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Correlation functions in liquids and crystals: Free-energy functional and liquid-to-crystal transition
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A free-energy functional for a crystal that contains both the symmetry-conserved and symmetry-broken parts
of the direct pair-correlation function has been used to investigate the crystallization of fluids in three dimensions.
The symmetry-broken part of the direct pair-correlation function has been calculated using a series in ascending
powers of the order parameters and which contains three- and higher-body direct correlation functions of the
isotropic phase. It is shown that a very accurate description of freezing transitions for a wide class of potentials
is found by considering the first two terms of this series. The results found for freezing parameters including the
structure of the frozen phase for fluids interacting via the inverse power potential u(r) = € (o/r)" for n ranging
from 4 to oo are in very good agreement with simulation results. It is found that for n > 6.5 the fluid freezes into
a face-centered cubic (fcc) structure while for n < 6 the body-centered cubic (bcc) structure is preferred. The
fluid-bce-fec triple point is found to be at 1/7 = 0.158, which is in good agreement with simulation result.

DOI: 10.1103/PhysRevE.88.022112

I. INTRODUCTION

Freezing of a fluid into a crystalline solid is a particular,
but important, example of a first-order phase transition in
which the continuous symmetry of the fluid is broken into one
of the Bravais lattices. The transition in three dimensions is
marked by large discontinuities in entropy, density, and order
parameters, the order parameters being proportional to the
lattice components of one particle density distribution p(¥) [see
Eq. (2.3)]. Efforts have been made for over six decades [1,2]
to find a first-principles theory which can answer questions
regarding at what density, pressure, and temperature does a
particular fluid freeze? What is the change in entropy and the
change in density upon freezing? Which of the Bravais lattices
emerges at the freezing point for a given system and what are
values of the order parameters?

A crystal is a system of extreme inhomogeneities where the
value of p(¥) shows a several-orders-of-magnitude difference
between its values on the lattice sites and in the interstitial
regions. The density-functional formalism of classical statis-
tical mechanics has been employed to develop theories for
freezing transitions [2,3]. This kind of approach was initiated
in 1979 by Ramakrishnan and Yussouff (RY) [4], which was
later reformulated by Haymet and Oxtoby [5]. The central
quantity in this formalism is the reduced Helmholtz free energy
of both the crystal, A[p], and the fluid, A(p;) [2]. For crystals,
A[p] is a unique functional of p(¥), whereas for fluids, A(o;)
is simply a function of fluid density p; which is a constant,
independent of position.

The density-functional formalism is used to write an
expression for A[ p] (or for the grand thermodynamic potential)
in terms of p(¥) and the direct pair-correlation function
(DPCF). Minimization of this expression with respect to p(7)
leads to an expression that relates p(7) to the DPCF. The DPCF
that appears in these equations corresponds to the crystal and
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is functional of p(¥) and therefore depends on values of the
order parameters. In the RY theory the functional dependence
of the DPCF on p(¥) was neglected and was replaced by that
of the coexisting fluid of density p;. Attempts to improve the
RY theory by incorporating a term involving three-body direct
correlation function of the coexisting fluid in the expression
of A[p] have failed [6,7]. The efforts made by Tarazona [8],
Curtin, Ashcraft, and Denton [9,10], and others [11,12] in the
direction of developing a theory using what is referred to as
the weighted density approximation have also met with only
limited success.

The reason, as has been pointed out recently [13,14], is that
at the fluid-solid transition the isotropy and the homogeneity
of space is spontaneously broken and a qualitatively new con-
tribution to the correlation in distribution of particles emerges.
This fact has been used to write the DPCF of the frozen phase
as a sum of two terms: one that preserves the continuous
symmetry of the fluid and one that breaks it and vanishes in the
fluid. An exact expression for the free-energy functional was
found by performing double functional integration in density
space of a relation that relates the second functional derivative
of A[p] with respect to p(7) to the DPCF [see Eq. (2.7)].
This expression of free-energy functional contains both the
symmetry-conserved and the symmetry-broken parts of the
DPCF.

The values of the DPCF as well as of the total pair-
correlation function (described in Sec. II) in a classical
system can be found from solution of integral equation, the
Ornstein-Zernike (OZ) equation, and a closure relation that
relates correlation functions to pair potential [15]. The integral
equation theory has been quite successful in getting values
of pair-correlation functions of uniform fluids [15], but its
application to find pair correlation functions of symmetry-
broken phases has so far been limited. Recently, Mishra and
Singh [16] have used the OZ equation and the Percus-Yevick
(PY) closure relation to obtain both the symmetry-conserved
and symmetry-broken parts of pair correlation functions in
a nematic phase. In the nematic phase the orientational
symmetry is broken but the translational symmetry of the fluid
phase remains intact, whereas in a crystal both the orientational
and the translational symmetries of the fluid phase are broken.
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Since closure relations are derived assuming translational
invariance [15], they are valid in normal fluids as well as in
nematics but may not be in crystals. In view of this, Singh and
Singh [13] suggested a method in which the symmetry-broken
part of the DPCF is expanded in ascending powers of order
parameters. This series contains three- and higher-body direct
correlation functions of the isotropic phase. The first term of
this series was evaluated and used in investigating the freezing
transitions in two and three dimensions of fluids interacting via
inverse power potentials [13,17] and freezing of hard spheres
into crystalline and glassy phases [14]. It has been found
that contribution made by the symmetry-broken part to the
grand thermodynamic potential at the freezing point increases
with softness of the potential [13,17]. This suggests that for
long-ranged potentials the higher-order terms of the series may
not be negligible and need to be considered.

In this paper we calculate first and second terms of the series
[see Eq. (2.29)] which involve three- and four-body direct
correlation functions of the isotropic phase. We calculate the
four-body direct correlation function by extending the method
developed to calculate the three-body direct correlation func-
tion. The values found for the DPCF are used in the free-energy
functional and the crystallization of fluids is investigated. We
show that this free-energy functional gives a very accurate
description of freezing transitions for a wide class of potentials.

The paper is organized as follows: In Sec. II we describe
correlation functions in fluids and in crystals and calculate
them. The symmetry-broken part of the DPCF is evaluated
using first two terms of a series in ascending powers of
order parameters. These results are used in the free-energy
functional in Sec. III to calculate the contributions made
by different parts of the DPCF to the grand thermodynamic
potential at the freezing point. In Sec. IV we calculate these
terms and locate the freezing points for fluids interacting via
the inverse power potentials and compare our results with
those found from computer simulations and from approximate
free-energy functionals. The paper ends with a brief summary
and perspectives given in Sec. V.

II. CORRELATION FUNCTIONS

The equilibrium one particle distribution p(7) defined as
p(F) = <Z 5(F — ?1>> :
1

where 7, is position vector of the /™ particle and the angular
bracket (. . .) represents the ensemble average and is a constant,
independent of position for a normal fluid but containing most
of the structural informations of a crystal. For a crystalline
solid there exists a discrete set of vectors ﬁi such that

@2.1)

o(F) = p(F + R;), for all R;. (2.2)

This set of vectors which appears at the freezing point due
to spontaneous breaking of continuous symmetry of a fluid
necessarily forms a Bravais lattice. The p(F) in a crystal can
be written as a sum of two terms:

p(F) = po + pP(F), (2.32)
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where

PP =) pae T (2.3b)
G

Here py is the average density of the crystal and pg are the
order parameters (amplitude of density waves of wavelength
27/ |é|). The sum in Eq. (2.3b) is over a complete set of
reciprocal lattice vectors (RLV) G with the property that
¢!G-R — 1 for all G and for all R;. We refer the first term
of Eq. (2.3a) as symmetry conserved and the second as
symmetry-broken parts of single-particle distribution p(7) .

