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Effect of finite ion sizes in an electrostatic potential distribution for a charged soft surface
in contact with an electrolyte solution
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We provide a theory to analyze the impact of finite ion sizes (or steric effect) in electrostatic potential distribution
for a charged soft surface in contact with an electrolyte solution. The theory is based on a free energy model
that appropriately accounts for the contribution of finite ion sizes as well as the structural characteristics of a soft
interface, represented by a combination of a rigid surface and a fixed charge layer (FCL), with the FCL being
in contact with an electrolyte solution forming an electric double layer (EDL). This FCL contains a particular
kind of ion which is impermeable to the electrolyte solution, and this impermeability is quantified in terms of the
corresponding Donnan potential of the “membrane” represented by the FCL-electrolyte interface. We find that
consideration of the finite ion size increases the magnitude of this Donnan potential, with the extent of increase
being dictated by three length scales, namely, the thickness of the FCL, the thickness of the electrolyte EDL, and
the thickness of an equivalent EDL within the FCL. Such regulation of the Donnan potential strongly affects the
distribution of the permeable electrolyte ions within the FCL, which in turn will have significant implications in
several processes involving “soft” biological membranes.
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I. INTRODUCTION

As an electrolyte solution comes in contact with a charged
or ionizable solid, there is the formation of an electric double
layer (or EDL), which refers to an immobile (Stern) layer
and a diffuse layer of charges developed at the electrolyte-
solid interface, screening the charge present at this interface
[1,2]. This apparently simple picture, often mathematically
described through the classical mean field Poisson-Boltzmann
(PB) model [1,2], has attracted huge interests for more than
a century owing to the massive number of applications that
invariably involve the presence of such a solid-electrolyte inter-
face [3,4]. In fact, such application requirements, particularly
those involving nanoscale transport of electrolyte solutions
[5–7], have led researchers to look beyond this simple descrip-
tion of the EDL. Such alterations can stem from accounting
for usually neglected effects pertaining to components such
as the solvent (e.g., solvent polarization [8,9] or the presence
of multiple solvents [10,11]), electrolyte ions (the effect of
finite ion size [9,11–14] or the effect of multivalent ions [15]),
or the substrate (of varying polarizability [16,17] or varying
chemical and physical structure [18–20]), etc.

Here we study a problem that combines two of these situ-
ations, namely, we investigate the effect of finite ion sizes (or
steric effect) in dictating the electrostatic potential distribution
of a soft interface in contact with an electrolyte solution. In
the context of EDL theories, a soft interface is typically repre-
sented by a rigid surface covered by a layer of polyelectrolytes
(this layer is grossly approximated as the surface charge
layer), which can be ion penetrable, leading to an electrostatic
potential distribution that is distinctly different from that in
an EDL in contact with a bare rigid surface [21–24]. Such
a representation of charged soft interfaces, in particular, the
corresponding electrostatic behavior in the presence of an
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electrolyte solution, has been motivated by several biological
and chemical applications, such as the electrokinetics of
biological cells [25], the effect of EDL in bacterial adhesion
to surfaces [26,27], charging and swelling of cellulose
films [28], etc.

A model of EDL electrostatics of soft interfaces has
been primarily developed by Ohshima and co-workers
[21,22,24,29–31]. Most of the analysis is based on the simplest
situation, namely, the case where there are fully ionized groups
of valence Z that are distributed at a uniform density N in
the surface charge layer (accordingly, henceforth the surface
charge layer is called the fixed charge layer or FCL), and the
plate core (the hard part) is uncharged (see Fig. 1). Further
simplification is ensued when it is assumed that the relative
permittivity within the FCL is identical to that of the electrolyte
solution [21,32]. The most important consideration in such a
model is that these ions within the FCL are impermeable to
the electrolyte that is in contact with the FCL, whereas the
electrolyte ions can freely permeate between the FCL and
the electrolyte. Therefore, the interface between the FCL and
the electrolyte acts as a hypothetical selectively permeable
membrane, and consequently the corresponding quantification
is expressed in terms of the Donnan potential ψD [2,33]. Math-
ematically, ψD is the potential deep inside the FCL for the case
where the FCL thickness (d) is much larger than the electric
double layer (EDL) thickness λ (quantifying the ion distri-
bution within the electrolyte) [21]. These two length scales
(d and λ), along with a third length scale, namely, an equivalent
EDL thickness λFCL within the FCL, dictates the electrostatic
potential distribution (and hence ψD) within the FCL as well as
within the electrolyte in contact with the FCL. As for the classi-
cal problem of rigid surface electrokinetics, for soft interfaces
as well the knowledge about the corresponding electrostatics
has been extensively used to model issues such as electrostatic
interactions between two similar or dissimilarly charged soft
interfaces [34] electrophoretic mobility of soft particles [35],
and other related electrokinetic phenomena [36], etc.
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FIG. 1. (Color online) Schematic of the soft interface (consisting
of a fixed charge layer or FCL and a rigid plate) in contact with an
electrolyte solution. The FCL contains the electrolyte cations and
anions as well as a third ion (shown in green), which is impermeable
to the electrolyte. This third kind of ion has a valence Z and is
distributed within the FCL with a uniform charge density N .

