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Asymptotically inspired moment-closure approximation for adaptive networks
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Adaptive social networks, in which nodes and network structure coevolve, are often described using a mean-
field system of equations for the density of node and link types. These equations constitute an open system due to
dependence on higher-order topological structures. We propose a new approach to moment closure based on the
analytical description of the system in an asymptotic regime. We apply the proposed approach to two examples
of adaptive networks: recruitment to a cause model and adaptive epidemic model. We show a good agreement
between the improved mean-field prediction and simulations of the full network system.
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I. INTRODUCTION

In recent years we have seen much progress in the field of
network dynamics and dynamics on networks [1-4]. Strong
interest in understanding phenomena such as disease spread
in social networks, interaction online social media such as
Facebook and Twitter, dynamics of neuronal networks, and
many others have encouraged development of mathematical
tools necessary to analyze the behavior of such systems [5-9].

Often the first step in analyzing such systems is to represent
them as networks, where an individual unit, e.g., a person, a
user account, or a neuron, is represented by a node, and the
possibility of interaction between any two units is represented
by a link between them. The dynamical processes on such
networks are often characterized by their statistical properties
via a mean-field approach [10-13]. Such mean-field equations
consist of a hierarchy of equations, where the expected state of
the nodes, due to interaction via the network, is coupled to the
statistical description of links in the network. The dynamical
evolution of the links in turn depends on the evolution of
statistical description of node triples, which in turn depend
on higher-order structures, and so on. In other words, this
mean-field description yields an infinite system of coupled
equations, which usually must be truncated in order to be
solvable. The truncated system is open and has to be closed by
introducing additional information about the system.

The dynamics on network systems are often closed at the
level of link equations, where the network information makes
its first appearance [ 14]. Perhaps the simplest closure approach
is based on the assumption of homogeneous distribution of
different node types in the system and that the probability of
finding a particular type of node in the neighborhood of a given
node is independent of what else can be found in that node’s
neighborhood. This closure was shown to produce excellent
results for many different systems [14—19]. On the other hand,
the heterogeneous mean-field approach, where conditioning
on the total degree of nodes is introduced, may improve the
accuracy of the approximation, although drastically increasing
the number of equations in the description [9,20]. Often,
additional information about the system, such as the expected
clustering coefficient, may be used to improve the closure [17].
In other cases, assumptions about the shape of degree distribu-
tion functions [19], possibly guided by numerical simulations
or physical observations [15,21], may lead to an improvement
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in closure. Equation-free approaches may also be used when
closing the mean-field equations [22,23].

All of the above closures often lead to a reasonable
approximation of the system dynamics. However, they all
suffer either from the lack of a priori knowledge of the validity
of approximation or from having an excessive number of
equations that must be analyzed. In this paper, we propose
a new method that may lead to accurate closures and that
also allows one to manage the expectation of the accuracy
of the obtained closure. The proposed approach is based on
simplification of the mean-field system of equations in some
asymptotic regime. In the rest of the paper we demonstrate our
approach by applying it to two adaptive network systems, i.e.,
networks where dynamical processes on the nodes affect the
network structure, which in turn affects subsequent dynamics
on the nodes [24]. In Sec. II we derive an improved closure
for an adaptive epidemic model [10]. In Sec. III, we derive a
closure for a system modeling recruitment to a cause [12].

II. ADAPTIVE EPIDEMIC MODEL

Our first example is a model for epidemic spread in an
adaptive social network [10]. Here the disease spread is
described using the susceptible-infected-susceptible model,
where each individual in the society is in one of the two states:
sick or infected and healthy but susceptible to infection. In the
framework of networks, we refer to these as I and S nodes,
respectively. The infected individuals become susceptible
at recovery rate r. The disease can spread at a rate p
from infected individuals to susceptible ones via a contact
between them, where the existence of the contact is defined
by the network structure. The adaptation mechanism allows
susceptible individuals to change their local connectivity to
avoid contact with infected individuals. Thus, the susceptibles
rewire their contacts away from infecteds at rate w, connecting
instead to a randomly chosen susceptible. The node and link
dynamical rules are summarized in the Figs. 1(a) and 1(b),
respectively.

In order to describe the evolution of this system, we
begin with developing a heterogeneous mean-field descrip-
tion [20]. We characterize the time evolution of p,, the
expected number of nodes of type « with k; and k;
nodes of type S and I, respectively, in their neighborhoods,
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FIG. 1. Schematic representation of (a) node dynamical rules and
(b) link dynamical rules in the adaptive epidemic model.

where k = (k;,k»),
0 psk = rprx — pkapsx
+ ) [Qskr, (1)psx-r, — Lsxridpsal, (1)

