
PHYSICAL REVIEW E 87, 062315 (2013)

Formation of large micellar aggregates before equilibrium in diluted solutions
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We study the formation of premicelles for different values of the concentration of amphiphile molecules in
water. Our model consists of a square lattice with water molecules occupying one cell of the lattice while the
amphiphilic molecules, represented by chains of five interconnected sites, occupy five cells of the lattice. We
perform Monte Carlo simulations in the NVT ensemble, for a fixed temperature and different concentration of
amphiphiles, ranging from below to above the critical micelle concentration. We start our simulations from a
monomeric state and follow in time all the aggregates sizes until the equilibrium state is reached. We pay particular
attention to two aggregate sizes, one related to the minimum and the other to the maximum of the aggregate-size
distribution curve obtained at equilibrium. We show that these aggregates evolve in time exhibiting a maximum
concentration well before the equilibrium state, revealing the formation of premicelles. The times to reach these
maximum concentrations decrease exponentially with the total concentration of the system.
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I. INTRODUCTION

A very old and interesting problem in the physics of com-
plex systems is the self-assembly of amphiphilic molecules in
aqueous solution. These molecules are chemical compounds
formed by hydrophilic and hydrophobic parts that are strongly
coupled to each other. While the hydrophilic head group likes
to be in contact with the water molecules, the hydrophobic
carbonic tail avoids a direct contact with water [1,2]. Depend-
ing on the concentration and temperature, when dispersed in
water, they self-assemble into aggregates of different sizes and
shapes like micelles, vesicles, and bilayers [3–5]. The spectrum
of application of these special molecules is very wide, ranging
from industry [6], medicine [7], engineering, environmental
science, and technology [8–10].

An important parameter regarding the aqueous solutions
of amphiphiles is the so-called critical micelle concentration
(CMC). Above this concentration, the amphiphiles form aggre-
gates of different sizes and forms. For most amphiphiles, the
interior of the aggregates contains hydrophobic hydrocarbon
chains, while the hydrophilic head segments remain at the
surface in direct contact with the water [4]. Wennerstrom and
Lindman [11] defined the formation of micelles, observing
the behavior of the aggregate-size distribution curve. When
the concentration of isolated amphiphiles becomes constant
with increasing values of the total concentration of solution,
and the aggregate-size distribution curve presents a minimum
and a maximum, we are in a micellized state. Otherwise,
below the CMC, the curve of the aggregation number is a
monotonic decreasing function of the aggregate size, and
we have a nonmicellar state. For a fixed total concentration
of amphiphiles, the state of the system can be changed by
temperature variations [12]. In this paper, we are considering
only nonionic amphiphiles, because in the case of ionic ones
the free monomer concentration decays with increasing total
surfactant concentration, as has been shown in theoretical
[13,14] and experimental [15] studies. For a system in the
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micellized state, we can calculate the difference � between
the concentrations at the maximum and at the minimum of the
aggregate-size distribution curve as a function of temperature.
The parameter � goes to zero at a given temperature TM , at
which the system becomes nonmicellized. Close to TM , the
parameter � decreases linearly with increasing temperature
in two dimensions [12], while it decreases quadratically in
three dimensions [16,17]. The CMC in some experimental
studies exhibits a minimum as a function of temperature
[18,19]. This nonmonotonic behavior has been confirmed by
Monte Carlo simulations performed in the grand canonical
ensemble [20,21]. In this work, we defined the CMC for a
fixed temperature, when the concentration of free amphiphiles
becomes constant as a function of the total concentration,
which represents the concentration of amphiphiles to form
micelles in solution. We also checked the value of the
parameter �, which must be different from zero in a micellized
state. There are other definitions of CMC, such as, for instance,
that employed by Cheong and Panagiotopoulos [22] based on
the point of inflection of the osmotic pressure curve versus
concentration.

It is well known that the appearance of large aggre-
gates occurs even for concentrations well below the CMC,
a phenomenon called premicellar aggregation. There are
many different experimental [23–29] studies and theoretical
predictions [30–34] related to premicellar aggregation in
diluted solutions. Using a simple two-state model, where
only monomers and aggregates of the same size are possible,
Hadgiivanova and Diamant [31] determined the metastable
states of the system for concentrations below the CMC.
They extended their results to include polydispersity [32]
and calculated the lifetime of the metastable aggregates.
Based on a free-energy formalism [33], a kinetic of surfactant
micellization is considered for concentrations above the CMC.
Three different stages are identified: formation of critical
nuclei, intermediate aggregates and equilibrium, with three
different time scales. It is a further step on the theoretical
studies performed by Aniansson and coworkers [35,36],
relative to the dynamics of micellar aggregation, where two
time scales were considered. Recently [34], properties of
premicelles were investigated for concentrations below and
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above CMC through molecular dynamics simulations. They
showed that the premicelles exhibited a great variety of shapes,
ranging from elongated chain-like cores to the more traditional
micelle-like structures.