Despite such substantial research on the electrostatics
of soft interfaces, remarkably most of these calculations
typically invoke the mean field PB model. Therefore, several
issues which are beyond the mean field description, such
as consideration of finite ion sizes [9,11–14] or solvent
polarization [8,9], etc., have remained elusive in the context of
the electrostatics of soft interfaces. In this article, we provide
a theory to analyze the influence of finite ion sizes (or steric
effect) in the electrostatics of a soft interface in contact with an
electrolyte solution. Our theory is based on a free energy model
that appropriately accounts for the finite ion sizes as well as
the geometric specifications of the soft interface (see Fig. 1).
Our central result is that the Donnan potential (ψD), which
characterizes the electrostatic distribution of a soft interface
with explicit consideration of selective ion permeability of the
interface, increases in magnitude with an increase in the steric
factor, with the extent of this variation being strongly dictated
by the ratio of λFCL/λ. We provide analytical expressions
justifying such an increase in the Donnan potential with finite
ion size effects. This particular variation of ψD leads to a
simultaneous depletion of both permeable electrolyte anions
and cations from within the FCL—such steric-effect-mediated
ion distribution will have remarkable implications in different
applications involving a biomembrane, which is typically
approximated as the ion-selective interface of the FCL and
the adjacent electrolyte [25,37,38].

II. THEORY

We start by considering a soft charged plate in contact with
an electrolyte solution. Following the classical methodology
for representing a charged soft plate [21–23], for our case
too we assume that the soft plate is represented by a hard
plate covered by a layer (of thickness d) of ion-penetrable
polyelectrolytes (which is the FCL that we have described
above) (see Fig. 1). The free energy describing the above
system can be expressed as

F =
∫

f [ψ,n±] dr, (1)

where f is the free energy density, expressed as

f = −ε0εr

2
|∇ψ |2 + ezψ (n+ − n−) + eZNψ[θ (y + d)

− θ (y)] + kBT

a3
[n+a3 ln (n+a3) + n−a3 ln (n−a3)

+ (1 − n+a3 − n−a3) ln (1 − n+a3 − n−a3)]. (2)

In Eq. (2), ε0 is the permittivity of free space, εr is the relative
permittivity (assumed to be identical for both the FCL and the
EDL), ψ is the electrostatic potential, n± and ±z are the ion
number densities and valence of the electrolyte ions (these ions
are present both within the FCL as well as the EDL), N and
Z are the number density and valence of the particular kind of
ion that is present only in the FCL (see the caption of Fig. 1),
a is the parameter quantifying the ion size, kBT is the thermal
energy, and θ is the Heaviside function. On the right hand
side of Eq. (2), the first term represents the self-electrostatic
energy of the FCL and the EDL, the second term represents the
electrostatic energy of the electrolyte ions, the third term repre-
sents the electrostatic energy of the ions present only within the
FCL, and the fourth term represents the energy due to mixing
entropy of the ions. Such an expression of the free energy of
the EDL electrostatics, accounting for the combined influences
of the FCL (representing the “softness” of a soft surface)
and finite ion size effect, is discussed in this article. In most
previous studies either the free energy of the EDL electrostatics
with a finite ion size effect for a rigid surface [11,13], or the
electrostatic potential distribution of a soft surface with point
sizes of ions [21–23] has been considered—Eq. (2) provides
a framework that allows for simultaneous accounting of these
effects. The equilibrium conditions are obtained by employing
δF/δψ = 0 and δF/δn±, which will yield

d2ψ

dy2
= −ez(n+ − n−)

ε0εr

, y > 0
(3)

d2ψ

dy2
= −ez(n+ − n−) + ZeN

ε0εr

, − d < y < 0,

and

n± = n∞
1 − 2ν + 2ν cosh(ezψ/kBT )

exp

(
∓ ezψ

kBT

)
, (4)

where ν = n∞a3 is the steric factor (n∞ being the bulk
ionic number density). Using Eq. (4) in Eq. (3), we finally
get the equation(s) dictating the electrostatic potential (in
dimensionless form) as

d2ψ̄

dȳ2
= sinh (ψ̄)

