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Spontaneous motion and deformation of a self-propelled droplet
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The time evolution equation of motion and shape are derived for a self-propelled droplet driven by a chemical
reaction. The coupling between the chemical reaction and motion makes an inhomogeneous concentration
distribution as well as a surrounding flow leading to the instability of a stationary state. The instability results in
spontaneous motion by which the shape of the droplet deforms from a sphere. We found that the self-propelled
droplet is elongated perpendicular to the direction of motion and is characterized as a pusher.
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I. INTRODUCTION

Active matters are assemblages of moving elements in-
dividually fueled by energy source [1]. The studies in this
field include cell motility [2—4] and moving droplets [5—10]
for an individual level and collective motion of fishes and
flocks of birds [11]. Such spontaneous motion is not driven by
external force but is sustained under a force-free condition.
This requires breaking translational invariance in space or
creating an irreversible cycle in time. The broken symmetry
is either extrinsic, that is, imposed externally by boundary
conditions or by material properties [12—14], or intrinsic,
namely nonlinear coupling makes an isotropic state unstable
[15-18]. The latter mechanism makes the system go to lower
symmetry. When there is relative distance between a propelled
object and another component, the translational symmetry is
broken and a steady velocity emerges [19,20].

The words pusher and puller are sometimes used in order to
characterize properties of active matters [21,22]. Each active
element (swimmer) either pushes or pulls surrounding fluid
and creates a force dipole with a sign depending on whether
the element is pusher or puller. The surrounding flow plays
an important role in the interaction between swimmers and
the interaction between a swimmer and a wall (see Table I
and Sec. II for a comparison between pusher and puller).
Besides the level of individual and a few swimmers, it has
been argued that the sign of the force dipole is associated
with the macroscopic viscosity of the suspension consisting of
swimmers [21,23,24]. In the continuum description, the force
dipole is closely related to active stress added to conventional
Navier-Stokes and nematohydrodynamic equations. Conse-
quently, whether a swimmer is pusher or puller, namely the
sign of the force dipole, plays an important role in determining
qualitative patterns of hydrodynamic instabilities [25]. Such
hydrodynamic equations are derived from conservation laws
and symmetry arguments and are analyzed with phenomeno-
logical coupling constants [26,27]. The interpretation of the
coupling constants from the properties of individual active
elements and their interactions is also discussed for a few
particular systems [28—30]. It is of relevance to analyze another
active system and discuss interpretations of coupling constants
appear in possible hydrodynamic equations.
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A spontaneously moving object does not necessarily pre-
serves its shape. In fact, a cell of an isotropic shape starts
to move by breaking a symmetry of internal states such as
distribution of functional proteins [31,32]. Although biological
systems involve a lot of complex molecules, it has been
suggested that there is a relationship between shape and
motility of a cell [33,34]. Here, in order to ask ourselves
whether there is a generic relation between shape and motility
of self-propelled objects, we will discuss a much simpler
system of artificial chemical molecules with a droplet rather
than a model of a cell.

Motion in the absence of an external mechanical force
has been discussed in terms of the Marangoni effect, in
which a liquid droplet is driven by a surface tension gradient
[35,36]. The nonuniform surface tension can be controlled by
a field variable such as temperature and a chemical (typically
surfactants) concentration [37]. The mechanism is that the
gradient induces a convective flow inside and outside a droplet,
which leads to motion of the droplet itself. A similar flow and
the resulting motion are observed for a solid particle in phoretic
phenomena such as thermophoresis [12,14]. In both systems,
objects are swimming in a fluid.

Even in the absence of such external asymmetry, sponta-
neous motion (and possibly deformation) is realized under a
nonequilibrium state when the droplet has a chemical reaction
and, more specifically, is able to produce chemical molecules
from inside. The coupling between the chemical reaction and
motion spontaneously breaks symmetry, leading to directional
motion. Surface tension plays an essential role in this system;
it serves as a chemomechanical transducer by which an
inhomogeneous concentration of chemical molecules becomes
a mechanical force acting on a surface of the droplet.

In the present work, we derive amplitude equations of
motion and shape of a droplet starting from a set of equations of
concentration fields taking hydrodynamics into consideration.
Spontaneous motion driven by such a chemical reaction was
first discussed in Ref. [38]. The present work is an extension
of the work in Ref. [16], in which only a translational
motion was discussed. We use a similar method but include
deformation and higher moments of a flow field. As far as we
know, deformation of a spontaneous moving droplet was first
proposed in Ref. [39]. Recently, a set of amplitude equations
of motion and shape has been phenomenologically proposed
also in Ref. [40] and is also derived from reaction-diffusion
equations [20,41]. Due to the coupling between the motion
and shape, they reproduce complex self-propulsive motion,
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TABLE I. The properties of pusher and puller. The force dipole is aligned in a lateral direction and is described using two arrows showing

a direction of force.

Pusher Puller
Force dipole <~ — — <«
Viscosity [21,45] Reduction Increase
Interaction between sides [46] Attractive Repulsive
Wall-induced rotation [46] Parallel to a wall Perpendicular
Cell type [23,45] Spermatozoa, bacteria such as E. coli Alga Chlamydomonas
Surface tension (/ = 2 mode) Y, >0 Yy <0

Shape

Elongate perpendicular to a direction of motion

elongate parallel to it

not only straight motion but also rotation and helical motion
[42]. The amplitude equations that we will see in this paper
are qualitatively the same as in Refs. [20,41] except for the
coupling constants. Nevertheless, it is worth mentioning that a
mechanical point of view is missing in the previous studies and
itis not clear how force (more precisely, force moments) acting
around the self-propelled particles is associated with motion
and deformation. For a biological cell, a geometric position of
the body and propelling objects is associated with its sign of
a force dipole. Escherichia coli is, for instance, characterized
as a pusher; it pushes a fluid back by use of flagella and at the
same time pushes a fluid forward by its body. In contrast, it
is not clear whether a swimmer driven by a chemical reaction
is a pusher or puller because it does not push or pull a fluid
in an apparent way. It is not even clear whether it has a force
dipole. This is important since far-field flow is dominated by
a force dipole, which plays a dominant role in an interaction
between swimmers. The previous phenomenological models
do not answer these points. The purpose of this paper is to
clarify the physical meanings of the coupling constants that
appear in the amplitude equations and to get insight about
these points. We will show clear evidence that the chemical
swimmer indeed has a force dipole and the sign characterizes
it as a pusher. We will also obtain an explicit form of an
active stress created by a self-propelled droplet using chemical
reactions.

This paper is organized as follows. In Sec. II, we discuss
force moments under an inhomogeneous surface tension. In
Sec. III, we present a model of a deformable droplet under a
chemical reaction. In Sec. IV, we discuss expansion of a con-
centration field around the critical point of a nonequilibrium
phase transition between a stationary state and a self-propelled
state. In Sec. V, we derive time evolution equations of
deformation. By considering flow and concentration fields,
we are led to introduce traceless symmetric tensors associated
with a shape of the droplet. Section VIis a main result; we show
amplitude equations. The relation to the mechanical structure
in Sec. Il is explained by showing the coefficients that appear
in the equations. We conclude with Sec. VII and Sec. VIII
by summarizing our results and discussing their relevance
to other studies of self-propelled particles with deformation.
There is technical overlap between the present work and that
in Refs. [16] and [20]. Those who are familiar with these
works may go directly from Sec. II to Sec. V to find essential
physics in this work that avoids technical developments. The
details of calculation are summarized in the appendices and
the Supplemental Material [43]. Readers who are interested

in the techniques used in this paper may consult those
resources.

