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The theoretical model by Sorasio et al. [Phys. Rev. Lett. 96, 045005 (2006)] for the steady state Mach number
of electrostatic shocks formed in the interaction of two plasma slabs of arbitrary density and temperature is
generalized for relativistic electron and nonrelativistic ion temperatures. We find that the relativistic correction
leads to lower Mach numbers and as a consequence ions are reflected with lower energies. The steady state bulk
velocity of the downstream population is introduced as an additional parameter to describe the transition between
the minimum and maximum Mach numbers that is dependent on the initial density and temperature ratios. In
order to transform the solitonlike solution in the upstream region into a shock, a population of reflected ions is
considered and differences from a zero-ion temperature model are discussed.
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I. INTRODUCTION

Collisionless shocks can efficiently accelerate charged
particles to high energies and their study is of interest in
a wide range of scenarios, e.g., space and astrophysics,
especially in the context of acceleration of cosmic rays
to ultrahigh energies (up to ~10*' eV) [1], laser-plasma
interactions with applications in proton therapy of tumors [2]
or injection of particles for conventional accelerators [3], and
inertial confinement fusion [4]. Electrostatic shocks have been
observed in interplanetary space [5—7], in particular in the
ionosphere [8] and the auroral region [9], where they arise
from plasma-cloud collisions at the interaction between solar
wind and the magnetosphere or between solar wind and the
interstellar medium in the heliosphere region [10].

Recently, electrostatic shocks have been propelled into
the focus of research due to the ability of generating high
Mach numbers in compact laboratory systems [11,12], which
could provide an alternative to the costly standard synchrotron
accelerators. It was found that ions are efficiently accelerated
in electrostatic shocks by reflection from the electrostatic
potential with twice the shock velocity in the rest frame of
the upstream population [13]. Shocks with moderate Mach
numbers were generated in a laboratory experiment, where ion
beams of 20 MeV were produced [11]. The trend towards more
than 250 MeV/nucleon with a quasimonoenergetic profile,
which is relevant for the treatment of deep-seated tumors
[14,15], was demonstrated by particle-in-cell simulations of
laser-driven shock acceleration [12].

The theoretical framework for the interaction of two plasma
slabs leading to nonlinear structures with large Mach numbers
[16,17] has been generalized by Sorasio et al. [18] for
arbitrary plasma temperatures and densities. In this paper we
extend this work to relativistic electron and nonrelativistic ion
temperatures. The conditions for shock solutions are derived
from an analysis of the Sagdeev potential [19], being fully
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described by the ratios of the initial densities and temperatures.
A cold ion approximation allows for a determination of the
condition for reflection and subsequent acceleration of ions
by the electrostatic shock potential, which at the same time
provides only the necessary condition for shock formation. The
transition from such a soliton description, where no reflected
or trapped ions are included, to a full shock solution is done
with numerical techniques.

In Sec. II the theoretical framework is described and
the necessary conditions for obtaining a shocklike solution
are given. The dependence of the steady-state shock Mach
number on the initial plasma temperature and density ratios is
analyzed in Sec. III and the underlying characteristics leading
to a minimum and a maximum value for the Mach number
are investigated by considering the impact of a downstream
velocity on the shock Mach number. In Sec. IV the impact
of reflected ions is addressed with a kinetic description of the
ions. The results are summarized in Sec. V.