0 prx = —rprk + pkapsx
+ Z [QRria—r, (ri)prac—r, — Qua(ri)prx]-  (1b)

l

The allowed the transitions and corresponding rates shown in
Table 1. In the transition rates table, the function K (function
M) corresponds to the expected number of node chains that
originate at an S node (I node) with a neighborhood specified
by k, which connects to an S node, which in turn connects
to an I node. The terms Nx, x, correspond to the expected
number of node chains in the system, where a node chain
constitutes a set of nodes, connected as follows: a node of
type X is connected to the node of type X,, which in turn
is connected to node of type X3, and so on. For example,
Ny is the expected number of S nodes in the network, while
Niys is the expected number of links with S and I nodes at
its ends. In our definition of node chains we require the ith
and i + 1st nodes to differ; however, ith and i 4+ 2nd nodes
can in fact be the same node. In the example of a network
presented in Fig. 2(a) there are four ISI triples, corresponding
to the following node combinations: 1-2-1, 1-2-3, 3-2-1, and
3-2-3. It should be noted that whether or not nodes 1 and 3
are connected is irrelevant to this definition. Also note that the
order in which the nodes appear matters, which, for example,
means that Ngg corresponds to twice the expected number of
undirected links between two susceptible nodes.

The heterogeneous mean-field equations are high dimen-
sional and, therefore, are extremely difficult to analyze. A
common way to analyze the dynamics of social networks
is via lower-dimensional mean-field equations. These are
typically obtained by simply writing down rates of change
for nodes and links, based on an intuitive understanding of
the dynamics, such as in Refs. [10,11]. Here, however, we
will derive them formally from the heterogeneous mean-field
system so the procedure and assumptions are clear. The
lower-dimensional mean-field equations are generated by

TABLE I. Transitions and nonzero transition rates in Eq. (1).

Transitions Nonzero rates
ri=(,-1) Qrx(r) = Qsx(r1) = rky
rp,=(=1,1) Qsx(r2) = pK(K), Qrx(r2) = pM(K)
ry=(1,-1) Qs (r3) = wky

ry = (1,0) Qgx(r4) = wNig/ Ny

rs = (—1,0) Qyx(rs) = wk;
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FIG. 2. (a) Schematic representation of an I-S-I triple.
(b) Schematic representation of four-node chains I-S-S-1. The term
Niss1 corresponds to the expected number of such chains.

multiplying the heterogeneous mean-field equations by &' k;z
for some non-negative integer values of i; and summing over
k. Thus, the equations describing node dynamics are obtained
by taking i; + i, = 0, as given in Egs. (Ala) and (Alb) of
Appendix A, while the description of the link dynamics is
obtained by taking i; + i, = 1, as given in Egs. (Alc)—(Ale).

The hierarchy of equations generated in this manner must be
truncated in order to obtain a finite-dimensional description of
the system. Such truncation leaves the system open and in need
of closure. For example, the system of node and link equations
in (Al) contains the terms Nss; and Nis;, which describe
higher-order structures. The usual approach to closure [15]
comes from the assumption of homogeneous distribution of the
I nodes in the neighborhood of S nodes, which leads to the
following closure equations:

- , 2
Ng Ns Ng (22)
N, Nis\> N

S (28 08 (2b)
N N Ny

where we also assumed that the degree distribution of
susceptible nodes is Poisson. The details of these closures
are presented in the Appendix B.

These closures are based on ad hoc assumption and may
fail to capture the system behavior accurately if, for example,
correlations are present. Here we develop an approach that
derives the closure based on the system behavior in some
asymptotic regime.

We begin by generating equations for the time evolution of
second moments by multiplying the heterogeneous mean-field
equations by k'i‘kéz, with i; 4+ i, = 2, and summing over k.
We consider a steady state of these equations, taken at some
asymptotic limit. While we cannot provide an exact algorithm
for deciding which limit to take, we rely on the fact that the
number of parameters is finite and therefore all the possible
limits can be considered. The choice of the particular limit
is based on the condition that in this limit the higher-order
moments, which are present in the second moment equations,
approach zero or can be well approximated by the lower-order
terms. Note that the resulting relation is accurate in the
considered limit, i.e., it is not ad hoc and can be expected
to perform well at least in the considered limit. In other
words, this approach serves to decouple the first few moment
equations from the rest of the equation hierarchy. We will
derive a closure expression for the Nig; term and numerically
explore the performance of the derived closures, in parameter
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regimes outside of the asymptotic limit and outside of the
steady state.

A. Closure of ISI term

We derive a new closure of the ISI term by first considering
the evolution of the number of ISI triples. Multiplying
equation (1a) by k% and summing over K at steady state,

Zkgatps;k =0, 3)
k

we obtain the following equation:

O0=rNm—p Z [k305x] + (r + w)[—2Nis1 + Nis]
k

+ p[2Nisst + Nssil, 4

where the four-point term ISSI corresponds to the total number
of node configurations shown in Fig. 2(b). Details of the
derivation of Eq. (4) are given in Appendix C. Using the
steady-state relations in Egs. (A3a) and (A3b), we arrive at

N; N, Nis N,
200 + w)Ng [ —= — = - BB
Ns  Ns
_ N (NIII Nu )y [kgpS;k])
= N —— )
Nio N Yo [k psa]

