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A quantum system at equilibrium is represented by a corresponding classical system, chosen to reproduce
thermodynamic and structural properties. The motivation is to allow application of classical strong-coupling
theories and molecular dynamics simulation to quantum systems at strong coupling. The correspondence is made
at the level of the grand-canonical ensembles for the two systems. An effective temperature, local chemical
potential, and pair potential are introduced to define the corresponding classical system. These are determined
formally by requiring the equivalence of the grand potentials and their functional derivatives. Practical inversions
of these formal definitions are indicated via the integral equations for densities and pair correlation functions of
classical liquid theory. Application to the ideal Fermi gas is demonstrated, and the weak-coupling form for the
pair potential is given. In a companion paper two applications are described: the thermodynamics and structure of
uniform jellium over a range of temperatures and densities and the shell structure of harmonically bound charges.
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I. INTRODUCTION

The equilibrium properties (thermodynamics and structure)
of classical systems for conditions of strong coupling (e.g.,
liquids) can be described by a number of practical and
accurate approximations [1]. Examples are those based on
integral equations for the pair correlation function, such
as the Percus-Yevick and hypernetted chain approximations
(HNC). Thermodynamic properties are then determined from
exact representations in terms of the pair correlation function.
Extensions to inhomogeneous systems have been described in
terms of the pair correlation function as well. More extensive
formulations of the thermodynamics and structure for classical
systems can be obtained within the framework of classical
density functional theory [2]. Molecular dynamic simulation
(MD) is perhaps the most accurate tool for the description of
classical systems.

A corresponding practical description of strong coupling
when quantum effects (diffraction and degeneracy) are im-
portant is less well developed, except when a transformation
to a corresponding weak-coupling quasiparticle representation
can be found (e.g., phonons, conventional Fermi liquid theory).
Conditions of current interest for which such representations
are not available include those of the growing class known as
“warm, dense matter,” i.e., complex ion-electron systems [3].
The ions are typically semiclassical but the electron conditions
span the full range of classical plasmas to zero-temperature
solids. With such potential applications in mind, the objective
here is to extend the classical approximation methods to in-
clude quantum effects. The idea is to introduce a representative
classical statistical mechanics that embodies selected quantum
effects via effective thermodynamic parameters and effective
pair potentials in the classical Hamiltonian. These classical
parameters and pair potential are defined formally in such a
way as to ensure the equivalence of the classical and quantum
thermodynamics and structure. In this way, the established
effective classical methods can be applied to describe quantum
systems at strong coupling as well. The precise definition of
the effective classical statistical mechanics is given in the next
section. Of course, there is no possibility to map a quantum
system entirely onto an equivalent classical system. Instead,
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the classical system is defined to yield only selective quantum
properties, in this case the thermodynamics and pair structure.
Other properties calculated from this effective statistical me-
chanics, such as higher-order structure or transport properties,
constitute uncontrolled approximations, and its utility in this
more general context must be obtained from experience with
applications.

The analysis here is a formalization of related partial at-
tempts to incorporate quantum effects in classical calculations,
most commonly through effective classical pair potentials.
There is an extensive history for constructing such effective
potentials [4-10]. Recent reviews with references can be
found in Ref. [11]. Such potentials have been applied in a
number of classical theories and simulations. In particular,
they provide a definition for the classical statistical mechanics
of electron-ion systems which otherwise do not exist due to
the Coulomb collapse without diffraction effects. Effective
pair potentials defined from the two-particle density matrix do
not assure that the thermodynamics or structure will be given
correctly by the corresponding classical statistical mechanics,
and those approaches provide uncontrolled approximations in
most applications. In contrast, the formal approach here has
the advantage of predicting the correct thermodynamics and
structure while retaining the simplicity of pair potentials for
point particles without approximation. However, the additional
complication implied by this is the need for effective classical
thermodynamic parameters (e.g., temperature and chemical
potential) that differ from those for the given quantum system.

