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Translational and rotational dynamics of colloidal particles in suspension: Effect of shear
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We report a generalization of a nonequilibrium thermodynamic theory for the mesoscopic dynamics of radially
symmetric interacting particles to anisotropic pairwise interactions and attain the one- and two-particle Fokker-
Planck kinetics equations at a low-density limit that provides the translational-rotational coupling of their
motion due to hydrodynamic interactions, from which we derived the balance equations of linear, angular
momentum, and energy dissipation due to particle interactions and energy interchange with heat bath. In this
low-density approximation, an already-known virial expression for the long-time translational collective diffusion
coefficient of an orientational isotropic suspension in terms of the fluid equilibrium microstructure is recovered.
An external shear flow induces, in the diffusive regime, vorticity effects into the rotational diffusion property of
the colloidal particles. They manifest in the appearance of the particle’s rotational viscosity due to vortex flow.
The Smoluchowski equation that governs the dynamical relaxation of colloid microstructure due to particle’s

Brownian motion under stationary flow is provided.
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I. INTRODUCTION

The study of dynamical properties of colloidal suspensions
is a problem of permanent interest [1-3]. These proper-
ties have important applications in industrial processes and
material science. Experimental techniques based on x-ray
correlations spectroscopy, dynamic light scattering, and small-
angle quasielastic neutron scattering measure the long-time
collective translational diffusion coefficient of the colloidal
particles in suspension [4,5]. Most of the measurements on this
coefficient are based on sedimentation experiments performed
in systems made of particles that experience direct pair inter-
action potentials of spherical symmetry [6]. The experiments
have reached a successful agreement with theory. Intense re-
search has been conducted in the past few years in cases where
colloidal particles interact through anisotropic potentials such
as in ferrofluids or in suspensions of rod-like-shaped particles
of fd virus. Due to birefringence measurements, it is known that
even at low shear rates [7,8] there occurs phase separation in fd
bacteriophage suspensions. Its rheological characterization is
currently performed with diffusion wave spectroscopy [9] and
optical tweezer microrheology experiments [10]. From the the-
oretical viewpoint, its theological properties can be determined
through evolution equations derived from the moments of the
distribution function that satisfy the system’s Fokker-Planck
(FP) equation [11]. Recently, a mesoscopic approach to study
colloid dynamics based on nonequilibrium thermodynamics
(MNET) was developed and it permits us to attain the FP
kinetic equation [12—-15]. This theory has been successfully
applied to describe anomalous diffusion in viscoelastic media
[16] via the formation of patterns in liquid crystals [17],
magnetization curves of ferrofluids under external magnetic
fields [18], the diffusion in suspensions under oscillatory shear
[19], and slow dynamics in colloids and supercooled liquids
[20,21]. Using this approach Mayorga et al. [22] derived the
above referred dynamical property for spherically symmetric
interacting Brownian particles in the absence of applied shear.
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Santamaria-Holek et al. developed the theory to determine the
single-particle dynamics under stationary conditions [23,24]
and an oscillatory shear [19], including the many-body hy-
drodynamic interactions (HI) through the friction coefficients
but neglecting direct interactions among particles. In this
paper we extend these theoretical frameworks to encompass
the particle’s anisotropic interactions and coupling of their
translational-rotational movements. In the first part of the
paper we derive the one- and two-particle FP stochastic
equations which allow us to obtain the hydrodynamic balance
equations of linear, angular momentum and then for the energy
interchange of particles with the heat bath. At the low-density
limit and diffusion regime we recover from the balance of
linear momentum a known expression for the diffusion coeffi-
cient of spherical colloidal particles in orientational isotropic
suspensions with the particle’s anisotropic interactions. This
property is given in terms of the pair-correlation function of
the bulk suspension without taking into account HI and shear.
In the second part of the paper we present the derivation of the
FP equation valid at arbitrary concentration and which couples
the translational and rotational movement of the particles under
flow conditions. The resulting rotational diffusion coefficient
and its dependence on shear defines a rotational viscosity
contribution due to vortex flow.

II. BROWNIAN SUSPENSION WITHOUT
APPLIED SHEAR FLOW

Consider the system of volume V consisting of solvent with
constant mass density p; and colloid density pp formed by N
identical interacting particles of equal mass m with position r;
and orientation of its main axis of symmetry defined by the two
polar angles of orientation 2; = (6;,¢;). The total potential
energy of the system is U = Ei’j’jqﬁij/Z + Zi’iIVext(ri,Qi,I),
where it is assumed that ¢;; is the pairwise direct interaction
and V. and external field acting on particle i at time ¢. The
translational and angular velocities are, respectively, v;, w;,
withi =1, ...,N. Since particles are axial symmetric w; has
only two components. Their components are referred to a
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space coordinate system. With respect to the polar axis of this
frame are defined the angles of orientation 2 of the particle.
According to the mesoscopic theory, we define a point in
the phase space of the system by I' := (x"), where x" =
(r1,921,v,01, ...,ry,Q2n,Vy,0y). The probability density
P™) at any time ¢ and state I' satisfy the conservation of
probability

/P(N)(F,t)dF =1. (1)

The time evolution of the colloidal system is characterized
by three time scales. The hydrodynamic relaxation time for
solvent molecules velocities is 7 = 02/v = 1078 s (average
particle size & = 100 nm, solvent shear viscosity v = 107>
m?/s). The relaxation time of the Brownian (B) particle ve-
locity 5 = 2t /9)(pp/ps) = 2.2 % 1072 s (pp, ps densities
of particle and fluid solvent). And the structural relaxation
time on which particle configuration change tz = 02/D° =
47 x 103 s(D° = kg Teq/67n0, kp Boltzmann constant, Teq
equilibrium temperature) [25]. We write the Liouville equation
for colloids assuming that tg,7p > Ty which implies that the
dynamic of the solvent particles decouple from the dynamic
of the colloids. It expresses the conservation of probability as
a continuity equation [26],
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In this version of the Liouville equation the fifth and seventh
terms include the total torque on a particle due to pair interac-
tion and external field as defined by Evans [27]. They are con-
tributions to intrinsic angular momentum about the particle’s
center of mass given by the operator L,, = u; x %, where
u = u(£2(0,¢)) is a unitary vector in the direction of the main
axis of symmetry of particle i. The orbital angular momentum
is represented by R; = ri; x 5, r;; = r; — ;. In the fourth
and sixth terms, however, there are the contributions of the total
force of all pairs of particles due to their direct interactions and
that from the external field, respectively [26]. I = mi? is the
moment of inertia of a particle and /2 its radius of gyration.
We note that in the body-fixed frame the equation of motion of
the angular momentum of a sphere with an embedded linear
anisotropy or of a particle of rodlike shape in a solvent is [28]

doy _ = 1)
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where y,k,l = 1,2,3, and [; is the moment of inertia of the
sphere about its center, or of the rod, about its principal axes.
A, is the viscous damping and A(?), the Gaussian random
torque of the solvent on the particle. For the two particle’s
geometries considered it reduces to [28]

dw,
et d 4
yr 4)

where the z axis (y = 3) is taken along the anisotropy, or of the
rod, since I} = I,. This demonstrates that for the two systems
considered it is only necessary to know one component, I3 =
1. Nonetheless, in this paper we focus on spherical particles
only. In order to derive the mesoscopic dynamic equation of
PW) itis assumed that P™Y) fulfills the Gibbs entropy postulate
[12,29]

= — Ay, + A, (1),
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with S;g and pp the local equilibrium (LE) entropy and
chemical potential. We will study colloid dynamic at the pair
particle level. Thus, it is defined the n-particle probability
density and flux given, respectively, by

N!

PY(xq, ... Xp,t) = m / PMdx, .1 ...dxy,
N!

and Js,rf) = mv/J(viv)dan ...dxy,

and analogously for J%.

