
PHYSICAL REVIEW E 88, 053018 (2013)

Onset of convection in a finite two-dimensional container due to unipolar injection of ions
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This work addresses the stability of a two-dimensional plane layer of a dielectric liquid enclosed in wall
bounded cavities of different aspect ratios and subjected to unipolar injection of ions. Numerical simulations
have been conducted to investigate the effect of lateral walls, especially in the development of the electroconvective
instability. It is found that an unexpected change of the bifurcation nature occurs for certain cavity aspect ratios.
We show that above the linear stability threshold for the rest state a supercritical bifurcation arises. This bifurcation
takes place at a given value Tc1 of the parameter T (the electric Rayleigh number). Then, a second subcritical
bifurcation occurs at a second threshold Tc2, featuring a typical hysteresis loop with an associated nonlinear
criterion Tf , which is very characteristic of the Coulomb-driven convection. This behavior has been confirmed
by different numerical codes based on different numerical methods. The physical mechanism which leads to this
situation is analyzed and discussed. The evolution of the bifurcation diagrams with the aspect ratio of the cavity
is also provided and analyzed.

DOI: 10.1103/PhysRevE.88.053018 PACS number(s): 47.65.−d, 47.20.Ky, 47.11.−j

I. INTRODUCTION

The investigation of electroconvection in a dielectric liquid
subjected to unipolar injection of ions has received extensive
attention in the past 30 years due to its wide field of applications
in major industries [1,2]. Electrohydrodynamic (EHD) ion-
drag pumps [3,4], EHD turbulent mixing [5], electrostatic
precipitator [6], flow control by the means of injected space
charge [7,8], as well as heat transfer enhancement [9] are only
a few examples of industrial applications where the Coulomb
force is involved. These applications have given a new impetus
to the need of deep understanding of the EHD instabilities
generated by unipolar injection.

When metallic electrodes are immersed in a dielectric
liquid of low enough conductivity electrochemical reactions
take place at the electrode-liquid interface and injection of
electric charges may occur [10]. The driving force involved in
such process is the Coulomb force which acts upon the space
charge injected into the bulk, the fluid being put into motion. In
gases, due to the high mobility of the ions, the charges move
much faster than the fluid, which means they almost follow
the electric field lines. Therefore, the charge distribution is
weakly coupled to the fluid flow. However, in liquids, besides
the drift mechanism via the electric field, the charge is also
convected by the fluid. Thus, there is a strong coupling between
the hydrodynamic and the electrical effects in liquids [12].
The determination of the electric field and charge density
distribution usually presents great difficulties, as the Coulomb
force induced the liquid motion which, in turns, modifies the
electric field and charge distributions. This nonlinear coupling
as well as the complexity of the mathematical problem has
prevented obtaining analytical solutions. The first authors
who tackled this complex problem studied the stability of
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an infinite liquid layer between two parallel electrodes and
gave the foundation of the stability analysis. Several works of
particular relevance for the present research, [10–13], showed
the existence of a subcritical bifurcation featured by a typical
hysteresis loop that occurs in such geometry.

Most of the previous studies dealt with a liquid layer
that is considered infinite for the stability analysis. Only a
few experimental works have been conducted and most of
them are in large aspect ratio cavities [14]. The experimental
studies with small aspect ratio cavities were mainly focused
on the time dependent and chaotic behavior, without a detailed
analysis of the instability phenomenon [15]. As a matter of fact,
literature concerning wall bounded cavities in Coulomb-driven
convection is relatively rare. Nevertheless, considering a fluid
enclosed in a rectangular cavity of different aspect ratios is
of primary importance since in most practical applications
and experimental studies the liquid remains bounded by walls.
There is thus a need to understand these unipolar injection-
induced instabilities in this particular case.