II. PUSHER OR PULLER

In this section, we discuss a flow field and mechanical
structures under an inhomogeneous surface tension. To do
this, we perform multipole expansion, namely expand the force
acting on a droplet into its moment. As we will see, motion
driven by a gradient of surface tension is force free [35,36].
This gives a vanishing first moment. The velocity of a droplet
and a surrounding flow field obtained in this section have
already been shown by solving a boundary value problem,
for example, in Ref. [36]. Nevertheless, it is worth seeing
these results in different perspectives, namely in terms of force
multipoles. We discuss higher moments and clarify the relation
between a force dipole and a second mode of surface tension
distribution as well as the relation between the velocity of a
droplet and a third mode of the distribution.

Pushers and pullers are associated with a sign of force
dipole [21]. The simplest model is two connected beads under
an antiparallel force acting on them. If the system is totally
symmetric, that is, two beads are identical, the swimmer
does not move and is called shaker [22]. Self-propulsion is
realized either by asymmetry in space (such as the difference
in the frictional force arising from different size of beads)
and asymmetry in time (irreversible cycle of motion of beads)
[44]. The asymmetry is characterized either by extensile force
dipole (pusher) or contractile force dipole (puller). These
force dipoles create a surrounding flow and therefore play
an important role in the interaction between self-propelled
particles and rheological properties (summarized in Table I).
For example, viscosity increases for puller and decreases for
pusher. This argument is valid only for a low concentration of
self-propelled particles. When the concentration is high, the
tendency can reverse [24].

Under given surface tension, the force acting on the
interface of a spherical droplet with a size Ry is

f, =xy@.9)n+ Vy@,0)t

1 9y (0.9) 1

2 9y (0,0)
=——y(, — b
ROV( ¢)n+R0

a0 Rysinf  dg

k]

ey

where n(f,¢) is the unit normal vector on a sphere in a
polar coordinate (x,y,z) = (r sin6 cos ¢,r sin 6 sin @, cos 6).
The curvature « on a sphere with radius Ry is k = —2/R,.
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s = RO [)9 + RO snf 3¢ is a surface gradient derivative. The
first term in (1) describes Laplace pressure and the other terms
show tangential force due to a gradient of surface tension. The
normal vector is also expressed with spherical harmonics of

[ =1 [47] (see also Appendix B) as follows:

n = (sin @ cos ¢, sin 6 sin ¢, cos H)

=<\/?( Yl +r; )\/?(Y‘H/ )\/?W)

2)

We also define two unit tangent vectors on a sphere
t = (cos O cos ¢, cosf singp, — sinf) ,b = (— sin ¢, cos ¢,0),
which satisfy n-t=n-b=t-b=0. An arbitrary
distribution of surface tension is expressed using spherical
harmonics as

y©.0) =Y vim¥/"©,0). 3)
I,m

The velocity field created by the force is obtained by solving
the inhomogeneous Stokes equation [16],

NV = Vp = —£5(r — R). )
We apply multipole expansion of the force up to the third

moment as
F;]) =/fjdV,
Fp = f fixidV, 5)

FO = / FrrndV.
The velocity field is expanded as [48]
vi(x) = l]Fj(l) TijﬁkF;Z) + %Tij»lej('z; — e, (6)

Throughout the paper, the convention of summation over
repeated indices applies. The Oseen tensor T;; is

1 1 XiX;
T, = — [ Ls, 4 55 7
7 8 [r it r3 ] )

The moments are explicitly shown here when we choose an

appropriate axis, i.e., by taking y;,, = 0 form # 0,

-1 0 0
4 R2y,
ﬁ) = 150 0 -1 0 ®)

0 0o 2

and

FO) _ 4R}

jkl — 5
Fn— gy for kD =(3.1,1),3.22)

Fn+ ys for (kD) =(3.33)
XN =Ly — Ly for (kD) =(11.3).2.2.3).
(1,3,1),(2,3,2)

0 otherwise,

where y, terms vanish in F](i? Since there is no force acting
on the system, the first moment F;l) is zero as it should be.
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FIG. 1. (Color online) Motion and deformation of pusher (a) and
puller (b). Under the given distribution of the surface tension, the
flow field, the direction of the force dipole, and the force acting
on the surface of a droplet are drawn depending on y, > 0 (a) and
72 < 0(b).

The second moment describes / = 2 mode deformation. When
y2 > 0, the direction of the force (stress) is expanding in the
z direction and contracting in the x and y directions. On the
other hand, the direction of the force is contracting in the z
direction and expanding in the x and y directions for y, < 0.
Therefore, if we choose the z axis as a direction of motion,
y» > 0 corresponds to pusher and y, < O corresponds to puller
[17]. If we carefully have a look at the two terms in (1), the
second terms dominate the forces. The forces arising from
the Laplace pressure (the first terms) have opposite directions
of forces, namely contracting in the z direction for y, > 0.
However, the force from surface tension gradient has a stronger
contribution due to the factor n appearing from derivative with
respect to 6. A shape of the droplet, on the other hand, is
determined by the Laplace pressure since it is associated with
anormal force. When y, > 0, the Laplace pressure is larger at
the front and the back along the direction of motion [Fig. 1(a)].
Therefore, the interface is flatter at higher surface tension (see
Fig. 1).

The velocity field for an arbitrary direction of motion and
deformation is expressed using vector spherical harmonics as
[49] (see also Appendix B)

o0
V= E A\
1=1

+ U (N} 0,9)] - ©)
The coefficients for [ = 1 is obtained from (5) and (6) as

2R3 R’
(Uvav;l;zsv?:n) = ( 157]"3 = =2 VLm>» 15

The vanishing coefficient ®;"(6,¢) arises because there is no
helical force acting on the droplet since the forces in the two
radial directions originate from the gradient of a scalar variable
of surface tension.

The velocity of the droplet given by (22) for a spherical
droplet with (9) and (10) becomes

o) 1
33 (U (YO 0) + v, (W] 0, 0)

=1 m=—I

3)/1 mao) M (10)

- Z/nw i Y{"(0,9) sin0d0dpd
= 157 4x m sin
" 157 4m e, % oda
2 3 TZ(_VI,I +]/]._1) .
= 15pVan Zra+n-) | (11)

Y1,0
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The velocity field and the velocity of the droplet that we
obtained is consistent with those obtained from a boundary-
value problem [15]. The origin of the velocity field (10) and
the velocity of the droplet (11) is Fi(;k) . Therefore the third
moment corresponds to translational motion. This shows that
the motion of the droplet is not driven by a Stokeslet or force
monopole in (5) but by a force quadrupole in (5). The same
velocity dependence is also observed in another force-free
motion, namely phoretic motion [50]. Note that the coefficients
Y.m in (3) and y,, in Refs. [15,36] differ by the factor /3/(4m)
due to the definition of spherical harmonics.

The velocity field generated by the force dipole is given by
(9) with the coefficients

RZ
vs,m = _5’77)/2,"1 (12)

and vgf = vgm = 0. In terms of normal v, and tangential vy
velocities, the velocity field is obtained as v, ;—» >~ (R/ r)?
and vg = 0. This is also consistent with the velocity field
obtained from a boundary-value problem [15]. As we have
seen from (10) and (12), far-field flow is dominated by the
forc3e dipole decaying 1/r? rather than the force quadrupole
1/r.