II. ELECTROSTATIC SHOCK SOLUTIONS FROM
ARBITRARY UPSTREAM AND DOWNSTREAM
DENSITIES AND ELECTRON TEMPERATURES

Plasmas composed of hot electrons and relatively cold ions
are governed by ion sound waves with phase velocity w/k ~
JkpT,/m; = c,;. The high ion inertia creates a restoring force
to the thermally expanding electrons and wave steepening due
to nonlinear effects can lead to the generation of electrostatic
shocks. The collision of two semi-infinite plasma slabs with
arbitrary temperature and density provides the environment
for electrostatic shock formation if the fluid velocity is small
compared to the thermal velocity of the electrons. In the rest
frame of the shock, the upstream population of electrons and
ions is moving with vy, towards the shock. An electrostatic
potential is formed due to the different inertia of the particles,
which is steady in time in the shock rest frame and increases
monotonically from ¢y at x = x¢ in the far upstream until
it reaches its maximum ¢; at x = x|, where the transition
to the oscillatory downstream region is defined (see Fig. 1).
The double layer is then maintained by six populations: free
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FIG. 1. Electrostatic shock formation from the interaction of free
and trapped electrons and a population of cold ions. The electrostatic
potential shows a monotonic increase from ¢y in the upstream region
X < Xxp to ¢ in the downstream region (x > x;), where it becomes
oscillatory.

electron and ion populations in the upstream and downstream
regions, with kinetic energies higher than the potential energy;
a population of trapped electrons whose kinetic energy is less
than the potential energy; and a population of reflected ions in
the upstream region.

We make use of the Sagdeev formalism [19] in order to
determine the electrostatic potential. In this section we focus
on the electron kinetics in the upstream region, assuming
zero ion temperature, and determine the condition for ion
reflection. The impact of a population of reflected ions with
nonzero temperature is addressed in Sec. IV together with a
full description of the shock potential.

The electron populations are treated kinetically, while the
ions are treated as a fluid. The electron distributions have
to be the solution of the stationary Vlasov equation and can
be determined knowing the particle distributions in the unper-
turbed plasma. The free (left) electron population, propagating
from the upstream to the downstream region, is described by
the relativistic drifting one-dimensional Juttner distribution
function fo(y0) = NoK ' (no)vo(yg — D™"/% expl—pon(l —
BoBsn)] [20] with the normalized velocity of the electrons 8y =
vo/c > 0, the Lorentz factor yp = (1 — B2)~'/2, the thermal
parameter (g = mec? / kg Ty (where Ty is the electron temper-
ature, m, the electron mass, and kz the Boltzmann constant),
and normalized fluid velocity B;;, = vy, /c. The normalization
constant contains the density of the left electron population
Ny in the upstream region x < xo and the modified Bessel
function of the second kind K. In the limit of nonrelativistic
electron temperatures o > 1, the distribution function is
approximated by a Maxwell-Boltzmann distribution and the
thermal velocity can be introduced as v, 0 = /kgTo/m. =
¢//o. The free electrons in the downstream region (right
population) are described by

A = MK o (2= 1)
e(r — do)

X exp|: myi(l = BiBa) + iaT, ],
with B; = v;/c <0, where the parameters have the same
meaning as for the left population and are indicated with a
subscript 1, and B, is the fluid velocity of the downstream. To
facilitate comparison with the nonrelativistic model we stick to
the notation of Sorasio et al. [ 18] and have multiplied the distri-
bution function by a factor containing the potential difference
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FIG. 2. (Color online) Electron distribution functions upstream
fo (dashed line) and downstream f| + fi, (solid line) for relativistic
electron temperature (R) o = 5 (blue curve) and nonrelativistic tem-
perature (NR) pp = 50 (black curve) withI" = 3,0 = 2, e(¢p; — ¢o)/
m.c* =2, and By, = 0.02.

¢1 — ¢o. Here N; represents the density of the right electron
population in the far upstream and sums up with the density of
the left population to the ion density N; = No + Nj at x < xg
to guarantee charge neutrality. The trapped electrons are rep-
resented by the flat-top distribution function in the relativistic
notation fi, = N1 K '(u1)yi(y? — 1)"/2 exp(—u1), accord-
ing to the so-called maximum-density-trapping approximation
[21,22], which guarantees f(y; = y.) = fi, at the critical
Lorentz factor y. = 1 + e(¢p; — ¢p)/m.c? that discriminates
between free (81 < —B.) and trapped electrons (|8;| < B.),
shown in Fig. 2 where the more convenient parameter u = Sy
has been introduced. Since the fluid velocities B, and B, are
small compared to the thermal velocities, we will neglect this
dependence in the following calculations [23,24].