The left-hand side of the equation corresponds to the flux of
the expected number of ISI triples due to the changes in the
neighborhood of the susceptible nodes, while the right-hand
side corresponds to the flux due to the infection and recovery
of the susceptible node in the ISI triple. In the limit of large
infection rate and weak rewiring, the amount of time any node

®)
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spends in the susceptible state approaches zero. Therefore, it is
reasonable to assume that the flux of triples due to the changes
in the neighborhood of the susceptible node will approach zero
as well. This leads us to conclude that the two sides of Eq. (5)
must vanish, leaving us with the following relation:

Nist _ Nis | Nis Nissi
Ng Ns = Ng Nssi

(6)

Finally, we note that the term Njss;/Nssy corresponds to the
expected number of I nodes, node 1 in Fig. 2(b), attached to
the chain of nodes numbered 2, 3, and 4 in that figure. This
relation is well approximated by the homogeneity assumption
that the information about the neighborhood of the third
node in Fig. 2(b) has no effect on the information about the
neighborhood of the second node. In other words, the following
moment closure is considered:

Nissi _ Nssi

Nsst  Nss '

)

That is, we make a homogeneity assumption about the

neighborhood of a neighbor, and we expect this assumption

to be more accurate than the same assumption about a given

node’s neighborhood, i.e., the closures in Egs. (2a) and (2b).
Thus, we have derived a new closure of Nigj,

Nist _ Nis
Ng Ng

Nis Nssi

, ®)
Ns Nss

which relies on our ability to close the Ngg; term, and this
brings us one step closer to finding an accurate closure of the
mean-field description of the adaptive epidemic model (Al).
The closure of Eq. (8) is tested in Figs. 3 and 4, as is the
homogeneity closure of Eq. (2b). We also show the relative
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FIG. 3. (Color online) Number of ISI triples per S node as a function of rewiring rate w, for several infection rates p: simulations compared
to the moment closure of Eq. (2b) and the newly derived closure of Eq. (8). The values of the infection rates are as follows: p = 10~"/? in (a)
and (b), p = 10° in (c) and (d), and p = 10" in (e) and (f). Panels (a), (c), and (e) show Nig;/Ns measured in simulation (circles, red online),
approximated using the homogeneity closure of Eq. (2b) (light gray curve, green online), and approximated using the result of asymptotic
analysis in Eq. (8) (dark gray curve, black online). The closures are evaluated using node and link quantities measured in the simulations. The
light gray curves (green online) in panels (b), (d), and (f) show the relative error, Eq. (9), of the homogeneity approximation, Eq. (2b), while
dark gray curves (black online) show the relative error due to the newly derived approximation, Eq. (8). Cusps in the relative error curves
correspond to the Nig;/Ng homogeneity closure curve crossing through the curve measured in simulations. Simulations are performed on a
network with 10° nodes and 5 x 10 links, with = 1, following algorithm in Ref. [25].
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FIG. 4. (Color online) Number of ISI triples per S node as a function of infection rate, for several rewiring rates: simulations compared
to two approximations. The values of the rewiring rates are as follows: w = 10! in (a) and (b), w = 10° in (c) and (d), and w = 10’
in (e) and (f). The curves and circles are defined as in Fig. 3, with the same values for the number of nodes and links, as well as the

recovery rate.

error of the two closures,

approximation
A=|l————— 9

exact value
where simulation measurements are wused as the

exact value.

Curiously, the homogeneity closure of Ngg; in Eq. (2a),
together with Eq. (8), leads to the homogeneity closure in
Eq. (2b). Thus, as suggested by Figs. 3 and 4, where the
measured values of Nggr are used, improving the closure of
Nss1 beyond the homogeneity assumption leads to improve-
ment of the Ny closure. In fact, Figs. 3(b), 3(d), and 3(f),
as well as 4(b), 4(d), and 4(f) show the relative deviation
of the closure relations from the approximated quantity and
suggest that the new approximation in Eq. (8) is superior to the
relation in Eq. (2b). Note that the only time the homogeneity
closure appears to perform better is when it intersects the
measured value of Nis1/ Ny, and, therefore, its superiority over
the performance of the new closure is rather coincidental.
Further consideration of the results in Fig. 3 shows that, as
we move away from the derivation regime of slow rewiring
rates, the performance of the new closure diminishes, though
it is still superior to the old approximation. Predictably, as
shown in Fig. 4, the performance of the new approximation
improves for the larger values of infection rate and outperforms
the original closure even near the epidemic threshold.

Finally, we test our new closure outside of the steady state.
Figure 5(a) compares the performance of the newly derived
approximation to that of the homogeneity approximation. We
can see that, unlike the homogeneity closure, the new closure
follows the measured values of Nig;/Ng very accurately.
Furthermore, as shown in Fig. 5(b), the new closure of Eq. (8)
performs better as the solution approaches the steady state.