A similar argument is possible in two dimensions. We
should note that there is no Stokes paradox for a droplet moving
under a gradient of surface tension [51]. This is because there is
no force monopole in this system and therefore no logarithmic
term. The detail velocity fields are shown in Appendix A.

III. MOTION OF A DROPLET

The surface tension discussed in the previous section is
dependent on concentration field c¢(r) of chemicals. A typical
example of the chemical is surfactant though our model is
not restricted in the example. The concentration field is also
regarded as a temperature field which modifies surface tension.
The surface tension is assumed to be linear in the concentration
at the interface,

y(®) = yo + yecla,t). 13)

In this paper, we focus on the case of . > 0. Yet the argument
is straightforwardly extended to another case.

Together with the argument of Sec. II, the flow field inside
and outside the droplet determined by concentration at the
interface between the droplet and a surrounding fluid. In
this section, we derive a set of kinematic equations showing
motion and deformation of a droplet is determined by the flow
field. The concentration field itself is affected by the position
of the droplet and the flow field as we will discuss in the
next section. These relations form the closed equations of the
system.

A. Kinematic equations of a droplet

Let us consider deformation around a spherical droplet. We
will have a kinematic equation of the shape following the step
discussed in Ref. [20]. The surface of the droplet is expressed
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(b)

FIG. 2. (Color online) Schematic picture of a self-propelled
droplet. (a) The deformed interface is drawn by a solid line with
respect to a reference spherical shape (dashed line). (b) Concentration
distribution across the interface is shown in blue (gray) gradation (top)
and in a solid blue (gray) line (bottom). The droplet with a sharp but
smooth interface is drawn in a black line.

as
R(a,t) = Ry + §R(a,t), (14)

where Ry is an unperturbed radius of a spherical droplet and
SR is deviation from it as a function of polar (¢) and azimuthal
(¢) angles denoted by a surface area a (see Fig. 2). We may
expand the deformation as

SR©O,0) = Y win¥/"(©0,9) (15)

1>2,m

using spherical harmonics in three dimensions (see Ap-
pendix B for the definition of spherical harmonics with
normalization constants). Note that translational motion is
treated independently from deformation and, therefore, [ = 1
is not included in the summation in (15).

The normal velocity v,, and curvature « are defined using a
level-set function §r = r — R(a,t) as [20]

1 osr

v,(r,t) = — - (16)
\Vor| or |y,

(rf) = -V (Wr) (17)
k(r,t)=—-V - .
var ),

The unit normal vector on a curved interface is given as a
perturbation around a unit normal vector on a sphere for small
deformation,

Vér

[Vér|

n@ —

~n-—V,R. (18)

The position vector on an interface is described at the linear
order in deformation as (see Fig. 2)
R = Ron + §Rn® ~ n(Ry + §R). (19)
The normal velocity is expressed as

va(a.t) =u-n®+)"

I,m

dwlm m
7 @ (20)

and the curvature is approximated for small deformation
as

2 1
k(a) = —R—O — R_é Z(l +2)(I = Dwy, ()Y (a). 21
I,m
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Although the velocity in (20) is the velocity of the contour
center of the surface, we will use the velocity of the center of
mass since the two centers are the same for a small deformation
[see (22)].

B. Velocity of the droplet

From geometric consideration, the velocity of the droplet u
is given by [52,53]

U = é/d&vn(a)R,»(a), (22)

where €2 is the volume of the droplet and is same as that
of undeformed droplet for small deformation Q = [ R?da ~
%Tt’ RS . At the first order in deformation, the infinitesimal area
da on a deformed interface is also approximated with the
undeformed area da. The velocity of the droplet (22) is also

rewritten as
u; >~ é/ddvn(a)ni(a) [Ro + 6R(a)]. (23)

The velocity field driven by the force acting on the interface
has two origins [16]: normal and tangential forces in (1)

vi(r,1) = / da'T;;(r.r(@)Nn'(@)y (@ .k (a' 1)

/ da'T;j(r,x@ )P @ )\Viy (@) (24)

The projection of the vector onto the direction perpendicular
to nj(a’) is defined as

Pia) = 8 — (@ m(a). (25)
The normal velocity is expressed using (13) as v,(r) =
Un,O(r) + Un,l(r) + Un,Z(r)v Where

Un,O(r)
Up,1(r) ¢ = / da'T;j(r,r(a))n'(a)

Un,Z(r)
yon' (@' (a' 1)
X ycn;d)(a’)cl(a/,t)/c(a/,t) , (26)
PiY(a)(Vie(a' 1),

where (); denotes the value taken at the interface. v, o(r)
describes a flow created during relaxation of a deformed shape,
and thus this term does not make any contributions to the
motion of the droplet. In fact, for a spherical droplet, this
term vanishes. Using (21) and (S3.1) in Ref. [43], its surface
velocity v,o(r(a)) is simply expressed by

Uno(r(a)) =~ ——(l +2)( = Dwp EY["(@).  (27)

The velocity of the droplet is also decomposed by two
contributions according to (26) as u; = u; ; + u; ». In the next
section, we will see that the concentration is also expressed
in terms of velocity of the droplet. Therefore, (23) is a
self-consistent equation for the droplet velocity and, indeed,
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in Sec. VI we obtain the amplitude equation of velocity from
(23) (see also Ref. [16]).

The contribution from normal force is further decomposed
into

Ujg = g / da / da'ni(a)[Ry + §R(a)] T i(r(a),r(a"))
x n'@n@e(a Hr(a' 1)
= ul® + ")+ ul? +ul +ul) +ul), (28)

where

{ul) / da / da'ni(@)T ji(r(a),r(a"))e(@’ 1)

—2nj(a)n(a’)
—6nj(a)nk(a/)%(0”)
2n(a")V,,j6R(a)
2nj(a)V,8R(a")
/)SR(a)

(29)

—4nj(a)ni(a
7 L+ 20 = Dwn ()Y (0,0

u(ol) describes the distortion of a concentration field and is the
same as (22) in Ref. [16]. Due to deformation, there are the
following additional contributions. The deviation of a position
at the surface from a spherical shape and the change of a local
surface area are given by u and u(4) The distortion of a unit

) The curvature on a deformed

interface is included in u(5> In (29) ufol) s 1(31) , uf41) ,and u(sl) are

immediately simplified using the results in Sec. S3 in Ref. [43]
for the integral with Oseen tensor,

vector is included in u(.z) and u.

4O 4Ron;(a’)
23} ., _3RyV,;5R(d)
;4) =— 155;7 /da’ 8n;(a)SR(a’) c(a).
;5) (@) Y, W+ 20 = 1)
i Xwi ()Y (0',¢")
(30)

Similarly, the contribution u; , from tangential force is
Ui = g /dé/dd/ni(a)[Ro + SR(a)]Tjk(r(a),r(a’))n(jd)(a)

x P(a" )V e(d 1)
0 1 2 3 4
_u52)+ufz)+ufz)+ufz)+ufz) 31

The detail expressions are shown in Sec. S2.A in Ref. [43].