1 − 2ν + 2ν cosh(ψ̄)
, ȳ > 0,

(5)
d2ψ̄

dȳ2
= sinh (ψ̄)

1 − 2ν + 2ν cosh(ψ̄)
− 1

K2
λ

, − d̄ < ȳ < 0,

where ȳ = y

λ
, ψ̄ = ezψ

kBT
, d̄ = d

λ
(where λ =

√
ε0εr kBT

2n∞e2z2 ), and

Kλ = λFCL
λ

(where λFCL =
√

ε0εr kBT

Ne2zZ
). Please note that in our

model we have considered identical values of the steric factor
for both the FCL and the EDL, although we can easily modify
the free energy expression [see Eq. (2)] to ensure that our
model considers different values of steric factors for the FCL
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and the EDL. We solve Eq. (5) numerically in the presence of
the following dimensionless boundary conditions:(

dψ̄

dȳ

)
ȳ=−d̄

= 0, ψ̄ȳ=0+ = ψ̄ȳ=0− ,

(6)(
dψ̄

dȳ

)
ȳ=0+

=
(

dψ̄

dȳ

)
ȳ=0−

,

(
dψ̄

dȳ

)
ȳ→∞

= 0.

Before discussing the numerical results of the variation
of the EDL electrostatics, we express the relationship govern-
ing the Donnan potential with the potential at the interface
of the FCL and the bulk electrolyte, i.e., at y = 0 (we shall
henceforth call it ψ0, which is also called the surface potential
of soft surfaces [39]). Please note it is well established that for
the case of no finite ion size effects, we necessarily have [23]

ψ̄D − ψ̄0 = tanh

(
ψ̄D

2

)
, (7)

where ψ̄0 = ezψ0/kBT and ψ̄D = ezψD/kBT . To obtain the
corresponding relationship for the case of finite ion size effects,
we shall first resort to express the charge neutrality at y = −d,
so that (considering the case where d � λ, i.e., ψy=−d = ψD)

[NeZ + ez(n+ − n−)]y=−d = 0

⇒ NeZ = 2n∞ez sinh (ezψD/kBT )

1 − 2ν + 2ν cosh(ezψD/kBT )
. (8)

Plugging this relationship expressed in Eq. (8) into Eq. (3), and
integrating the equations once and employing the appropriate
boundary conditions, we shall finally get (in dimensionless
form)

1

2

(
dψ̄

dȳ

)2

= 1

2ν
ln [1 − 2ν + 2ν cosh (ψ̄)], y > 0,

1

2

(
dψ̄

dȳ

)2

= 1

2ν
ln

[
1 − 2ν + 2ν cosh (ψ̄)

1 − 2ν + 2ν cosh (ψ̄D)

]

− sinh (ψ̄D)

1 − 2ν + 2ν cosh (ψ̄D)
(ψ̄ − ψ̄D),

−d̄ < ȳ < 0. (9)

Equating the above two expressions at ȳ = 0, we shall finally
get

⇒ ψ̄D − ψ̄0 =
[

1 − 2ν + 2ν cosh (ψ̄D)

2ν sinh (ψ̄D)

]

× ln [1 − 2ν + 2ν cosh (ψ̄D)]. (10)

Equation (10) provides the relationship between the dimen-
sionless Donnan potential (ψ̄D) and the surface potential (ψ̄0)
for the case where finite ion sizes are important. It can be easily
seen that employing ν → 0 in Eq. (10), we recover Eq. (7).
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FIG. 2. (Color online) (a)–(c) Variation of the EDL potential reflecting the effect of finite ion sizes for (a) Kλ = 1, d̄ = 3, (b) Kλ =
1, d̄ = 10, and (c) Kλ = 10, d̄ = 10. In (c), the electrostatic potential shows a negligible variation with the steric factor. For (b) and
(c) d̄ = d/λ � 1, and hence the potential deep within the FCL (FCLs exist for ȳ < 0, whereas the electrolyte exists for ȳ > 0; see Fig. 1) is
the Donnan potential. (d) Variation of the ion number densities for different steric factors for d̄ = 10 and Kλ = 1.
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III. RESULTS AND DISCUSSIONS