III. ADAPTIVE RECRUITMENT MODEL

The other example that we consider is a model for recruit-
ment to a cause, introduced in Ref. [12]. A society is modeled
as a network in which some of its individuals represent a

particular ideology and actively recruit new members. These
nodes are referred to as the recruiting nodes or R nodes.
The rest of the people in the society are either susceptible
to recruitment or nonsusceptible, referred to as S and N nodes,
respectively. The N nodes may spontaneously change their
state and become S nodes, and vice versa, at rates A and A,,
respectively. The R nodes recruit S nodes at a recruitment rate
y per contact with an S node. A schematic representation of
these transitions appears in Fig. 6(a). The R nodes can improve
their recruiting capability by abandoning their connections to
N nodes in favor of S nodes, as shown in Fig. 6(b). This
rewiring process takes place at a rate w per contact between R
and N nodes. The system is open in the sense that nodes die
at rate 6 per node, and new nodes enter the system at rate u.
The newborn nodes are born as N nodes and attach themselves
with links to o randomly chosen nodes.

The evolution of the ensemble average of such a system is
described by the set of heterogeneous mean-field equations as
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FIG. 5. (Color online) Time evolution of ISI closure. (a) The time
evolution of the number of ISI triples per S node (circles, red online)
and the approximate value as obtained from the relation in Eq. (2b)
(light gray curve, green online) and from Eq. (8) (dark gray curve,
black online). (b) The relative error due to the two approximations.
The simulations are performed for w = 107!, p =10° r =1,
10° nodes, and 5 x 10° links. The initial network is a realization of
an Erdos-Rényi random network; the state of each node is randomly
assigned, with 90% I nodes and 10% S nodes. We take the average
over 100 dynamical realizations.
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FIG. 6. (a) Schematic representation of node dynamics in the
recruitment model. The nodes are born into the N class at rate ju;
nodes die at rate 0; the possible transitions between the classes
are marked by the arrows and labeled with the corresponding rates
(X1, X2, ¥). (b) Link rewiring takes place at a rate w. Here an RN link
is broken and a new RS link, based at the same R node, is created.
(c) Example of a node triple.

follows:

0oNk = A205:k — AMPNk — OON K T Uk thoths,o

+ ) [Qnkr r)pnk—r, — QuaCri)onxl,  (10a)
i
dpsk = —r2psk — Vk3psk + 1ok — Opsk
+ ) [Qssr, ri)psx—r, — Qex(ri)psxl.  (10b)
O Prx = Yk3psk — Oprx
+ ) [Qskr, (r)psxr, — Lsxridpsal,  (100)

i

where the value of p, corresponds to the expected number
of a nodes with k; of N nodes, k; of S nodes, and k3 of
R nodes in their neighborhoods, with k = (k;,k;,k3). The
allowed transitions and the corresponding rates are shown in
Table II. In the recruiting transition rates listed in the table,
function P (function Q) corresponds to the expected number
of node chains that originate at a given N node (S node) with
a neighborhood specified by k that is connected to an S node,
which is turn is connected to an R node. The functions Nx, _x,
are defined in the same way as in Sec. II.

The mean-field equations are generated by multiplying the
heterogeneous mean-field equations by k''k5 k5 and summing
over Kk, where iy, ip, and i3 are non-negative integers. Thus,
three node equations are generated for i; + i, 4+ i3 = 0, and
six link equations are generated for iy + i + i3 = 1. These
equations, presented in the Appendix as Egs. (Dla)-(Dli),
are open due to dependence on terms describing the expected
number of XSR triples, Nxsr, with X corresponding to one

TABLE II. Transitions and nonzero transition rates in Eq. (10).

Transition Rate

ry = (—=1,1,0) Qux(r) = Qsx(r) = Qrx(r1) = Ak

rn=(1,-1,0) Qu(r2) = Qox(r2) = Qpix(r2) = Aoky
r3 = (—1,0,0) Q1\1;k("3) = Qs;k(r3) = QR;k(r3) = 0k
r4 = (0, —1,0) Quk(rs) = Qsk(ry) = Qri(rs) = Oks

rs = (0,0, —1) Qux(rs) = Qsx(rs) = Qrx(rs) = 0k;

re = (1,0,0) Qyx(re) = Qsk(re) = Qrx(re)
=ou/(Ny + Ng + Ng)
r; =0, —1,1) Qux(r7) =y P(K), Qsx(r7) = y Q(K)
rg = (0,0, —1) Quk(rg) = wk3
=(0,0,1) Qs (r9) = wNrN/Ns
rio = (—=1,1,0) Qpx(rio) = wNrn/Ng

PHYSICAL REVIEW E 88, 052804 (2013)

of the three node states. In order to close this system of
equations, additional information is required. Once again,
the usual approach [15] is to assume that the R nodes are
homogeneously distributed in the neighborhood of S nodes,
an assumption that leads to the following closure:

N Nxs N,

XSR _ _XS_RS’ (11a)
Ny Ns Ng

N Nrs\> N

R (=) + =2, (11b)
Ns Ns Ns

where we make an additional assumption that the total degree
distribution of susceptible nodes is Poisson, as was shown in
Appendix B for the epidemic model.