The time derivative of Eq. (5) together with Eq. (2) lead,
after performing a partial integration, to the entropy production
from which it results [22] (see Appendix A),
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In deriving the above expressions, a linear relationship
between fluxes and thermodynamic forces was assumed
[22,29]. Therefore, substituting these fluxes into the continuity
equation (2) yields the Fokker-Planck equations of one- and

o — o — Ay, + A D), (3)  two-particle distribution functions,
14
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Equations (9) and (10) constitute extensions of the cor-
responding FP equations derived by Mayorga et al. [22]
and Refs. [34,35] for the purely translational motion case
of Brownian spheres. These equations were cut up to pair
distribution functions and neglect the triplet P©® distribution
function, and, therefore, they are expected to be valid at low
colloid concentration. The above FP Egs. (9) and (10) depend
on the time-independent friction tensors ¢; j(xN ) and refer
to the temporal evolution of the probability density in the
internal phase space of configurations and velocities. These FP
were derived under the assumption of tz >> 7y, which means
that hydrodynamic interactions (HI) are instantaneous on time
scale tp since solvent dynamics is completely decoupled from
colloids variables. However, it is known that for bouyant
colloids where p, ~ p,, then 73 ~ Ty and, therefore, {;;
can no longer be time independent. In this case, for the FP
equations above to describe correctly the dynamics on this time
scale we must use the time-dependent friction tensors. These
time-dependent properties have been calculated approximately
by Van Saarlos and Mazur [36] and by Pusey et al. [37] at the
two-particle level, which, consequently, ignores many-particle
interactions for concentrated suspensions. Nonetheless, such
time-dependent hydrodynamic friction coefficients also can be
determined experimentally with diffusing wave spectroscopy
[38] and through lattice Boltzmann simulations [39]. When the
time relaxation of the colloids velocities are faster than their
structural relaxation time tz > tp > Ty, We enter the over-
damped (difussion) regime described by the Smoluchowski
equation (SE) that will be derived in this paper in the second
section below from the first moments of FP. SE governs the
temporal evolution of the particle’s distribution function in
configuration space (r(¢),€2(¢)). In deriving the SE equation
from FP we will obtain the known relation in the long-time
limit ¢ >> tp of the diffusion coefficient D;; = kT{JI for the
relative motion of particles i and j, as has been done for
colloids of hard spheres [40]. We note that time-dependent D;;
(equivalently of ¢;;) can also be derived from a linear response
treatment of FP [25,41]. We can see that FPs (9) and (10) are
dimensionally correct if we just use the lowest-order multipole
expansion of the static friction coefficients for two-body HI

as given in Ref. [42]. These properties have units [B];] ~
[6rno/m] = 1/time, (B//1= [8mno3 /1] = 1/time for every
i,j,and[B}}1=0=1[B{11,[B/]1 = [8nnr} /11 = 1/(length x
time), and [8]/] = [87nr;/m] = length/time for i # j, r;; =
[r; — r|. n is the solvent shear viscosity.

III. MACROSCOPIC DYNAMICS

The hydrodynamical evolution of the system is determined
by the conserved laws associated to the hydrodynamics fields.
These laws are given by the moments of the probability density
PW; the density of Brownian particles in real space,

pB(r,t):m/P(l)dvldwldQI, (11)
the linear momentum density,
ppVe(r,1) =m/P“)V1dV1da)1dS21, (12)

by the intrinsic angular-momentum density,
ppl’wg = pgsg = m12/ POYwidvidwdy,  (13)

and energy density. Here Iw = ms, with s = [?>w. Following
the methods of Refs. [12,22] we obtain the mass conservation
equation dpp/dt = —V - (ppVp), whereas the balance equa-
tion for the linear momentum is derived by using (12) and the
kinetic equation (9) [43] (see Appendix B),

dVB d <> K,vv PB 8Vext
B P 4R -2
PB dt ary B ®) ary
<1t <>tr
—pB B 11-VB—pB B -SB. (14)

Here we have introduced the symmetric kinetic (K)
pressure tensor for the particles,

<> K,vv

P, = m/P(l)(Vl —vp)(vi — vp)dvidw 1, (15)
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and the density of pair direct force,

F(1) = —/ [ﬂ(rl,rLQl’QZ)} PPdrdr,

0 <90
X d21dQ0dvidwdvodw, ~ —ﬁ - P B (16)

This force contributes a potential component to the pressure
tensor [22,32],

p— 1 (r12,€21,9 !
Pl ——/r12r12¢( 12,821 2)/ PO
2 r2 0

x (r1 — (1 —a)rip,ry + arp,vi,vo,wi,w02,821,$2,,1)
X dOldl']de]dQQdV]da)lded(,()z, (17)

@' = 3¢12/0r12.
Equation (14) therefore can be rewritten into its equivalent
form,

_PB 0 Vex

m 3[’1
<>t

—pg B 11 -VB— PB /3 11 " SB; (18)

<> <> K,vv <>
where Pp= P, + P .

The density of total angular momentum L(#) contains
two parts, the orbital ppr x v and intrinsic sg angular-
momentum components. Starting from the evolution equation
for dLL/dt, one can derive from Eq. (18) the orbital angular-
momentum equation d(ppr X vg)/dt which, when subtracted
from dL(¢)/dt, yields the corresponding balance of intrinsic
angular momentum (see Appendix B),

dSB <> l PB

pp— - = 05— = (Luy = R1)Ve —2P°
<«>rr <«>rt
—pB B 1-SB—pB B Vs, (19)
<> K.,vo

<> 2 <9 . . .
where Q p =1 P 5 + Q g. P%istheantisymmetric part
of the pressure tensor [46,47] of Eq. (17) [27].

Jg _ JK vV +JK L,V +J( _I_J( Q(z)
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Aside from the dissipative processes embodied in the
currents appearing in the balance equations of linear and
angular momentum, the balance equation of energy density
also takes into account the dissipation of energy due to the
relative movement of all particles in the fluid. In order to
account for this process we can follow the same method as
used before to derive (14) and attain the balance equation for
the total internal energy density of the colloids in the solvent

pBUR = u% + ullg’v + ulg”", where
o — | P dvidvadw dardr,Q,dS
PBitp = = P12dvidvrdwidwrdr, 21d 2,

ppuly” = %/P(l)(Vl —vp)dvidw dQ, (20)

I
ppuy " = 3 / PO (w — wp)dvidw dQ,.

The result is

3[)31/!3 d

b 0 )
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where the superscript index { means the transpose of a
matrix. The terms containing the friction tensors are dissipative
contributions due to the interchange of energy between
colloids and solvent [22].

We defined the fluxes and energy contributions

Jo== / (i — VB)P(Z)d)—dvldvzdrzdwldwzﬁldﬂz

Jilzdz = - / rlzl’lz— (V] —+ vy — 2VB)P( )dadrlde dQQdV]ded(uldG)z

m ~
Qi=-7 f rio[(Lu, — Rl)dm] / (@1 + @2 — 205) PP dadridQdQdvidvadode,
0

(22)
= % / (vi = vp)’ (Vi = vp) PVdvidw
Jom = %/(wl —wp)*(vi — ve)PVdv dw
Phealily” = % = %/(wl — wp)’ Py dvidwdQ,
Prealtiy’ = M = %f(vl —vp)’ PdvidwdQ.
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The last two energy identities are the equipartition theorems
of translational and rotational movement of a particle and we
introduced the symmetric pressure tensor,

<« K,wv

P, =m/ PD(w; — wp)(v) — vp)dvidw dQ.  (23)

Equations (18), (19), and (21) are similar to those derived
by Evans et al. [45] for a dense homogeneous homonuclear
diatomic fluid. In the diffusion regime, limit dede =0,

