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Parallel logic gates in synthetic gene networks induced by non-Gaussian noise
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The recent idea of logical stochastic resonance is verified in synthetic gene networks induced by non-Gaussian
noise. We realize the switching between two kinds of logic gates under optimal moderate noise intensity by
varying two different tunable parameters in a single gene network. Furthermore, in order to obtain more logic
operations, thus providing additional information processing capacity, we obtain in a two-dimensional toggle

switch model two complementary logic gates and realize the transformation between two logic gates via the
methods of changing different parameters. These simulated results contribute to improve the computational

power and functionality of the networks.
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I. INTRODUCTION

Recently, based on the theory of stochastic resonance (SR)
and the cooperation among nonlinear dynamics, noise, and
weakly driven signals, the logical stochastic resonance (LSR)
was first proposed by Murali et al. [1], who show a flexible
and reliable logic gate in a bistable system with two adjustable
thresholds. As a new idea in nonlinear dynamics, LSR has
attracted immense attention from experts in various fields. The
fundamental OR, AND, NOR, NAND, and XOR logic operations
are used for the basis of universal computation, so experts
tried their best to enhance the reliability of logic gates by
exploiting the interplay between noise and nonlinearity. Based
on the practical usefulness of logic operations, the logic gates
have been widely used in various fields. For instance, in an
electronic circuit system, LSR was demonstrated and the logic
gates can be allowed to transform from AND into OR by simply
varying two thresholds [2]. In addition Bulsara et al. proved
in a bistable optical system that two parallel logic gates can be
obtained by adjusting the bias [3]. Besides, the realization of
switching between two logic gates can also be demonstrated
in a synthetic biological logic block [4], an engineered gene
network [5], and synthetic gene networks [6].

So far, the studies of logic gates in an engineered gene
network and synthetic gene networks are scarce. In a genetic
regulatory network [5], the system is composed of subsets of
simpler modules; those modules are interconnected through
input and output signals. To control the cellular functions
or realize the biological logic gate, engineers manipulated
living organisms by connecting these modules into a genetic
regulatory network. Besides, specific logic gate function
can be realized by tuning the network parameter; thus the
realization of biological logic gates has maximal flexibility.
The performance of logic functions (such as AND or OR) can
be employed in different environments and they are a practical
and reasonable answer for computational devices, where the
noise floor cannot be avoided. However, to our knowledge,
previous studies on the switching between two logic gates
assumed that the noise is Gaussian white noise. Motivated by
these articles, we wanted to know whether the performance of
logic gates can be observed in synthetic gene networks driven
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by a noise source taken as non-Gaussian noise. Additionally,
the non-Gaussian noise is an easier noise source in realizing the
switching between two logic gates. That is, the transformation
between logic gates can be realized only by varying the system
parameter in a nonlinear system induced by Gaussian white
noise. However, since the non-Gaussian noise has a particular
distribution controlled by the departure parameter, different
distribution has a strong effect on the logical stochastic
resonance phenomenon, so the transformation between logic
gates can be obtained both by varying the system parameters
and by varying the departure parameter of the non-Gaussian
noise.

In this paper, we focus our attention on the switching
between two logic gates in a single gene network model and
a two-dimensional toggle switch model. We indicate in the
single gene network model that the gate reconfiguration can
be obtained by varying a tunable system parameter under an
optimal wide range of noise intensity. Moreover, with fixed
system parameters, different parameter p values, which denote
the degree of the departure from non-Gaussian noise 7(t)
and Gaussian noise, can flexibly lead to two different logic
gates. Therefore, the non-Gaussian noise serves as a logic
gate selector in this network. Furthermore, we can obtain
parallel complementary logic gates simultaneously in a two-
dimensional toggle switch model and can also switch one kind
of logic gate into another by changing system parameters or
noise parameter p under optimal noise intensity. Therefore the
non-Gaussian noise plays a crucial rule in gate reconfigurations
and these implementations of gates contribute to increase the
computational power and functionality of the networks, thus
providing a better understanding of the information processing
capacity. Additionally, with successfully performing the logic
functions (e.g., AND/OR) in synthetic gene networks, we can
also use LSR in many different environments and change its
behavior.

