i %)]

which is equivalent to (A9).
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A convenient parametrization of Eq. (A9) is obtained in
terms of the correlation function by defining the new matrix
T = ¢'C. Then

-1 T -1 +
C=— 17T=7" Thl=T, (A14)
T+1
) ) det[1 + VT T'VT]?
Fp,p") = F(T,T") = (A15)

det[1 + T17 det[l1 + T']5

The following lemma conveys the metric pull back within
the manifold of states parametrized by T':

Lemma?2.Letds? = 8d5123 = 16[1 — F(T,T + dT)]bethe
fidelity metric around the state (A1) pulled back in the space
of the matrices 7', and let dT = 9, T dX,, where A, € M are
the parameters of the model. Then the fidelity metric can be
castin the form ds? = Zuv 8uv dA, d,, where the geometric
tensor 18

(A16)

2 = Z (0,1);j (0,T);i .

7 (I + )X + 1)@ +¢))

In (A16), the sum is performed in the basis in which T is
diagonal,i.e.,wesetT =) . ;|i)(i|and (3, T);; = (i3, Tj).

Proof. Proceeding along the same lines as Section 3 of [33],
we obtain for 7/ = T +dT

~NTTNT
o AT .
=T+ Il 2 dTy = 3 1)kl dTyd Ty
ij !

j
J ijk
/t,»tj?tk

G )+ 0+ 1)

+0dT)’. (A17)

Due to the above expression and to Eq. (A15), the fidelity
F(T,T +dT) can be written in terms of some infinitesimal
operators 4,0,

l

det[(1 + T)(1 + 8)]*
F(T,T 4+dT) ~ - [(I Ao i
det[1 + T']# det[(1 4+ T)(1 + §)]=
1
_ et g st
det[l + 61}
~ o3 THO=8/2= 4 T ~5%/2) (A18)
where
. . 1
§=+T)"dT =) 1| {7 4T (A19)
ij

d=0+D) " WVTTVT - T)

dTy; — ) " |i) (k| dT;;dTj
ijk

it 1
= Yl M
ij

i+t 144

2
1/l‘il‘jl‘k 1

X .
@G+t +0) + 1) 1L+

(A20)
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The elements of Eq. (A18) become

__Z|

1 t
Tr(d — 8/2 J —
K /2= (t,+t,)2(l+t,-+1+tj)

(A21)

Tré? = (A22)

Dd T —————
(1+t,)(l+tj)

tit; 1
Tr9? ~ Z ldT;; > J (A23)
ij

i +1)* (L+1)(1+1;)°

so that

N |dT;;|
F(T,T+dT) =1~ Z(]+tl)(1+t])(tz +1)

(A24)

which completes the proof.

Before proving Eq. (1) we introduce the following lemma,
which will be used for analytical continuations to the pure state
manifold:

Lemma 3. Let f(x,y) = (x — y)’(1 —xy)~! be a func-
tion defined in [—1, 11> — {zT, z"}, z%¥ := (£1, £ 1). Then
fx,y) <4andlimg y .+ f(x,y) =0.

Proof. The upper bound is found thanks to 1 —xy =
I —[(x+y)?—=x—y)?%1/4>(x—y)?*/4. To show that
lim, y) .+ f(x,y) =0, let us restrict f tothex >0,y >0
part of the domain to analyze the limit to z*. The limit z~
follows because of the (x, y) — (—x, — y) symmetry of f.
Onecanwrite y=14+m(x —1)orx =1+m(y — 1) with
with m € [0, 1]. Because of the (x,y) — (v, x) symmetry
of f, we can consider just the first case. One obtains
fay =1-0%m <
8 centered on zt and is upper bounded by §. This shows
that Ve > 0,38 = 8(¢) s.t [|[(x,y) =z <8 = f(x,y) <€
[with 6(¢) = €], i.e., the claim.

Proof of Eq. (1). Equation (2) is obtained directly from
lemma A. Indeed, from Eq. (A14),

1 — x, which is in a disk of radius

1 T—1 1 1 1
dC =dT - - dT .
1+T7 T+1 T+1 T+1 T+1

(A25)

Inserting the above equation in (A16), and noting that C and
T are diagonal in the same basis, ¢; = +i , one obtains

8,C)ij (3,C);i
W—Z( s 0 Qs (A26)

1 —cicj

The singular behavior of (A26) for ¢; = %1 is just ap-
parent. Indeed, let iG|j) = g;|j)(j =1,...,2n),Sp(iG) =
{g;} CR, and then C = Z cjlj){jl,c; :=tanh(g;/2). By
differentiation, dC =3, ((1— cz)dg’ 1)1+ c;(dj) (il +
[7){(dj])). One has, therefore the matrlx elements (dC);; =
(1 —cdg; and (dC)ij = (c; — ¢;)(dilj) (i # j). Plugging
these into (A26), we obtain