0B d;f = 0, and no hydrodynamic interaction among parti-

cles ﬁ n=» llrl = 0. Consider Vi = 0. For orientational
isotropic fluids PO, Q,t) = PY(r,t), and both the pair
potential ¢»(r12,212) and PO(r,r; +r12,Q12) depend only
on the relative orientation of two particles but not on each of the
two particle’s angles separately [27]. An important example of
this is the pair dipolar interaction potential to model ferrofluids.
The pressure tensor Eq. (17) and (F) p then are symmetric [27].
Since there is no external flow P g = ppl is the osmotic
pressure, with 1 the third-order unit tensor. Using the fact
that the pair-correlation function and the two-particle reduced
distribution function ,0(2) are related by [26]

mQ\?
§P(r12,Q1,2) = ( ) pP(r12,21,2),

PBeq
p? = / PMav,dw dvadw,drsdS

X dV3dC{)3 e dl"NdQNdVNda)N, (24)

where @ =4m. At thermal equilibrium, T = Ty, ppeq =
mN/V = mn. We may obtain the osmotic pressure of the
solution using the method of Irving et al. [32],

2
PBe PBe
i = kpTeq ’iq ( Bq)/ / / 9 0r12,21,2,)

x qb’rfzdrldelng, (25)

where d2 = sinfdfd¢. This coincides with the well-known
expression given in Ref. [26]. Under the same orientational
isotropic fluid assumption, in equilibrium, diffusive regime,
and ignoring translation-rotation coupling, Eq. (18), leads to

81‘ ppl = PB,BUI VB. (26)

From the chainrule dpg/0or = (dpp/dpp)(dpp/0r) we find
that the first factor on the right-hand side is the virial expression
of the isothermal compressibility modulus, which is given in
Hansen et al. [26] in terms of the microstructural function
of the fluid. Finally, from the flux pzvp and Eq. (26) we
obtain Fick’s law of diffusion pgvg = —D.0pp/0r, where
at low density we recover the general virial expression for
the collective diffusion coefficient of the colloidal particles
derived by Felderhof [48] and Russel [49],

kBT !
D, = - 1+4nn (g(rlg) — l)rudrlz . @27
i
The above equation is valid at low concentrations of
particles. The angle-averaged part of the pair-correlation
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function is [26,50]

1
g0r) = o3 / P2, Q1,22)dQ21dQdr,. (28)

It should be noted that in, general, for dipolar fluids,
such angle-averaged distribution is distinguishable from the
correlation function of an isotropic pure hard-sphere fluid at
moderate and high values of dipolar strength [51,52]. For fer-
rofluids one may use the friction function B} = 6 no[m(1 +
(xr — xp)®)]~!, where the factors xr and xr take into
account thermodynamic and hydrodynamic interactions [53].
The value x;7 — xr &~ —50 was obtained from an experimental
fit of the friction coefficient using a sample of maghemite
nanoparticles in n-decane [54]. However, from the experiments
reported in Ref. [54] for realistic suspensions, it is apparent
that both formulas of theses hydrodynamic friction coefficients
remain valid only for volume fractions on the order ® < 0.01,
see, for instance, Fig. 6 of Ref. [54]. Thus, three-body HI
are necessary in order to improve such frictions for higher
concentrations leading up to order ®? dependencies, as was
demonstrated for monodisperse hard-sphere suspensions [55].

IV. COLLOIDAL SUSPENSION UNDER
FLOW CONDITIONS

We are concerned in this section with characterizing
colloid dynamics in the long-time regime through the time
evolution of the collective density variable p(r,€2,f) when
there are structural relaxations on position and orientation
of the particles under a stationary applied external flow
V? = v(r;,Q;,1) that produces a vortex field acting on each
particle i, a)f.) =o'(r;,Q2,) = VA V0/2. From the definition
of p given below, its diffusion equation is equivalent to the
Smoluchowski equation of the probability density PY). This
constitutes the main kinetic equation that provides a quan-
titative description of the effect of shear on the mean-square
displacement of colloidal particles [19,56]. Its angular variable
dependence allows us to take into account the relaxation of
magnetization in ferrocolloids under external magnetic fields
[57]. For concentrated suspensions it is easier to derive the
diffusion equation of the collective density by starting, first,
from the evolution equation for the single density function
associated to particle i since it is not necessary to make
the factorization on the probability density into its n-body
reduced components, as was done in the previous section. For
this purpose, we derive the FP of PY) under stationary flow.
Afterwards, the evolution equation of the first four moments
of P™) for one particle i is generated, thus, resulting in the
continuity equation for the density p;, the balance equations
of linear and intrinsic angular momentum, and those of the
second (for pressure tensor) and third (for change of kinetic
energy and stress) centered moments of the velocities, whereas
in the last three moments, they involve correlation of the
friction tensor of particle i with their partners velocities and,
therefore, represent their hydrodynamic interactions. Those
hydrodynamical correlations turn out to be expressed as
quadratures on configuration space and include sums over
distinct particles j # i interacting with i. The HI then are
included into the collective colloid dynamics described by
p by using the effective medium approximation, which is
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an average of dynamical variables pertaining to particle i
and attained by performing a sum over i, transforming the
discrete particle sums that appear in the correlation of friction
and particle velocities as integrals on continuous variables
of position and angular coordinates. This confirms that the
origin of HI is due to temporal spatial relaxation of the
structure of the suspended colloids. At the long-time limit,
the so-attained mean linear and angular-momentum equations

PHYSICAL REVIEW E 88, 022317 (2013)

of the whole colloid fluid yield the diffusion fluxes of
particles which, when substituted into the density’s continuity
equation, provides the effective Smoluchowski description of
the collective dynamics of particles in the diffusive regime.
Therefore, according to this scheme, let us, first, note that the
density function of a single particle i is p; = m [ P™M§(r; —
r)8(2; — Q)dI', which provides a relationship with p
through

N
o(r,Q,1) = Zpi = m[/ PM(r,Q,vi,01,52,Q22,V2,0, ... ,¥N, SN, VN, 0N, D)dVidw1dr2d QdVodw, . .. drydSndvydoy

i=1

+---+ / P(N)(I'],Ql,Vl,a)l, . ,I',Q,Vi,(,()i . ,rN,QN,VN,a)N,t)dvidwidrldQIdVIdwl .. .dl’NdQNdVNda)N

+o 4 / PM(r,Q,vi,01, ....,r,Q2 VN, 0N, 0)dridS2dvido, . ..drdedewN]

=m f PO, Q,vi,0,0)dvidw;,

where in the second equality there appears N repeated terms of
the same quadrature of PN) integrated on just N — 2 variables
of I', which is the definition of the one-particle density P"=1.
Equation (29) is identical with pp of Eq. (11) in Sec. II when
there is no external flow and for quiescent colloidal fluid under
thermal fluctuations only. Following the approach described
above, we find that, due to the explicit angular dependence of
the density, for a single particle the continuity equation reads
ap;

I _y. Vi) —
o7 (0iVi)

which is obtained by integrating Eq. (2) over the phase space I'
with the factor §(r; — r)6(€2; — 2) and assuming the vanishing
of the current fluxes Ji, J%) at high velocities. If we define
the baricentric velocities of the colloid suspension

(Ly — R) - (0;@)), (30)

ov(r,Q,t) = m / 2N Vi PYVs(r; — r)8(; — Q)dT,
(31
pa(r,Q,1) =m f =N w, PN — r)8(Q — Q)dT,

and from (29), Eq. (30) can be written as

p BN
Yl ==V (pV) = (Ly — R) - (pw). (32)
|
qPWMN ~
+Zv; - Vi, PY 4 By - (L, — R)PY —m ™ B

dt
—m SN Vi Ve - Vy, PN —

=2 ;Vy, - |:(Vj —v9) - (?t.t. + €, -V, W )p(N)

J tj

kB <—>tr

+ —21'12 oy waP(N)} A [(wj o)
«>w kBT rr

T+ B g, )

C

(29)

The extended version of (30) and (32) differs from that
of Sec. II since we are also interested now in relaxation of
particles in the real space of translational and orientational
degrees of freedom. Similar equations to ours have been used
by Caillol [58] and Chandra et al. [59] to study relaxation
processes in polar solvents, where the mean linear and angular
velocities of particle i are, respectively,

Pivi(r,Q,t) = meiP(N)S(ri —1)3(2; — Q)dT,
(33)
piw;(r,Q,1) = m / w; PM8(r; — 1)8(y — Q)dT.