In this paper, first we briefly introduce the statistical
properties and the generation of non-Gaussian process 7.
Secondly we describe a single gene network model, show
numerical results that demonstrate this model can operate
a switching between two logic gates through the method of
changing the system parameter or the departure parameter p,
and discuss the reliability of the logic gates. Thirdly we present
a two-dimensional toggle switch model, and indicate that two
parallel logic gates can be obtained simultaneously. By using
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the similar methods to the single gene network, we realize the
switching between two types of logic gates.

II. THE GENERATION OF NON-GAUSSIAN PROCESS 75

We consider that the stochastic process 7(¢) is characterized
by the following Langevin equation [7]:
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and the statistical properties of the non-Gaussian noise 7(t)
are defined as
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in which t denotes the correlation time of the non-Gaussian
noise 7(¢), and D denotes the noise intensity of the Gaussian
white noise £(¢). The parameter p is used to control the
degree of the departure from the non-Gaussian noise and
Gaussian noise. The non-Gaussian noise has a particular
distribution, while p & 1 corresponds to Gaussian noise, for
p > 1 corresponds to a long tail distribution, and p < 1
produces a cutoff distribution.

Next we generate the non-Gaussian noise 1(¢) as follows
[8]: First we discretize time in steps of size 2 = 0.01, then the
value of the non-Gaussian process 7(¢) at the discretized times
can be obtained by

K(t) = hV,[n@®)], (5a)
L(t) = —‘ZDhl/ZG(r), (5b)

h
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with the initial value n(0) = 0. We set n; = /T(f—?p), and

the values of G(¢) for different times are Gaussian random
numbers with zero mean and the variance 1. In the case p < 1,
it is worth noting that if the generated G(¢) value substituted
into Eq. (5) leads n(¢ + k) to go outside the interval (—ny,n;),
then we discard the G(¢) value and generate a new G(#) until
meeting the condition |n(¢ + h)| < n;, whereas for p > 1, this
problem never occurs. In this discretization method the process
G(t) is obtained.

III. THE SWITCHING BETWEEN TWO LOGIC GATES
IN A SINGLE GENE NETWORK MODEL

To our knowledge, a wealth of analysis for the dynamical
systems must take into account the effects of fluctuations
(noise). It has been recognized that stochastic noise and
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nonlinearity can cooperate in a dynamical system to pro-
duce unexpected ordered phenomena; many researchers have
focused their attention on the role of noise in some small
scale computation devices, and noise has the capacity to
improve the vital precision of computation in these devices.
So far, noise has been used in many fields to produce ordered
phenomena. However, most of the studies on the noise induced
phenomena assume that the noise source is Gaussian white
noise, which is an ideal noise and it can only simulate the
ups and downs of the mean values on a small scale, but
cannot simulate great fluctuation. Recently, some experimental
evidence has indicated that in sensory and biological systems
[9], the noise source could be non-Gaussian noise, besides,
non-Gaussian noise could induce a single gene network [10]
and a toggle switch model [11] to obtain the stochastic
resonance phenomena. Motivated by these studies, we wonder
whether the non-Gaussian noise can induce a nonlinear gene
system to obtain the logic gates and the noise’s relevance to
biological computation. Thus here we study the biological
LSR and investigate the switching between logic gates in
a single gene network and a toggle switch model induced
by non-Gaussian noise. Next we use the quantitative model
mentioned in [12], in which the regulation of the operator
region of A phage is described and three operator sites exist in
the promoter region. This network is given by [6]

_ m( + x2+aox?)
T 1+ x2 4+ ox* + o10px0

where x and the integer m denote the concentration of the
repressor and the number of plasmids per cell, respectively;
the parameter y is considered to be a tunable parameter which
is directly proportional to the protein degradation rate; here we
take o7 = 1.95, 0, = 0.083, a = 10.9 for the operator region
of the A phage. Since designing a plasmid with a given copy
number is possible, so we take m = 1. 5(¢) is a non-Gaussian
noise, which has been described in the above section. I(t) =
I,(t) + Ix(¢) is a low amplitude input signal, and /; and I,
are two aperiodic trains of square pulses encoding two logic
inputs. With no loss of generality, for logic 0, we set I; , = 0,
whereas for logic 1 we set /; , = 0.75. Then I takes values
0, 0.75, 1.5, corresponding to the input sets (0,0), (0,1)/(1,0),
and (1,1). As (0,1) and (1,0) lead to the same I value, thus
one can speak that / is a three-level aperiodic wave form.