The two-particle density distribution p® (71 ,7,) which gives
probability of finding simultaneously a particle in volume
element d7; at 7 and a second particle in volume element
dr, at », is defined as

PP (F1,72) = <Z D s (—7)8 G - ?k)> .4

o k#Ej

The pair-correlation function g(7(,7,) is related to
pP(#1,7,) by the relation

10(2)(71772)

p(F)p(F2)

The DPCF c(F1,7,), which appears in the expression of free-
energy functional A[p], is related to the total pair-correlation
function h(71,72) = g(¥1,72) — 1 through the OZ equation (see
Ref. [15] for details),

g(r1,i) = (2.5)

c(F1,12) = h(F1,rp) — /d?3c(71,?3),0(73)11(?2,73). (2.6)

The second functional derivative of A[p] is expressed in
terms of ¢(71,7») as [2]

82Alp] _ §(ry — 12)
Sp(F1) 8p(72) p(Fy)

where § is the Dirac function. The first term on the right-hand
side of this equation corresponds to ideal part Ajg[p] of the
free energy, whereas the second term corresponds to excess
part Ae[p] arising due to interparticle interactions.

In a normal fluid all pair-correlation functions defined
above are simple function of number density p and depend
only on magnitude of interparticle separation |F, — || = r.
This simplification is due to homogeneity, which implies
continuous translational symmetry and isotropy which implies
continuous rotational symmetry. In a crystal which is both
inhomogeneous and anisotropic, pair-correlation functions can
be written as a sum of two terms: one that preserves the
continuous symmetry of the fluid and one that breaks it [13,16].
Thus,

2.7)

- C(’_;l 7’_;2)5

h(F1,72) = hO(7, — 711, p0) + KO (1, Fas [0]),  (2.8)

c(F1,72) = V7 = Fil,p0) + ¢V Fr, i [pD). (2.9)

While the symmetry-conserving part (2’ and ¢(¥) depends
on the magnitude of interparticle separation r and is a function
of average density pp, the symmetry-broken parts 2’ and ¢
are functional of p(7) (indicated by square bracket) and are
invariant only under a discrete set of translations corresponding
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to lattice vectors ﬁi,

KOG Fy) = hOF + Ri Py + Ry, (2.10)

OG5 = COF + RiFy + R)). Q.11

If one chooses a center-of-mass variable 7. = (¥| + 72)/2
and a difference variable ¥ = 7, — ;, then one can see from
Egs. (2.10) and (2.11) that 2> and ¢ are periodic functions
of the center-of-mass variable and a continuous function of the
difference variable 7 [18]. Thus,

WOGLR) =) T h @),
G -
V) =) NI,

G

Since ~(%) and ¢ are real and symmetric with respect to
interchange of #; and 72; h=9(F) = K9 (F) and 'O (—7) =
h'9(#) and similar relations hold for ¢(@ (7).

Substitution of values of h(ry,72) and c(¥{,r») given by
Egs. (2.8) and (2.9) in Eq. (2.6) allows us to split the OZ
equation into two equations; one that contains 4?, ¢©, and
oo while the other contains 2%, ¢, and p(73) along with 1©,
¢©® and 00:

W7 = 7))
=d%%—an+m/ﬁ¢%m—amﬂma—an
(2.14)

(2.12)

(2.13)

and

hOF 7)) = (7, T)

+/ﬁ¢%%—ﬂmm@—mwwm—an

+/ﬁw@m@®%W%%—%D

+ 0P = Dh O 1 )+ O G F )R P o )]
(2.15)

Equation (2.14) is the well-known OZ equation of normal
fluids. We use it along with a closure relation to calculate the
values of these correlation functions and their derivatives with
respect to density po. The derivatives of ¢(?(r) are used to find
values of three- and four-body direct correlation functions of
the isotropic phase.

Equation (2.15) is the OZ equation for the symmetry-broken
part of correlation functions. In order to make use of it to
find values of 1 and ¢® for a given p(¥) we need one
more relation (closure relation) that connects #?? with ¢®.
Alternatively, if we know values of one of these functions, then
Eq. (2.15) can be used to find values of the other function [19].
Here we calculate ¢?(7,,7>) using a series in ascending powers
of [p(F) — pol.

A. Calculation of 2, ¢” and their derivatives with respect to p

We use the OZ equation (2.14) and a closure relation
proposed by Roger and Young (RYC) [20] to calculate
pair-correlation functions 4® and ¢® and their derivatives
with respect to p in fluids as well as in crystals. The RYC
relation joins smoothly the Percus-Yevick (PY) relation and
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the hypernetted chain (HNC) relation with an ad hoc switching
function of intermolecular separation in such a way that at
r = 0 it reduces to the PY relation and for » — oo it reduces
to the HNC relation. The closure relation is written as

explx(r) f(r)]
fr)

where x(r) = K@) — Q@) and f(r) = 1 — exp(—yrr) is
the switching function which involves an adjustable parameter
0 < ¥ < oo. The value of i is chosen to guarantee thermo-
dynamic consistency between the virial and compressibility
routes to the equation of state [20]. Though there is no
fundamental basis for the RYC, it is able to fix the deficiencies
of the PY and the HNC relations in some systems and gives
results which are in excellent agreement with simulation
results in fluid phase up to the freezing point. For the repulsive
potentials (described below) considered in this paper the
parameter i is density independent. This and the fact that
the symmetry-conserving part of pair-correlation functions
pass smoothly through the freezing or melting point without
getting affected by the symmetry breaking and the OZ relation
connecting these functions remains unchanged we extend the
method to calculate 29, ¢© and their derivatives with respect
to p at densities which correspond to average densities of
crystals.

The differentiation of Eqgs. (2.14) and (2.16) with respect to
p yields the following relations:

hO0) = exp[—ﬂu(r)]|:1 + } -1, (2.16)

oh® 9c® . . .
(l’) _ C (r)+/dr'c(0)(r/)h(0)(|r/—r|)
ap ap
-0 -
+p/dfc D o — 7y
ap
. AhOF =7
P f PR OTC il ST N
ap
and
O 0
(r) x(r) (2.18)

5 exp[—Bu(r)lexplx (r) f(r)] ,
0 ap

32h O ) 32cO ) _[0c9¢) Y -
7 = 2 +2/d/[ hO(F = F)

ap ap
AR O(|F —F|)
O =)
+c () op }
Oy 9RO _ 7
+,ofd”[28c ") anO(F — 7))
ap ap
*hO(F —F
+J®(#)%
2 .0) (.7
+E€;§3h@07—ﬂﬂ, 2.19)
and
82hO(r)
8—,02 = exp[—Bu(r)lexplx(r) f(r)]
a2 0
x [ 8);(;) +< A )) o )] (2.20)
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Lll

50 2,(0) S . . . .. .
FIG. 1. Plots of ¢O(r), "LT)('), and % vs r for n = 6 and y = 2.30 which is close to the freezing point. The distance r is in unit of

ap = (ﬁ)l/ 3. Insets show magnified values of respective quantities for r > 1.

The solution of the closed set of coupled equations (2.14)
and (2.17)~(2.20) gives values of 2O (r), cO(r), %ﬁ” 00

ap
227 0) 3200 . . .
e Py u r iv u(r).
h0) and 0 a5 a function of r for a given potential

The pair potential taken here are the inverse power
potentials, u(r) = e(o/r)", where €, o, and n are potential
parameters and r is the molecular separation. The parameter
n measures softness of the potential, n = co corresponds to
hard sphere, and n = 1 to the one-component plasma. The
reason for our choosing these potentials is that the range of
potential can be varied by changing the value of n and the
fact that the equation of state and melting curves of these
potentials have been extensively investigated by computer
simulations [21-28] for several values of n so “exact” results
are available for comparison. The more repulsive (n > 7)
systems have been found to freeze into a face-centred cubic
(fcc) structure while the soft repulsions n < 7 freeze into a
body-centered cubic crystal (bcc) structure. The fluid-bee-
fcc triple point is found to occur at % ~ 0.15 [25,26,28].
The atomic arrangements in the two cubic structures differ
substantially; the fcc is close packed in real space and the
density inhomogeneity is much sharper than for the bcc, which
is open structure in real space but close packed in Fourier
space. However, in spite of this difference in the atomic
arrangements, the two structures have a small difference in
free energy (or chemical potential) at the fluid-solid transition
[25-28] and, therefore, a correct description of the relative

stability of the two cubic structures is a stringent test for any
theory.