In order to obtain the FP of the colloid system we
shall determine the currents J(N D.—J, vio JO=D =,
the Liouville equation (2). Accordmg to the mesoscoplc
nonequilibrium thermodynamic approach, these currents can
be determined with the use of a canonical structure of the
entropy production of the colloid system that is expressed as
a product of the fluxes and their conjugated forces. Curi’s
principle then dictates the form of the phenomenological
constitutive relation between fluxes as a function of the forces
that, when they are replaced in (2), yields the N-particle
Fokker-Planck equation for stationary flow (see Appendix C),

I_IEi]\;l(Lu, - R\i)vext : Vw,-P(N)

(Ve dij - Vo, PN — 172N (L, R)¢ij - Vo, PV
F, pav kT kgT (—)tt -V, P(N) +( (j)) -IZ?E;P(M
<>7r <= N
o4 € (L, — Ri)a)) PN
1 <=>7t H(N) kBT 1 <>t (N)
g @GP SV P (34)
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This FP generalizes the one given by Santamaria-Holek
et al. [19] for translational motion to the case of interacting
colloids under external fields and vorticity flow that affects the
rotational Brownian motion of particles. Thus, as in Ref. [19],
we introduce the effective friction coefficients

<> 11 (_)

<>t
o= B ij— Vrlvj,

<rr P e 5)..0
i = B GuiLw—RJ%’
which quantify the departure of the friction due to Brownian

(35)

motion and HI among particles ,3 (uu = tt,rr) from the

contribution due to fluid ﬂow Wthh is linear in V, v and

(Lu; — R; )a) In general, ,8 i (uu = tt,rr), depend on the
HI among particles For spherical particles that experience
only translational motion, its analytical form was determined
with the Faxén theorem in Ref. [23,62], where it was found
that (? = ¢1 of Eq. (34) is related to inertial effects due to
time variations of v°, and ¢ = pp/ps with pg the density of
the fluid wsolvent. However, a similar calculation for uu = rr
and ? =¢®1’ with HI remains to be performed. For

spherical particles, if HI are ignored, one can approximate
<>t

B ;; = Boléi;, and ﬂ ;i = Bo1'8;i, with 1’ the second-order
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unit matrix. By = 6w no/m = 1/¢" is the inverse of damping
time ¢* for translational motion, 8 = 8rno3/I :=1/t". The
inertial times of translational and angular velocities are of
the same order of magnitude #'/¢" = 10/3 [63]. Notice that
t',t" is set in a time scale where, for ¢t < t/,t", inertial
effects are dominant, whereas for times much grater than
t',t" we enter the diffusion regime. In this long-time regime,
relaxation of velocities v;(t),w;(t) have occurred, and their
constant values in the scale of ¢ > t',t" are statistically
averaged values at equilibrium V;(r,<2,7),w;(r,<2,r) whose
magnitude depends on the colloid density p(r,€2,7) and
particle’s interactions. Thus, these averaged values depend on
time through structural relaxations. The mean velocities are
susceptible to be measured experimentally and also can be
calculated with MNET. Experimentally, thermal fluctuations
on density are probed with dynamic and depolarized light
scattering due to the slow structural relaxation of the parti-
cle configurations r(¢),2(¢). From samples of configuration
variables, experiments obtain the mean-square translational
and angular particle’s displacements. Whereas from MNET
the averaged velocities of the colloid collective motion are
determined from the hydrodynamic equations derived from
the FP (34). The result is (see Appendix D)

(,o(V—VO)) | (R T+ | PV Vi f 10 <F>T+k . D0
— N - - =~ - p s rr
p@ — o) m \ A1) " m \ L o(Ly — R)Vex 0 Ao ) \T "\ X

w VP
H(Lu—R)p

Here the density force and torque definitions were used

1

Vi,
221]\;/ 1/ P (llz(Lu R)) ¢lja(rl r)§(2; — Q)dr
r

A~ —l/p(z)(r—r’ Q.,Q.0 v p(r —r',Q,Q)dr'dQ = L
m 9 b b 12(L _R) m lisz 9

v 1 V Vs
= f PO ™ ) Vi — 08(Q — Q)dT = PV Vext ,
l_z(LuA - R) 7z IO(L R)Vext

(37

which result after using the effective medium approximation. Now the fluxes of Eq. (36) are replaced in (32), resulting in the
effective overdamped (diffusion regime) Smoluchowski equation for the average density,

ap
ot

+ 008y (2" + B gy (B ) -F]+V- (D"
(L= RVerr + 1)+ p(85)™ (37 + B
+ (L= R (D" (Lu=Rp).

where D° = kzT /mp, D{ = kpT/1B;;. Equation (38) co-
incides with the SE given by Nagele [55] without
advective velocities. In the stationary regime and neglecting
HI, it coincides with the Yvon-Born-Green equation of

(Bt o (By?) (3 + By, - (B

<> <>t s <>t <>t
— ==V [pv’ + D°(2" + de-( B )—‘)ﬁ'(—pvvexl+Fd>+pﬁol(u”+ By (B )7 f

-~ <>t <> 1t
—(Lu = R) - [po” + Dy + de-(B
<—>1Ir

-Vp)

(38)

molecular fluids [50]. And with the one derived by Rex et al.
using a time-dependent density functional expansion of an

amsotropic fluid [66]. The effective force f=—(kgT/m)V -
<>t

A" torque t = —(kgT/I)(Lu— R)- A, the mobilities
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1 <>t <>t <>t
Wh=p = (B ) =B By, (B )L W =
rN—1 ~rr gl —1 r 71(_)” add —1
B m"=(B ) =) By (B ) ,and
<>t _y &t
A =1-4;"B
1 <>t <> 71<—>n 0
+ 8, (Edp— € —1+8; de)-vV

r

<>rr , =l =1 T ®
A =1—(8) B4+ (B) (Edp_?
, R ~
—1+(B)" Bg) (Lu— R’ (39)
Thus, we recover the known result first derived by

Santamaria-Holek et al. in Ref. [19] for the translational

tt
diffusion part of Eq. (38) with effective diffusion D, and
we obtained a new expression for the rotational diffusion

R
coefficient D ,

D = D+ B (7 + By (B
(=T =105 Ty - 9T
D = D[+ (8) [+ By (B

0
(Ep—C-1+B ) (La— Ro"]. (40)

U <>u .
The factors B dp> B and their diverse products that

appear in the definition of the mobility tensor ", u =
tt,rr are given, for instance, at two-body HI in (D9). At
. . <—>u <«—>1t
very low density and no stationary flow B 4, =0, B =
=gl o Tl <>t -1
Bol, B =81, E A = 0, w =pB; 1, and, therefore,

<>t o <>rr .
D = D1 and similarly for D = Dj1’. The rotational

diffusion coefficient (40) contains two contributions; the first
one is the thermal rotational diffusion that includes HI, whereas
the second part adds the effect of vortex flow. In addition, from
(D12) and (D13) of Appendix D we are led to the rotational
. . &>TT <o <rr . ,
viscosity 7y = Dyp("€” " — E ) due to the particles” HI
and external flow field. Another contribution to rotational
viscosity has been shown to occur in ferrofluid suspensions
without shear flow in the presence of moderate magnetic
fields. This magnetoviscous effect changes the fluid’s viscous
behavior by counteracting the rotational Brownian viscosity
due to thermal fluctuations and direct interactions among
particles [67,68]. Integrating (38) in the spatial coordinates
and using [drV-[...] =0 for p vanishing at the system
boundaries [55], and p(0,¢,t) := fdr,o(r,Q,t) the angular
dependence SE is attained,

00(0,¢,t ~ T
%:—(LU—R)-[/pwodr-i-D{)f(u + By,

N 7 d
(B ) )ﬂ “(=p(Ly = R)Vext + Tdr
+8) | (@ + B - (BB ptdr

)7 ~pdr}

o~ <—>rr o~
+<LU—R>./[D (Lo - Bypldr.  (41)

rr <—>1r

+gw(ﬁ512)"/(;1”+<§’dp -CB
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It extends similar SE given by Nagele [55] to the case of a
particle’s HI and direct interactions. From this equation we can
see that we obtain the same kinetic equation of Martsenyuk
et al. [57] that describes the magnetization of suspensions of
ferromagnetic particles (see Appendix E).