We introduce the electron Lorentz factor y,, which accounts
for the electrostatic potential in the shock frame, and make
use of the conservation of energy to write the upstream and
downstream Lorentz factors as y, = ¥y + e(¢ — ¢p)/m.c> =
y1 — e(¢pr — ¢)/m.c?> > 1. The electron density can then
be computed as n, = || loo fe(ve)dy., obtaining the electron
densities in the upstream region

o0

_ _ —1/2
no(Ap) = NoK, 1(Mo)eA"’/ ey, (v2 = 1) dy,

1+A¢/1o

and downstream region

n1(Ag) = NoT K7 (110/ ©)
[e.¢]
% |:6AW®/ e—uoye/@ye(ye2 B 1)_1/2d7/e
14+Ap/1o

+2e7/9(1 + Ap/po)® — 1],

with the dimensionless quantities Ag = e(¢ — @o) o/ me.c?,
[' = Ni/No, and ©® = o/ ;.

Using the fluid equations for ion mass and energy conserva-
tion and assuming that the ions are cold and that none of them is
reflected at the potential, the ion density can be determined as
ni(Ap) = N;//1 —2A¢@/M?, where M = vy, /cy is the ion
acoustic Mach number, ¢; = /kgTy/m; is the upstream ion
sound speed, and m; is the ion mass. The particle densities are
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then combined in Poisson’s equation

d’Ap _ ni(Ap) | no(Ap) +ni(Ap)
dy? N; N;

) ey

where the normalized quantity xy =x/Ap with Ap =

KpTo/4mwe?N; has been introduced. Defining the right-
hand side of Eq. (1) as —dV(A¢)/dA¢p, the similarity to
the harmonic oscillator can be immediately noticed and
Eq. (1) can be seen as the motion of a pseudoparticle in
the Sagdeev potential W(Ag) [19], allowing us to identify
bounded solutions as possible shock solutions. Integration of

Pi(Ap,M) =

1 Ko
Poo(A@, T, o) = 17| Ki(uo)

Moe—/to/@
P (Ap,I',O, o) =

re
1+T
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Eq. (1) with respect to Agp leads to

1/dAg\*
—| —— ) 4+ Y(Agp) = const =: W, 2)
2\ dyx
with Wy = W(gy, M,I",®) and the nonlinear Sagdeev potential
given by
W(A@,M.T,0) = P,(Ap,M) — Poo(Ag.T) = Por(Ap.T.0),
3

where the quantities P;, P,y, and P, represent the ion, the
upstream electron, and the downstream electron pressures,
respectively, which are defined as

A
' %) @
[ee) A 2
dy e 7 <y + —w) - 1}, )
1 Mo

00 A 2
[[ dy e tor=1/® <y + —¢> —14svs2—1—1In(s + /52 — 1)} - 1},
OKi(no/O) L)1 Mo

(6)

withs = 1 + Ag/uo. In the case of nonrelativistic temperatures o >> 1, Egs. (§) and (6) can be integrated analytically, retrieving

the expressions of [18]

1
Py (Ag,I') = 5T (

P (A@.T,0) =

with erfc the complimentary error function. Note that the
explicit dependence on the upstream and downstream temper-
atures vanishes in this approximation. For highly relativistic
electron temperatures (o < 1, the pressures are approximated
by

Ap(1 —
Py(Ag.I) = %, )

ApT
(10)

and the explicit dependence on the temperatures is still
maintained.