:_Z 1= c3)dgt + ) fleie) 1{dil j)IP.
i#]

(A27)
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Now one can see easily that for ¢; — =1, the first (diagonal)
contribution in (A27) vanishes while the second, thanks to
lemma A, is upper bounded by 4 Zi# [(di|j)|? for all ¢i,cj €
(—1, 1) and vanishes for (c;,c;) — zt: even if (A26) has been
derived for C such that ¢; # %1, we can perform the limit
|ci] = 1,(V i), and in this way extend the metric to the pure
state manifold just by setting ¢;c; to —1 (e.g., the case cic; =1
gives a vanishing contribution).

The basis-independent expression Eq. (1) follows from
(A206),

ds® = Z guvdr,dh, = (1 —AdC)~'(dC),dC) (A28)

ny
where dC =} d»,0,C, and AdC(X):= CXCl =

CXC = (Lc o Rc)(X) is the adjoint action. To see this, let
us first write dC = Zij(dC)ijli)(jL where Cli) = ¢;li).

Then (1 — AdC)~'(dC) = 2.;dC);(1 — cic;)~i)(j| and
(1 = AC)™1(dC),dC) = 3, dC)i*(1 — cicy)~(li)
(jl,dC) = Zij (dC);;*(dC);j(1 — c,-cj)’l. The Zero

contribution to the sum (A26) for c¢;c; =1 is considered
thanks to the pseudo-inverse.

One can show that Eq. (1) reduces to the known expressions
when p is a thermal state [11] and when p is a pure state [34],
provided that the appropriate matrices T or C are used. In
Appendix B, this theorem is applied to NESS-QPT where C
is given by the solution of the Sylvester equation (5).

APPENDIX B: LIOUVILLEAN STEADY STATE

We call ‘R the 4"-dimensional operator spaces generated by
]_[ w , (s; € {0,1}), and we use the notation [s) to refer to the
elements of R, normalized with respect to the Hilbert-Schmidt
inner product, i.e., (s|s) = Tr[sfs] = 1 for |s) € R.

Following the notation introduced in Sec. III, the Liouvil-
lean £ : R — R introduced in (3) can be written as

c=—a ot T)(2)-inx @
=56 oy yr)(a) 2 TX B

The superoperator a} is the Hermitian conjugate of a; in R.
If C is the matrix solution of (5), then

(6 )= 256 2

vt ulc
X . B2
( 0 uT (B2)
We show now that the latter transformation is a nonunitary
Bogoliubov transformation [35] and that everything is consis-
tent. It is known that nonunitary Bogoliubov transformations
are isomorphic to the group of orthogonal complex matrices

O(4n,C). This condition can be expressed in a simple way

thanks to Eq. (2.6) of [35], i.e.,
VeV =%, T =0"Q® 1. (B3)

It is simple to show that the transformation V,

N u-' uU-'c
=" Ty ) (B4)
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satisfies that condition. We define new diagonal creation and
annihilation operators as

() =7 ()

Since V is a nonunitary Bogoliubov transformation, the
operators d; and d; satisfy the CAR algebra, but d; # djT..

(BS)

T
Moreover, using (a'  a) = (;) ¥, it is simple to show that

0 d 1
O)(E)-bren w

L= —Z)de;( dj.
J

Note also that the transformation (B5) can be written thanks
to Eq. (2.16) of [35] into the form

L . X
L= _E(d d) (0
ie.,

B7)

dj =VaV~', df=Valv, (BS)

where

V =texp(—ia' Cal +a' (U - Da):, (B9)

and : exp(-) : refers to the normal ordering of the exponential.

It is now possible to express the stationary state of the
Liouvillean, i.e., the state € such that £Q2 =0, as the d-
vacuum, i.e., d;|€2) = 0. The identity operator, i.e., the element
|0) € R, is the a-vacuum, i.e., ¢;|0) =0,V j =1, ...,2n, and
in particular (0|£ = 0. The d-vacuum can be readily obtained
from the Bogoliubov transformation: |2) = V'|0). Indeed, as
a;|0) = 0, one has d;|Q2) = Va;V~'V|0) = 0. Hence,

1) = V|0) = e—22' Ca'|). (B10)

We now show that the state (B10) is exactly (A6). Thanks to
the transformation Q defined in (A2) and the direct relation
(AS), one can write the imaginary antisymmetric matrix C =

or b, (*?Ck igk) Q. Then, using the definition (B10),
1 t i 1
Ea Calp = g(W‘CWp+2W'CpW+pW~CW)
i
=7 Z cklz2k—122k 0 + Z2k—10Z2k
k
— 20k PZ2k—1 + PZok—122k]
=) Gup). (B11)
k
As
G(D) = icrzok—120k,  Gr(zok—1z26) =0,  (B12)

it is clear that

Q e_%CTC‘”O) x He‘g“ﬂ = 1_[(1 — I Ck 22k—122k)»
k k

(B13)

thus recovering Eq. (Al).