In the present study, we consider the multisite chain model
proposed by Larson [37,38], where the amphiphilic molecules
are represented by interconnected sites on the lattice. Our
system presents a large polydispersity due to the short size
of the amphiphilic molecules, and we investigate the time
evolution of aggregates toward equilibrium for concentrations
below and above the CMC. We employ in these studies, lattice
Monte Carlo simulations, which have been extensively used
to describe the micellar systems [37–48]. A real difficulty
with Monte Carlo simulations is to relate the time intervals
with the real time. While in molecular dynamics during a
single time step we perform a local update, in Monte Carlo
simulations, few time steps can represent large changes in
the phase space of the system. In this sense, Monte Carlo
simulations are useful because during a simulation we have
the opportunity to visit the most representative states of the
system, and the time arrow points in the same direction as
the real time. We start our simulations from an initial state
where the amphiphiles are free, which corresponds to very
high temperatures, to the equilibrium state where aggregates
of different sizes are formed. Particularly, we look at the
times where the aggregates, which are the minimum (m) and
the maximum (M) in the aggregate-size distribution curve
at equilibrium, exhibit their highest values as a function of
total concentration of the solution. These typical aggregates
appear as premicellar aggregates just at the beginning of the
experiments, corresponding to times several orders away from
the equilibrium.

We have selected three regions of concentrations to observe
these features. One below the CMC, another one just above
the CMC, and yet another one far from the CMC. The most
important case happens for concentrations below CMC, where
large aggregates form at the beginning of the simulations. For
instance, the aggregates (m) that correspond to the minimum
of the aggregate-size distribution curve attain concentrations
as large as the concentration of the free amphiphiles, just
before they start to nucleate larger aggregates. The maximum
concentration of the premicellar aggregates (M) occurs 20
times later than the (m) aggregates reached their maximum
concentration. On the other hand, for concentrations close and
far from the CMC, the aggregates (m) exhibit a maximum
concentration that is larger than the concentration of the
free amphiphiles; that is, the maximum concentration of (m)
aggregates increase with the total concentration of the solution.
We have also observed that the times to attain the maximum
values of the concentration for the aggregates (m) and (M)
decrease exponentially with the total concentration. In the next
section, we describe the model and some details regarding our
Monte Carlo simulations; in Sec. III, we present our results
and discussions; and in Sec. IV, we present our conclusions.

II. MODEL AND SIMULATIONS

Our model considers a square lattice with periodic bound-
ary conditions, filled by single-site solvent molecules and
by self-avoiding chains of connected sites representing the

amphiphiles, to study the aggregation of amphiphiles in a
dilute solution. The amphiphilic molecules are represented
by five interconnected monomers, each monomer occupying
a single cell of the lattice. They are represented by the
formula H1T4, where the H denotes the hydrophilic part
of the molecule and T its hydrophobic part, which avoids
a direct contact with the solvent molecules. The remaining
cells of the lattice are filled with water molecules, each one
occupying a single cell. We consider only interactions between
particles located on nearest-neighbor cells of the lattice. Our
model is not sufficiently realistic to compare with experimental
data; only qualitative comparisons are possible, because our
hydrophobic chain is very short and our simulations are
performed in two dimensions. In this case, we have some
limitations, such as, for instance, high polydispersity, and a
not so large difference between the concentrations of the most
probable aggregate size and that of the minimum, as seen in
the case of long chains. Despite these facts, our model displays
some general trends that are observed in real surfactant
solutions, such as, for example, the formation of premicelles,
the well-defined critical micellar concentration, as well as the
aggregate-size distribution curve at equilibrium with well-
defined values of the extrema concentrations. However, we
lose some information regarding the structure and size of
aggregates when we perform simulations in two dimensions.
Although we have considered only very short molecules in our
simulations, problems can appear when we need to simulate
a system with long amphiphiles in two dimensions, because
the reptation movement can leave the system blocked in
some states, and other types of movements are necessary to
circumvent these situations. At the end of the Conclusions
section, we show how, from simulations in two dimensions, we
can get some information about the corresponding simulations
in three dimensions. Simulations in two dimensions are faster
than in three dimensions; however, they capture the essentials
of the micellization process, as we can see in our earlier
works [12,16].