IV. CONCENTRATION FIELD

We have seen the flow and motion of a droplet under a
given concentration field. In this section, we consider the
simplest possible dynamics of a concentration field that make
the droplet move under nonequilibrium states. Our model
is motivated particularly by the experiments of Refs. [6,9],
in which spontaneous motion is realized with the aid of
chemical reaction. In both experiments, the system is away
from equilibrium in the sense that a droplet either consumes
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or produces molecules that modify the surface tension. We
consider the following reaction-diffusion equation with an
internal source of the chemical:

9
2 V. V=DV —k(c—co) + AO (R —

r—rgl),
” | Gl

(32)

where rg is the center of mass of the droplet. The same model
was analyzed in Ref. [16] and it was shown that it exhibits
a spontaneous translation motion. The last term in the right-
hand side represents the source with a magnitude A. A > 0
corresponds to the production of molecules c(r) while A < 0
corresponds to consumption. The term of k expresses buffering
of a concentration field [54]. Note that we are treating the
system in the laboratory frame, and thus a fluid flow generated
by a gradient of a surface tension on the droplet is included
in two terms. One is the source term through a position of the
droplet rg, which is determined by the fluid flow as in (22).
The second one is convection and is shown by the second term
in the left-hand side of (32). The source makes a system out of
an equilibrium state; without this term no spontaneous motion
is realized. In this sense, this term is essential in our study. The
convective term could be included perturbatively in our result.
However, it is less dominant and it does not modify our results
qualitatively [15,16]. We will therefore neglect the convective
term in (32).
In the Fourier space, the equation reads [55]

9 _ _pt g
4 = —D(g* + F)cq + Hy, (33)

with inverse length 8 = /k/D. The source term is expressed

in Fourier space as
Hy = AS, ' (34)
with

S, =/d*re’qr®(|r| R)

Ro
/ / sm@/d(pe
Ro+5R
+/ 2dr/ sm@/dgoe

_ ¢ (D
= Sq + Sq . (35)
Since only / = 0 contributes to the first term, we obtain

47 R?

2SR 0ji(qRy).  (36)

—gRcos(gR)
7’ N

0 _
S, =4

where we have used

eI = 47 Y (ki) jigr) Y (0q.0) Y] (0.0)

I,m

=4 Y (i) jigr)Y/" Og.00) Y/ (0.0).  (37)

I,m
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Here, ji(x) is the spherical Bessel function of the first kind
[47]. The second term in (35) is

T 2
s :4nR§f sinG/ d(pBR(G,(p)Ziljl(qRo)
0 0 Im

X Y™ (0,.0)Y]"(0.0)
=47 R} Y i jilgRow}, Y™ (0g.0,). (38)

I,m
Following Ref. [16], the solution of (33) is expanded

close to the critical point of drift bifurcation, namely for
e=u/(DB) K 1,

2 3 4
Gy, _GidHy Gjo°Hy G0 Hy

«=pHi~ 55 Y 5 e T pian
(39
with the Green’s function
1
G, = —. 40
g+ p “o

After inverse Fourier transformation, the concentration at the
interface c; follows the expansion of (39),

cr=c¢ )(rG + )+ c,l)(rG +5s)+ c(z)(rG +s)

+cP g +9)+ - (A1)
where
(0) A iqrg ,—iq-(rg+s)
(rg +s) = GySq.e'1"e G
D q
A0 M
~ B[Ql )+ 0)06,9)] (42)
and

A .
v +) = —E/(z’q-u)c;fisqews
q

©) (1
_ 0005, (s)  90,°(0,0)
~"ip2 |:n ( ds + s >

+V,, Q(”(G,fp)] (43)

A similar formula is also obtained for c; )(rG +s) and

¢P(rg + s). Due to deformation, the terms with Q') appear in
addition to the contribution from a spherical droplet Q' (see
(35)—(38) in Ref. [16]). These novel terms are anisotropic and
therefore are associated with coupling between the motion
and deformation. We show the detail form of the perturbed
concentration field in Ref. [43]. Here the velocity of the droplet
is given by

d r

and we have defined
Qu(s) = / GyS,e”' 4 = 00V(s) + 0 (0.9)  (45)
q

0V(s)
2R° fo qu qj1(gRo)jo(gs) 1is isotropic  contribution

according to (39). = fq G S;O)e*iqs -
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although Q, is not necessarily isotropic due to the anisotropy
of the shape, R(6,¢). This is shown by the second term

00,9,

01 = [ Gye s = 37 o i, 6.0 (46
q I,m

with

_ 2R2 00
0,.1(5)=—* /0 dqy_ Gya’jg9)jgRo).  (47)
I,m

V. DEFORMATION

The shape of the droplet is characterized by tensor order
parameters. This was pointed out for a moving droplet in
Refs. [20,42] for the second mode in three dimensions and also
in Ref. [41] for the third mode in two dimensions. The tensors
are symmetric and traceless so they satisfy rotational symmetry
and volume conservation. The third-rank tensor was also
used for bent-core liquid crystal molecules and is defined as

Tijx = anzl nf'“nj’")n;’"), where n™ shows a vector of four
axes pointing to vertices of a tetrahedron [56]. The third-rank
tensor is traceless in the sense that Tj;; = T;;; = T;;; = 0.
Here we consider a slightly different definition of tensor
order parameters, namely we define m-rank tenors through

the integral for deformation § R,

Ry
5/dan,-](a)niz(a)-~-nim5R(a) 48)

(see Appendix C). Here n;, (a)n;,(a) - - - n;, denotes a traceless
tensor constructed by m unit normal vectors. The tensors
are consistent with those used in previous studies, except
normalization prefactors, in the sense that both of them have
the properties discussed below.

The tensors are symmetric and traceless, and thus the
number of independent components is not the number of
tensor elements. The second-rank tensor S;; has five in-
dependent components, which are given by the follow-
ing irreducible forms [57]: S33, Si1 — S, %(Slz—i-SZI),
%(S13+S31), and %(S23 + S32). These correspond to two
elongation and three shear deformation. These independent
modes are also expressed by the coefficients of spherical
harmonics as wy0, W22+ Wy _7, l'(wZz — wZ,_z), wo 1 —
wy,—1, and i(wy,; + wa 1), respectively [57]. The concrete
shapes of these modes are described in Fig. 3. The third-
rank tensor has seven independent components and therefore
there are seven irreducible forms [57]. These are explic-

PHYSICAL REVIEW E 89, 012913 (2014)

itly giVGIl as 2Tzzz - (Txxz + szx + szx) - (Tyyz + T'zy +
szy)’ Txxx - Txyy - Tyxy - Tyyx, Tyyy - Tyxx - Txyx - Txxy’
%(szx - szy) + %(szx - Tyzy) + %(Txxz - Tyyz)a %(Txyz +
szy + Tyxz + Tyzx + szy + szx)’ %(szz + szz + Tzzx) -
l_lz(Txyy + Tyxy + Tvyx) - %Txxxa and %(Tyzz + szZ + Tzzy) -
%(Tyxx + Toyx + Tixy) — %Tyyy. These independent compo-
nents correspond to the coefficients of spherical harmonics for
W3,0, W3,—3 — W33, 1(W3 3 + w33), w32 + w3 2, i(wz 2 —
w32), w31 — w3, and i(w3 —; + w31). These shapes are
shown in Fig. 4.

In general, tensors of any rank appear. Nevertheless each
tensor order parameter of rank m scales as O(€™) close to
the critical point of drift bifurcation with a small parameter
€ ~ u, droplet velocity as discussed in Ref. [20]. This is also
demonstrated in Sec. VI. Therefore we consider expansion up
to O(e?), that is, a [ = 2 mode S;j and al = 3 mode T;j; (see
Appendix C).