Similarly to the previous example, these closures are
ad hoc and are only as good as the assumptions that the
closures are based on. Using the approach demonstrated in
Sec. II, we derive moment closures for the triples Nxsg and
test their accuracy against numerical simulations of the full
system.

A. Closure of NSR and SSR terms

We develop a closure of the Nyxsg and Ngsg terms by
considering the evolution of the expected number of node
triples in the limitof y,0,u/(Ny + Ns + Ng) < w,A1,A. We
consider the following expression:

Nrs 0,05,k . NrN 0: 0Nk
s . . kik koks) . 12
Ek <Ns NN+NN Ny )(13+ 2k3) (12)

This relation is evaluated at the steady state and using Eq. (D2a)
and (D2b). After some algebraic manipulations described in
Appendix E, the above relation leads to

Nsn N, Nss N,
=_5Nﬁ+ﬁﬁ’ (13)
Ns Ns ' Ns N

Nnsr n Nssr
Ny Ny

a result that is consistent with but does not imply the closure
in Egs. (11a) for X = N and S.

We compare the asymptotically derived result of Eq. (13)
and the ad hoc closure for the Ngsgr term in Eq. (11a)
with the corresponding values measured in the Monte Carlo
simulations. Figure 7 presents the relative error [Eq. (9)]
of the two closures, where simulation measurements are
used as the exact value. We can see in Fig. 7(a) that the
expected number of NSR and SSR triples per susceptible
node, Nnsg/Ns + Nssg/Ns, is well approximated (error on
the order of about 1% or less) by the closure of Eq. (13) in
the large A, and X, limit, further improving as w is increased.
According to Fig. 7(c), the closure of Nxsg/Ns + Nssg/Ns
continues to hold even in the parameter regime outside of
the considered limit. As for the individual closures, Fig. 7(b)
shows that the closure of Ngsr/Nyg holds as well in the large
A1 and A, regime. However, as we can see in Fig. 7(d), the
closure fails for small A; and A,, especially as y becomes
dominant.
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FIG. 7. (Color online) Relative errors in Nnsr + Nssr closure
[Eq. (13)] [panels (a) and (c)] and Nssg closure [Eq. (11a)] [panels (b)
and (d)] at steady state, as a function of y for w = 10° (circle, green
online), w = 10" (triangle, red online), and w = 10 (cross, black
online). The simulations are performed following the continuous time
algorithm introduced in Ref. [25]. The values of transition rates are
as follows: A; = 10' and A, = 107 in (a) and (b), while A; = 107!
and A, = 10° in (c) and (d). The other parameters are § = 1, 0 = 10,
and u = 10°.

B. Closure of RSR term

In order to develop a closure for the Nrsg term, we consider
the expression

> K30, psx (14)
k
1.0 — 1.0
£ 05 £ 05
0 0
107 10° 10" 102 107 10° 10" 102
y Y
(a) ()
100 : 100
wn w2
Z Z
% 50 % 50
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0 5 10 0 5 10
Ngg/Ng Ngs/Ng

(b) (d)
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which leads to the equation describing the evolution of the
expected number of RSR triples,

iNrsk = —A2Nese — ¥ Y k3 psac (k)
k

+ A1 NrNR — O Ngsr + ¥ (2Ngrssr + Nssr)
N,
+ w%(zNRs + Ns) + 6(—2Ngsr + Ns).
s
(15)

Analyzing the steady state of this equation in the limit
where y,0,u/(Ny + Ns + Ng) < w,A1,Az, and utilizing the
relations in Eqs. (D2a) and (D2b), we are able to solve this
equation and obtain the following relation:

N N, N, N, N,
RSR _ VRS~ IVRN 2£+1 + RNR.
NS NS NN NS NN

Note that, unlike the ad hoc closure of Eq. (11b), this result
should at least be accurate in the considered limit and, therefore
should be more reliable.

In order to close the Ngrnr/ Ny term in Eq. (16), we analyze
the limiting behavior of the following expression:

(16)

> K30 psk + drpnkl, (17)
k
which in steady state reduces to
Nrnr _ Nrn | Nex Nrs (18)
Ny Ny~ Ny Ns-

On substituting the result of Eq. (18) into Eq. (16), we obtain
the following closure of the Nrsr/Ng term:

2
N, N N Nrs N,
RSR ) RS + RS _ RS {VRN . (19)
Ny Ny Ny Ns Ny
0.1 —— 0.1
¥ 0.05 £ 0.05
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FIG. 8. (Color online) Recruitment level, Ng, and expected number of RSR triples per S node, Nrsg /Ny, as a function of recruitment rate
y for several sets of parameters A, A,, and w. The values of transition rates are as follows: A; = 10" and A, = 107 in (a), (b), (c), and (d), while
A = 107" and A, = 10° in (e), (f), (g), and (h). The values of rewiring rates are as follows: w = 10% in (a), (b), (e), and (f), while w = 107! in
(c), (d), (g), and (h). Simulation results are shown by circles (red online). In (a), (c), (e), and (g), the curves correspond to solution of mean-field
equations, while in (b), (d), (), and (h) the curves correspond to the approximation of Ngrsg/Ns using two different closures. Dark gray curves
(black online) correspond to closure in Eq. (19), while light gray curves (green online) correspond to closure in Eq. (11b). The other parameters
are same as in Fig. 7. Note that in figures (c), (d), (g), and (h) the curves corresponding to the two analytic solutions lie on top of each other.
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In Fig. 8, we compare the performance of the new closure
of Ngsr in Eq. (19) to the ad hoc, homogeneity-based closure
of Eq. (11b). We consider the numerical solution of the
mean-field equations, found in Appendix D, closed according
to the two methods, and compare those to the steady-state
size of the recruiting class measured in the direct network
simulations. In both cases, the Nnysg and Nggr terms are
closed according to the homogeneity assumption in Eq. (11a).
Thus, in Fig. 8(a) we see that in the considered limit, i.e.,
when A, Ay, and w are large, the mean-field closed using our
approach is in much better agreement with the simulations
than the ad hoc assumption of Eq. (11b). The reason for
the superior performance lies in the better approximation
of the Ngrsg/Nys term, shown in Fig. 8(b). Here Nrsr/Ns
and Nrs/Nyg are parametrized by y, with larger values of
Nrs/Ng corresponding to the larger values of y. Notice that
the performance of the closure is reduced at the larger values
of y, as the system moves outside of the considered limit.

The appeal of this approach is evident when we test it
outside of the derivation limit. In Figs. 8(c) and 8(d) we see
that, when we reduce w, the mean-field recruited fraction and
the RSR closure continue to be in a good agreement with the
simulations. We also note that in this limit the new closure
approaches the homogeneity closure. We note that when
the rewiring is slow relative to transitions between N and S,
the expected number of R neighbors should be similar for the
two node types. This would make the last term in Eq. (19)
approach (Nrs/Ns)?, explaining why the two closures are
close. In Fig. 8(e), as A; and A, are reduced, the new mean-field
solution appears to be less consistent with the simulations,
which is also reflected in the closure in Fig. 8(f). Finally, in
Fig. 8(g), all the parameters are about the same order, and
yet the asymptotically derived closure and the corresponding
mean field are very much consistent with the simulations.

Thus far we have shown that our method has produced
a closure that is a good match for the simulated system in
steady state, and is either superior to or as good as the ad hoc
homogeneity closure. We further test the performance of our

1.0 100
g M
7 05 ,ZZW % 50
o
N

FIG. 9. (Color online) Panel (a) contains measurement and
approximation of Ng. [Circles (red online)] simulation results; [light
gray curve (green online)] mean field with homogeneous closure;
[dark gray curve (black online)] mean field with asymptotically
developed closure from Eq. (19). (b) The time evolution of the number
of RSR triples per S node (circles, red online) and the approximate
value obtained from the relation in Eq. (11b) (light gray curve,
green online) and from Eq. (19) (dark gray curve, black online).
The simulations are performed with w = 10%, A; = 10!, A, = 102,
and y = 3.0. The system evolves from a realization of Erdos-Rényi
network, with mean degree 10 and 10° nodes, 85% of which are
N nodes, 5% S nodes, and 10% R nodes. The results are averaged
over 10 dynamical realizations.
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closure by using it outside of steady state. Figures 9(a) and 9(b)
show that our closure continues to be consistent with the
simulations even during the transient period. This suggests
that the time derivative of Nrgsg in Eq. (15) can be neglected
in the considered limit.

IV. CONCLUSIONS AND DISCUSSION

We presented an approach for closing a mean-field
description of dynamical network systems. In our approach
we proposed exploiting the possible simplification of the
heterogeneous mean-field description of the system in some
asymptotic regime. We applied this approach to two examples
of adaptive networks: a model of epidemic spread on an
adaptive network and recruitment to a cause model. For the
adaptive epidemic model, we took a limit of fast infection
rate and slow rewiring. This led to a relationship between
the triple we wished to approximate (Ng;) and a four-point
term (Nssp). Making a homogeneity assumption for the
four-point term introduced fewer inaccuracies than making a
corresponding assumption for three-point terms, presumably
because correlations decay with distance between nodes. For
the adaptive recruitment model, we took a limit of fast rewiring
and rapid transitions between nonsusceptible and susceptible
node types, relative to other transition rates. In this limit,
and at steady state, equations involving nodes, links, and
triples decoupled from higher-order moments, and we obtained
closures for the triples in terms of nodes and links without
needing to make further assumptions. However, a disadvantage
is that we do not have a prescription for which asymptotic
limits will do best at decoupling the hierarchy of equations,
nor which will produce closures that work outside those
asymptotic limits. These are areas for future study.