We have chosen the following set of parameters for the inter-
actions between particles on nearest-neighbor cells: EHH = ε,
EHT = ε, EHS = −ε, ET S = −ET T = ε, ε > 0, where the
subscripts read S for solvent molecules, T for monomers
in the hydrophobic tail, and H for the hydrophilic heads.
We have also considered an attractive interaction between
two nearest-neighbor water molecules, that is, ESS = −ε.
We have also added an energy penalty ε to each bending
of the polymer chain. This choice favors a more straight
chain conformation and allows for the presence of larger
aggregates. As we are interested in the time evolution of
aggregates of different sizes, these figures for the energy
parameters of very short chains is compatible with a high
polydispersity in the equilibrium state. Our simulations are
carried out in the canonical (NVT) ensemble, where volume
V and temperature T are fixed, and we allow for different
values of the number of amphiphiles N ; that is, we simulate
our system for different concentrations. The linear size of
the square lattice is L = 200 and we have considered N

ranging from 90 (low concentration, 0.20 × CMC) to 1200
(high concentration, 2.22 × CMC) amphiphiles, and where
each amphiphile occupies five linked cells of the lattice. We
fix the temperature at the value T = 2.2, which is measured
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FIG. 1. (Color online) Free amphiphile concentration C1 as a
function of total concentration, expressed by the number N of
amphiphiles, for a square lattice of side L = 200, and temperature
T = 2.2, measured in units of ε/kB . The CMC occurs around
N = 450. The concentration C is related to the number of molecules
by C = N/L2.

in units of ε/kB , where kB is the Boltzmann constant. To start
our simulations, we prepare our system in such a way that
only free amphiphiles are present at the time t = 0. We get
this by choosing very large values for the parameter ε and
letting all the interactions be repulsive. After a few iterations,
only isolated amphiphiles remain in the system. After that,
we restore the original values of the interaction parameters
to start the simulations. For the Monte Carlo simulations,
we apply periodic boundary conditions and the changes in
the state of the system are made according to the Metropolis
prescription [49,50]. At each Monte Carlo step (MCs) we visit
all the amphiphiles molecules and we attempt to move each
one through the usual reptation movement, which is the basic
type of movement in the Larson lattice model. For N = 1200,
after 2 × 105 MCs the system reaches the thermal equilibrium,
which is confirmed by the time evolution of the energy and the
mean aggregate size [43]. We have seen that the usual criterion
based on the stabilization of energy is not always sufficient to
assure the thermodynamical equilibrium. It is necessary to
monitor the time evolution of all the aggregate sizes to predict
the correct equilibrium state. When we speak about time in this
paper, in reality we are always referring to Monte Carlo steps.
In our previous works [43,51], the time to attain the equilibrium
state is four times longer than that required for the total energy
to become constant. Then, the total number of steps we use
in the present work, 3 × 105 MCs, is sufficient to describe the
evolution toward equilibrium states for all the concentrations
considered in this work. In order to get good statistics, we have
considered averages over typically 103 samples, obtained from
independently prepared initial random samples. We compute
at each instant of time the number density of aggregates of size
n by the relation Cn = n × Nn/L

2, where Nn is the number of
aggregates containing n amphiphiles. The total concentration
is given by C = ∑∞

n=1 Cn. In some plots we use the relative
concentration fn, which is defined by fn = Cn

C1
.

FIG. 2. (Color online) Relative aggregate-size equilibrium dis-
tribution curve as a function of the size of the aggregates for four
different concentrations. The concentrations are C = 0.0045 for
N = 180, C = 0.01125 for N = 450, C = 0.0225 for N = 900, and
C = 0.0300 for N = 1200. Here, L = 200, T = 2.2, and fn = Cn

C1
is the concentration of the aggregates of size n relative to the
concentration of free amphiphiles. The lines serve to guide the eye. In
this plot, m = 3 and M = 9 are the selected aggregate sizes for which
we focus our attention during their evolution toward equilibrium.