The inverse power potentials are known to have a simple
scaling property according to which the reduced thermody-
namic properties depend on a single variable which is defined
as

y = po(Be)’ = prT* ",

where 8 = 1/kgT, where kg is the Boltzmann constant and
T is temperature. Using the scaling relation the potential is

written as
47 \"? 1
pun=(57r) =

rn’
where r is measured in the unit of ag = (%)1/ 3,

In Fig. 1 we plot values of ¢ (r), 'dc(;%’ and % for
n = 6 and y = 2.30, which is close to the freezing point.

B. Calculation of three- and four-body direct
correlation functions

The higher-body direct correlation functions can be written
as functional derivatives of the DPCF with respect to p(¥),

8"2¢(F1,72)

T 5p(F)op(a) - Sp(F)

en (FLT2, - )
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In the limit of a homogeneous fluid this leads to

acO(r, po) . O = =
o =/dr3cg)(”1,rz,r3;po),

0),- - -
32cO(r.po) /d? Cg)(r1,rzyr3;,00)
dp? ’ ap

2.21)

_ / s / dFcO G oo fas o), (222)

and so on, where ¢'? is the m-body direct correlation function
of the isotropic phase of density py. Note that these equations
are exact and connect the derivatives of ¢©(r) with respect
to density p with the higher-body direct correlation functions.
Since the values of the derivatives are known as a function
of r at a given density, these equations can be solved to fined
values of cgo) and cio). Barrat et al. [6] have solved Eq. (2.21)

by first writing C§0) as a product of an arbitrary function #(r),

0) > - -
Cg (F1,72,73) = t(r12)t(r13)t(r3),

which allowed separation of variables ry,, 13, and rp3 and then
determining the values of 7(r) from Eq. (2.21). They compared
their results with “exact” molecular-dynamics results near
freezing and showed that the factorization ansatz leads to

accurate values of cgo). We follow their method to calculate
(©)
g

(2.23a)

values of C§0) and extend it to calculate values of ¢
We rewrite Eq. (2.23a) using a diagram as

3

0),> - -
C(3)(V1J’2,V3)E A)

1 2

(2.23b)

where a line linking particles i and j denotes a #(r) function
and each circle (representing a particle) carry weight unity.
Similarly the relation (2.21) is written as

3

0cO(r.p0)

" (2.24)

where the half-black circle represents the particle over which
integration is performed over its all configurations and all cir-
cles carry weight unity. Using known values of 3c%(r, py) /800
we solve this equation to find values of #(r) for different density
po(or y) following a method outlined in Ref. [6]. The values
of ¢(r) as a function of r are shown in Fig. 2 for n = 6,4 and
y = 2.30,5.60, respectively.

Taking derivative of both sides of Eq. (2.23a) with respect
to pp one gets

3O F o P at(r at(r
UKL = ( 12)t(r13)t(r23)+t(r12) ( 13)l(rz3)
dpo dpo dpo
ot(r:
+1(r12)t(r13) (23)- (2.25)
dpo

Substitution of this into Eq. (2.22) leads to

2 .(0) ,
rem / d7/|:wt(r/)t(|?/—?|)+t(r)at(r)t(|?/
dpo dpo 900

(17 —ﬂ)}

- ,. o0t
—r|))+t(r)e(r’) o

(2.26)

PHYSICAL REVIEW E 88, 022112 (2013)

t(r)

T

FIG. 2. Plot of t(r) vs r for n =6 at y =2.32 and n =4 at
y =5.60. The distance r is in unit of ay = (ﬁ)1/3~ The dashed
curve represents values for n = 4, y; = 5.60 and full curve forn = 6,

where rio =r, riz =1/, and ry3 = |/ — F|. As values of t(r)
are known, Eq. (2.26) is used to find values of d¢(r)/dpp in
same way as Eq. (2.24) was used to find values of #(r). In
Fig. 3 we plot 9¢(r)/9pg for n = 4,6 and y = 5.60,2.30.
Guided by the relation of Eq. (2.24) we write d¢(r)/dpo as

0

2 = s) [ a5t s = 7,
ap
®

= 7 (2.27)

where a dashed line connecting particles i and j is s(r)
function. Using the already-determined values of 97(r)/dpg
at a given value of py (or y) we determine values of s(r) in
the same way that values of #(r) were determined from known
values of 3¢ (r)/dpy. In Fig. 4 we plot values of s(r) for
n =6,4and y = 2.30,5.60 as a function of r.

20

-15

T

FIG. 3. Plot of 3;—(;) vsr forn=6aty =232 and n =4 at
y = 5.60. Other notations are same as in Fig. 2.
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From Egs. (2.22), (2.25), and (2.27) we get

4 3
& Goooe S
OF 7 Fafy) = & b
¢y (ri,ra,r3,ra) = < |4+ 7 |+ N
> o 1 2
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(2.28)

where a dashed line represents the s(r) bond and a full line the #(r) bond. We calculate the values of c(30) and cff)) and plot them

in the Appendix.

C. Evaluation of ¢® ({,7,)

The function ¢”)(7,7,) can be expanded in ascending powers of [o(F) — po] as [2,13]

.. - e o - 1 - - e e o - -
OV, [p]) = /dr36§0)(”1,r2,”3;;Oo)[;O(V3)—,00]+ 5fdrg/dr3cio)(r1,r2,r3,r4;po)[p(r3)—po][p(r4)—po]

where black circles represent integration over all configura-
tions of these particles and each carries weight p(Fi) — po =
Y 6 rce' G7i whereas each white circle carries weight unity.
In writing Eq. (2.29b) use has been made of Egs. (2.23a)
and (2.28).

The usefulness of the series of Eq. (2.29) depends on how
fast it converges and on our ability to find values of ¢(?. We
have already described the calculation of c_go) and cio). The same
procedure can be used to find cﬁ,?) form > 4. We, however, find
that for a wide range of potentials it is enough to consider the
first two terms of the series (2.29). In fact, for most potentials
representing the interparticle interactions in real systems one
may need to consider the first term only as the contribution

s(r)

>

4

FIG. 4. Plot of s(r) vs r for n =6 at y =2.32 and n =4 at
y = 5.60. Other notations are same as in Fig. 2.

(2.29a)

(2.29b)

made by the second term to the grand thermodynamic potential
at the freezing point turns out to be negligibly small unless the
potential has a long-range tail.

1. Evaluation of first term of Eq. (2.29)
Substituting the value of [p(73) — po] from Eq. (2.3) and
using the notations ¥ = 7, — r1, 7 = F3 — I, e = %(71 +7),
we find

\\;:. w

- o L2 1A
= C(b’l)(rlvrz) = Z,OGEZG'r"t(r)e ZZG'r

/ ™, G
1 2

x / APt (P = F)el O (2.30)

This is solved to give [13,14]
cPVGELR) =) e N Y ()Y, (G), (231)
G Im
where
1

G, .