The introduction of an effective temperature in this context
appears to have been done first by Perrot and Dharma-wardana
(PDW) in their classical map hypernetted chain model [12].
It provides a means to calculate a pair correlation function
gc(r) from the classical HNC integral equation with two
modifications: (1) the actual pair potential is replaced by
the sum of a pair potential to give the correct ideal gas
quantum pair correlation function, plus a phenomenological
modification of the actual pair interaction to account for
diffraction effects (Deutsch potential [13]), and (2) an effective
temperature T, = (T2 + T)"/2. The single new parameter T
is determined as a function of the density by requiring that the
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classical correlation energy at 7 = 0 be the same as that for
the quantum system. The latter is determined from diffusion
Monte Carlo simulation data. The solution to the HNC integral
equation with these embedded quantum effects combined with
classical strong coupling provides an approximate g.(r) from
which thermodynamic properties can be calculated from their
classical expressions (e.g., pressure from the virial equation).
During the past decade this remarkably simple and practical
approach has been applied to a number of quantum systems
with surprising success for a wide range of temperatures and
densities. A recent review with references is given in Ref. [14].
These successes provide motivation and support for the work
presented here, which can be considered a formalization of
these concepts into a precisely defined context.

Most practical forms of present quantum many-body
theories and simulation methods have limited domains of
validity, for example, Fermi liquid theory (low temperature),
quantum plasma methods (high temperature), random-phase
approximation with local field corrections (moderate cou-
pling), quantum density functional theory (low temperature),
and path-integral Monte Carlo (small particle number). As
noted above, these limitations have become clear recently
with attempts to describe new experimental conditions of
“warm, dense matter.”” The classical formulation provides
new access to these extreme conditions by incorporating
accurately described classical strong-coupling effects and,
hence, provides a complementary new tool. In addition,
applications can often be numerically simpler (e.g., classical
density functional theory, molecular dynamics, and classical
Monte Carlo simulation).

The definition of a representative classical system in terms
of selected equilibrium properties of the underlying quantum
system is given in the next section. The quantum system is
represented in the grand-canonical ensemble. For generality,
an external single-particle potential ¢ey(r) is included so
the thermodynamics is that for an inhomogeneous system.
Interactions among particles is given by a pair potential
¢(r,r’). Only a single-component system is considered here
for simplicity. Thermodynamic properties are functions of
the temperature 7 and functionals of the local chemical
potential p(r) = p — Pexe(r). A corresponding classical sys-
tem is specified in a classical grand-canonical ensemble in
terms of an effective classical temperature T, classical local
chemical potential p.(r) = e — ¢ ext(r), and classical pair
potential ¢.(r,r’). These three classical quantities are defined
by three independent constraints equating chosen classical
and quantum thermodynamics and structure: equality of the
grand potentials and their functional derivatives with respect
to the chemical potential and pair potential for the classical and
quantum systems. Equivalently, this requires that the pressures,
the local densities, and the pair correlation functions are the
same for the two systems.

Having defined the classical system in terms of equating
classical and quantum properties, there is then the practical
problem of inverting the defining equations for the classical
temperature, local chemical potential, and pair potential.
Formally this is done via classical density functional theory
which relates the local density and pair correlation function
to the classical potential. Inverting this and exploiting the
equivalence of classical and quantum pair correlation functions
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and densities gives the desired expression for the classical
pair potential as a functional of the quantum pair correlation
function and density. Examples of practical implementations
of this approach are given by Percus-Yevick (PY) and
HNC approximate integral equations. With the classical pair
potential determined (formally), the classical temperature is
obtained from the classical virial equation for the pressure and
a corresponding equation for the chemical potential.