Alternatively, ~using that [ dQ(L, — R)[...1=0,
p(r,1) == [dQp(r,2,1) we get from (38)
ap(r,t) <>t

<>t
o =-V. |:/,ovodg2+D0(,a”+ B4 (B )")B

- [ (=pV Vi + FHAQ2
il >t e>it
+ By (A" + B gy (B ))B - of

+§ﬂ0“(ﬂ” + ?;’P.(?tt),l) "Oi|

<=1t

+V.-[D -Vpl, (42)

which is the SE given before by Santamaria-Holek et al. [19]
for the translational degree of freedom and coincides with one
given by Nagele [55].

V. CONCLUSIONS

In this paper we derived the Fokker-Planck equations for
one- and two-particle probability densities of suspensions
of particles with anisotropic interactions using the MNET
approach. In the hydrodynamic regime we obtained the
balance equations of linear, angular momentum, and energy
conservation. In the long-time limit and for orientational
isotropic colloidal suspensions at thermal equilibrium, the
former equation for the average translational velocity yields
the collective diffusion coefficient D.. It depends on the
microstructure of the suspension through the equilibrium
pair-correlation function and the single-particle hydrodynamic
translational friction coefficient, which is a function of the
concentration. Furthermore, we considered that an external
flow field is imposed in the suspension and derived with MNET
the FP equation under arbitrary flow conditions. In the diffusive
regime we derived the Smoluchowski equation for particle’s
average density. This equation extended previous works [19]
on translational degree of freedom of particles in order to
encompass its rotational motion and effect of their direct
and hydrodynamics interactions. Therefore, the result is an
expression for the rotational diffusion coefficient of particles
under the action of applied shear. In the diffusive regime, the
balance equation of angular momentum leads to the derivation
of a rotational viscosity that adds to the one that originates
from thermal fluctuations of the particles in a quiescent fluid.
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APPENDIX A

The steps to derive the expressions for the currents are
provided. The dynamical evolution of the suspension will be
made through the one- and two-particle distribution functions.
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Using the definitions of P and Jv(,.") and sz)’,l) forn=1,2
we integrate the Liouville equation (2) on the remaining N-n
coordinates and obtain the continuity equation,

(n) n (n) n
P ZVl P +sz -

0oij P
—m~ (N—n)'Z/E)r,' v dX, 1...dXy

i

,)P(N)

,1 Z 0 Vext . apw)
or; ov;
N
Y ;
(N - n)‘ Z R)bi
i,j=1
aP(N) aPpm
—dxup . dxy = 1 12@ — R)Vexc- oy
"9 "9
==y —JW_N — g, Al
i1 8V,‘ Vi ; Ba)[ i ( )

a relationship that will be used further. We note that Eq. (A1)
ignores the triplet distribution function P® [26] and, thus,
it is valid at the low-density limit. On the other hand, it is
assumed that at local equilibrium the factorization of P is
valid in the same way as for its thermodynamic equilibrium
counterpart [22,30],

PM(xy,1) = POx, 1) PP (x2,1) ... PD(x1,1)g™ (x,1),

(A2)
with the dynamical correlation function
T L S (YR SR RO PO

8g™M(xy, ..., xXN,1).
(A3)

g™ = gPx1,x00) ...

x 88D (Xy_2,XN—1,XN,1) . . .

It should be noted that there are N factors PV, N(N — 1)/2
factors g@, N(N — 1)(N — 2)/3! factors g®, and so on [30].
Within MNET the Gibbs equation of the solvent and colloids
is [12]

58 = kgm / )
=——— [ pu@,)§ P*VdT, (A4)
where u is the nonequilibrium chemical potential per unit mass
that can be derived by comparing (A4) with the variation of
(5) and using that §Spg = (m/T) [ npd PN dT [12]. Thus,
we find

kT, P
P20, = g + ——In—, (A3)
m Pg
where 7 is the local thermodynamic temperature.

Substituting (A2) and (A3) in the above equation

yields
kgT . PD kT 1 @
S T 21%+ t s (A6)
m-o P 8LE

PHYSICAL REVIEW E 88, 022317 (2013)

From the classical statistical theory of liquids, the equi-
librium electrochemical potential ppg has two contributions;
an ideal pu!¢ reference potential and ™ excess term due to
direct interactions among particles, whereas the fundamental
equation of state reads pp 1= p'¢ + . It is also known that
P]EL:) is a Maxwell profile velocity [26],

pw m id _‘ﬁ _ Lo}
Le = P\ Fbea T 5 ) T Sp,T

kBTZd’ll ext]

(AT)

and the pair-correlation function g® contains the excess
part [31]. There are several approximations in a diagrammatic
expansion on the number of interacting particles for this static
structural property which serve our purpose to show its explicit
dependence on only ¢, aside from the direct interaction, for
instance, in the hypernetted chain approximation [26,31]

2) 1 exc
g (r,821,r2,Q2)LE = exp s T(mMBeq(l‘thl'z,Qz)

— ¢12(r1,Q21,12,2) — ext)i|- (A3)

Using both equilibrium functions in (A6) we get, for the
local equilibrium chemical potential at the two-particle level,

2
_ kBTl P(l)+ Vi +l w] i kBTl 2
m 2
Vex
b2 ext (A9)
m
or, equivalently, u=pu" 4+ u® 4. where ;=
(ks T/mn(PO ) PD) + i, az = (kg T /m)ln(g®/g2) +
u¢. Now, by replacing (A9) and (A2) in (A4) yields
88 = —@/ap“)u“)dxl — ﬂfap%%m SE
T T
(A10)

From the above equation we attain the time rate of change
of entropy per unit volume as

Sty m [ ,0PW
T )R Ty

at T
" dV]dQ]dCl)]dl’dedezda)z.

dVldQIda)l

_ﬁ/wz)apm
2T P

The first term on the right-hand side is rewritten with the use
of (Al) with n = 1, thus,

(A11)

apM
_%/M(l) 97 dVlda)ldgl
0 ~
= D0 [ (L~ R ID,d2 100,
8r1 ’ :

(A12)
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where, using Refs. [27,32], it yields

PHYSICAL REVIEW E 88, 022317 (2013)

M m((wm 5 Lo, out
J‘ o — k /a)lP <kB—T - 1>dV1d0)1 - W R1)¢12/0 Pda awl dl']deldCt)ldQ]deda)deZ
! R, @ 0n
+ T_12 [(Lm - Rl)vext]P awl dVld(x)ldQ]deda)zdﬁz,
Om I [ rorp : o'
J<”=k/ PO(E ) dvidwd) — — /P% dr12dvidw,d2dvadw,d 2
s B [ Vi kT Vidw, 1 T 1 ¢12 A (24 vy 12aV1dwi 1av2aw; 2

3
= / [— ext}P@) 8“ dvidw;d Q2 dvsdwrd Qs,
w1

3 )

wl

9 PO N
oV =~k f [Jvﬂ“ co—In— + I (1)}dvlda)1d91dvzdw2ds22
Vi Py EP

(A13)