V) = pe IZ Z Ai(lyL. D) i (zGr) B, (r,G). (232)
1 2

Here j;(x) is the spherical Bessel function and Y;,,(X) is the

spherical harmonics,

QL+ 1D2hL + 172
QI+1)
x [Cy(l1,12,150,0,0)]

Al l,]) = (i)“*’%—l)’{

(2.33)
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FIG. 5. Comparison of values of cl(G’l)(r) as a function of r for
a G vector of first set of fcc and bec lattices for n = 6, y, = 2.32,
Qe = 32, and ape. = 18. The distance r is in unit of ay = (%)1/3
and jug = e~"/4_The dashed curve represents values of fcc structure
while full curve of bec structure.

and

By, (r,G) = 8t(r) / dkit(k) jy, (kr)

x / dr'r?t(r')j, (kr')ji, (Gr'),  (2.34)

where C, is the Clebsch-Gordan coefficient. The crystal
symmetry dictates that [ and /| + [, are even and for a cubic
crystal, m = 0, £ 4.

The values of ch’l)(r) depend on order parameters pg =
00 J4G, Where ug = e~ 9"/% and « is a localization parameter
[see Eq. (3.13)] and on magnitude of G. In Figs. 5 and 6 we plot
and compare values of c,(G’l)(r) for bee and fcc crystals at the
melting point for potential n = 6, y; = 2.32, apc = 18, and
agee = 32 (see Table I). The values given in these figures are
for the first and second sets of RLVs. As expected, the values
are far from negligible and differ considerably for the two
structures. The value is found to decrease rapidly as the value

60 4
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a0l J S0 At d2 3 1
o 20 \ 1 Sea2l A
10~ \ — r Vo B
oF AN 1 4 Vo 7]
A A B [ \ A
1~ 2 3 h
-10 2 6 -
| | |
o [ —Ae———] OSSN T \ \
AN > B y 1/ 2 3 3
050\ M 2 34 b \J ]
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=~ 1k | _| — \ !
. Vo 1 S04k -
- = — <) 1
S5 1.5 k \\ / ] goc o L “\ i 4
— — 0.6 — ! -
2 \ / . i ‘\ / | ]
25 - — ! --- fee
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FIG. 6. Comparison of values of CI(G’ 1)(r) as a function of r fora G
vector of second set of fcc (dashed curve) and bec (full curve) lattices
forn =6, y, = 2.32, o = 32, and ape. = 18. Other notations are
same as in Fig. 5.
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FIG. 7. Comparison of values of cf)G’l)(r) as a function of r for a

G vector of the first six sets of fcc and bece lattices. The distance r is
in unit of @y = (ﬁ)'“.

of [ is increased; the maximum contribution comes from/ = 0.
We also find, as shown in Fig. 7, the value of CI(G‘ 1)(r) decreases
rapidly as the magnitude of G vector increases; the maximum
contribution comes from the first two sets of RLVs. The other
point to be noted is that, at a given point r, values of cl(G’l)(r)
are positive for some G vectors while for others the values are
negative, leading to mutual cancellation in a quantity where
summation over G is involved.

2. Evaluation of second term of Eq. (2.29)

The contribution arising from the second term of Eq. (2.29)
is the sum of three diagrams in which the last two contributions
are equal. Thus,

(2.35)

4

*

a2
1

If wewrite 7/ =74y —Fand 7y = 7" + 7. — %7 and use other
notations defined above, the first diagram can be written as

b2 =
= "2V L)

1 e
_ (G1+Gr).(re—5r)
= 2s(r) E E PG PG TP

G[ Gz
X / di't(r (7 —F)e'd

x [ dsesi - 7e L 236

This is solved to give

PEVGLR) = Y TN TN e i (Y (G (),
G Im U'm'
(2.37)

022112-7



ATUL S. BHARADWAJ, SWARN L. SINGH, AND YASHWANT SINGH

PHYSICAL REVIEW E 88, 022112 (2013)

TABLE 1. Freezing parameters y;, Ay and the contributions of ideal symmetry-conserving and symmetry-broken parts arising from first

and second terms of Eq. (2.29) to AW /N at the transition point.

n Lattice W Ay AW,y/N AW,/N AW,V /N AW /N

4 bee 5.57 0.007 2.86 —2.09 —0.94 0.17
fiee 5.60 0.008 3.52 —2.64 ~1.03 0.15

6 bee 2.30 0.011 2.56 -1.99 —0.58 0.01
fiee 2.32 0.012 3.48 -2.75 —0.72 0.002

6.5 bee 2.04 0.014 2.38 —1.89 —0.50 0.001
fice 2.03 0.013 3.34 —2.69 —0.66 0.001

7 bee 1.86 0.015 229 —1.85 —0.44 0.000
fec 1.84 0.014 3.39 -2.76 —0.63 0.000

12 fice 1.17 0.034 3.71 -3.14 —0.57 0.000

o0 fice 0.937 0.106 4.44 —4.10 —0.34 0.000

where This is solved to give

(G,2,1) n'nl
1) = 2961 Px 2D M COM KD (020G, 1) = 2T SN i i GV,

Lymy lymy

. 1 * 5 * %
X Jr <§G}’> Yllml(Gl)lemz(K)' (2.38)

Herel?:é—éh

All’l| 15

mm'mymy

_ AR SRN (211+1)(212+1)(21'+1)]1/2
= 102D [ @+

l3m3
X Cg(ll9l29l3; 09070)Cg(l/7l37l; 01070)

x Co(ly,br,l3;my,ma,m3)Co(I',13,1;m" ,;m3,m), (2.39)

My, (G) = / 2 (G / kK0 (k) o, (kr) o k),
(2.40)

and

MIZ(V,K) — / " //2] (Kr//)s(r//)

x / dkk®s(k) ji, (kr)ji, (kr").  (2.41)

The crystal symmetry dictates that all /; are even and for a
cubic crystal all m; are 0 and +4.
From the second diagram of Eq. (2.35) we get

w

= PP = 1) Z ZPG,PGZ

G, Gy

q----ee
\ |
N
v |
hY |
N
\
L
~

Xei(é]—&-az).(;p—%;)/d?/s(r/)tﬂ?/_;’|)ei(—;|.71

x / dF'ss(F = F e 42)

Im UI'm'
(2.43)
where

G,2,2
Cm ()

= Z PG, PK Z Z Z Aiirl,;’lzﬁmzm3Nll,lzJ3(r’G’Gl)

l]m] lzmz l;m;

. 1 * 5 * 2
X Jr <§Gr> Yllml(Gl)lemz(K)’ (244)

All/lllﬂ}

mm'mymoms

_ iy 1y [all + D@k + D + 1)} 2

Q1 +1)
x Cy(ly,l,13;0,0,0)C, (' 13,15 0,0,0)

x Co(ly, o, l3;my,ma,m3)Co(l'13,1;m' ;m3,m),  (2.45)

Ny, 1,1,(r,G,GY)
= t(r)/dr/ ’2s(r’)j1](Glr’)Blz(r’,K)Ah(r,r’), (2.46)
An(rr) = / Akk2 (k) o, (k) i (k). (2.47)

and

" 12

" i, (Kr")s(r”)

BZZ(I‘/,K) = f

x / dki*s(k) ji, (kr') ji,(kr").  (2.48)

The total contribution arising from the second term of
Eq. (2.29) is

b, . G,2,1 G,2,2
( )(}"1 1’2) = Z elG " Z Z cl(ml’m )(r) + cl(ml’m’)(r)]
Im I'm

X Yin ()Y, (G), (2.49)
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FIG. 8. Comparison of values of szw ,(r) as a function of r for a
G vector of the first set of fcc and bec lattices forn = 6 at y, = 2.32,
e = 32, and ape. = 18. The distance r is in unit of ay = (43 )3,
There are two sets of values for the bce lattice, one for G vectors
lying in x-y plane and the other for the rest of the G vectors of the
first set. There is only one set of values for the fcc lattice.

where [,I’ are even and m = 0, &+ 4 for cubic lattices. In
Figs. 8 and 9 we plot values of

(G,2,2)(r)