The conditions for the existence and uniqueness of
(B13) are given in [24]. We now study those condi-
tions and express them in terms of the spectral gap. The

PHYSICAL REVIEW E 89, 022102 (2014)

correlation matrix C € M,,(C) is the matrix solution of
Eq. (5). To study the solution of that equation, it is useful
to consider the (noncanonical) “vectorizing” isomorphism
¢ : My, (C) = (C*™)®2/i)(j| — |i) ®|j). This is also a
Hilbert-space isomorphism, namely (¢(A),¢(B)) = (A, B) =
Tr (ATB). One can directly check that if Rx(C):= CX and
Lx(C):=XC, then ¢(Rx(C))=(poRxo¢p™ 0p)(C)=
A® XT)$(C), and ¢(Lx(C))=(poLxogp™' 0¢)(C)=
(X ® D¢(C). Applying ¢ to both sides of (5), one then obtains
(C:=9¢(0), Y :=¢(Y))
X1+1@X)C=XC=7Y, (B14)

where C,¥ € (C*)®2, X € End(C?")®2? = M,,»(C). There
are three different key operators in the formalism for obtaining
the steady state:

(i) The Liouvillean £ :End((C*)®") — End((C%)®"),
a 2% x 2% matrix. Its complex spectrum, from (B7),
is given by

2n

Sp(L) = — { xn := ijnj/nj =0,1,x; € Sp(X)
j=1

(B15)

Notice that 0 € Sp(£), i.e., L is always noninvertible, and that
the steady state (e.g., our Gaussian one n = 0) is in the kernel
of L. If this latter is one-dimensional (unique steady state), the
gap of £ can be defined as Az := minpzg |xnl.

(ii) Themap X : C?>* — C?", a2n x 2n real diagonalizable
matrix. Its spectrum is {x j}i": , C C and (because of reality)
is invariant under complex conjugation. On physical grounds
(stability) we must have Re x; > 0,V j. Indeed, the time scale
for convergence p(t) — p(oo) is dictated by A~!, where A =
ming.o Re x,.

(iii) Themap X =X ®@14+1@ X : C"  C*" —» C* ®
C?", a4n® x 4n® matrix. It spectrum s {x; + x;}?,_; C Cand
the minimum (in modulus) is given by A ¢ := min; ; |x; + x;|.
Note also that

Ay =13 . (B16)

A

For the uniqueness of the steady state, we must have X
invertible, i.e., Ay > 0.

Proposition 1. If A = min; 2Re(x;) > 0, then

A=Ar=Ay. B17)

Proof. x| = | Y3 x;n ] > [Re(X7% njx))|. The first

bound can be saturated by choosing the #;’s in such a way that

only a set P of complex-conjugate pairs x,jf of eigenvalues are

present. In this case, |Re(25":1 nix;) =2 ZpGP Re x,, where
we used the assumption (V¥ p) Re x, > 0. Using again positiv-
ity of all the terms, this sum can be made as small as possible
by choosing | P| = | and minimizing over p = 1, ...,n. This
shows that A, = min,, |x,| = 2 min{Re x 1,}’1‘,= 1~ Itis clear now

that a similar argument shows that Ay = min{|x; + x; |}i’}=1

is given by the same expression, ie., Az = Ag. Finally,
A =2min, Rex, =2A =2min, Rex, = A,.
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APPENDIX C: NONDIAGONALIZABLE CASE

The nondiagonalizable case has been extensively handled
in [24]. In Appendix B, we assumed X to be diagonalizable
for simplicity, and also because the matrices X encountered
in our numerical simulations were diagonalizable. Here we
briefly discuss the general case. The matrix X can always be
put in the Jordan canonical form, i.e., X = Ux’ U~ with
x! =@y, (xp),

Xp 1

Xp 1
Jo, (xp) = x, 1 i (CD)

xp are (possibly equal) eigenvalues of X and ¢, is the
dimension of the Jordan block: each block is composed of ¢,
degenerate eigenvalues of X. The form of the transformation
(B4) remains the same (although with a new matrix U) while
(B7) becomes

2n @571
EZ—Zde;dj—ZZd;(Jrldbp (C2)
j=1 b k=1

where b, refers to the index of the kth element in the bth Jordan
block. It is clear that the state (B10) is still a stationary state.
Moreover, in [24] it has been shown that the spectrum of the
Liouvillean is

Sp(L) = — {xp := Zx;,nh/n;, =0,...,e,,}. (C3)
b

Accordingly, Ay = A = 2ming Re[x;]. If A > 0, the steady
state (B10) is unique [24].
In the nondiagonalizable case, the last equation in Eq. (B17)
is not satisfied. On the other hand, one can obtain the following:
Proposition 2.