Figure 3 shows the Sagdeev potential, given by Egs. (3)—
(6), for upstream electron temperatures o = 0.1 — 100 for
a constant Mach number M and a comparison with the
nonrelativistic and highly relativistic approximations (7)—(10).
A higher temperature leads to larger absolute values of the
minimum of ¥, which results in lower values for the Mach
number at which ion reflection sets in, as will be shown in the
following section.

er 2 A
g + e2¢/®erfc
1+r\/zV ®© V
[

2vAa Y 4 eMerfe /A —1) (7)
T

Ap
Ay or ) ®)

III. MACH NUMBER DEPENDENCE
ON INITIAL PARAMETERS

As can be seen from Eq. (4), the model holds for Ag <
M?/2 := Ag,,. The ion pressure becomes imaginary when
the electrostatic potential exceeds the ion kinetic energy

eA¢p > Tm;v? (11)

and the ions are reflected by the shock potential. We define the
Mach number at which ion reflection sets in as the maximum
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FIG. 3. (Color online) Sagdeev potential W(¢) obtained from
Egs. 3)-(6) for M =1.7,T' =3, 0 =1, and o = 0.1 (red curve),
1 (green curve), 5 (blue curve), and 100 (orange curve). Represented
by dashed lines are the nonrelativistic and highly relativistic approx-
imations, given by Egs. (7)—(10).
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FIG. 4. (Color online) Maximum Mach number versus density
ratio for the highly relativistic case (R) ©o = 0.1 (black curve) given
by Eq. (12) and the nonrelativistic case (NR) given in [18] (blue curve)
for a temperature ratio ® = 1. The dependences for very small and
very large density ratios are indicated by the dashed lines.

Mach number M;,,x. In order to determine possible shock
solutions with My,,x, we use Eq. (2), which gives the condition
for the existence of a monotonic double-layer solution as W :=
Y(Ap,M,I',®) — ¥, < 0. For a given Mach number M, a
solitonlike solution is possible only if the electron pressure
exceeds the ion pressure. The solutions are found numerically
by solving Lf/(MZ/Z,M,I“,(E) = 0 and are shown in Fig. 4.

As already found in [18], the analytical dependence of the
maximum Mach number in the nonrelativistic approximation
is given by Muyax = 34/ 0O /8(1 +T')/ ', which is My« =
3/m®/8 for large density ratios and has a Mp,, r-!
dependence for low density ratios. Here we find for the case
of highly relativistic temperatures o < 1,

1+ uo
Mpax = /2011 + —M—— ), 12
/ <+F<1—u0/®>> (12

which is displayed in Fig. 4 together with the nonrela-
tivistic expression. It can be easily seen that the maximum
Mach number is constant for high density ratios as in
the nonrelativistic case, My.x ~ V20 for T > 1, and has
a dependence M. ~ 201 + 110)/ T(I — 1o/ ®) o I'~1/2
for I' « 1. The comparison of the nonrelativistic and highly
relativistic cases in Fig. 4 for a temperature ratio ® = 1 shows
that for higher upstream electron temperatures the maximum
Mach number is reduced, in agreement with the model for
equal density and temperature ratios [23].
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FIG. 5. Different types 1-3 of the Sagdeev potential W(Agp) =
W — W, with explanations of the cases given in the text.

We analyze now the lower limit and the range of possible
Mach numbers for given temperature and density ratios. The
shape of the Sagdeev potential and thus the existence of
shock solutions depends on the choice of I' and ® and we
can distinguish three different types of solutions, which are
shown in Fig. 5. Case 1 represents the case where shock
solutions exist for ¥ = ¥ — ¥y < 0 and Ag > 0. While the
monotonically growing Sagdeev potential in case 3 does
not allow for shock solutions, case 2 defines the threshold
with Ag = 0 and provides the conditions to determine the
minimum Mach number, which are given by d\¥/dA¢ =0
and U(Ag) = 0. While in the highly relativistic limit M = 1
is the lower limit, in the nonrelativistic case a lower limit
M > 1 exists. The Sagdeev potential is expanded for Agp < 1
since we are looking for solutions Ag — 0, obtaining

1
22(1 - 2"

1 [1 —re-12
+
2(1+T) Qo

- ge*"‘)/@erfc(\/%)i”, (13)

which is a function of the upstream potential ¢,. The
minimum Mach number can then be found by solving
W (A, M(g),I",®) = 0 with the Mach number at the min-
imum of the Sagdeev potential given by

U(Ap,M,T,0) ~ sz{

— e?erfe(/9o)

(1+TI)?