The logic output is determined by the system state; here we
interpret the state in the left well as logic 0 and the state in the
right well as logic 1. The complementary gate can be defined
similarly by interpreting the state in the left well as logic 1 and
the state in the right well as logic 0.

The logic gate can be realized in a system when the logic
output determined by the system state matches the logic output
in the logic truth table (see Table I). Besides, according to the
logic input and logic output stated above, we can ascertain the
kind of logic gates.

The responses of the system with fixed p = 0.5, correlation
time 7 = 0.008, and optimal noise intensity D = 0.05 for y =
5.5 and y = 6.0 are shown in Figs. 1(a) and 1(b), respectively.

Obviously, it can be observed from Fig. 1 that two kinds of
logic gates are obtained for two different y values. This can
be easily understood from the fact that the parameter y can
be used to control the degree of asymmetry in the potential

—yx+ 1) +n@), (©6)
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TABLE I. Relationship between two logic inputs and the logic
output for the fundamental AND, NAND, OR, and NOR logic behaviors.

Input set ({;,1,) OR NOR AND NAND
0,0 0 1 0 1
(1,0)/(0,1) 1 0 1
(L,1) 1 0 1 0

well of the nonlinear system (6). Here we consider the logic
output to be logic 0 when the system state x(¢) < x,, and logic
1 corresponds to x(¢) > x,,; x,, is a middle point between the
left well and the right well. Then in system (6) with y = 5.5,
a clear logic gate OR can be obtained, whereas in the system
with y = 6.0, a clear logic gate AND can be realized.
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FIG. 1. (a) Response of the system (6) and inputs with y = 5.5.
(b) Response of the system (6) and inputs with y = 6.0. The
solid line denotes the output stream and the dashed line denotes
the input stream. Other parameters in system (6) are m = 1, oy =
1.95, 0, =0.083, « =109, p = 0.5, T = 0.008, I =0, 0.75, 1.5,
optimal noise intensity D = 0.05. Then a reliable OR/NOR is obtained
for y = 5.5 and the AND/NAND gate is obtained for y = 6.0.
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However, we wonder how the noise intensity affects the
behavior of the system response, and show how the optimal
range of noise intensity works in the implementation of the
correct logic operation; then we need to define a quantify
that helps us check the reliability of obtaining a correct
logic output. Therefore, as a measure of the reliability in
the logic gate, the success probability of obtaining the expected
logic gate is introduced. The probability is calculated as the
ratio of the number of correct logic outputs to the total number
of runs [13]. A run is considered to be a success in this way:
Each run samples over the four input sets (0,0), (0,1), (1,0),
(1,1) in different permutations, and the logic output obtained
from the system response matches the logic output in the truth
table for all the four input sets. If this is not the case, we regard
the run as a failure. It is apparent that the probability should
change as the noise intensity changes. Yielding the optimal
performance or obtaining the reliable logic gate is defined
when the success probability is close to 1, for the aim of ascer-
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FIG. 2. (a) Success probability P (OR) as a function of the noise
intensity D with fixed y = 5.5. (b) Success probability P (AND) as a
function of the noise intensity D with fixed y = 6.0. Other parameters
are the same as in Fig. 1.
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taining the optimal ranges of noise intensity to the correct logic
operation. The success probabilities of obtaining the correct
logic gate OR as a function of the noise intensity D fory = 5.5
and y = 6.0 are displayed in Figs. 2(a) and 2(b), respectively.