The last term above contains the first contribution to the entropy production at the one-particle level o). Similarly, the

second term in (A11) can be calculated to give

m/ 2 0P?
Yl A

where now

)
P = /le“) s

1 9 9D
+ = f Ve P(Z)M—dvlda)]dﬂldvzdwzdﬂz
T 81‘1 aa)l

m Iok;j 2
mn 2 pyg
37 /(Vl +v2) - /o Ol 8

R Lu, —R)é- | P?d
s yvap /1‘12( u )12 /o Ol de
1

P 8'u(
b [ [ = R)Ve] PO

@ 5  p®

r;r;
1)dv1da)1d521—— Zf g

i,j=1

9 -
—dVidedQdradvidod @ = —o— - I - / (Lu, — R1) - J2dQ + 0P (r1,0),
1

(A14)

au(l)
P<2>da Sy drijdviden dQdvadandQ
Vi

drlgdvlda)ldﬂldvzdwzdﬂz
drlzdvldwldﬁldvzdwzdﬂz,

1))
dV]da)ldlededa)zdgz

9
0 =—kp | |JP —In" + I —In— | dVidVrdrrdw dwr,d2,dQ2;
ovi g T hw p@

(@) (2)
RIS ST BANHY. i
R P

and we can identify in the last term the contribution to the
entropy production of two particles o®. Therefore, the total
entropy production is the sum of those two contributions
found,

9 PO
—In——=dx;

o0 =k [ A5
(2)

(2)
+3 Z / —lnwd"z
9 PO
+k/ Jo) - m—In—gdxi
CICTR A

2

1 9 g
- PRI SN
+22,~:/ o e g@ T

(A16)

:| dV]dedl'zda)lda)zdﬂldgzz,

(A15)

which constitute an extension of similar expression found by
Mayorga et al. [22] and Rubi et al. [12] for translational
velocity of spherical particles. According to Curi’s principle
[29] the unknown fluxes satisfy a linear relationship with
the thermodynamic forces throughout Onsager coefficients.
However, Snider and Lewchuck [33] demonstrated that for
systems with spin as in our case here, if the Onsager
coefficients do not depend on the spin variable sg, a generic
class of isotropic system where the constitutive relations
between forces and fluxes can be written as [33]

N
9 PW
(N) _

Sy = ks Z LVIVJWIHP(N)
i#j,j=1 J LE

p(N)

— kB Z Lvla)j 3 P(N)

i#j,j=1 LE
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N

9 pPWM
N _ S PO
I = kg Y Lo, T o
i#j,j=1 J LE

N

3 PN

—ks Y Loy, -—In—. (A17)
L Nigy, o p™)
i#j,j=1 J LE

where Taia‘f are Onsager coefficients that may depend on

the variables of configuration and therefore represent hydro-

dynamics interaction among particles. Moreover, according to

the general form of the above currents there appears a hydro-

dynamic coupling of the rotational and translational movement

of the particles. For a; = (v;,w;), a; = (v;,r;,w;,2;) the
<> <>

. . <>
unknown reciprocal relations L vy, = — L ¢y, L o0 =

_?Q/w! [22,29] is satisfied. We will not consider in this
paper the anisotropic case for the spin dependence of Onsager
coefficients as given by Snider et al. [33]. Thus, we define
the spin-independent static (but configurational dependent)
hydrodynamic friction tensors as

<> <>

<«>tt m L Viv; <>1r m L Vi
Pu="pwr - Pu=pmre

i o (A18)
<t ml* L v < I L gy,
Fij=—por + Pu= par -

which, when replaced in (A17), yield the currents of (7) and
(8) in the main text.

APPENDIX B

The momentum balance equation results from differentiat-
ing (12) and using the conservation probability equation (9).
Additionally, using that the probability density PV decays
quickly for large velocities, we obtain

apBVB d
_l’_ R
or o

. / dVlda)ldglVlVlP(l)

+m(Lu] — 1?1) . /dVlda)ldglVla)]P(])

a apP®
= /dvldwldﬂldvzdwzdrdezvlﬂ .
al'] 8v1

<>t 9 b
+m B 1 -fdvldwldlel—(P( u)
3V1
<«—>1r a
+mp oy '/dvldwldﬁlVlg(P(”wl). (B1)
1

Introducing now the definitions (11), (12), (15), and (16)
we arrive at

0pBVp 0 <~ K,w ~
— (P VgV Ly, — R
Y or, (P +psveve) + (Ly, 1)
<« K,vo d <> 1t <«>tr
(P g +psvswp)+F —pg B\ Vve—ps B | SB
(B2)

If we define the total time derivative d/dt = 0/9t + v - V
we obtain (14). In order to derive Eq. (19) we need to multiply
component y of Eq. (14) by rs and subtract the symmetric
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equation [29,44], yielding

d
E[pg(ryvm —Trsvp )]

d
= _8rr(ryP8r - r(SPyr) + P(Sy — Iys
0B a ad
- ;(rya_rs - l’sm) Vext
<>t <>t
+p[rs( B 11)yr =1, (B 1) Ve
tr tr
+ :OB[F(S((F)H)W - ry(?”)ﬁ]s&,. (B3)

Finally, it results as follows:

d 0 <~ <>a  pp
—[ppr X vg]l=——-(rx Pp)+2 P — —r X VVey
dt or m
<>t <>1r
— ppr' X B | -Vp—pprx B | -Sp,

(B4)

where we added the coefficient 2 in the second term on
the right-hand side in order to conform with the anisotropic
contribution defined by Evans [27,45]. This term couples the
equations of motion of orbital angular momentum above with
that of the intrinsic angular momentum. It must, therefore,
be added to the dynamic equation for pgdsg/dt. The other
remaining terms in such an equation are derived by taking the
time derivative of (13) and using d P /3¢ from (9), yielding

dsp 0 y > Ko J 12,03 —~
N A T(1) — =22 (Ly, — R1)Vix
PB dt 3r1 B + () I ( u; 1) ext
<>t

p <«>rr
—2P _PB/311'SB_PB,311'VB» (BS5)

where we have defined the torque’s density of pairs interaction,

T(1) = —/ [(Lu, — R\l)¢12(r1,l‘2,91792)]1’(2)
X dl‘ldl'de]ngdVlda)ldedwz

Jd <9
N —— . B6
or 03 (B6)

The potential component of the torque tensor is [27]

¢ 1 ~ 1
Op= —Z/F12(Lu| - R1)¢(V12,91792)/ pP®
0
x (r; — (1 —a)rip,ri + or2,vi,vo,w1,w2,21,$2,1)

X dadrlzdﬂldQQdVlda)ldeda)z. (B7)

We also introduced the symmetric kinetic pressure tensor
for the particles,

<> K,vo

P :m/ PO(v; — vp)w, — wp)dvidw;d2;.  (B8)

Thus, the final result is (19). Note that its general form
is dictated by the evolution equation for the density of total
angular momentum L. = sg + ppgr x vg that is attained using
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similar methods as those explained in Refs. [33,44,46]
dL d
o= —[SB + ppr X vp]
— ';—B|:r X V Vi + Z—(L — R)vm] +rxF

+V.(rx P B+ QB)_PBrX ,3 11 VB
<«>tr <«>7rr <>t
—psrx By -sg+ps B S+ By Vs
(B9)
Subtracting (B4) from this equation yields Eq. (19).
APPENDIX C

We follow the methods of MNET, Refs. [12,19,20], and
calculate the entropy production of the system from the Gibbs
entropy postulate

S = —kB/E{VZIPWHn

P(N)S(rl r)é§(2; — Q2)dT" + Sig,

LE
(ChH

where Sig is the reference local equilibrium entropy with

1 2
PY) = ex |: n </L -V - Vi — V) )
LE p ksT B 12( z)

ml2 1 2 1
SN (o — o) - 5
kBT l—lz(w a)z) ZkBT l,]—1¢]
1
e 7 T lvext}, (€2)

where pp is the local equilibrium chemical potential.