M(go) = \/2<Po/{1 -

For large temperature ratios we find small deviations from
the approximation ¢y =0 [18], which is equivalent to
Wy =0 in Eq. (2) [see Fig. 6(a)]. Figure 6(b) shows the
respective Sagdeev potentials with Wy = 0 for the minimum
Mach number according to Ag =0 in black and for the
approximated model with ¢y = 0 in red (gray). The exact
solution allows for the formation of electrostatic shocks at
slightly lower Mach numbers.

The transition between minimum and maximum Mach
numbers can be described as a function of the steady-state

12
. (14)
[ewoerfc(m) —+ F(4 % + e¢0/®erfc(m))]2 }

ion speed in the downstream region v,. In the rest frame of
the shock, the upstream ions propagate towards the shock with
velocity v; ,s := vy, and are decelerated by the shock potential
¢ to velocities in the downstream region 0 < v; 45 < V.
The velocity is v; 4 = 0 if the ions are completely stopped
by the potential and v; 44 = vy, if they are unaffected and
stream freely in the downstream region. In the upstream frame
this corresponds to ion downstream velocities —v; < v; g, 1=
—vy < 0. Starting once more from the energy conservation for
ions, we can relate the downstream ion speed directly with the
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FIG. 6. (Color online) (a) M,,;, (dashed line) and M, (solid line)
for the approximation ¢y = O [red line (gray in print)] and comparison
with the exact solution (black line) for I' = 1. The dashed vertical
line shows the transition from M,;, to M, for downstream velocities
0 < vy < vy, (b) Sagdeev potential for the minimum Mach number
with A¢ = 0 (black curve) and comparison with the approximation
@ = 0 [red curve (gray in print)].

shock potential vy/cy = M — /M? — 2A¢ and use

A ._Mz Vg 2
gai=—|1- 1-5 (15)

to find the zeros of the Sagdeev potential \Il(Agod,M ,I,0)
to determine the Mach number M. This transition is shown
in Fig. 6(a). When the shock propagates with a speed slightly
above the minimum Mach number, the downstream population
will have almost the same speed as the upstream population
due to the small potential jump that has only a weak effect
on the particles. At the maximum Mach number, the potential
jump is so strong that the downstream population propagates
with the same speed as the shock front.

IV. ION REFLECTION

So far we have described the solitary solution in the
upstream region and neglected the processes leading to a shock
solution. A shock solution can arise due to different physical
mechanisms that break the symmetry [25]. For instance, a very
small ion temperature is sufficient to lead to an oscillating
solution (see [26]). To describe this, a population of reflected
ions is included in the model. The electrostatic potential in the
upstream region is computed as in Sec. II with the extension
of a kinetic treatment of the ions. On the basis of [27-29], the

x 10

0 01 02 03 04 05
¢

FIG. 7. Sagdeev potentials for 7, =10 keV, T; =0.5 keV,
M =15, and ® =T = 1. Potential ¥, (solid curve) corresponds
to 0 < x < xw and W, (dashed curve) to x > xu-
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FIG. 8. (Color online) Electrostatic potential for 7, = 10 keV,
M =1.62, ® =T =1, and T; = 0.5 keV (solid black curve) and
T; = 0 (red dashed curve).

ion populations are described by a Maxwellian distribution

n; 1 2
= —¢eXp| — \/m - csOM iI?
N2 v i [ 207, ; ( 0 )

with thermal velocity v, ; = «/kgT;/m;, which guarantees
charge neutrality with the electrons in the far upstream region
x — —oo. The free particle population has velocities v >
Ve = V2(p — 901)0520 and the reflected population 0 < v < v,.
Since an exact analytical solution cannot be found, we solve the
equations numerically. The Sagdeev potential ¥, is computed
for x < xm, with x, the position of the maximum of the
electrostatic potential, where the connection is made to the
oscillatory downstream region of the shock, which is described
by a second Sagdeev potential W, (see Fig. 7). For the
computation of the latter, two populations of free ions and
electrons, as well as trapped electrons, are considered.