Once concentration is obtained, the kinematic condition
(20) reads a time evolution equation for a shape of the droplet.
Once we obtain equations for w,,,, we may obtain the equation
for a tensor order parameter S; ; using the relation between
spherical harmonics and tensor order parameters (Refs. [20,56]
and Appendix C). The benefit of the above definition of tensor
order parameters is that we do not need to calculate kinematic
condition for each wy,,, but instead we constructed a traceless
tensor directly from deformation and the kinematic condition
is transformed into the equation of tensor order parameters.
The equation for a shape of the second mode is obtained by
multiplying % f dan;(a)n j(a) on both sides of (20) as

das;; R -
@R _ 70 — (u- n DV ‘
az, 7 ) / dalv, — (- n')]n;(a)n;(a)

_Ro d
= 5/ an;(a)nj(a)v,(a)

—uk%/dan,({d)(a)ni(a)nj(a)

1. Ro

— §8’7§ / da [v,(a) — ugni(a)]

[

Ro -
o / dani(a)n j(a)v,(a). 49)

Here we have used (DS). We define a symmetric traceless
tensor consisting of two vectors as

(50)

ni(ayn;(a) = ni(an(a) — 13;;.

FIG. 3. (Color online) Five independent shapes of a second mode (I = 2). Elongation in two directions [(a) and (b)] and shear deformation
in three directions [(c)—(e)] are shown. Each shape is expressed in terms of spherical harmonics as (a) wy g, (b) w22 + wa, —2, (¢) i(wa2 — Wwa,—2),

(d) wa,1 — wy, 1, and (e) i(wa,1 + wp,_1).
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FIG. 4. (Color online) Seven independent shapes of a third mode (/ = 3). Each shape is expressed in terms of spherical harmonics as (a)

w30, (b) w33 — w33, (€) i(w3 3 + w33), (d) w32 + w3 2, (€) i(w3 2 — w32), () w3 1 — w31, (g) i(ws 1 + ws3,1).

The term —18;; is added in order to ensure the property of ~ We obtain

traceless of the tensor order parameter. Because of (18), the 3 ATk Ro A
second term makes a contribution of O(u,T;jx) and thus is 43,0 dr _ Q dalv, — (u-nlni(a)n j(a)ni(a)

neglected. We rewrite (49) as

ayg—t = M+ M + M, (51)

where M,.(](.)) describes the relaxation of a shape from (27),

o _ __1on
Y 357]R0

af&Sij = —K208ij, (52)

where Ml.(.l) and Mi@) correspond to the contribution from
normal and tangential forces under an inhomogeneous con-
centration field, respectively, and

M R Un1(a
i) _ _O/dan[(a)nj(a) @) , (53)

Mi(jz) Q vn,Z(a)
where v, 1(a) and v, 2(a) have already been shown in (26),
respectively. At the linear order in deformation, these are

calculated by the expansion of n with (18), ¥ with (21), and
c(r) with (41). We decompose as M.(;) = 22=1 Mi;’k) and

I
M = Y4, M7" (see Sec. S2.B in Ref. [43] for the detail
expressions).

In the same manner, the time evolution of a m-rank tensor
is obtained by multiplying a traceless tensor consisting of
ny, n,ng, - - - 1y, . Note that there is no coupling between higher
modes in this framework such as S;; T; ;. This is because the
velocity of the droplet u; is chosen as an expansion parameter
close to the critical point of drift bifurcation.

A shape of the third mode, Tjjy, is obtained by multiplying
% f dan;(a)n j(a)ni(a) on both sides of (20). Here we
define the abbreviated notation of symmetric traceless tensor
consisting of unit normal vectors as

ni(anj(a)ni(a) = n;(a)n;(a)ni(a) — %(ni(a)fsjk

+nj(a)six + nk(a)di;). (54)

12

Ry _——
E/dani(a)nj(a)nk(a)vn(a)

R -
+ 50 / dan;(a)nj(a)ni(a)V6R(a). (55)
The equation of motion is decomposed as

@ 4Tijk _ 0, v Ny B
as o dr Nijx + Nije + Nijg + N

(56)

where Ni(_?,z describes the relaxation of a shape from (27),

o _ 16y
ik =

NN Ry @
(wszk)> S / dani(a)njw)"k(“)(Znﬁi(;)’ Y

ijk

af& Tijx = —k30Tijk (57)

and

where v, 1(a) and v, 2(a) have already been shown in (26),

u<2 -
respectively. We may also have N;;,Z = _%%Si jug. We
again decompose (56) as N,-(jl,z = 22=1 N,-(jl,;k) and Ni(jz,z =
Yot N5 (see Sec. S2.C in Ref. [43] for the detail ex-
pressions). We expand these coefficients for ¢ = ¢©@ + ¢ +
¢® + ¢® and « in terms of u;, S;;, and T;jz.

VI. AMPLITUDE EQUATION

Combining the results in the previous sections, we obtain
the following amplitude equations for velocity u;, deformation
of the second mode S§;;, and deformation of the third mode T; jx
from (28), (51), and (56):

dui

m—= = (=140 — gutu; + bu;S;;, (59)
dS,'j
? = — (K2 + K20) Sij + )»uiuj, (60)
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dT;jk
dt

where the third-rank symmetric traceless tensor consisting of
a second-rank tensor and vector is denoted as

= — (k3 + k30) Tiji + Asugujuy + b3Sjru;, (61)

Sjkui = [(Sjkui + S,-kuj + Sijuk)

- %ua(SjSSik + Sksdij + Sisdjn)]- (62)

Here we focus on the system close to steady states and
neglected the terms of ii;, uu, and 1 ; S;;. Without deformation,
that is, if we neglect (60) and (61) and set S;; =0, (59)
recovers the results in Ref. [16] with the same coefficients.
The coefficients in (59) scale as

VeA
Dzmg3

and m ~m*=1*/(DB*) and g~ g* = 1*/(D*B?) (see
Figs. 1-3 in Ref. [16]). The nondimensional number t*
characterizes the activity of the system; as the source term
increases, spontaneous motion emerges. This is also dependent
on the strength of chemomechanical coupling, that is, as the
flow field is more sensitive to the surface tension, the activity
is essentially enhanced. In fact, the translational velocity of
the droplet makes a transition from zero to a finite value
when t* > 1 as clearly seen in (59). It is always the case
that t* > 0 and therefore as the increase of the source term
proportional to A and/or sensitivity of a surface tension to
a concentration field, the stationary state becomes unstable
[16].

The obtained equations for a shape have the same forms in
the order parameters (u;, S;;, Tji) for the second mode in three
dimensions [20,42] and the third mode in two dimensions [40]
if we use two-dimensional irreducible forms. However, since
we have seen the relation of a shape to mechanical and flow
properties in the previous sections, it is worth it to see the
explicit forms of the coefficients. The coefficients associated
with deformation are expressed as

T~1" =

(63)

4
k== (M7"7 + MEPY) = kige), (64)
p=1

=M+ MEY = g (), (65)

Here g,,(x) and g, (x) are the functions of x = B8Ry and the
scaling of the coefficients A, k7, and b in (74) is

. 4y.A Ve A T*
AT = s " D = DB (66)
175D3nB4ay np B
2y. AR AR
= LLE0 VR0 ppiR., (67)
35Dn Dn
YcA
b* = D2 = 7*B. (68)

The concrete forms of the functions g;(x) (i = k2,12,b) are
shown in Appendix. E.
The stationary shape is obtained from (60),

S;i = )L 18
S, Uil 3% )

(69)
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FIG. 5. (Color online) (Color online) The coefficients in the
amplitude equations of the second mode (60) and the third mode
of deformation (61). The values are normalized by (66)—(68) and
(75) and (76).