For both models studied here, we successfully developed
closures that perform as well as or better than the usual
closures, which are based on the assumptions of homogeneous
distribution of nodes throughout the network. The closure
we developed for the recruitment model showed significant
improvement of the mean-field description over the one where
all of the high-order terms were approximated using the
homogeneity closure. Not only do we see an improvement
in the predicted levels of the recruited population, we also see
greater consistency between the moment closure approxima-
tion and direct measurements of the closed terms. Thus, of
the three node-triple terms that we approximated, one showed
significant improvement over the homogeneity-based closure,
and the sum of the remaining two triples proved to be consistent
with the homogeneity closure.

The type of results shown in Fig. 8 for the recruitment
model represent what one would ideally hope to generate with
this approach. We used a new closure for a triple (Ngsr) in the
mean-field equations for nodes and links and then solved for
the steady-state recruited fraction in the system. When there are
n different node types, the number of node and link equations
scales as n2. In contrast, if one must consider heterogeneous
mean-field equations for every possible neighborhood of a
node up to a maximum degree dp,x, the number of equations
scales as d;, . The reduction in number of equations is
especially drastic when nodes can have large degrees and when
there are many node types.
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In case of the epidemic model, the closure developed with
the asymptotic approach also showed improvement over the
ad hoc, homogeneity-based closure. The result of utilizing our
approach was an improved moment closure approximation for
one of the terms, contingent on improvements of a closure for
the other term, as confirmed by the numerical simulations of
the adaptive system. However, because another term remains
to be measured in simulation or closed by some other means,
we did not obtain a closed system of node and link equations
as we did for the recruitment model.

It is important to note that the closures that we derived in
some asymptotic regimes proved to be more accurate than the
homogeneity closures even outside of the derivation limit. For
example, even though in both cases the closures were derived
at steady state, they showed excellent results outside of the
asymptotic parameter regime where the derivation took place,
as well as during the transient state of the dynamical process.
The additional benefit of using this approach is that it allows us
to expect good performance of the closure at least in the limit
where the derivation took place, more than can be said about
any ad hoc moment closure approximation. However, the more
rigorous statements about the accuracy of this approach as well
as the applicability of this approach to a more general class of
network problems are left to future investigations.
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APPENDIX A: MEAN-FIELD EQUATIONS
FOR SIS WITH ADAPTATION

The mean-field equations generated from the heterogeneous
mean-field equations (1a) and (1b) are as follows:

0;Ns = rN; — pNrs, (Ala)
&Ny = —rN;+ pNis, (Alb)
0;Nss = —2pNss1 + 2(r + w)Nis, (Alc)
9 Nis = rNu — pNist + pNsst — (r + w)Nis,  (Ald)
0; Nt = —2r Ny + 2pNigt. (Ale)
The conservation equations for nodes and links are
Ns+ N; =N, (A2a)
Nss + 2Nis + Ny = No, (A2b)

where N is the total number of nodes and o is the mean degree.

At steady state the mean-field equations give the following

relations used in the body of the paper:
pNsst = (r + w)Nis,
pNist = riNi.

(A3a)
(A3b)
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APPENDIX B: HOMOGENEITY CLOSURE

The homogeneity closure is based on the assumption that
the probability of finding an I node at the end of a link
that stems from an S node is independent of what else is
in the neighborhood of that S node and is given by ¢ = Nis/
(Nis + Nss). In other words, the probability for the S node
to have i of I nodes in its neighborhood is assumed to be
independent of the number of S nodes in the neighborhood,

PS;nllns(ils) = PS;n,(i)’ (Bl)

where Ps.,,n,(is) is the probability that i of the I nodes are in
the neighborhood of the S node conditioned on the presence
of s of the S nodes in the neighborhood of that same S node,
and Ps.,, (i) is the probability distribution of the number of
I nodes in the neighborhood of S nodes.

When the expected number of SSI triples per S node is
evaluated, the homogeneity assumption Eq. (B1) translates
into the following relation:

Nssi . .
N = E SlPS;n,InS(lls)PS;nS(S)
N X
s,

= |:ZlPSn,(l):| |:ZSPS;nS(S):|

_ Nag Nis
Ns Ns

In order to close the term describing the expected number
of ISI triples per S node, additional information about the total

degree distribution of S nodes, Ps.,,,, is required. We make an
ad hoc assumption that the distribution is Poisson,

(B2)

—oo.d

d!

which would be the case had the links between the nodes
been formed in a random fashion. Here the mean of the
distribution is known and given by 0 = (Nss + Nis)/Ns. The
homogeneity assumption on the distribution of I nodes implies
that the probability that an S node with total degree d has i of
the I nodes in its neighborhood, Ps.,, ., (i|d), is given by the
binomial distribution,

e

Pyin,(d) = . (B3)

. d i d—i
Psinyinp (ild) = <i>q =g (B4)

The expected number of ISI node triples per S node is now
evaluated as follows:
Nisi

N = 2 Psn (D) =Y Psniny (1) P, (d)
s id

=Y _[(dg)’ +dq(1 — @)1 Ps;,(d)

d
=q* (0> +0)+q(l — q)o
Nis\> N
2.2 1S 1S
= +go=(—) +=2. B5
q°0°+qo <Ns> Ny (B5)