Electrohydrodynamic (EHD) instability flows in a plane-
plane configuration are analogous to the well-known Rayleigh-
Bénard (RB) instability. Both of these flows are triggered
by nondimensional parameters that have similar physical
meaning: the Rayleigh number (Ra) in the case of RB flows and
the electric Rayleigh number (T ) in the case of EHD flows.
In addition, both types of flows evolve in terms of similar
convective patterns. However, the main difference lies on
the transport mechanism of the relevant scalar magnitude:
charge in the EHD case and temperature in the thermal one.
While heat is mainly transported by a diffusionlike mechanism,
the electric charge moves relatively to the liquid with a “drift
velocity” K �E, where �E is the electric field and K is the
ionic mobility. The ion drift introduces a velocity scale in the
problem that greatly influences the nature of the bifurcation,
which occurs when the Rayleigh number or, respectively,
the electrical Rayleigh number exceeds a critical value
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(a) supercritical thermo-convective instability (b) subcritical electro-convective instability

FIG. 1. (Color online) Bifurcation diagrams in the Rayleigh-Bénard problem and in the electroconvective problem. Nusselt number (Nu)
is defined as the ratio of the total heat flux to conductive flux, while the electric Nusselt number (Ne) is defined as the ratio of the total current
to current without motion.

(Rac = 1708.8 in Rayleigh-Bénard flows [16] and Tc = 164.1,
for the strong injection case [11], in electroconvective flows).
The diffusion mechanism in the case of thermoconvection
leads to a smooth and continuous transition between the
hydrostatic state and convection [see Fig. 1(a)]. This is referred
to as a supercritical bifurcation. On the other hand, the
nonlinear coupling between charge, electric field, and liquid
motion results first in a sudden jump between the rest state
and the motion state of the liquid with a maximum velocity
that exceeds the ion drift velocity [see Fig. 1(b)]. Once the
motion takes place for a T > Tc (the linear or small amplitude
criterion), decreasing the value of T back to Tc does not result
in recovering the rest state. The motion is sustaining until
we reach a second criterion (nonlinear or finite amplitude
criterion) Tf [see Fig. 1(b)]. A hysteresis loop links the
linear and nonlinear criteria, which is a characteristic of the
subcritical bifurcation.

Once the liquid is set up in motion, its maximum velocity
is greater than the ionic drift velocity. As a result there
appear regions where the ascending ions cannot surmount the
descending liquid column, and these regions remain void of
charge. The void region has been recognized to be responsible
for the hysteresis loop [17]. Indeed even when T is just
below Tc this region free of charges will sustain the electric
torque and thus the convective motion. It is only when the
electric torque becomes lower than the viscous one that the
motion will stop. This nonlinear instability mechanism was
derived by Felici [9] with his hydraulic model in the case
of weak injection between two parallel plates. Later Atten and
Lacroix [13] extended the foregoing simplified model of Felici
to the case of hexagonal cells and studied the nonlinear stability
problem with a Galerkin-type method. They successfully
predicted the existence of a nonlinear stability criterion as
well as a hysteresis loop associated with the discontinuities
in current and liquid velocity. The existence of this hysteresis
loop has been confirmed experimentally [13] and numerically
by Castellanos and Atten [18], Chicón et al. [19], Vázquez
et al. [20–22], and Traoré et al. [23–25].

Until now this subcritical bifurcation was known to be
the main characteristic feature of electroconvective flows.
However, the presence of lateral walls leads to some unique
consequences. On the one hand it enhances the viscous effects,
increasing the value of the instability threshold and of its
associated wave number. On the other hand it promotes the
appearance of secondary vortices near the cavity corners.
We will show later that these secondary vortices play an
important role in the overall flow structure. In this paper we
shall highlight that, when the fluid is enclosed in a rectangular
cavity of small aspect ratio, a supercritical branch arises before
the classic subcritical bifurcation takes place. Some hints will
be proposed to explain the underlying physical mechanism
which leads to this unusual and unexpected behavior.

The remainder of this paper is organized as follows. In
the following section the statement of the problem and the
numerical methods which have been used to conduct the
computations are described. Then in Sec. III we provide the
different observations related to the presence of lateral walls
in the domain and give a detailed analysis of the different
bifurcations encountered. Finally the conclusion is given in
Sec. IV.

II. STATEMENT OF THE PROBLEM AND NUMERICAL
PROCEDURES

A. Basic governing equations

The system considered in this paper is a two-dimensional
(2D) liquid layer of width H , assumed to be incompressible,
Newtonian, and perfectly insulating, enclosed between two
electrodes of length L (see Fig. 2). This layer is subjected to a
potential difference �V = V0 − V1. In this study, we assume
that charges are injected only from the lower electrode into the
bulk liquid (unipolar injection).