As we have seen in Sec. II, the properties of the pusher or
puller are associated with a shape of the droplet. Therefore,
signs of A and k;, give us information about a shape for the
second mode. Since we do not discuss any instability for
the second mode itself, k, should be positive. Indeed, the
result shows «; is always positive in our system [Fig. 5(a)].
This does not depend on the value of the contribution from
an inhomogeneous concentration x, + ko compared with the
contribution of the shape relaxation x5y, which is proportional
to o and is always positive. When the droplet moves parallel
to the z axis, the velocity is given as u; = (0,0,u), and

A 2

L 70
s+ x20) 70

w30

It is clear that the shape deviates from a sphere as the velocity
increases. The shape is characterized by the coefficients
AJKka. A function A/A* is plotted in Fig. 5(b). The result
shows that A/A* < 0. We may evaluate A for x > 1 as
A~ —31*/(8x), and for x < 1, it becomes A ~ —A*x*/35.
The droplet spontaneously moves when y. > 0 for A > 0. In
this case, we found it is always satisfied that A < O [Fig. 5(b)]
and, accordingly, w, o < 0. Therefore, the shape is elongated
perpendicularly to the moving direction. This means that the
droplet is characterized as a pusher.

From (70), we have another nondimensional number for
isotropic surface tension,

* Yo

__n 71
nDB3R] 7o

v

characterizing time scale of deformation. With this, defor-
mation is rewritten with normalized velocity & = u/(Dp)
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FIG. 6. (Color online) Schematic illustration of a self-propelled
droplet and a concentration field of chemical molecules that are
produced by the droplet.

as

%2

>~ 72

Bw2o Tt (72)

showing that when 7* < y*, the droplet is almost sphere

and as t* increases it deforms proportionally to 7*/y*.

This ratio characterizes the deformation of the self-propelled
droplet,

* 2
r — M‘ (73)
y* oD
As the relaxation time scale of a concentration field (NR(% /D)
increases, that is, the size of the droplet increases, the moving
droplet is more likely to deform.

The intuitive explanation of the sign of A is as follows.
When a droplet is moving in one direction, the concentration
of chemicals is higher behind the droplet and at the center in
the axis perpendicular to the direction of motion. Therefore,
the concentration is relatively higher at the front and the
back and lower at the sides to look like a contrail. The
concentration distribution is schematically illustrated in Fig. 6.
For y. > 0, the surface tension is also higher at the front
and the back and lower at the sides, leading to deformation
perpendicular to the direction of motion. This mechanism also
applies to the case for . < 0 and A < 0 [15], in which the
concentration is lower at the front and the back and higher at the
sides.

We may also calculate another coefficient as

4
b= Z wiV Y uly) = brgy (). (74)
=0 =0

If bA > 0, there is a Lyapunov function [20]. We found that b
is always positive and therefore there is no Lyapunov function
in this system. On the one hand, this is not surprising because
our model contains a chemical reaction and therefore is under
the nonequilibrium state. On the other hand, given that a
Lyapunov function does exist without deformation, it may
suggest the importance of coupling between velocity and
shape.

As seenin (61), the third mode is determined by the first and
second modes. Therefore, the third mode is slaved by the other
two modes. The coefficients arising from the third mode is

4

1,8,0 2,8,0
K3 = Z Nz(jkﬂ ) Nt(]kﬂ )) = K;g/fz(x)
j (75)
Py Nf}kl P NG = —aign ),
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4
by = (NG + NGEP) + Nl = bign (), (76)
p=1
where g;(x) (i = k3,A3,b3) are the functions of x = SRy

shown in Appendix E. These coefficients are plotted in Fig. 5
with following normalization constants:

% 4A Ye (3) A)/C

= = t*DB?, 77
5= Tospp0 ™ ypg =" PP 77
8y.A YcA T
M= 150t T TDiE — Dg (78)
n nD*B B
WA A

nD? 4o ™ nD? /32
The relaxation of a shape is determined by «3 + k39, which is
always positive [Fig. 5(d)]. Therefore, there is no instability
in this mode.

A. Inhomogeneous concentration distribution

Similar to the shape and the
droplet, the concentration field is
terms of tensors. The tensors are obtained by ex-
panding the concentration field into moments with

1 (0.9). n”@.0)nO.90), 0 ©0.9)n©0.9)n;”©O.¢), and
so on. In partlcular the second moment is given
as

velocity of the
also described in

Ry
(2)
=2

- /Wc(r)r sinfdOdy. (80)

According to (41), we may expand each mode of the
concentration fields, for instance, as C; 2) =C; @0 4 C; @h 4

Cl.(2 Dy Cl-(2 34 ... We are in particular interested in the
second mode,

A
C7V(Ro) = BQﬁ”a;ﬁ;s,-j (81)

and
C7P(Ro) = 24 L. 82
( 0) D3g)\(x) uiuj — 3 ij |- ( )

Note that there is no contribution from ¢’ on the second
mode. Ci(f’o) describes the distortion of a concentration field
due to deformation of a droplet. Let us suppose an elongated
droplet in the z direction, that is, S,; > 0. Since Q(ll) > 0,
Ci(f’o) is positive when the reaction is A > 0, that is, there
is creation inside the droplet. It shows an inhomogeneity of
higher concentration along the z axis and lower in the xy
plane. This results in higher surface tension along z axis when
¥, > 0, leading to relaxation toward a spherical shape. On the
contrary, c?? , showing the distortion of concentration due
to the self-propulsive motion, makes the droplet deformed.
In fact, Ci(?’z) makes a higher concentration (higher surface
tension) along the z axis and lower concentration (lower
surface tension) in the xy plane as discussed in (65) for
y.A > 0. The shape becomes elongated perpendicular to the z
axis due to inhomogeneous surface tension, which is y, > 0.
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This argument also supports that the system is characterized
as a pusher.

B. Helical motion

Another point in the amplitude equations (59)—(61) is the
time scales of motion and deformation. If the time scale of
deformation is much faster than that of motion, the dynamics
of shape is slaved by the motion. Therefore shape does not
play a relevant role in the dynamics and we expect straight
motion. When the time scale of deformation is comparable
with that of motion, the coupling between motion and shape
affects the dynamics. In Ref. [42], various types of motion
have been discussed for (59)—(61) with arbitrary coefficients.
They found that straight motion becomes unstable and helical
motion appears for some range of parameters. Our model is
based on mechanics and hydrodynamics, and the coefficients
are not independent. Thus, it is of interest to see when the
helical motion appears with our physical coefficients. In our
notation, the helical motion is stable when [42]

ST @y, (83)
where x = BRy. From (83), we found that the helical motion
is stable when x < 1. The time scale of velocity is m/(—1 +
7) ~ (DB?)~! for (59) while the time scale of deformation
is (k2 + k20)~" ~ (DB3Ry)~! for (60). The latter is more
sensitive to x = SRy and thus as x becomes smaller, the time
scale of deformation becomes slower. Note that even under an
arbitrary concentration distribution there is no screw motion
of the droplet along a straight path driven by a surface tension
gradient as (10) suggests. Nevertheless, the helical motion is
realized by changing the path due to the coupling between the
motion and deformation.