Chmim () = cli () + iy (2.50)

as a function of r for bcc and fcc structures for n = 6,
ys = 2.32, apee = 18, and agc = 32. The values given in these
figures are for the first two sets of RLVs for / =" = 0 and 2
and m = m’ = 0. These are the terms which mostly contribute
to Clml’ ), (r); the contributions from terms [ # I and m # m’

are approximately an order of magnitude smaller. For a bce
lattice we find two sets of values, one for G vectors lying in
the x-y plane and the other for the rest of the vectors. Since
all vectors of the first set of RLVs of a fcc lattice are from the
x-y plane we get only one set of values. For the second set of
RLVs of a fec lattice, two sets of values are found but they are

20— | —

(r)
20(t)

(G,2)
0000
(62)
€020

o
T

=S30 4

A0/ = Sy
/ — bee (G in xy-plane)
/ --- bee (G off xy-plane)
250 — --- fec (G off xy-plane)
fee (G in xy-plane) 2k

-60 -

FIG. 9. Comparison of the values of sz 1/,;1/(7) as a function of r
for a G vector of the second set of fcc and bece lattices. Other notations
are same as in Fig. 8, except that there is now two sets of values shown
by dashed and dotted curves for fcc lattice (see text).
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close, unlike in the case of the bcc lattice where the two sets of
values differ not only in magnitude but also in sign. The values
differ considerably for the two cubic structures. The value of
c}fj@,(r) decreases rapidly for both bce and fce structures as
the magnitude of G vectors increases, as was found in the case
of ch l)(r) Furthermore, the values of clml, (r) at a given
value of r is positive for some G vector and negative for
others.

In order to compare the magnitude of contributions made
by the first and second terms of Eq. (2.29), we calculate
&G (k, 0y, ) and 6D (k, 0y, dr), defined as

&Kt =) f dr ("D (e Vi ()Y, (G)
Im

=47 p Z ) Y ()Y (G)
Im

o0
x/ dr r?
0

V) jykr) 2.51)

and

Nk bp) = 0 30T [ AR T Y (6

Im I'm’

=47 P Z Z (i)lYlm(i{\)Yle’(G)
Im UI'm’

x / S 2892 (1) jikr). (2.52)
0

In Figs. 10 and 11 we compare, using color codes
(shown on the right-hand side of each figure), the values of
these functions arising from the first and second terms of
Eq. (2.29) for both fcc and bec structures for n = 6, y, =
2.32, af. = 32, and ape = 18. The values given in Fig. 10
are for a fec lattice for a G vector of first and a vector of
second sets, i.e., Giap = 4.25, 0, = 54.7°, and ¢, = 45°
and Gaag = 4.91, 6, =0°, ¢, = 90°. The values of kag
are taken to be equal to 4.25 and 4.91 which are the magnitude
of Giap and Gjay, respectively. In Fig. 11 we compare the
values of c(@V(k,0;,¢1) and G2 (k,0;,¢r) for a bee lattice
for Giag =4.37, 0, =90°, ¢g, =45° and Grap = 6.19,
0c, = 90°, ¢g, = 0° and kayp = 4.37 and 6.19. From these
figures it is clear that the contribution made by the second term
to ¢ (#,,7,) is small compared to the first term, indicating
fast convergence of the series. As is shown below, in the
expression of the free-energy functional, c”)(7,,7,) is averaged
over density and order parameters and also there is summation
over G vectors, As a consequence, the contribution of second
term of Eq. (2.29) is found to be an order of magnitude smaller
than the first term. We show that the consideration of the
first two terms of Eq. (2.29) is enough to give an accurate
description of the freezing transitions for a wide class of
potentials.
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Gag = kag = 4.25; 0 = 54.74 , 0 = 45’
a

1

0.5

cos ¢y
o

-0.5

C
0.5
-0.5
-1
-1 -0.5 0 0.5 1

cos 6

—_

cos ¢y
o

PHYSICAL REVIEW E 88, 022112 (2013)
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FIG. 10. (Color online) Comparison of values (shown using color codes given on right-hand side of each figure) of ¢©-V(k,6;,¢;) [(a) and (b)]
and ‘%2 (k,0,,¢1) [(c) and (d)] as a function of costy (plotted on x axis) and cos¢y (plotted on y axis) for Gay = kay = 4.25, 6, = 54.7°,
¢, = 45° [(a) and (c)] and Grap = kag = 4.91, O, = 0°, g, = 90° [(b) and (d)] for a fcc lattice for n = 6, y; = 2.32, agec = 32.

III. FREE-ENERGY FUNCTIONAL
AND FLUID-SOLID TRANSITION

The reduced free-energy functional A[p] of a symmetry-
broken phase can be written as [13,14,17]

Alp] = Awlpl + AQ[p] + AD[p], 3.1
where

Aiglp] = / drp(Mlin(p(F)A) — 1], (3.2)
AQ[p]

= Aa(on) + BGu ~ i) [ 7o)~ )
Vo ] .
=3 [ @i [ oG - ot — o0E 7 o,

(3.3)

and

1 - o - () =

Aol = =5 [y [drapE) - o) = poic G o

34

Here A is the cube of the thermal wavelength associated
with a molecule, 8 = (kp T)~!, where kg is the Boltzmann
constant and 7 is the temperature, Ag?()(pl) is the excess
reduced free energy of the coexisting isotropic fluid of density
o1 and the chemical potential u, and py = p; (1 + Ap*) is the

average density of the solid,

(1))

1 1
= 2/ dm/ dN cO(1Fy — Fils pr 4+ 2\ (po — p1))
0 0
(3.5)
and

UG

1 1 1 !
=4/ dAA/ dk// déf/ dg'cP (7, Fas AN po,EE pG).

0 0 0 0
(3.6)

As the density difference between the solid and the coexist-
ing fluid at the freezing point is very small, ¢V(|F, — 711, po)
can, as shown below, be replaced by cO(r, p)). This reduces
Eq. (3.3) to the one that appears in the RY functional.

The expression for the symmetry-conserving part of the
reduced excess free energy Ag?()[p] given by Eq. (3.3) is found
by performing double functional integration of [13,17]

2 4(0)
Y Aclel _ _ogr, — 7).

— = Ss. = 3.7
Sp(r1) 8p(r2) G

This integration is carried out in the density space, taking
the coexisting uniform fluid of density p; and the chemical
potential u as a reference. The expression for the symmetry-
broken part A%)[p] given by Eq. (3.4) is found by performing
double functional integration of [13,17]

82 AL o] .
2= o = V()

dp(r1) p(r2) G:8)
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FIG. 11. (Color online) Comparison of values (given in a color code) of ¢‘®V(k,0,¢;) [(a) and (b)] and c©?(k,6;,¢;) [(c) and (d)] as a
function of coséy and cos¢y for G ay = kay = 4.37, 0, = 90°, ¢, = 45° [(a) and (c)] and Grap = kay = 6.19, 6, = 90°, ¢, = 0° [(b) and
(d)] for a bec lattice for n = 6, y, = 2.32, apee = 18. Other notation are same as in Fig. 10.

in the density space corresponding to the symmetry-broken
phase. The path of integration in this space is characterized
by two parameters, A and &. These parameters vary from O to
1. The parameter A raises the density from zero to the final
value pg as it varies from O to 1, whereas parameter & raises
the order parameter from O to its final value pg. The result is
independent of the order of integration.
Inlocating the transition the grand thermodynamic potential
defined as
—W:A—,B,ufd?,o(?) (3.9
is generally used as it ensures that the pressure and chemical
potential of both phases remain equal at the transition. The
transition point is determined by the condition AW = W, —
W = 0, where W, is the grand thermodynamic potential of the
coexisting fluid. The expression of AW is found to be [13,14]

M) —(p(F) — ,01)]

AW = /d? [p(?)ln (
pi

1 N N N = _ o o
-2 f dF, / T2 (p(F1) — or)p(Fs) — PO [Ty — o))

1 N N N N () o -
-3 / dF, / dFs(p(F) = po) () — poe® (1 7).
(3.10)

Minimization of AW with respect to p(¥) subject to the
perfect crystal constraint leads to

| p(F1)
n
1%

=¢+ / dia[p(Fa) — p1EQ(|F2 — Fi1)

/ dRalp() — ple i), Gl

where
1
eV = i) = / el = Fils o+ Aeo — p1)]

0

and
1 1

O Fy) = / dx / 45D (1,7 hp0,EpG))

0 0

The value of the Lagrange multiplier ¢ in Eq. (3.11) is
found from the condition

/ G

where V is volume of the system.