Figure 8 shows the corresponding electrostatic potential
against the spatial coordinate, which consists of a mono-
tonically increasing part for x < x, and an oscillatory
downstream region for xy > x,,. We also compare the solution
where ion reflection was neglected (dashed red curve) with the
extended model. For an ion temperature corresponding to 0.5
keV, we observe only a small deviation from the cold model.
For the same potential difference, the maximum Mach number
increases, as expected [18].

Figure 9 shows the electron and ion phase spaces, where
the different populations (free, trapped, and reflected) can be
identified. The ion density follows the trend of the electrostatic
potential ¢ (see Fig. 10). In the upstream region, the increasing
potential decelerates and accumulates the ions, which leads to

fi

1.5 @ o.osow
1.0 _/\/\/\ "
JV\A 0025 N7 ]
05 j
¥ B
05 J
~0.025
-1.0 \—\M
S5 70 5 =20 25 09505

5 10 “ 15 20 25

FIG. 9. (a) Electron and (b) ion phase spaces for 7, = 10 keV,
M=1.62,0=I=1,and T; = 0.5 keV.
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FIG. 10. (Color online) Spatial dependence of the ion (black solid
curve) and electron (red dashed curve) density for 7, = 10 keV,
M=1.62,0=I=1,and T; = 0.5 keV.

an increase in the density. In the downstream, the ion density
oscillates around a mean value.

V. SUMMARY

In this paper, electrostatic shock solutions have been
identified starting from an initial system of two colliding
plasma slabs, containing two populations of hot electrons and
cold ions and a population of trapped electrons. From the
calculation of the pressure terms, the Sagdeev potential has
been derived from the initial conditions for arbitrary density
and temperature ratios, and a range for the steady-state Mach
number was presented for the stage where ion reflection starts
to become important. Relativistic electron temperatures have
been considered and approximations for the highly relativistic
case have been presented. By introducing the steady-state bulk
velocity of the downstream population, an actual dependence
of the Mach number on the initial density and temperature
ratios was gained, bridging the range between the minimum
and maximum Mach numbers. The critical Mach number at
which ion reflection appears is achieved by increasing the
electron temperature in the upstream plasma, which will lead to
an increase of the sound speed ¢, and produce shock-reflected
ions with high energy.

PHYSICAL REVIEW E 87, 043116 (2013)

In the context of applications of shock-accelerated ions,
e.g., for medical purposes, it is important to achieve high
energies and the realization of the theory is restricted by
experimental feasibility. As shown in [12], for typical ex-
perimental conditions associated with laser-driven shocks,
ion acceleration occurs close to the critical Mach number
M ~ M,,, so the reflected ions will have a velocity v; ,.;; =
v, = 2M,,cs, which is determined by the condition for the
critical Mach number. To simply reflect ions from the shock,
Figs. 4 and 6(a) show that large density ratios I" and low
temperature ratios ® are favorable since low Mach number
shocks are easier to drive. In order to achieve high energy
ions, large Mach numbers M., and/or large ion sound speeds
¢, are needed. An increase in the Mach number can be gained
by a high initial temperature ratio ®, which is equivalent to
increasing the energy of the slabs for a fixed upstream cy, and a
high piston velocity, which provides a high momentum transfer
to the plasma (i.e., initial relative fluid velocity between the two
slabs) [30]. The sound speed can be increased by increasing
the actual value of the electron temperature. This works well
in near-critical density plasmas as a significant fraction of the
laser energy can be absorbed by the plasma [12].

The theoretical model was extended by a population of
ions reflected back into the upstream region, which transforms
the solitary-wave solution in the upstream region into a
shock solution. The result is an oscillatory component in the
downstream electrostatic potential. Our analysis shows that
the general trends without ion reflection are valid and the
inclusion of a reflected-ion population leads to a slight increase
in the Mach number. We note the similarity to shocks in
quantum plasmas, where such a combination of dissipative and
dispersive effects was found as well, although the underlying
mechanisms are different [31].
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