In Figs. 2(a)–2(c), we show the transverse variation of
the electrostatic potential within the FCL and the EDL as
a function of parameters such as the dimensionless FCL
thickness d̄, ratio Kλ, and the steric factor ν. The central
result of this article is the manner in which the variation in
ν affects the Donnan potential ψD . We find that an increase
in ν increases ψD . Below we justify this key finding from
both mathematical and physical arguments. Equation (8) can
be expressed in dimensionless form as

sinh (ψ̄D)

1 − 2ν + 2ν cosh(ψ̄D)
= 1

K2
λ

, (11)

which can be solved to obtain (considering the positive root)

ψ̄D = ln

⎡
⎣ (1 − 2ν) +

√
(1 − 2ν)2 + (

K4
λ − 4ν2

)
(
K2

λ − 2ν
)

⎤
⎦. (12)

For Kλ = 1, we shall get from Eq. (12), ψ̄D =
ln [1 + √

2/(1 − 2ν)], clearly justifying the enhancement of
ψ̄D with an increase in ν [see Figs. 2(a) and 2(b)]. Similarly,
when Kλ � 1, Eq. (12) yields ψ̄D ≈ ln(1) ≈ 0, explaining
why ψ̄D is very small and independent of ν [see Fig. 2(c)].
Please note that Eq. (12) fails to predict the behavior for
the cases where Kλ 	 1. Equation (12) can still provide
a prediction for Kλ < 1, as long as the argument within
the logarithm is positive [see Eq. (12)], and that prediction
suggests that ψ̄D always increases with ν. For the case when
the FCL contains anions as fixed ions (we do not provide
numerical results for this case), we get

ψ̄D = ln

⎡
⎣−(1 − 2ν) +

√
(1 − 2ν)2 + (

K4
λ − 4ν2

)
(
K2

λ + 2ν
)

⎤
⎦. (13)

From Eq. (13), we get (ψ̄D)Kλ=1 = ln [
√

2(1−2ν)−(1−2ν)
2ν+1 ], so that

as ν increases, |ψ̄D| also increases. Further, from Eq. (13),
we shall also get (ψ̄D)Kλ�1 ≈ 0 (and hence independent of
ν). We can also propose a physical explanation for such
a dependence of ψ̄D on ν. For the FCL at the point of
electroneutrality (i.e., at the location where ψ = ψD), the net
electrolyte charge density must equal the value of the fixed
charge. However, the finite ion size effect necessarily decreases
the net electrolyte charge content across a given distance from
a given charged surface [12]. Therefore, to ensure that, despite

this steric-effect-induced decrease, the net electrolyte charge
content is still equal to this fixed charge, the magnitude of
the corresponding potential (which is ψD) must increase. This
justifies why we expect that the magnitude of ψD must always
increase with ν.

In Fig. 2(d), we show the variation of the ion number
densities as a function of the steric factor. Although the Donnan
potential increases with the steric factor, the number densities
of both the electrolyte cation and anion decrease. This decrease
is such that the net difference remains identical, since the
number density of the other ion (present exclusively within
the FCL) remains constant. Physically, such a simultaneous
lowering of both electrolyte cations and anions is similar to
the widely known phenomenon of ion depletion due to the
concentration polarization [7,40,41], although here the effect
is triggered by merely the physical effects of the ions rather
than any externally employed stimulus.

The Donnan potential of soft gels [e.g., the fam-
ily of polyacrylamide-co-sodium acrylate [42] or poly(N-
isopropylacrylamid-co-carboxyacrylamid) [43] gels] has been
obtained by measuring the conductivities of these gels [42,43].
In order to validate the present theory, one can employ these
well known techniques to obtain the gel conductivities (and
hence the Donnan potential) for different concentrations of
the electrolyte or different types of electrolyte ions (either of
these factors will alter ν = n∞a3).

IV. CONCLUSIONS

To summarize, we have developed a theoretical model
to study the effect of finite ion sizes in an EDL-mediated
electrostatic distribution at the interface of a soft surface and
an electrolyte solution. The model is a preliminary attempt to
study soft matter electrostatics beyond the mean field descrip-
tion. The main result of the study establishes that finite ion sizes
increase the magnitude of the Donnan potential, which is the
central parameter in the study of soft matter electrostatics. As
a consequence, there is an effect analogous to ion depletion in
the concentration polarization—here the number densities of
both the electrolyte cations and anions are lowered within the
FCL. Such a steric-effect-triggered electrolyte ion depletion
within the FCL, with the FCL-electrolyte interface being often
conceived as a hypothetical biomembrane [25], would be ex-
tremely significant in context of different related events, such
as the alteration in the conductivity of a biomembrane [44,45],
regulation of osmotic pressure across a membrane [33,46], etc.
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