It may be noted that, in principle, one needs only values of
symmetry-conserved and symmetry-broken parts of the DPCF
to determine p(7) that minimizes the grand potential W. In
practice, however, it is found convenient to do minimization
with respect to an assumed form of p(7). The ideal part is
calculated using a form of p(¥) which is a superposition of
normalized Gaussians centered around the lattice sites,

_ a\3? I
p(F) = (;) ;exp[—av — R,

where « is the variational parameter that characterizes the
width of the Gaussian and the square root of « is inversely
proportional to the width of a peak. It thus measures the
nonuniformity; o = 0 corresponds to the limit of a uniform
fluid and an increasing value of « corresponds to increasing
localization of particles on their respective lattice sites defined
by vectors R;. For the interaction part it is convenient to use the

(3.12)

(3.13)
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expression of p(7) given by Eq. (2.3). The Fourier transform
of Eq. (3.13) leads to pg = poug, where g = eG4,

A. Evaluation of ¢”(r) and ¢?(7,,72)

The values of ¢?(r) for a given fluid density p; and the
average crystal density pg are found from the known values
of ¢O(r,p), where p varies from p; to py by performing
integrations in Eq. (3.5) which can be rewritten as

1 1
0%, po) =2 / dan f dN O pi(1 + AN Ap*)),
0 0
(3.14)

where Ap* = (po — p1)/ 1. The integrations have been done
numerically using a very fine grid for variables A and A’
As the system in the density range of p; to p;(1 + Ap™*) is
inhomogeneous due to nucleation, the density that appears in
Eq. (3.14) corresponds to the averaged density. Since at the
freezing point p;Ap* < 1, one can use Taylor expansion to
solve Eq. (3.14), leading to

L3¢, o)

2 %2
E + O(p; Ap™).

_ 1
O, p0) = ¢O(r, o) + P8P
(3.15)

The contribution arising from the second term in the
free energy is found to be negligibly small, suggesting the
replacement of ¢V(r, po) by ¢O(r, p)).

Since the order parameters that appear in ¢?)(7|,7,) are lin-
ear in ¢®V(7|,7,) and quadratic in ¢®?(#,7,), the integration
over & variables in Eq. (3.4) can be performed analytically,
leading to

P, 1)

= Ze""”f[ZEEG'”<r>Y;;<Gmm<f>
G

Im

Im U

+ZZﬁ%%HﬁPMm@mm}

(3.16)
where
q i = pG »> A1(11,12,1>112( Gr) B, (r,G),
N I
(3.17)
— ] 1
;glz,])(r) ZIOGI'OKZZ irlulr;’li]mzjl<§Gr>
Ilml lzmz
X Ql]lz(r G Gl) Zlml(Gl) lzmz(K)’ (318)
1
_(G22 14} l I3 .
80 = e X i (36)
Limy lymy lzmy
X Nty (.G, G DY, (GDY] (K, (3.19)
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with

1 1
B, (r,G)=2 / dr / d) By, (r,G; A\ p),  (3.20)
0 0

1 1
01,,r,G,Gy) = 2f d”\/ dx Qu1,(r,G,G 1514 p),
0 0

(3.21)

O, r,G,G1;0) = My, (r,Gy; p) My, (r,K 5 p),

and

1 1
Ny, (r,G,Gy) = 2/ de d) Ny, (r,G,G 15 AL p).
0 0
(3.22)

The quantities By, (r,G), M, (r,G1), M, (r,K), and
Ny i, (r,G,Gy) are defined by Egs. (2.34), (2.40), (2.41), and
(2.46), respectively. The integrations over A and A" have been
performed numerically by varying them from O to 1 on a fine
grid and evaluating the functions B;,, Qy,1,, and N;,;,;, on these
densities. Since these functions vary smoothly with density
and their values have been evaluated at closely spaced values
of density, the result found for E(b)(71,72) is expected to be
accurate.

B. Evaluation of AW

Substituting expression of p(r) given by Egs. (2.3) and
(3.14) and of V() and ' (7,,7») given above in Eq. (3.10)
we find

AW AWy AWy | AW, AW} 3.23)
N N N N N ’
where
AWy 3
=1-0+Ay)| = —+— Inp; — —ln , (3.24)
N Tl’

AW, I ~o

= 120 - Ly apy 72%G
n > O = (1 +Ay)* ) Incl’e (G),
G0
(3.25)
AW,
N
1 2 / / A( 1 -
= _Ep’(] + Ay) Z Z HGy—G—G,C (G + 2G>
G G,
(3.26)
AW
N

1 el =62 (~ , 1~
= —5,01(1 + Ay) Z Z MGy -G—G,C G+ §G ’

G G
(3.27)

where Ay = (ys; — y1) /v;; the subscripts s and / stand for solid
and fluid, respectively. Here AW;q, AW, AW,EI), and AWZ(JZ)
are, respectively, the ideal, the symmetry-conserving, and the
symmetry-broken contributions from the first and second terms
of series (2.29) to AW. The prime on summation in Egs, (3.26)
and (3.27) indicates the condition G # 0, G| # 0, G, # 0,
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G+G, #0,and G + G, # 0 and

%G = / dFeO(r,y)e' o7,

. 1a
79 (62416 = .
2
=62 ( A 1~
c <G2+§G>

- 1=
200 (6,4 16) -

“G“)<G + G)
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(3.28)
3MG;;A1(11,12,1)Y1,,,(G) / dr ji, (;Gr> B, (. G)e' G007y, () (3.29)
L b
_ 262 <G2+ G) 43622 <G2+ G)
2 2
Zm,m Y Al VGV (GDYE (R
Im U'm' lymy lymy
x / dr ji, <§Gr) 0,,(nG.G e 107y, (7). (3.30)
Zuw DD DD Mt Y GOV, (G DY, (K)
Im U'm' lymy lymy lzms
X / dr ji, <§Gr) Niin (n,G.G e C 107y, (7). (3.31)

Aw," N/ .
The terms AW" N” , and —*— are, respectively, second,

third, and fourth orders in order parameters.

IV. RESULTS FOR FLUID-TO-CRYSTAL TRANSITION

We use the above expression of AW/N to locate the
fluid-fcc crystal and the fluid-bec crystal transitions by varying
v1, Ay, and «. For a given y; and Ay, AW/N is minimized
with respect to or; next Ay is varied until the lowest value of
AW /N atits minimum is found. If this lowest value of AW /N
at its minimum is not zero, then y; is varied until AW /N = 0.
The values of the transition parameters, y;, Ay, and «, for
a given lattice structure can also be found from simultane-
ous solution of equations (AW) (AW) =0, and
AW/N = 0.

In Table I we compare the values of different terms of
AW /N [see Eq. (3.23)] at the freezing point for potentials with
n =4,6,6.5,7,12, and oco. The values corresponding to hard
spheres are taken from Ref. [14]. The contribution made by the
symmetry-broken part to the grand thermodynamic potential
at the freezing point is substantial and its importance increases
with the softness of the potential. For example, while for
n = oo the contribution of the symmetry-broken part is about
8% of the contribution made by the symmetry-conserved part,
it increases to 45% for n = 4. As this contribution is negative,
it stabilizes the solid phase. Without it the theory strongly
overestimates the stability of the fluid phase, especially for
softer potentials. This explains why the Ramakrishanan-
Yussouff theory gives good results for hard-core potentials
but fails for potentials that have a soft-core and/or attractive
tail.