C. Active stress

The inhomogeneous concentration is associated with stress
acting on a fluid through surface tension. In this section, we
discuss how the stress tensor is modified by spontaneous
motion and deformation. The stress tensor arising from the
inhomogeneous concentration is given as [16,58]

04(r) = —B1c(r)V;¢V ;¢ + isotropic terms, (84)

where ¢(r) is a phase specifying a droplet and surrounding
fluid. The isotropic terms are absorbed into pressure because
of incompressibility. In the sharp interface limit, the stress is
described by using a normal vector [16],

oula) = — f oa(N)dr = =X crni(@n;(a).  (85)
Ro Ro
Here the stress tensor is integrated over radial direction and
therefore defined on the surface. In fact, this stress accumulates
at the surface of the droplet. Integrating over the surface, we
obtain the anisotropic part of stress as

1
~ K 2
04 >0, (uiuj — gu 3ij ),

* nA VeA
0Ff = — ~ T
a Ry D2B3R,

(86)

(87)
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which characterizes active stress by 0. Since A < 0, the active
stress is negative in the direction of motion. This also suggests
that the droplet is extensile, that is, pusher. If we regard the
velocity u; as a polar vector p;, then this active stress is the
same form used in active polar nematic liquid crystals [26].

If we put the numbers as D ~ 1073 mm?/s, the velocity
being u ~ DB from our results of g and 7, Ry ~ 100 pm,
B ~ R;', and the characteristic change of surface tension
~1 mN/m with y,A ~ 1 mN/(m s), we obtain o, ~ 100 Pa.
The active stress estimated for lamellipodium is o, ~ 1000 Pa
[59] and is the same order for the actin cortex [60].

VII. DISCUSSIONS

Our result is consistent with the phenomenological models
proposed in Ref. [40], where the amplitude equations are
derived from reaction-diffusion equations [20,41]. Our ap-
proaches including hydrodynamics have an advantage in that
we stand on a mechanical point of view and indeed we success-
fully relate a shape, motion, and flow with force moments act-
ing on the droplet. In fact, we obtain nondimensional number
(71) and (73) that control the deformation of the self-propelled
droplet. The quantity could be measured and controlled in
experiments. We also note that our approach derives the am-
plitude equations for tensor order parameters u;, S;;, and T;jx
not by calculating all the coefficients of spherical harmonics
as in Ref. [20] but rather by translating the kinematic equation
directly into the time evolution equations of tensor order
parameters. Both approaches must lead to the same results but
we believe that our approach is easier and more systematic.

Without deformation, it has recently been reported in
numerical simulations that a self-propelled droplet has the
property of pusher [17,18]. Self-propulsion of a localized
spot in a reaction-diffusion system also shows deformation.
In Refs. [20,41], it has also been shown that a shape of the
spot is elongated perpendicularly to the direction of motion.
They also obtained A < 0 and » > 0 in our nomenclature [see
(65) and (74)]. In Ref. [61], the motion of a camphor particle
under a given shape has been investigated. The result again
shows the direction of motion is perpendicular to the long axis
of an ellipsoidal shape, which is consistent with our result.
The model in Ref. [61] predicts b < O for (74) in our model,
which leads to smaller critical value of t for the transition
between stationary and self-propelled states. However, this
differs from our result of » > 0. Our model does not fix a
shape and therefore the critical point does not depend on a
shape; the droplet is always spherical at the stationary state
while deformation occurs only when t reaches at the critical
value. As we discussed in Sec. VI, there is no Lyapunov
function in this system. Therefore it is not possible to interpret a
translation between b and A using a simple energetic argument.
Although there is no explicit interpretation of mechanical force
in these models, it is interesting that both the results of reaction-
diffusion equations and our model including hydrodynamics
show the same shape of a spontaneously moving object,
namely elongated perpendicularly to the direction. Further
investigation concerning relations between reaction-diffusion
models and hydrodynamic models is left for future work.

Our results show that a self-propelled droplet driven by
chemical reaction has a force dipole and it is characterized
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as pusher. One may be interested in how this conclusion
depends on the model (32). Here we discuss how the results
are dependent on the form of the source term. First, it is
stressed that the spontaneous motion occurs only for y.A > 0
and, under this condition, the sign of y. and A does not
matter. The source term in (32) modifies S, in (35), which
is dependent only on 8 and Ry. Therefore it does not modify
the scaling of the coefficients t*, m*, g*, k*, A*, b*, k3, A3,
and b3 other than 8 and Ro. In our model, the source term
has both an isotropic (S{”) and an anisotropic (S") term. The
latter arises from deformation. If molecules are produced or
consumed irrespective to a shape of the droplet, the source term
is independent from deformation and Q" in g;(x) obtained
from the anisotropic term disappears. Even in this case, A
does not change and « is not qualitatively modified, resulting
in the same sign of a force dipole and deformation. From
these arguments, although it is not conclusive for an arbitrary
function of the source term, we expect our results are applied
in a wide range of situations.

VIII. SUMMARY

In this paper, we derived a set of equations for motion and
deformation of a self-propelled droplet driven by production
of chemical molecules from inside. We interpret an inhomoge-
neous surface tension as a force acting on the interface of the
droplet and obtain the force moments acting on a surrounding
fluid. The force moments drive a flow and accordingly generate
the spontaneous motion and deformation of the droplet. The
motion of the droplet modifies a concentration field because of
production of molecules. This feedback loop among position
and shape of the droplet, flow field, and concentration field
sustains not only a steady motion but also deformation.

We concentrate in this paper on a single droplet. Interaction
between deformed droplets is an interesting extension of
this work. Due to the anisotropic character of each droplet,
interaction may also become anisotropic. We plan to explore
these in future work [63].
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APPENDIX A: FLOW FIELD IN TWO DIMENSIONS

In two dimensions, the surface tension is expanded as

y(©) = Z ¥n €OS(n0)

n=0

(AL)

and the force is expressed as the first line of (1). Here we choose
the x direction as a direction of motion. The velocity field is
expanded as (6) with the Oseen tensor T;; in two dimensions,

1 XiXj
Ty = g [—anrya; + r—z] (A2)
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The first term in (6) vanishes because there is no force
monopole F;l) = 0 and the second term leads to the velocity
field

R
Vrin = Z—Z— c0s 26 (A3)

nr
and vg;—, = 0, which is consistent with the velocity field
obtained from a boundary-value problem. Note that the normal
velocity obtained from the first moment is canceled by a
higher-order term, and no deformation occurs in this case.
The third term in multipole expansion leads to the normal and
tangential velocity field,

R? R?
(Vr1=1,V9,0=1) = <u—2 cos@,u—2 sin&) , (A4)
r r

where the velocity of the droplet is u = —y,;/(81). As in three
dimensions, the velocity field for a force dipole decays more
slowly (~1/r) that that for a quadrupole (~1/r2) and therefore
dominates the interaction between swimmers.

APPENDIX B: SPHERICAL HARMONICS AND VECTOR
SPHERICAL HARMONICS

In order to avoid confusion about normalization, we list
the properties of spherical harmonics and vector spherical
harmonics. Spherical harmonics Y;"(6,¢) are defined as

[+ D)1 — m)! .
Y"(6,0) = #P/"(cos@)dw, (B1)

with the associated Legendre polynomial P;"(cos 6) of degree
[ and order m [47].
Vector spherical harmonics are defined as [62]

Y™(0,0) Y"(0,p)e,
Y (0.9) 1 3Y"0.9)
Vir@.o) =1 ¢ ¢ tms s % |- (B
/" (0.9) /" (0.9)
@'(0,p) - . Ley + — e,

The orthogonal relation of vector spherical harmonics reads
YW =Y @) =W . ® =0. Note that Y/ and
other two harmonics (W and ®/" ) are orthogonal irrespective
to [, I, m, and m’ while ¥}" and ®}" are orthogonal only for
I=landm=m'.