Taking as units the interelectrode spacing H for length,
the applied difference voltage (V0 − V1) for electric potential,
K(V0−V1)

H
for velocity, ρK2(V0−V1)2

H 2 for pressure, H 2

K(V0−V1) for
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FIG. 2. (Color online) Sketch of the physical domain.

time, and q0, the charge density at the injector, for charge
density, the nondimensional set of classical EHD governing
equations reads as [12,26]

�∇ · �u = 0, (1)

∂ �u
∂t

+ (�u · �∇)�u = −�∇p + 1

R
��u + CM2q �E, (2)

∂q

∂t
+ �∇ · [q(�u + �E)] = 0, (3)

�V = −Cq, (4)

�E = −�∇V, (5)

where
⇀

u ≡ [u,v] is the fluid velocity and q is the charge
density. p denotes the generalized pressure including the
electrostriction term and the hydrostatic pressure. It should
be noted that the diffusion term in Eq. (3) has been safely
neglected [27]. The fluid is assumed to be homogeneous
and isothermal. Under these assumptions only the Coulomb
force, q �E, acts on the fluid. These scaling choices lead to the
following set of dimensionless numbers:

T = ε�V

ρ0ν K
, C = q0H

2

ε�V
, M = 1

K

(
ε

ρ0

)1/2

, R = T

M2
.

T represents the ratio of Coulomb to viscous forces, C is
a dimensionless measure of the injection level, and M is the
ratio between the so-called hydrodynamic mobility and the true
mobility of ions [12]. To these parameters we have to add the
aspect ratio A = L/H of the cavity. For convenience we also
define the electric Reynolds number R. In these dimensionless
numbers ρ0 is the fluid density, ν is the kinematic viscosity,
and ε is the permittivity.

We further assume the injection to be homogeneous and
autonomous, which means that the injected charge density at
the emitter electrode is constant in time and always equal to q0.
In other words, the injector and the injection rate are neither
influenced by the electric field nor by the liquid motion. It is
also assumed that the ions discharge instantaneously once they
reach the collector electrode.

FIG. 3. Computational domain and associated numerical bound-
ary conditions.

B. Numerical procedure

The numerical procedure is based on a full and direct
integration of the coupled set of governing equations following
a second order in time and space finite volume method [28].
The charge density transport equation, which requires a special
treatment due to its hyperbolic nature, is solved using total vari-
ation diminishing (TVD) schemes [29]. The implementation of
TVD schemes is to prevent spurious numerical oscillations and
preserve sharp gradients and bounded solution. The interested
readers may refer to [24,30] for additional details.

We have verified the main results with an alternative method
based on a combined method of the discontinuous Galerkin
finite element technique (DG-FE, for the charge transport
equation) and continuous Galerkin finite element methods
(CG-FE, for the electric and velocity fields). DG-FE has
been proved to be also very efficient to deal with hyperbolic
problems when sharp gradients are present. The details can be
found in Ref. [22], where they have been successfully applied
to EHD convection problems very recently.

The boundary conditions associated to the free and bounded
electroconvection problem are depicted in Fig. 3. No-slip
boundary conditions are applied on all cavity boundaries
(denoted rigid case) except in the case of the reference solution
where symmetric boundary conditions have been considered
to reproduce the results of the linear stability analysis (denoted
free case). In dimensionless form, the computational domain
is defined by 0 � x � A and 0 � y � 1.

III. RESULTS AND DISCUSSION

A. Free versus rigid walls: Differences in the flow structure

The most striking feature of the electroconvection in a
closed box is that the loss of stability from the rest state
may take place through a supercritical bifurcation, in contrast
to the free walls case, where the bifurcation is always
subcritical independently of the width of the container. Figure 4
illustrates this difference. It shows the bifurcation, in the
strong injection case (C = 10), for free and rigid sidewalls and
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(a) )b(esaceerf rigid case 

FIG. 4. (Color online) Bifurcation diagram for the (a) free and (b) rigid cases for A = 0.614.