As can be observed in Fig. 2, the success probability
increases as the noise intensity increases, and then reaches
the maximum, and then decreases, so the fundamental logic
gates OR and AND are realized consistently in an optimal
window of moderate noise, and now the success probability is
close to 1. The remarkable point here is that the correct logic
gates are only realized in the presence of the noise. What is
noteworthy is that there occurs a flat maximum rather than the
usual peak associated with stochastic resonance (SR) [14,15].
In a particular case, the correct biologic logic gate cannot
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be obtained for too-small or too-large noise intensity; this is
because for too-small noise intensity, the external random force
acting on the single gene network system is not strong enough
to lead the system to change its own stable state. However,
for too-large noise intensity, the external random force is too
strong so that the noise continuously makes the system skip
between two wells, thus losing the stability of implementing
the correct gate. Besides, the greatest control over the optimal
performance in this configuration is the depths of two potential
wells, since y can be used to control the degree of asymmetry
of the potential, and different values of y lead the system
states to fall into different wells; therefore, the logic gate OR
can be switched into the logic gate AND by means of varying
the system parameter y .

We have started out our analysis taking into account the
parameter y that leads to the switching between two logic
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FIG. 3. (a)Response of the system (6) with p = 0.6. (b) Response
of the system (6) with p = 1.3. The solid line denotes the output
stream and the dashed line denotes the input stream. Other parameter
values are m = 1, oy = 1.95, 0, = 0.083, « =109, y =6.8, 7 =
0.008, I =0, 0.75, 1.5, D = 0.05. It is clear that the logical AND is
obtained in (a) and OR is obtained in (b).
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FIG. 4. (a) Success probability of obtaining the logic gates AND vs
noise intensity D and deviation parameter p. (b) Success probability
of obtaining the logic gates OR vs noise intensity D and deviation
parameter p. Other system parameters as in the text. [The light portion
denotes the logic gate can be obtained reliably, namely P (AND) = 1
or P (OR) ~ 1].
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operations. Furthermore, we can also realize the switching
between two different types of logic gates by changing the
noise parameter p. With fixed y = 6.8, Fig. 3 demonstrates
that the system can realize the logic gate AND when p =
0.6 and logic gate OR when p = 1.3. It is not difficult to
understand that the non-Gaussian noise with p>1 has a
long tail distribution, which results in an anticipation of the
transition in the system states. When p<1, the non-Gaussian
noise has a cutoff distribution, which leads to a retardation.
Therefore the non-Gaussian noise with p<1 and p>1 induces
the system to realize two different logic gates; that is to
say, the toggle between two logic operations can be realized
via the varying noise parameter p. Thus random noise plays a
crucial role in the implementation of the LSR and can serve as
a logic gate selector.

In order to indicate how two different types of logic gates
depend on the noise parameter p and check the robustness of
the LSR, we show the performance vs the noise intensity D
and the noise parameter p for the logic gates AND and OR in
Fig. 4.

From Fig. 4 we can observe that there are different ranges
of noise parameter p to obtain different logic gates, and it
is evident that the fundamental logic gates AND and OR are
obtained consistently in an optimal window of noise intensity.
As for this phenomenon, the reason is that different noise
parameters p can also cause the system states to fall into
different wells, so we can make a conclusion that the noise
parameter p can also lead to the switching between two logic
gates. Besides, it is worth noting in this single gene network
that in the case p =~ 1, any logic gate cannot be realized. But
for both p < 1 and p > 1, the logic gate can be realized.
Specifically, the logic gate AND can be obtained with p < 1
and the logic gate OR can be obtained with p > 1. As discussed
for the logical stochastic resonance phenomenon induced by
the non-Gaussian noise, we can find that a strong effect in the
realizing of the logic gate was produced due to the departure
from the Gaussian distribution.

' TxSeparatrix

Stable
tate 2

The concentration Y of repressor R2

7 dX/dt=0

0 1 2 3 4 5 6
The concentration X of repressor R1
FIG. 5. Nullclines for the deterministic system (7) in the phase
space. The system is a bistable potential function with the parameters
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0.1.
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IV. THE SWITCHING BETWEEN TWO LOGIC GATES IN
A TWO-DIMENSIONAL TOGGLE SWITCH MODEL

In order to highlight the possibility of processing two logic
operations in parallel in a high-dimensional gene network,
we consider a two-dimensional toggle switch model, which is
composed of two repressors and two constructive promoters
[16]. The opposing promoter can transcribe the repressor that
is used to inhibit each promoter. We can describe this model
in the following form [17]:

Xx=—%  _4X+og, 7
Ty @ + 81 (7a)
=% v+ (7b)
= 1+an 2 82,

in which X and Y are the concentrations of repressors R1 and
R2, respectively. The effective rates of synthesis of repressors
R1 and R2 are denoted as «; and oy, and the cooperativity
of repression of promoter 2 (promoter 1) is nj (ny). The
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FIG. 6. The input (dashed line) and output (solid line) streams
showing two complementary gates withn, = n, = 1.6, p = 0.5, and
the optimal noise intensity D = 0.09. (a) NAND gates with respect to
the variable X(z); (b) AND gates with respect to the variable Y (¢).
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degradation rates and the basal synthesis rates are denoted
asd; (i = 1,2) and g; (i = 1,2), respectively. With the system
parameters fixed as oy = =35, ny =ny, =19, d; =0.9,
d, =1, g1 = 0.045, go = 0.1, then the geometric structure of
the deterministic Eq. (7) illustrated in Fig. 5 indicates the
origin of the bistability [16]. As can be seen from Fig. 5
the nullclines of dX / dt =0 and dY / dt = 0 intersect at
three points due to their sigmoidal shape, giving rise to two
stable steady states and one unstable state. The structure
of the toggle switch network produces two parts: one part
above the separatrix is the stable region of state 1; the other part
below the separatrix is the stable region of state 2. Therefore,
we have a two-dimensional potential with double wells in
this system, similar to the one-dimensional case; it is likely
that the logical stochastic resonance can also be obtained
in the two-dimensional system by tuning the system parame-
ters when we add the noise term into the system.
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showing two complementary gates withn; = n, = 1.9, p = 1.5, and
the optimal noise intensity D = 0.06. (a) NOR gates with respect to
the variable X(¢); (b) OR gates with respect to the variable Y ().
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FIG. 8. The success probability of obtaining the logic gate NAND
vs noise intensity D, with the system parameters n; = n, = 1.6,
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T = 0.008.

Let we consider adding the non-Gaussian noise into the
degradation rates, namely, d| X — [d; + n1(1)] X, d,Y —
[dy + n2(2)] Y. As with the above single gene network model,
n1 2 are non-Gaussian noise with zero mean, noise intensity
D, and correlation time 7. Furthermore, the input signal
I = I, + I, is considered to drive Eq. (7b). In such a manner,
we can get the following model:

. o]
X=——
14+ym

J— az
IR

—ldi +mO1 X + g1, (8a)

—ld+m®1Y + g+ 1),  (8b)

0.9 1

0.8 1

0.6 [ 1

0.5} 1

Success probability P(NOR)

0.2 1

0.1 1

0 ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1

Noise intensity D

FIG. 9. The success probability of obtaining the logic gate NOR
vs noise intensity D, with the system parameters n; =n, = 1.9,
pP= 15, o = 5, Oy = 5, d] = 09, dz = 1, 81 = 0045, 82 = 01,
T = 0.008.
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showing two complementary gates with g; = 0 and the optimal noise
intensity D = 0.09. (a) NOR gates with respect to the variable X (t);
(b) OR gates with respect to the variable Y (¢).

where the driving input signal 1(¢) = I,(¢) + I»(¢) is a three-
level square wave signal, without loss of generality; here we
take 7, » = O for logic input 0 and /; » = 0.1 for logic input 1.
Here we fix the system parameters as

o] = 5, 0y = 5, dl = 0.9, d2 = l, 81 = 0045,
g =0.1, T =0.008. )

Next we show the switching between two kinds of complemen-
tary logic gates by changing the value of n;, and the noise
parameter p or varying the value of g; and g».