Taking the time derivative of Eq. (C1) and performing a par-
tial integration with the use of (2) results in a balance equation
for the entropy, from which the entropy production reads

5y 30 = D3(Q; — QdT

m d
o = _? / Eil\;lJvi . aM
m N au
—= | T Jo - —8(r,-

0 0 0
i (vi—v)) - FPa 8(r; —1)8(Q — Q)dT

—/leJl o))

—a)OS(r, —1)8(y — QdTl + —f A b

—1)8(2; — Q)dI’

ar;
(Vi = V) - (Luy, — ROVIS(r; — 1)8(S2: — Q)dT

f A l2 a)?)
(Lu — R)@¥8(r; — 1)8(Q; — Q)dT
m N qi
+7 2N I Fis(r, — 1)8(Q; — Q)dT
m N yi.o
+ 2N I Ti8(r — 1)8(Q — Q)dT, (C3)

where the first two terms are diffusion processes in phase
space. F; = BV?/at, T, = Ba)?/at are forces and torques
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due to the flow [19]. J; = (v; — V)PV, J¥ = (0; — @) PV,
Ji =i = V)PV, Jo = (i — @?)PV. The last two terms
are diffusion with respect to the flow velocity [19]. We define
the nonequilibrium chemical potential as follows:

kgT 1 2
w0 = ——InPM + -5, (v —v))
12 21 1
+§Zi’i1(a),- _Cl)?) + — m ,J ]¢lj +— 21 1Vexl

(C4

Since the entropy production is a positive defined property,
nonequilibrium thermodynamics implies [29], from Eq. (C3),
that there exist linear relationships between the fluxes Jy,,
Jo, and forces opu/0v;, dp/dw;, respectively. According to
Curi’s principle, these vectorial quantities are given by the
constitutive relations

b= =3 @ (=) P - B @,
=€y (v =V Ve VoPW 3P
(wj — &) PN — kB LS PR ] Ve, PN
+3,7 -FjPUV), ©5)
with V, = %, Y =V r,0;,
Jo = _Ejllg?;; ‘ (Vi - V?)P(N) - k;—TE,llz ?lr;

Yy, PN -3, €0 (07 — @Y) - (Lu;, — Rj)w) P

kgT
(—)”’ (N) _ (—)rr (N)
-39 (0 — )P —FE g Vo, P
m
N)
+%;¢ ij-TjP< . (C6)
The following tensors were defined in terms of
. <> .
the Onsager coefficients L 4, with a; = (v;,w;), a; =
(Vj,rj,v;,w;,Q;,;),
<> <>
(Ent_va;v/ (E)tr_va,-w/ ?“_va‘r/
UToTpw) VTP Yo TP
2(—) 2(—)
= ml® L 0w; S ml= L ;w;
VTP v pw
(F)w_ml Lw,-Qj <~ _va,»Vj
W= Tppwm 0 S U= Tppm
<~
<—>w m L Vi®;
$i = Trpm

These Onsager coefficients satisfy the reciprocal relations

<> <~ <> .

Lyy, ==Ly, L g0 [19,60], which can
depend on flow. The mesoscopic nonequilibrium approach
breaks down for Onsager reciprocal relations are not valid far
from equilibrium states. Such states are reached with strong
flows. Another limitation of MNET is that, in general, p(z)
depends on applied flow and its functional form is not known.
At low concentration it can be approximated through the
pair-correlation function [61].

Replacing the currents, Egs. (C5)—(C6), in (2), we obtain
the N -particle Fokker-Planck equation (34) for stationary flow.

L 0 Q; = T
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APPENDIX D

In the inertial regime (¢ < t',") the out-of-equilibrium dynamics of the system is provided by the continuity equation Eq. (32),
and the balance equation of linear momentum is obtained by differentiating (33) and using (34),

d;Vi " . (N) (N)
pi? =-V. P i (Lu — R) - P i E]P Vrid),-jé(ri — F)S(Q, — Q)dF — P Vr; Vex[S(ri — r)S(Q, — Q)dF

- / =B - (VP = V) p@s(r — 18R — Q)dridrdd,

— / P (0f — ) p?8(r; — 1)8(Q — Q)dridr;dd2; + p T F,. (D1)
Similarly, we deduce the balance equation of intrinsic angular momentum,
d,'lz_,' vo ~ ww ~
pid—;() = V2P —(L-B PP —mPI! / £, PM(Ly, — R)ii8(r — 1)8(S% — Q)dT

<—>Tr

— / P (Ly, — R Vexd(r; — 1)8(% — Q)dT — / PR (w_(]?) — 0?)p?8(r; — 1)8(Q — Q)dr;dr;d;dQ;
— / ;@ (v = V) P8 — 18 — Qdridr;ddS2; + p N 2?’?, (D2)

where p(r;,Q;,r;,Q. ) =m [ P(N)dl‘[]j_z, dl‘;}’_2 =dr1dQdvidw; ...dv;dw;dv;dw; of N — 2 particles, and the convec-
tive derivative % =24V, V4 (Ly— R). Here v® and »® depend on rir Qi €2;. The first terms on the right-hand side

of the above equations are the drag forces and torques on the particles mediated by HI which modify their velocities due to the
distribution of particles [19]. Equations (D1) and (D2) depend on the pressure tensors for the particles,
<—>VV

Pi=mfPerﬁmW—ﬁmm—mMm—9wn

<> Vo
Pizm/Perﬁm@—awm—mam—an
ow (D3)
LS mf PM(w; — @) (@i — @)8(r; — r)8(Q; — Q)dT,
P =m / PM(w; — @)V — ¥)8(r; — 1)8(Q — Q)dT.
That satisfies the corresponding evolution equations
di v — 1 — 1 -~ : r ~_ ST
E?: + 2[(,301 £V 4 SV VL4 S (L= B)- al) : (F’} +2[(PRY 4 (Lu— RW:) - P ]
= 2k T'Oi <>l i (2) 0\ (2 0\ (2 ’
= 2kp Z( o ) =2 Xjizj Bij- (Vj - VJ-)(Vi —Vl»)p 3(r; —1)8(82; — Q)dr;dr;d2;dQ;
— 2( / 2isil2 @ (0F = 09) (v — ) p@8(r; — 1)8(Q; — Qdridr;dQd j) , (D4)
di <> oo g ~  1_ _ 1 ~ _ .\ o]’ I sr _\ <ve]
TP A2 (BN (L= R+ 5V I S (La = R wd ) P | 42| (@ Var ) P
= 2kBT%((E)”)S — 2(/ Ej,i;&j?):; . ((,()5-2) — (,()?)((1)52) - (1)?),0(2)8(1'1‘ —1)8(82; — Q)dl}dl’jdﬂ,’dﬂj)
1 - s
— 2(/ E_,-,#jl—z?i; . (V;z) — V?)(a)gz) — a)?),o(z)B(ri - I‘)(S(Ql - Q)dl‘idl’jdﬂgdﬂj) . (DS)

The last terms on (D4) and (D5) add HI to the pressure tensor [19]. This cross-correlation of velocities of distinct particles (dp)
implies that stresses in the system are modified by HI [19]. In Egs. (D1) and (D2) we used the values of friction tensors without
HI (E): ~ Bold;;, ?Irlr ~ BII1'8;; = By1'8;;, and Eq. (35). The superscript s denotes the symmetric part of a tensor. Following
the method of Ref. [19], in order to rewrite the quadrature terms of (D1) and (D2) and then (D4) and (D5) it is necessary to derive
also the evolution equations for the cross-correlation of velocities for distinct particles,

<" My — TV — TS — o

ij=m / P (v —vi)(v; —v))d(r; —r)é(2; — Q)dTl

(D6)