The other point to be noted from these results is about
the convergence of the series (2.29) which has been used
to calculate ¢)(71,7»). The contribution made by the second

6(Ay) ’ )

term of the series to the grand thermodynamic potential at
the freezing point is found to be negligible compared to
that of the first term for n > 6 and for n < 6, though the
contribution is small but not neghglble. For example, while
for n = 6 this contribution is about 2% of the first term,
for n = 4 this increases to 18%. From these results one can
conclude that the first two terms of the series of Eq. (2.29) are
enough to describe the freezing transition for a wide class of
potentials.

In Table II, we compare results of freezing parameters y;,
¥s, Ay, the Lindemann parameter L,, and Po” where P is
the pressure at the transition point, of the present calculation
with those found from computer simulations [21-28] and with
the results found by others [12,29-31] using approximate
free-energy functionals. The Lindemann parameter is defined
as the ratio of the mean-field displacement of a particle
to the nearest-neighbor distance in the crystal. For the fcc
crystal with the Gaussian density profile of Eq. (3.13) it is

given as
3 \!/2
()"
Qg

1/3

“.1)

is the fcc lattice constant. For the bce

n — 2 ’
e X

1/3

where ag.. = (4/p0)
crystal,

4.2)

where an.. = (2/p0)"/° is the bec lattice constant. In Fig. 12
we plot y; vs 1/n at the transition found from simulations and
from the present calculations.

One may note that simulation results have spread (see
Table II) and do not agree within each others uncertainties.
This may be due to the application of different theoretical
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TABLE II. Comparison of the parameters y;, y;, and Ay, the Lindemann parameter L, and the pressure P at the coexistence found from
different free-energy functional and computer simulations. MWDA denotes the modified weighted density approximation, RY DFT denotes
the Ramakrishnan-Yussouff density-functional theory, MHNC denotes the modified hypernetted-chain closure relation, and MSMC denotes

the Mayer sampling Monte Carlo.

n Lattice Theory/simulation Vi Vs Ay L %‘3
00 fcc Present result 0.937 1.036 0.106 0.09 11.46
MWDA -static reference [12] 0.863 0.964 0.115 0.13
MWDA [12] 0.906 1.044 0.116 0.10
RY DFT [29,30] 0.980 1.146 0.174 0.06
Simulation [22] 0.939 1.037 0.104 ~0.13
Simulation [23] 0.942 1.041 0.105
MC simulation [25] 0.94 1.041 0.107 0.12 11.70
MC simulation [26] 0.939 1.037 0.104 11.57
12 fce Present result 1.17 1.21 0.034 0.11 23.67
MWDA -static reference [12] 1.12 1.16 0.037 0.14
MWDA/MHNC [31] 1.19 1.25 0.046 0.10
RY DFT [29] 1.28 1.37 0.07 0.07
MC simulation® [25] 1.17 1.22 0.042 0.14 23.64
MSMC technique [27] 1.16 1.20 0.037 23.24
MC simulation [26] 1.16 1.21 0.037 23.41
7 fce Present result 1.84 1.87 0.014 0.12 64.97
MC simulation® [25] 1.85 1.88 0.017 0.15 64.98
MC simulation [26] 1.84 1.87 0.016 64.22
bce Present result 1.86 1.89 0.015 0.18 67.12
MC Simulation [26] 1.83 1.86 0.015 63.88
6.5 fce Present result 2.03 2.06 0.013 0.12 80.11
MC simulation® [25] 2.04 2.07 0.014 0.15 80.40
bee Present result 2.04 2.07 0.014 0.17 78.98
MC simulation® [28,32] 2.03 2.05 0.010 0.18 78.40
6 fce Present result 2.32 2.35 0.012 0.12 103.7
MWDA -static reference [12] 2.33 2.35 0.007 0.17
MWDA/MHNC [31] 2.67 2.72 0.02 0.07
RY DFT [29] 343 3.52 0.026 0.07
MC simulation® [25] 2.34 2.37 0.012 0.15 104.5
MC simulation [26] 2.32 2.35 0.012 103.0
bcc Present result 2.30 2.33 0.011 0.16 101.22
MC simulation® [25] 2.32 2.35 0.011 0.17 103.6
MSMC technique [27] 2.30 2.32 0.011 100.1
MC simulation [26] 2.30 2.33 0.012 100.0
MC simulation® [28,32] 2.29 2.31 0.009 0.18 99.34
4 fce Present result 5.60 5.63 0.008 0.12 565.6
MWDA -static reference [12] 5.22 5.26 0.008 0.13
MWDA/MHNC [31] 8.18 8.24 0.007 0.07
RY DFT [29] 12.3 12.47 0.014 0.07
MC simulation [25] 5.68 5.71 0.005 0.17 637.0
bce Present result 5.57 5.61 0.007 0.16 561.2
MWDA -static reference [12] 5.05 5.09 0.008 0.18
MC simulation [25] 5.73 5.75 0.004 0.18 648.0

“Indicates values obtained from interpolation of the tabulated values.

methods used in locating the transition and system sizes in the
calculations. The other sources of errors include the existence
of an interface, truncation of the potential, free-energy bias,
and so on. Agrawal and Kofke [25], who have reported results
for 0 < 1/n < 0.33, have considered a system of 500 particles
only. Since they have not used finite-size corrections, their
results for softer potentials (say n < 6) may not be accurate.
For example, they reported that for 1/n > 0.16 fluid freezes
into a bec structure but for 1/n = 0.25 they found that the y;
for the fluid-bcce transition is higher than that of the fluid-fcc

transition. The recent calculations where large systems have
been considered [26-28] results are available for n > 5 (or
1/n < 0.2). From these results it is found that fluid freezes
into fcc crystal for n > 7 and for n < 7 the bec structure is
preferred; the fluid-bcce-fec triple point is estimated to be close
to 1/n ~ 0.15.

From Table II and Fig. 12 we find that our results are in very
good agreement with simulation results for all cases. We find
that for n > 6.5 the fluid freezes into a fcc structure while for
n < 6 it freezes into a bece structure. The fluid-bee-fec triple
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FIG. 12. Comparison of equilibrium phase diagram of % \OY
found from simulation results and from our theory. In inset the fluid-
fce and fluid-bec transition lines are plated at a magnified scale and
the fluid-bee-fee triple point is found at ﬁ =0.158.

point is found at % = 0.158 (see the inset in Fig. 12). The value
of Lindemann parameter found by us is, however, somewhat
lower than those found by Agrawal and Kofke [25] and Saija
et al. [32]. The energy difference between the two cubic
structures at the transition is found to be small in agreement
with the simulation results [28].