. 1+ p(A™h
1X oo < ———— (C4)
for a certain polynomial p().
Proof. We start by writing
X=@P 1,0 @1+P1e Ji,(x)
b b
=P [0, () ® Ly, + 1y, ® Ty, (xa)]
b,d
=2+ PO @1, + 1, ® I, (0], (C5)
b,d

where £ is the diagonal matrix with entries x; + x; and where
we used the decomposition 1 = @;1,,. Moreover, thanks to
Lemma 3.1 of Ref. [24],

min{¢;, €4}

X =%+ @ @ Jo,+0,—2r+1(0)

b.d r=1

min{lb,id

}
:)2|:]1+@ @ M] (C6)

Xp + Xq
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As J is nilpotent,

min{ly,La} lp+La—2r Joyr0,—2r+1(0)\"
}A(_l=£—1 1+ <_L>
8L (e

and
Lylg—2r |
X! < I8! 1 + max max _
12 oo < 1% ||oo[ ) |xb+xd|m}
Lp+lg—2 1
a1
= 1 + max _
it um[ - mwm}
m=1
| bHta=2
<z[1+“232‘ 2 p] (C”
m=

APPENDIX D: UPPER BOUNDS

To derive some bounds to the fidelity metric ds?, let us
express Eq. (1) in a convenient form thanks to the vectorization
isomorphism. As Ad¢(X) = (L¢ o Re)(X),onehas¢ o (L¢ o
Re)ogp™ ' =C®CT = —C®? and Eq. (1) becomes
ds* = (1+C®%)71(dC),dC) = |1+ C®*) " 2EO)?,

(D1)
where dC = ¢(dC). Using the Cauchy-Schwarz inequality
and the definition of operator norm, one obtains

ds® < |1+ ¥~ dO)[1dC| < Pc AT

< 2nPe |ldCI%, (D2)
where we have exploited the fact that, by construc-
tion, [|A] := [[¢(A)|l = [[All2 and ||A]> < v2n[Allc. Now
Sp(C®2) ={cicj /ci,cj € Sp(C)} and, from C = —CT,
the spectrum of C is invariant under ¢; — —c;, it
follows that ||[(1+ C®?) oo = (1 +min;; cic;)' = (1 —
max; cl.z)’1 ={1-|C ||go)’1. The bound (D2) is not specific to
dissipative quadratic Liouvillean. To connect Eq. (D2) with the
properties of the Liouvillean (B7), we differentiate Eq. (B14),

dC = X~'day — X 'aX¢C. (D3)

Asd =7}, dx,0,, the above equation can be conveniently
calculated via

X (3,0)+ (3,C) X" =9,Y — (3, X)C — C(3,X"),

(D4)

i.e., the matrices 9,C entering in (A26) can be obtained

by solving a new Sylvester equation where the matrices

X,Y,0,X,0,Y are given by the model. Taking norms in

(C*)®2,

1dCI < 1X oo (ldY || + dX [l IC )
= IX No(ldY Il + ldX [ ICl2)
V21| X Moo (ldY oo + 1d X o I Cllso)

<
< V21X Moo (1dY oo + 1d X |l so), (D5)
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where, among other things, we used the inequality ||C||» < 1,
which follows from the ansatz (AS).

In summary, we have the following upper bound on
the squared Hibert-Schmidt norm of dC in terms of the
control parameters and their differentials, i.e., X,dX and
Y,dY:

1dCI1* < 20X 12(1dY oo + 21ld X l0)?,  (D6)

PHYSICAL REVIEW E 89, 022102 (2014)

where we also used [[dX|lw = 1dX @ 1+1QdX | <
2||dX ||co- Plugging the above equation in (D2) and using
Proposition 1 one then obtains the bound (7).

Note that in the nondiagonalizable case, there is a correction
to Eq. (7) due to the polynomial p in (C4). However, this
correction does not alter the main conclusion of bound (7):
a superextensive behavior of ds? implies the closing of the
Liouvillean gap.
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