A similar approach leads to the homogeneity closure in the
recruitment model, where we replace the infected nodes by the
recruiting nodes.
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APPENDIX C: DERIVATION OF THE Ni5; CLOSURE

Consider multiplying equation (la) by k% and summing
over k at steady state,

> kdhpsx=0. (@)
k

This produces

O0=rNm—p Z [k3 05 ]
k
+ 0 +w) Y [(ka + DI sy 10011) — K3 psi]
k

+p Y [BKGK + 1k — Dpskr, — K K)psu],
k

(C2)

which gives the result of Eq. (4) when summation in-
dices are shifted and using the fact that ), k%,og;k = Nisi,
> k2 K(K)psxk = Nissi, and so on.

APPENDIX D: MEAN-FIELD EQUATIONS
FOR RECRUITMENT WITH ADAPTATION

The following mean-field equations are found by multiply-
ing Eq. (10) by k}'k3’k5’ with iy + i, + i3 = 0,1:

3Ny = 1t — M Ny + *2Ns — ONy, (Dla)
09, Ns = ANy —A2Ns — y Nrs — O Ns, (D1b)
0;Ngr = Y Nrs — ONg, (Dlc)
N
9 Nnn = Zdﬂm + 2X,Nsn
—2(A1 + 0)NxN, (D1d)
d:Nsn = UML + A2Nss — y Nnsr
Ny + Ns + Ng
— (A1 + A2 + 20)Nsn + A1 VNN, (Dle)
0;Nss = —2y Nssr + 241 NN
—2(A2 + 6)Nss, (D11)
0, Nrn = GML + ¥ Nnsr
Ny + Ng + Ng
— (A1 + 20 + w)NgrN + A2Ngs, (Dlg)
9;Nrs = —¥ Nrsr + ¥ Nssr — (A2 + 20) Ngs
+ (A1 + w)NRn, (D1h)
0;Nrr = 2y Nrsr — 20 Ngr. (D11

At steady state, in the limit where y,0,u/(Ny + Ns + Ng) <
w,A1,A2, Eq. (D1b) and Eq. (D1h) lead to the following
relations:
ANy = Ao Ng,
(A1 + w)NgrN = A2Ngs.

(D2a)
(D2b)

Note that here we do not take into consideration the fact that all
of the terms Ny, x,.. x, are functions of the system parameters.
For example, we implicitly assume that A, A, and w can be
chosen large enough such that y Nrs <« A, Ng,A{ Ny in the
considered limit.
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APPENDIX E: DERIVATION
OF THE Nysr + Nssg CLOSURE.

To obtain a closure of the Nysg and Ngggr terms in the
recruiting model, we consider the expression

NRrs 0,055k . NrN 0: Nk
—_— 4+ —— ) (k1k krk3), (El
§k<Ns NN+NN NN>(13+23) (ED)

which should be O at steady state. Discarding quantities
proportional to parameters y,0,u/(Ny + Ng + Ng) (which
are assumed small relative to other parameters), we find that
the quantity in the first term of (E1) simplifies to

Z (3 psxckiks)

K
= —A2Nnsr + A1 NNNR

+ Z [M(kl + Dkik3 psx—r, — Mkiksps
k
+ Aoki (k2 + Dk3 psk—r, — Aakikoks psk

NrN Nrn
+w——kik3psk_r, — W——k1k3p5:
N 308:k—r N 3PS,k:|
= —A2NNsR + A1 NNNR — A1 NNsr + A2 Nssr
NrN
+w——Nsn,
Ny VN

(E2a)

using the fact that ) | kik3psk = Nnsr, Dy kikspyx =
NNNR, and so on. Other terms in (E1) sum similarly.

We use Egs. (D2a) and (D2b) to eliminate parameters A, w
from the expression (E1), replacing them with combinations
of A; and node and link variables. This yields

1
_ 0, ps-k(k1k kok
NN zk:[ sk (kiks + kaoks)]

__ Nnsk | Nnnr + Nrs — Nrn) Nsn Nssr
Ng Ny Ng Ny /) Ng Ng
N N, N, 2N,
4 Now | (Nes _ Nex ss (E3a)
Ny Ny Ny / Ng

and

1
_— 0; onk(k1k kok
i Na Xk:[ ok (k1ks + kak3)]

_ Nnsk Nrs Ny Nnnr | Nssg — Nrs Ny Nsnr
Ny Ns Nrx Ny Ny Ng Nrn Ny
(E4a)

Combining these quantities as in (E1) and setting to 0 for
steady state finally yields

Nnsk | Nssk  Nsn Mrs  Nss Nrs
NS NS NS NS NS NS
N, N,
o (ZRN RS ) (E5)
Ny Ny
or
Nxse | Nssk _ Nsy Nrs | Nss Nrs (E6)
Ng Ng Ns Ng Ns Ns '
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