In Fig. 6 we show the input and output streams of system
(8) with respect to two variables X(¢) and Y () with n; =
ny = 1.6, p = 0.5; then it is possible to obtain the correct
complementary logic gates NAND for the variable X(¢) and
AND for the variable Y(¢#) with the optimal noise intensity
D = 0.09. By varying the system parameter n; =n, = 1.9
and the noise parameter p = 1.5, the two-dimensional (2D)
system can realize the parallel logic gates NOR for the system
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variable X () and OR for Y (¢) with the optimal noise intensity
D = 0.06, which can be seen in Fig. 7. The transformation
between two kinds of parallel logic operations can be achieved;
that means one can tune the shape of the potential wells through
changing the system parameter n;, and the noise parameter
p, and then different values of these parameters lead the 2D
system (8) to be driven into different wells.

For quantifying the reliability of obtaining the logic gate
NAND in Fig. 6 and NOR gate in Fig. 7 with respect to the
variable X(¢), we use the success probability as a measure
and demonstrate in Figs. 8 and 9 how the success probability
p(NAND) and P(NOR) change with the change of noise
intensity. It is clearly evident that in a wide range of moderate
noise, the system yields the logic operations NAND and NOR
with near certain reliability, i.e., P(NAND) ~ 1 or P(NOR) ~ 1.
Therefore the logic gates perform well over a wide window
of moderate noise. Moreover, although the two-dimensional
toggle switch model is superior to the single gene network
model in obtaining more logic gates, there exists a shortage
for the 2D model. That is, by comparing Figs. 8 and 9 with
Fig. 2, we can observe that the optimal noise windows to
obtain correct logic gates in the two-dimensional toggle switch
model are narrower than in the single gene network, which
demonstrates that the non-Gaussian noise is more sensitive to
the toggle switch model than the single gene network model.

Additionally, we also can use another method to control
the transformation between two kinds of complementary logic
gates by varying the value of g; in the system (8). Leaving all
the other system parameters unchanged, let them be the same
as in Fig. 6 but only change the value of g; by g; = 0; then
one can realize the logic gate NOR for the variable X (¢) and OR
for Y(¢) in Fig. 10. Namely, the switching between the logic
gate NAND (AND) and NOR (OR) can be determined by simply
varying the g; value, which changes the well shape.

Furthermore, in the case g; = 0 and the logic gate NOR
obtained with respect to the variable X (¢), we can also quantify
its reliability by calculating the success probability. The correct
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FIG. 11. The success probability of obtaining the logic gate NOR
vs noise intensity D, with the system parameters: n; =n, = 1.6,
p:0.5,(¥1 =5,(X2 =5,d1 =0.9,d2 = l,gl =0.0,g2:0.l,f =
0.008.
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probability P(NOR) as a function of noise intensity D is plotted
in Fig. 11. As can be observed from Fig. 11, the system (8)
only is able to yield clear logic gate NOR with P(NOR) ~ 1 at
a certain window of moderate noise strength.

Above, the three figures (Figs. 6, 7, and 10) demonstrate a
fact that our biological reconfigurable logic gate performs well
under optimal noise intensity. Using two methods to implement
a logic block that switches from NAND to the NOR gates with
respect to one variable X (¢), the complementary logical output
(from AND to OR gates) with respect to the dynamics of other
variable Y (¢) can be yielded simultaneously.

V. CONCLUSIONS

In this paper, we were successful in varying the phe-
nomenon of logical stochastic resonance in a single gene
network model and a two-dimensional toggle switch model
induced by non-Gaussian noise. We have demonstrated in
a single gene network model that the switching from logic
gate AND to OR can be performed by using two methods:
One method is changing the system parameter y and the
other one is tuning the departure parameter p. Furthermore,
we have also discussed the reliability of the logic gates and
found that well performed logic gates can be realized in
an optimally wide range of noise intensity. In particular, in
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order to obtain more logic gates and improve the processing
capability of computation, we have extended our research
to a two-dimensional model. We have indicated in a two-
dimensional toggle switch model that two parallel comple-
mentary logic gates (NAND-AND or NOR-OR) can be obtained
simultaneously, and the switching from NAND/AND to NOR/OR
gates can be realized through two ways: using the system
parameter n;, and noise parameter p as a logic response
controller, or using the system parameter g; as a logic response
controller.

In summary, our results in the synthetic networks have
demonstrated the generic nature of LSR. The implementation
of parallel logic gates shown in the networks has provided
the information processing capability and has the potential to
design the biological logic block.
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