APPENDIX C: TENSOR ORDER PARAMETER

In this appendix, we summarize tensor order parameters
characterizing the shape of a deformed droplet. First, we
consider the following integral:

mx . %
E /danin wy,
I,m

4 (‘wT,l +wi_,  wi+wi_,
= _— ,l
3 V2 V2

This integral vanishes because w),, corresponds to trans-
lational motion and does not contribute to deformation.
Nevertheless, it forms a tensor representation of a first mode

,wT’()) =0.

(ChH

012913-12



SPONTANEOUS MOTION AND DEFORMATION OF A SELF- ...

expressed by spherical harmonics for / = 1. Other examples
of this representation are found in (2) and (11).

1. Second-rank tensor

The second-rank tensor S;; is given by

(2)
S,'j = az,OS,‘j.

R - 1
50 Z/dani(a)nj(a)Ylm(a)clm = ﬁ
IN]
(C2)

The product of two spherical harmonics is reduced to single
spherical harmonics using the Wigner 3 j symbols [47]. Using
this, the product of two normal vectors is expressed with
spherical harmonics for/ = 2. Then the tensor order parameter
of the second is given as

3
S = \/;(wz,z + wa _2) — wa
3 * * *
= 3 (W22 Wy o) — Wi
. /3 .3 * *
Sp=8 =i E(wz,z —Wy,2) =1 E(wz,_z - wz,z)a
3 3 * *
Si3 =831 = 5(_71)2,1 + w2,—1) = E(wz’_l - wz,l)’
3
Sy =— E(wz,z + wa, _2) —wa
3 * * *
- E(wz,z +wy _,) — w3y,
. /3 3 %
S =83 =1 E(_wz’l —wy 1) =1 z(wzJ +w; ),

S33 = —(S11 + S2) = 2wy = 2w3 .

Here we have used Y/"*(6,¢) = (—=1)"Y,"(8,¢). The same
form was obtained in Ref. [20] but there is a small dif-
ference arising from the different definition of spherical
harmonics.

2. Third-rank tensor

The third-rank tensor 7;;; may be expressed using spherical
harmonics, similar to the second-rank tensor, as

R
52 f dan;(@)n j(@n(@Y/" @wim = a§y T, (C3)
l,m

3 / I
where ag ) = 1./5 and each element is given as

1
Ty = Z[V 15ws3 3 — vV 15w3 3 + 3wz 1 — 3ws 1],

I
T = Z[V 15ws 3 + vV 15w3 3 + 3wz + 3ws 1],

T333 = v3w;,
T2 = Ty = Tony

i
—Z[V 15w3 3 + vV 15w3 3 — w31 — w3 _1],
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T3 = T3 = T5n

1
= m[\/ 3OIU3,_2 + \/%w:),yz — 6w3,0],

To3 = Tozo = T3

1
= _m[\/ﬁw3,_g ++/30w3 5 + 6ws o],

T3 = T310 =To31 = T3p = To13 = T34

B i\/?( )
— ) ) w3,72 w3,2 )

T = To1p = Ty
1
= Z[—V 15w3 3 + vV 15wz 3 — w3 —1 + w3 1],

Ti33 = T313 = Ts31 = w31 — w3 1,

T3 = T30z = T33p = —i(w3,—1 + w3 p).

3. Fourth-rank tensor

The fourth-rank tensor D; g is defined as
R
50 %1: / dan;(a)n j(@ne(@np(@)Y;" (@ wim

2

= a0 Sijap + @40 Dijop (C4)
where
Sijap = 2(Sij8up + Sapdij + Siadjp
+ S,'ﬂ(sj'a + Sja(siﬂ + Sj,g(Sm) (CS5)

and af()) = gafg). The fourth-rank tensor has symmetry

such that Djjag = Djiag = Djjpe, and therefore the tensor
is expressed as a 6 x 6 matrix (Voigt representation). In
addition, the tensors S;jos and D;jep are symmetric also in
the representation D;jjog = Dypgij.

APPENDIX D: PROPERTIES OF UNIT NORMAL VECTOR
AND SPHERICAL HARMONICS

In this section, we summarize useful properties of unit
normal vectors on a sphere and spherical harmonics. First,
it is readily shown that

/dani(a) =0. (DD
The product of the normal vector is integrated as
R
5 / dan;(a)n(a) = §;;, (D2)

R 1
9 / dan;(a)n j(a)ni(a)n;(a) = g(aijakl + 8ixdj1 + 8116 jx)-

(D3)
In order to calculate the third mode, we also need
Ry
) dan;(a)nj(a)ni(@)ng(a)ng(a)n,(a)
1
= g[[sijakaaﬂy]]a (D4)
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where []] implies a sum of 14 other permutations among all
indices.

Next, we consider the integral including the derivative of
spherical harmonics. First, we have

Ro

daVst m(e (p)wlm =0 (DS)

since w;,, = 0 for/ = 1. Using an integral by part, the integral
including a normal vector and surface gradient operator acting
on spherical harmonics is expressed as

Z/dan V., Y"0,9)

I,m

5 19
= — dan; |tj— +b;— Y (0
sz%;/ an ["39 /5in6 9 ] ©.¢)

2

= a1y (D6)
with aﬁ = —aéz()) In the same manner, we may list the
following calculations:

n,-(a)nj(a)vx,k
ni(an j(@ni(a)Vvs.q

Ry
EZ f da ViV ECRA I
Lm ni(a)Vs,utVs,ﬁ
n'(a)nj(a)vx,avs,ﬂ
3
s\ Tijk
(2) 3,1 4)
Sljka + a3,1Dijka
= D Sij D7
= Ay,29ij ) (D7)
’%
) T
(2) (2,2) (€]
Sz;aﬁ + a2.2Dij0t5
3 _ 3) @2 _ 1 .2 2) (2) 3)
where ay| =4az,, a3} = TrRo %200 do2 = Rzazo’ a1 =
12a$()), and a% =z ;32 aéz()) The fourth-rank tensors in these

PHYSICAL REVIEW E 89, 012913 (2014)

formula are
S,(jkl() = —2(8ij0ka + SikSja + SjkSia)
+5(Skabij + Sjadix + Siadji) (D8)
and
S22 = _8S;:84p + 2084581) — 8Siad;
iiap = —88ij8ap + 208ap8;; iadjp
—Sip8ia — Sipdje — 8Sabip. (D9)

APPENDIX E: THE FUNCTIONS g;(x)

In this section, we summarize the function g;(x) in the
coefficients of the amplitude equations. In the second mode,

© ©
Q1 39901 . 5m

8, () = 10R—0 s T 05 (E1)
1 aQ(O) go)
= = E2
& RO s + ds2 E2)
gb(x) _ Q(l) gQ(zlé 17 8Q(20) 3 82Q(0)
15 s 5 Ry 15Ry 0s 5 952 |
(E3)
For the third mode,
” 50
g () = O3 + =0 =31, (B4)
0 N
©) (] 0)
gy = 00 305 VO g
} Rg as Ro 052 as3
(2) (1)
() = LA YA dyo| 8 (1) BQ
bs 73501D? ¢0) | Ro s
L w000 2 dn Lo
952 Ry ds | 7 a%RO ’
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