A = 0.614 (the mobility parameter M is fixed as 10 in all these
computations; its value does not have an important influence
in the bifurcation diagrams). This particular value of A

corresponds to the half wavelength of the most unstable mode
in the free sidewalls case. Figure 4(a) displays the classical and
expected hysteresis loop featuring a subcritical bifurcation.
The computed nonlinear criterion is Tf ≈ 109 while the linear
criterion is Tc = 163.2. (These values are to be compared with
those obtained from the nonlinear and linear stability analysis
which gives, respectively, 111.7 and 164.1 [10,13]. This is so
because the free sidewalls boundary conditions are the same
as periodic boundary conditions, which is equivalent to the
Fourier expansion made in the linear stability analysis.) In
Fig. 4(b) we present the bifurcation diagram in the rigid walls

case. We observe two bifurcations: a supercritical bifurcation,
at the point where the rest state loses its stability, with a first
threshold Tc1, and a second bifurcation, which is subcritical,
with a threshold Tc2. Between these two values the flow
consists of one roll with secondary vortices near the corners.
Since the viscous effect is enhanced by the presence of the
sidewalls, the threshold Tc1 = 340.6 is notably greater than
the corresponding value in the free walls case. At the end of
the supercritical branch, when the second threshold is reached
(in this case we obtain Tc2 ∈ [457.5,460.0]) there is a sudden
jump with the development of a subcritical bifurcation. For
T > Tc2 the maximum velocity is always greater than the ion
drift velocity, and a hysteresis loop appears: If we decrease T ,
the motion is sustained until we reach the nonlinear criterion

(a) )b( noitcnuf maerts  charge density 

FIG. 5. (Color online) Stream function and charge density distribution for T = 180 and A = 0.614 in the free case.
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Tf ∈ [302.5,305.0]. Along this upper branch the flow presents
two rolls. The mechanism that leads to the existence of a
hysteresis loop is similar to the one observed in the free case
and was already described in the Introduction.

Let us examine the flow structure to understand what could
lead to this unexpected behavior. Figure 5 shows the stream
function distribution and isocontour lines of the charge density
for the free walls case. When T is slightly above the critical
value Tc the motion starts in the form of one convective roll
as it is seen on the stream function distribution [Fig. 5(a)].
The charge density is greater in the regions where the liquid
is ascending and smaller in the regions where the liquid is
descending. This is a consequence of the fact that the charge
density evolves following the law [27]

q(x,y) = 1

1 + Ct
,

where t is the time needed for a charge carrier to reach the
point (x, y). Wherever the velocity goes from the injector to the
collector, the value of t is smaller than the one in the motionless
state, and the charge density is greater than the motionless
value. Conversely, at the points where the liquid goes from
the collector to the injector, the charge density increases. At
the points where the liquid velocity is equal to the ion drift
velocity the charge carrier takes an infinitely long time to get
there, the charge density becomes zero, and there appears a

region void of charge. This is always the situation for the free
sidewalls case, and a region void of charge is clearly observable
in Fig. 5(b). Taking a line of y = constant, i.e., a horizontal
line in the figure, the charge gradient always takes the same
sign, and goes from the region where the liquid moves towards
the injector to the region where it moves towards the collector.
This gradient produces an electrical torque that promotes the
motion in the same sense of the velocity roll that has produced
it. The balance between the electrical torque and the viscous
one determines the amplitude of the velocity roll.

For rigid walls, it turns out that the flow pattern is more
complex than a single-roll structure. First of all, due to
the presence of walls, we notice some secondary vortices
near the four corners. As is visible on Fig. 6, these vortices
increase their angular velocities as well as their sizes when T

increases. These vortices are more pronounced in the left side
of the cavity since the primary vortex is clockwise rotating.
The charge density distribution shown in Fig. 6 is also quite
different from the free wall case. Since the liquid velocity is
zero at the walls, the time of flight of ions on the lateral walls
is weakly perturbed by the flow. Close to the left wall in Fig. 6
(T � 430) the liquid goes towards the injector, and the charge
density decreases in this region. On the right side the liquid
moves towards the collector and the charge density increases,
but again, at the right wall it is smaller. Contrary to the free
wall case, the charge density gradient along a horizontal line

FIG. 6. (Color online) Stream function and isocontours of the charge density distribution for different T values in the rigid walls case (A
= 0.614, C = 10).
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changes sign. Although the overall electric torque promotes the
motion of the principal roll, the gradient on the left boundary
tends to induce a counter-rotating roll, and decelerates the
principal one. Therefore, the presence of the walls changes the
charge density distribution in a way that weakens the initial
roll and enhances the secondary vortices.