III. RESULTS AND DISCUSSIONS

We show in Fig. 1 the concentration of isolated amphiphiles
as a function of the total concentration for T = 2.2. We define
the CMC as the lower value of C for which the concentration of
isolated amphiphiles becomes constant. Figure 2 exhibits the
aggregate-size distribution curves at equilibrium for different
concentrations and temperature T = 2.2. Due to the short size
of the amphiphiles we get a solution with high polydispersity.
We note that the maximum and minimum appear only for
values of N larger than 450. The relative concentration at
the maximum increases with the total concentration, and the
aggregation number at the maximum, which represents the
typical micellar aggregate, increases slightly with the total
concentration. For values of N less than 450, the aggregate-size
distribution curve is a monotonically decreasing function of the
n, the size of the aggregates. In this region of low concentration

FIG. 3. (Color online) Snapshots of the spatial distribution of
amphiphiles at t = 0 (a) and at t = 3 × 105 MCs (b), when the
system reached equilibrium. We have L = 200, N = 900 molecules
(C = 0.0225) above the CMC, and T = 2.2.
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FIG. 4. (Color online) Time evolution of the relative concentration of the aggregates of sizes n = 3 and n = 9 for three different
concentrations: (a) C = 0.0090 for N = 360, below the CMC, (b) C = 0.0135 for N = 540, just above the CMC, and (c) C = 0.0300
for N = 1200, well above the CMC. Here, we have L = 200 and T = 2.2. In these figures, we have fm = C3/C1, fM = C9/C1, and t is
measured in MCs.

of amphiphiles, we do not see a typical micellar aggregate,
although they appear as premicelles at the early times of the
evolution toward equilibrium, as we will see next. We see
in Fig. 3 the spatial distribution of amphiphiles at t = 0 and
at t = 3 × 105, where equilibrium was already attained, for
N = 900 molecules, above the CMC, and T = 2.2. As to be
expected for short-size amphiphiles, the aggregates present a
variety of shapes as pointed out by LeBard et al. [34]. We now
turn our attention to the time evolution of aggregates. Figure 4
displays the behavior of the concentration as a function of
time, for the aggregate sizes at the maximum, n = 9, and at the
minimum, n = 3, observed in the aggregate-size distribution
curves above the CMC (N > 450). We have plotted the time
axis in a logarithmic scale and we also omitted the error bars
for a better visualization of the time evolution of the relative
concentration of the aggregates. We considered three different
concentrations: curves (a) with N = 360, below the CMC,
(b) with N = 540, just above the CMC, and (c) with N =
1200, well above the CMC, which corresponds to a concen-
tration 2.67 × CMC. We note that even for N = 360, below
the CMC, we observe the formation of premicellar aggregates.
The relative concentration of the aggregates of sizes n = 3 and
n = 9 increases with time reaching maximum values at times
t = 400 MCs and t = 10,000 MCs, respectively. At the
maximum we note that the concentration of the aggregates of
size n = 3 is very close to the concentration of the isolated
amphiphiles. The aggregates of size n = 9 start to appear

just after the aggregates of size n = 3 reached its maximum
concentration. Although we are below the CMC, the formation
of these premicellar aggregates occurs at the expense of
those aggregates of size around n = 3. The appearance of the
maximum concentration for n = 3 occurs very early, approx-
imately, tm = 1.3 × 10−3 of the time to reach equilibrium,
whereas the maximum concentration of premicelles of size
n = 9 occurs at latter time, tM = 0.3 × 10−1 of the equilibrium
time. Looking at the concentration of the aggregates of size
n = 9 in this figure, we note that after it reaches its maximum
value at time tM , it remains almost constant. Despite the
entering and exiting of individual monomers from micelles,
the aggregates of size M become stable, because the total
concentration is low, and the probability to form larger
aggregates through fusion is very small. Figures 4(b) and 4(c)
present the same trends as observed in Fig. 4(a); however
the times to attain the maximum values of the concentration
for the aggregates n = 3 and n = 9 decrease with the total
concentration. We also observe that for concentrations larger
than the CMC, the maximum concentration is always larger
than the value of the concentration of isolated amphiphiles.
The time tm for the aggregates of size n = 3 to reach
their maximum corresponds to the nucleation time to form
the critical nuclei [33]. Just after this instant, intermediate
aggregates start to appear, whose maximum concentration
occurs at time tM as we can see for the premicellar aggregate
of size n = 9. Finally, the system relaxes toward equilibrium.