V. SUMMARY AND PERSPECTIVES

We used a free-energy functional for a crystal proposed
by Singh and Singh [13] to investigate the crystallization
of fluids interacting via power-law potentials. This free-
energy functional was found by performing double functional
integration in the density space of a relation that relates the
second functional derivative of A[p] with respect to p(¥) to
the DPCF of the crystal. The expression found for A[p] is
exact and contains both the symmetry-conserved part of the
DPCF, ¢©(r,p), and the symmetry-broken part, c?)(7,7>).
The symmetry-conserved part corresponds to the isotropy and
homogeneity of the phase and passes smoothly to the frozen
phase at the freezing point, whereas the symmetry-broken
part arises due to heterogeneity which sets in at the freezing
point and vanishes in the fluid phase. The values of ¢@(r)
and its derivatives with respect to density p as a function
of interparticle separation r have been determined using an
integral equation theory comprising the OZ equation and the
closer relation of Roger and Young [20]. From the results of
30y 92¢O(r)

ap ap>

correlation functions of the isotropic phase. These results have
been used in a series written in ascending powers of the order
parameters to calculate c¢®)(#,7,). The contributions made by
the first and second terms of the series have been calculated
for bee and fec crystals. The contribution made by the second
term is found to be considerably smaller than the first term,
indicating that the first two terms are enough to give accurate
values for ¢ (¥|,7»). The values of '@ (F) for bee and fec
structures are found to differ considerably.

and , we calculated the three- and four-body direct

PHYSICAL REVIEW E 88, 022112 (2013)

The contribution of the symmetry-broken part of DPCF
to the free energy is found to depend on the nature of
pair potentials; the contribution increases with softness of
potentials. In the case of power-law potentials we found that
the contribution to the grand thermodynamic potential at the
freezing point arising from the second term of the series
(2.29) which involves four-body direct correlation function is
negligible forn > 6 and small but not negligible forn < 6. For
n = 4 the contribution made by the second term is about 18%
of the first term. The contribution made by the second term is
positive, whereas the contribution of the first term is negative.
As the net contribution made by the symmetry-broken term
is negative, it stabilizes the solid phase. Without the inclusion
of this term the theory strongly overestimates the stability of
the fluid phase, especially for softer potentials. Our results
reported in this paper and elsewhere [14,17] explain why the
Ramakrishanan-Yussouff theory gives good results for hard-
core potentials but fails for potentials that have a soft-core/or
attractive tail.

The agreement between theory and simulation values of
freezing parameters found for potentials with n varying from
4 to oo indicates that the free-energy functional used here
with values of ¢ (7,,7») calculated from the first two terms
of the series (2.29) provides an accurate theory for freezing
transitions for a wide class of potentials. Since this free-energy
functional takes into account the spontaneous symmetry
breaking, it can be used to study various phenomena of ordered
phases near their melting points.

ACKNOWLEDGMENT

A.S.B. thanks the University Grants Commission

(New Delhi, India) for the research grant.

APPENDIX

In this Appendix we calculate cgo)(?l,?z,%) and
cio)(71,72,73,74). Using the notation r = |F, — 7|, ¥’ = |F3 —
71|, and |7 —F| = |F3 — 2| we write cgo)(?lfz,%) as [see
Eq. (2.23)]

G T = 1 (P =) (A1)

The function #(|7' —7|) can be expanded in spherical
harmonics,

= N 2 , ANYE D
(P =)= = 3 A P, (A2)
Im

where

Aryr’) = /0 dq q*t(q)ji(qr)ji(qr)). (A3)

Here jj(x) is the spherical Bessel function and Y, () the
spherical harmonics.
From Eqgs. (A1) and (A2) we get

(A4)

) o
WEF) = = 3 DU Wi DY (),
Im

where

Di(r,r") = Ai(r,r )t (r)e(r).
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(9,9)

(3)

C

cos 0

FIG. 13. Values of 6§0>(q,q,q) as a function of cosf (geometry
is shown schematically in the figure) for qap = g,ap = 4.3 and
for potentials n = 12, = 1.17 (dashed curve) and n = 6,y; = 2.30
(full curve).

The Fourier transform of Eq. (A4), defined as

)(quqz)_p /dr /dr e—tqlr —igy.F (0)(—> ’—;/)

gives

&G1.G2) = 32w Y (1) Di(q1.q)Yim(§)Y(G2).  (AS)

Im

where

Di(q1,92) = p* f drr? [ dr' r” ji(qir) jiqar Y Dy (r,r).
(A6)

The value of égo)((}l,(}g) is plotted in Fig. 13 for g¢; = g, =
gmax for various angles 6 such that 0 < |g; + ¢2| < 2Gmax»
where 6 is the angle between ¢; and g, as shown in the figure.
The values plotted in this figure correspond to gay = 4.3 and
forn = 6, y; = 2.30 (full line) and n = 12, y; = 1.17 (dashed
line). In Fig. 14 we plot values of 6;0)@] ,g>) for an equilateral
triangle with various side lengths. The values forn = 12,y; =
1.17 are in good agreement with the values given in Ref. [6]
(see Figs. 3 and 4 of Ref. [6]).

For cflo)(?l ,2,73,74) the contribution arises from three dia-
grams shown in Eq. (2.28). Using the notation |74 — 7{| = 1",
|F4 — Fa| = |F" = F|, |[Fa — 3] = |F” — F’| and other notations
defined above we get

3 4 3 3 4

%\ @****; i””Q
) = @/} PT R CY)

77777 o &L b

1 2 2

1 2

Each diagram of Eq. (A7) has two circles connected by three
bonds, two s bonds (dashed line) and one ¢ bond (full line),
where one of the remaining circles is connected by two ¢ bonds
and the other by two s bonds. By permuting circles one can
convert one diagram into another. The values of c4 (ﬁ ¥
depend on three vectors, 7, ¥/, and 7.
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¢ (q,9)

3)

bt

FIG. 14. Values of 6;0)(q,q,q) vs qgay (equilateral triangles). The
dashed curve represents the values for n = 12,y, = 1.17 and full
curve for n = 6,y; = 2.30. Inset shows values for gay > 4.0 on
magnified scale.

We calculate éio)(EI 1,42,q3) defined as

A0), > - o > >
&(G1,G2.3) = p° /dr /dr/
/dr// e—lq] re—zqzr e—l(]z) (0)(" = —’//)’

(A8)
Using Eq. (A7) and writing each diagram in terms of ¢ and
s bonds we get
&G 35)
108 ) —
= ? Z Z Z(_l)(ll+lz+l3)Allllzl32 » Mlllzl3 (611 16121613)

Limy Lbhmy lzms
X [Yljm3(q’\l)yllm1(CIAZ)lemz(qAS)
+ Y11m1 (qu)Y[:m; (42)lem2(43)

+ (= D" Yo, @)Y/, (@2)Yimy (d3)] (A9)
where
— QL+ 1)2hL +1)7'?
AT = —— =7 C,(,l,,015;0,0,0
Lills |: 47T(2l3+1) ] g(l 2,L3 )

x Cy(ly,l2,l3;my,my,m3) (A10)

and

M1,1,(q1,92,93)

=p’ / dr r’s(r) / dr' r?1(r') / dr" r"s(r")
0

X Ji,(q1r) ji (qar") ji, (q3r Ay, (r, 7 E (rr”). (A1)
Ay, (r,r") is defined by Eq. (A3). E;,(r,r") is given as
o0
E(r,r") 2/ dq q*s(q)ji(gr) ji(gr”). (Al12)
0

The values of & (q1,42,G3) depend on magnitudes and
directions of vectors gi, g2, and g3. In Figs. 15 and 16 we
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FIG. 15. (Color online) Values of 630) (91,G2,93) (shown using a color code shown on the right-hand side of each figure) as a function of ¢,,
and ¢, for g1 = ¢» = Gmax With gmaxao = 4.3,0,, = 0°, ¢, = 0°: (a) 6,, = 45°,0,, = 45°,(b) 6,, = 45°, 0,, = 90°, (¢c) O, = 90°, 6,, = 45°,
and (d) 6,, = 90°, 6, = 90°.

use color codes (shown at the right-hand side of each figure) values plotted in Fig. 16 correspond to 8,, = 90° and ¢, = 0°.

to plot values of 6‘(‘0)(51 .q42,G3) for g1 = ¢ = ¢3 = gmax as @ These figures show how the values of égo)(§1,§2,§3) depend on
function of ¢,, and ¢,, for different choices of 6,, and 6,,.  orientations of vectors ¢, g», and g3. Emergence of ordering
The values of gmaxao is taken to be equal to 4.3 as in Fig. 13. in maxima and minima depending on orientations of these
While the values plotted in Fig. 15 correspond to §,, = 0°, the vectors is evident.
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FIG. 16. (Color online) Same as described in the in caption to Fig. 15 except for §,, = 90° and ¢,, = 0°.
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