As long as we stay on the supercritical branch, i.e., for
T ∈ [340.6,460.0], only one primary vortex is observed. When
the secondary vortices seem to join, the flow becomes very
unstable and the two secondary vortices on the left side (see
Fig. 6) merge together to form a primary vortex. At this
stage we observe two primary vortices and four secondary
ones. This bifurcation is subcritical and occurs for a T in the
range of [457.5,460]. It is worth noting that for T < 457.5 no
region free of charge is observed, which explains why the first
bifurcation at T = 340.6 is supercritical. When T exceeds 460
a region free of charge is formed and the bifurcation turns out
to be a subcritical type.

The bifurcation diagram for rigid walls, as compared to the
free walls case, may be ascribed to the growth of the secondary
vortices near the corners and the presence of the walls, which
originates additional gradients of charge in the volume.

B. Small amplitude behavior

In order to better understand the behavior of the electro-
convection due to unipolar injection in a closed 2D box when
varying the aspect ratio, it is worthwhile to have a look at
the small velocity amplitude behavior that corresponds to the
linear stability analysis. Figure 7 shows the linear stability
threshold as a function of A for the free walls case as obtained
from a linear stability analysis similar to the one used by Atten
and Moreau [11].

The number on every branch corresponds to the number
of rolls that appear at the instability threshold. For n = 2 the
minimum value of Tc is found at A = 1.228, exactly twice
the value for n = 1, and the value of Tc is the same. For n = 3,
the same minimum value of Tc is found at A equal to 3 times the
value of A for the minimum for n = 1, and so on. This is due to
the fact that the structure for n rolls consists in n copies of the
structure for one roll. The same plot was obtained numerically
in Ref. [24].

Things are different for the rigid walls case. Figure 8
shows the linear stability criterion for rigid walls and the same
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FIG. 7. Linear stability criterion Tc versus A for C = 10 in the
free case.

A

T
FIG. 8. (Color online) Linear stability criteria Tc versus the aspect

ratio A for C = 10 in the rigid walls case.

nondimensional parameters as Fig. 7. A nonsmooth curve with
humps is obtained. The labels indicate the number of rolls in
every section of the curve. First of all, we observe that the first
minimum corresponds to a higher value of T than for the free
wall case, something we have already noted in the previous
section and it is related to the stabilizing effect of the walls.
Also the value of A for the minimum is greater than in the free
wall case. Another difference is that the minimum of the curve
for n = 2 does not correspond to the same value of T than for
n = 1, neither to a double value of A. This is due to the fact
that the structure of two rolls in this case is not the duplicate
of a single-roll structure. For two rolls, the y component of the
velocity is different from zero at the center, whereas it would
be zero if we duplicate the one-roll structure for rigid walls.

In the same figure, the flow structure is displayed in the
early stage of the growing instability process, i.e., when the
dimensionless velocity is very small, for example, of the order
of 0.01. As is expected from the discussion in the previous
section, the rolls are not simple structures, but they have small
vortices near the corners. Near the cusps in the curve T versus
A, where modes of different number of rolls may coexist,
competition between two modes is expected.

All these characteristics of the linear or small amplitude
behavior are very similar to the ones found in Rayleigh-Bénard
and Marangoni problems for the stability analysis in finite wall
bounded containers [31–36].

C. Detailed bifurcation analysis

Depending on the value of the aspect ratio supercritical or
subcritical bifurcations may appear. Figure 9 shows the values
of the three stability thresholds for T as a function of A. For
A < 1.05, there is a first supercritical bifurcation followed by a
subcritical one. The evolution of the flow structure is depicted
in Fig. 6: First there is a main roll with small asymmetric
vortices in the corner, the vortices on the left side grow, and,
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A

T

FIG. 9. (Color online) Linear and nonlinear stability thresholds
versus the aspect ratio for the rigid walls case.

finally, two rolls develop when the second instability threshold
Tc2 is overcome.

For A ∈ [1.05,1.15], the supercritical behavior dissapears
and Tc1 and Tc2 merge. It is reasonable to think that this point
corresponds to the merging of the first and second unstable
modes in the linear stability analysis. In this range, the charge
void region is formed with T slightly higher than the linear
stability threshold. An example with A = 1.1 and T = 245.0
(for this aspect ratio, Tc1 = Tc2 = 237.5) is provided in Fig. 10.