FIG. 5. (Color online) Times (a) tm and (b) tM at which the concentration of aggregates of sizes n = 3 and n = 9 reach their maximum,
versus N . Times are measured in MCs and the total number of molecules (N ) is related to the concentration of the solution by C = N/L2.
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Figure 5 shows the times to reach the maximum concentration
for the selected aggregates of sizes n = 3 and n = 9. We see
that these times are exponentially decreasing functions of the
total concentration. Both decays are expressed by the laws
tm ≈ exp(−N/τm) and tM ≈ exp(−N/τM ), where N is the
total number of amphiphiles, which is proportional to the
total concentration of the solution. Interestingly, the typical
concentrations τm and τM are very close to each other and are
given by the values τm = 121 ± 6, and τM = 106 ± 5.

IV. CONCLUSIONS

We have investigated the formation of premicelles through
Monte Carlo simulations for a model of amphiphilic aggre-
gation on a square lattice in the NVT ensemble. The system
was prepared so that at the initial time all the amphiphiles
are free in the solution. We follow the evolution in time
of the aggregates until the equilibrium state is reached, for
different concentrations of amphiphiles. For concentrations
above the CMC, the aggregate size distribution curve, at
equilibrium, exhibits a minimum and a maximum, which for
the short amphiphiles we used, occur at n = 3 (minimum)
and n = 9 (maximum). We studied the time evolution of
these two special aggregates for various concentrations below
and above the CMC. We have shown that the concentration
of these aggregates exhibit a maximum at the early times
of evolution. We identified three characteristic processes
during the evolution to equilibrium: the first maximum at
tm corresponds to the formation of the critical nuclei (m)
aggregates, then until a next time tM , when aggregates of
size n = 9 present the highest concentration, we have the
formation of intermediate aggregates, and finally, for times
longer than tM , the system relaxes toward equilibrium. An
interesting feature is seen during simulations performed at
small concentrations, below the CMC, where large aggregates
form at the beginning of the simulations. Aggregates (m) that
correspond to the minimum of the aggregate-size distribution
curve reach concentrations as large as the concentration
of the free amphiphiles, just before they start to nucleate
the premicelles (M). The maximum concentration of the
premicellar aggregates occurs 20 times later than the (m)
aggregates reached their maximum. On the other hand, for
concentrations close and far from the CMC, the aggregates
(m) exhibit a maximum concentration that is larger than the
concentration of the free amphiphiles. We have also seen that

times tm and tM are exponentially decreasing functions of
the total concentration. The scenario for the time evolution
of the aggregates is in agreement with the thermodynamic
calculations performed by Hadgiivanova et al. [33], where
three time scales were employed to describe the evolution
toward equilibrium of a solution of free amphiphilic molecules.
Our Monte Carlo simulations are also in qualitative agreement
with Molecular Dynamics simulations by LeBard et al. [34]
for concentrations below and above the critical micellar
concentration. In their work, they considered amphiphiles
formed by 12 units, while in our case our amphiphiles are
shorter, 5 units. They showed that the time ratio for the
formation of full size micelles relative to premicelles is
72/1.3 ≈ 55, while in our calculations this ratio is given
by 0.3 × 10−1/1.3 × 10−3 ≈ 23, one half of that value, for
concentration C = 0.0090, below the CMC. Although we
have not performed simulations in three dimensions (3D),
Fig. 4(a) helps us to understand what would happen in 3D.
After the time tm, large aggregates are mainly generated
through the fusion process of small ones. The fusion time Tf is
proportional to the diffusion time of small aggregates, which
in two dimensions (2D) can be written as TD(2D) ≈ l2/(4D),
where l is a typical diffusion distance and D is the diffusion
coefficient. For low concentrations, in 3D we also can write
that TD(3D) ≈ l2/(6D), which gives TD(3D)/TD(2D) = 2/3.
As the fusion time also scales with total concentration(inverse
of volume) we also expect that Tf (2D) scales with [Tf (3D)]3/2.
Then, our ratio tM/tm = 23 in 2D should be (23 ∗ 2/3)3/2 = 60
in 3D, a value very close to 55 observed by Le Bard et al. [34]
in their 3D simulations of nonionic surfactants. This type of
mapping between simulations in 2D and 3D can be used to
estimate the time ratio (tM/tm) from the simple simulations
in 2D to 3D for more realistic molecules. As a future work,
we intend to perform simulations in 3D for our simple system
in order to test the above reasonings. We also plan to make
simulations in 2D and 3D for ionic surfactants for which we
expect that the ratio between the times tM and tm are larger
than for nonionic surfactants.
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