<> ww

C, = m/ PN (w; — @) (@) — @,)8(r; — r)8(Q — Q)dT,
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whose result is

di < _ 1 _ 1 ~ _ —<w]’ a_ <oV
EC +2|:(VV,'+§V-Vi1+§(Lu—R)-a)i1)- Ciji| +2[(LU—R)Vi- Cij]

2kpT ,
= n‘; /z,ﬁvzl‘a’f?*‘ajkp<2>5(ri—r)S(Qi—Q)dridrjdsz,»dszj

i
_ N @ @ Qs(p. _ _ e dada )
2 0B (vy vk)( V-)p 8(r; — r)8(Q — Q)dr;dr;d2;d<;

—2< / S PD - (@ = o) (v = V) pP8(r; — 18 —Q)dridrdeide> , (D7)

<> Vo

d; <> oo ~_ 1 _,, 1 ~ _ ) <o s - s
EC"J‘ +2 (L“—R)wi+§V-v,~1 +§(Lu—R)~a)_,«1 - Cy | +2[Vai- C ]

2kpT
= f / S & 8 p P8 — 18R — Q)dridr;dQudS;

—2</zﬁ=1?;: (0 — o) (@? — o) p@s(r; — 8 — Q)dridrdeide)

R

1o,
—2(/ =N ,12‘6’1; (VP = V) (0 — ) p?8(r; — r)8(2 — Q)dr,-drde,-de) ) (D8)

Both equations are valid for k # i. Higher-order moments of velocities are not con51dered since they relax faster than the ones
considered here [19]. The friction tensors for two particles are related to the moblhty through [64]

?tt ?zr - B (‘nﬁt %)tr)
<>t <7 - <>t <«>rr |°
128 1<
(_),,. St 30 o 30 R
Bo ;= gy ~ 18 + Z;(l + 881 = 6;5) — er(l + )+
iy 1]s
30\’ 1
r<>Ir ~rr / 2.8 /
0 i = My %15ij+_<_> (Fijrij——l)(1—5ij)
J J 2 rij 3
3o N[ . 1, .
— E r— L jTij, — 51 — 2(1'“} AN n)(rij,r AR +..., (D9)
s

where we kept terms up to first and third order in o/r;; for uu = tt,rr, respectively. r;; is the distance between particle i and

the image of j with respect to an infinite plane. fi is a unit Vector normal t0 the surface of the sphere. We shall not consider the
<S>0V <>Vo r
HI couplings uu = tr,rt, P, P . Atverylow densities ‘% ,u ij=( ,3 )* ~ By 113,, and ?U =( ,3 ) I~ ~ (B )_II/SU

but, in general, for concentrated suspensions they are nonzero for dlStlnCt partlcles as seen in (D9) In the long -time limit this
amounts to neglecting inertial terms [19, 56]dv,/dt diw;/dt, d; C /dt d; C /dt d; C /dt d; C /dt Vv,ﬂo <1,
V. V,,BO & 1,(Ly—R)- w,ﬂo <1, (Ly— R)a),(ﬂo) l«1, V. V,(/SO) '« 1, (Ly — R) - a),(ﬂo) ! << 1 in Egs. (D1) and

(D2) and then (D4) and (D5). One may show that, for distinct particles, i # j to the lowest order in ¢ /r;; equations (D7) and
(D8), yielding

kT
— / TR 8 — D8 — Q)dridrdQd L,

<>t

~ / S iiBo B i (v =) (v = v9) pP8(r; — 1)8(Q — Q)drdr ;d2dS2;,

kgT rr
L f @ 8(1', r8(Q — Q)dridr;dQd;
r(—)rr
~ / Sy B (VP =) (VD = v9) pP8(r; — 1)8( — Q)drdr ;ddS;. (D10)

Also using the effective medium approximation valid at intermediate volume fractions [19], where dynamical properties
are obtained from a configurationally averaged suspension. Thus, a test particle i performs its hydrodynamic and Brownian
motion in the averaged colloidal fluid [19,65]. This amounts to replacing f f',2Hdr'dQ — f 2 f(r;,2;)dr;d2; in the
above equations, which are finally used in Egs. (D1) and (D2) and then (D4) and (D5), yielding the effective pressure tensors

v kaT % §
P2 [pﬂol(_)”—ﬁo / A sz)p“)dr/dsz} : (D11)
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with @) = 8 Q) T"(r.Q),

ww k — XIr o, g / / ’
P~ [ B) T = (8) / @, Q)pPdr'dQ } : (D12)
where (E)*rr(r, Q) = ?rr(r, Q) - ?rr(r, 2). These pressure tensors can be recast into another form after assuming small spatial
gradients in the velocity [19] (V); o(r — r',Q,Q,t) — °(r — ¥, Q,Q',1) ~ &(r,Q2,t) — 0°(r,Q,1) [19,22] and using the distinct
particles expressions of (D10) to define

N 2\—1 " aon <oy 2) / ’ / /
B 4,(r,Q2,1) = (Bop”) B Q). g @) (r—r,Q,Q 1)dr'd
B 2.0 = (Bip / Flawe) B e - r.Q.Q ndrd
p
(D13)
<> 2\—1 Mo ey 2) / ’ / ’
E 4,(r,Q,1) = (Bop”) B w2« - r,Q,Q ndrd
E .0 = (8507 / B TP - r.Q.Q . ndrdg,
where, for all particles,
B = ,0_2/ B )@ — ., 1)drd
(D14)

B Q. = ,0_2/ B )@ —v,Q,Q Hdrd

is valid. The very low density limit of no HI of (D13) reduce to tensor zero in all cases, whereas for (D14) they reduce to Sy1,
By, respectively. Replacing (D13) and (D14) into (D11) and (D12) and using (D1) and (D2), the effective currents (36) follow

<>

B" 0 \ (pF—v")

o B p(@ — )

- F PL(, e ) (e (F)+kT7” 0 ( 1vp_ )
L1 Loy =RV )~ "\ 0 Leor AT) 000 @ ) U - Rop

+kgT 1vl(L R) A0 (D15)
B1p m 71 u 0 (pr .

APPENDIX E T= "3—“;0 = 0. The external field is Vo = — 7L €H, with € =

Here we demonstrate the SE for the density p(0,%2,1) Tf/|ﬁ>| [57]. Thus, —BLyVext = ﬁﬁ@x Hé(r) .= ?8(r).
of Martensyuk et al. [57]. The system is a diluted fer- Substituting into the diffusion Eq. (41) yields
romagnetic ideal gas made of identical spherical particles

of diameter o and magnetic moment 7{ under a constant ap(0,¢.1) L[ L2p+ Ly -( ?)] E1)
external magnetic field H independent of time, and there is ot T 21 uf u (P )
no flow field v° = 0. Martsenyuk et al. determined the SE
governing the purely rotational relaxation of the particles As in Martsenyuk et al. [57], using the projection of &
without taking into account their translational motion in along the unitary angle§ that is p? .0 = &sinfp, £ = |E)|
order to explain the kinetic magnetization of the(_p)arrrncles and the spherical coordinates representation of the Laplacian
Since there are no particle interactions T? =0, B ¢ =0, and divergence angular operators L2, L, yields
at low colloid density the effective inverse rotational fnctlon
(B)y' =)' and " = 1. Thus, @ = (81, 90(9,¢.1)
therefore, we have the product B ;p . ?r = 0. From (40) the ot 5

rr ~ 1 a [ . 0 . 1 9°p
rotational diffusion coefficient reduces to <5> =Dju"1 = = Tersind {8_9 |:sm9 (a—g + p& sm9>j| + —93752}

M—lksTq _ _1 qr_ _ 1 g/ _ 1 q TpSin sin

(B~ -1 = gl = g5l = 51, whereas from the 2

.. <«—>Trr .. <—>rr
definition of A =1’ at low densities, V- A =0, and
then the torque t = 0. The external torque due to vortex flow  which is the main kinetic equation in Martsenyuk et al. [57].
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