For A > 1.15, the supercritical behavior is reencountered,
but the flow structure is different: It starts with two rolls that
persist after the second instability threshold Tc2. Figure 11
shows the complete bifurcation diagram with A = 1.4 for this
case. It should be noted that the supercritical bifurcation is
not symmetrical with respect to the sense of rotation of the
rolls. This is in contrast with the findings for A < 1.05. For
a single-roll structure the flow and the charge distribution
are symmetrical along a vertical axis. The structure is the

T
T

FIG. 11. (Color online) Bifurcation diagram in the rigid walls
case with A = 1.4.

same if the flow is clockwise rather than counterclockwise.
For two rolls and rigid walls, this symmetry is broken and
the charge distribution is not the same when the liquid goes
from the injector to the collector at the center as when it goes
in the opposite direction. One consequence of this symmetry
breaking is that the slope of Vmax versus T is not infinity at
the bifurcation point. There are two rolls in the supercritical
branch as well as in the upper branch. However, the sense of
rotation of the rolls is the opposite. In the supercritical branch,
where the maximum velocity is always smaller than the ion
drift velocity, the liquid goes towards the collector at the center
of the cell. In the upper branch, where the maximum velocity is
greater than 1, the liquid at the center goes towards the injector.
In this case there is a region void of charge at the center of the
cell (see Fig. 11).

If we start a simulation for a value of T > Tc2 taking
as initial condition a solution with a value of T < Tc2,
the transition between both structures takes place on the

(a) )b( ytisned egrahc  stream function 

FIG. 10. (Color online) Isocontour lines for charge distribution and stream function with A = 1.1 and T = 245.0 in the rigid walls case.
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(a) )b( ytisned egrahc  stream function 

(c) )d( ytisned egrahc  stream function 

FIG. 12. (Color online) Isocontour lines of charge distribution and stream function with A = 2.0 and T = 200: (a) and (b) with rigid walls;
(c) and (d) with free walls.

supercritical branch. During this transition the vortices on
the left corners of the domain grow in time, then merge into
one roll; at a certain time there are three rolls. However, these
three rolls are not stable. The rolls move towards the right and
the one on the right disappears, leaving a two-roll structure,
but with the sense of rotation inverted. It is worth pointing
out that when the liquid velocity is greater than 1 we always
observe an even number of rolls, with a region void of charge
between two rolls.

For A � 1.6, the bifurcation is always subcritical. The flow
structure corresponds to an even number of rolls. The influence
of the vertical walls starts to weaken and the situation is
more and more like the expected for free walls or an infinite
container. For A � 1.0, the linear and nonlinear criteria tend
to the free wall values. Figure 12 shows a comparison of the
results for rigid and free walls for A = 2.0 and T = 200.0.
Apart from a half-wavelength translation, both structures are
very similar. Some computations have been conducted for a
large domain with A = 10.0. In this case Tc1 = Tc2 = 164.3
and Tf ≈ 110.0, which are very close to the values obtained
by the stability analysis with free walls. This clearly shows
that the wall effect vanishes for such aspect ratio.

IV. CONCLUSION

In this article numerical simulations have been undertaken
to highlight the existence of a supercritical bifurcation which
arises in Coulomb-driven convection in wall bounded cavities.

It has been shown that in a small cavity, the electroconvective
instability develops first in a supercritical bifurcation when the
control parameter T , the electrical Rayleigh number, is above a
first critical value Tc1. When a second critical value Tc2 > Tc1 is
reached, the well-known and expected subcritical bifurcation
develops. For large aspect ratios the difference (Tc2 − Tc1)
vanishes and a more classical routine is recovered. These two
small amplitude criteria as well as the finite amplitude criterion
Tf are dependent on the aspect ratio of the cavity, A. The
bifurcation structure also depends on A. For A < 1.05, there
is only one roll in the supercritical branch, that gives place to a
two-roll structure after the second bifurcation. For 1.15 < A <

1.6, the supercritical branch presents a two-roll structure that is
replaced, after the second bifurcation point, by another two-roll
structure, but with an inversion in the sense of rotation. For
1.6 � A the supercritical bifurcation disappears, recovering
the behavior of the free wall case.
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[7] P. Traoré, M. Daaboul, and C. Louste, J. Phys. D: Appl. Phys.
43, 225502 (2010).
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