In this way, the classical temperature, chemical potential,
and pair potential are given as explicit functionals of the
quantum properties. In practice, analysis of these functionals
entails the full quantum many-body problem so it would seem
that little progress has been made. The key assumption in
this approach is that the strong-coupling effects have a dom-
inant classical component while dominant quantum effects
are local (e.g., diffraction) or global but weakly dependent
on interactions (e.g., exchange degeneracy). Then simple
weak-coupling approximations to the defining functionals for
the classical parameters are sufficient while strong-coupling
effects are obtained by a more complete implementation of
the classical statistical mechanics. A more ambitious approach
would try to include limited strong-coupling effects in the
classical parameters (e.g., T = 0 correlation energy as in the
PDW model above). The formalism here provides a basis for
approximations that can be tailored to the specific system or
objective considered. A brief overview of this approach has
been described elsewhere [15].

As a first application the uniform electron gas (jellium)
is considered in the following companion paper [16]. The
effective pair potential used incorporates the exact ideal gas
exchange and the random-phase weak-coupling limit. The pair
correlation function is then obtained for this potential from the
HNC integral equation describing strong classical correlations,
known to be accurate for Coulomb interactions. The results
are compared to earlier quantum methods [17] and the above
PDW model over a range of temperatures and densities. Good
agreement with diffusion MC simulations at 7 = 0 and recent
restricted path-integral MC results at finite temperatures is
obtained. A second application described briefly there is to
charges in a harmonic trap where classical strong correlations
produce shell structure. Qualitative effects of diffraction and
exchange on the formation of shell structure are observed.

II. DEFINITION OF THE REPRESENTATIVE
CLASSICAL SYSTEM

A. Thermodynamics from statistical mechanics

Consider a quantum many-body system with Hamilto-
nian H in a volume V at equilibrium described by the
grand-canonical ensemble, with inverse temperature 8 and
chemical potential . For simplicity, a one-component system
is considered and dependence on internal degrees of freedom
such as spin is suppressed. The Hamiltonian H is of the form

H =K+ & + ®, (1)

where K denotes the total kinetic energy,

N .
K=3) -, )
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d is the pairwise additive potential energy among particles,
d. is an external potential coupling to each particle

1 N
¢ = 3 le:¢(‘1i’q]‘), Doyt = ;:d)exr(q,-), (3)

and N is the particle number. The forms for the pair potential
and single-particle external potential are left general for the
present (beyond well-known conditions for the existence of the
grand potential defined below). The statistical density operator
for the grand ensemble depends on H in the form H — uN. It
is convenient to combine the contributions from the external
potential with that from N

H uN—K+d_ / drp(OR(m), @)

where 71(r) is the number density operator

N
ar) =) 8r—gq) ©)
i=1

and u(r) is a local chemical potential,

W) = U — Pext(1). (6)

A caret over 7 is used to distinguish the operator from its
average value n.

The thermodynamics of the system is determined from the
grand potential @ = —B~! In E, where E is the grand partition
function. The thermodynamic parameters for this function are
the inverse temperature 8, the local chemical potential u(r),
and the volume V. The grand potential is

Q(Blu.¢) = =B~ In E(Bl1.9)

— _ﬁ_l 11‘1 Z TrNe_ﬂ[K+®_f dl‘/l.(l');l\(l‘)]. (7)
N

The symbol Try denotes a trace over the N-particle Hilbert
space with appropriate symmetry restrictions for fermions or
bosons (equivalently, in a second quantized representation
the sum over N and the Try represent a trace over Fock
space). The vertical line in the arguments of €2 and E denotes
a functional of the quantity following it, e.g., E(8|u,¢) is
a function of B and a functional of u(r) and ¢(q;.q;). Its
functional dependence on the pair potential ¢(r,r’) has also
been made explicit in this notation, although it is not strictly
a thermodynamic variable. The dependence on the volume V
is left implicit. The pressure p(B|w,¢) is proportional to the
grand potential

pBlw.9)V = =B, ¢). ®)

The first-order derivatives of the grand potential give
the internal energy E(B|u,¢) and average number density

n(r;Blu,o)
BB, @)
—_— , 9
Ip Bu(r)
_8QBIp.9)
du(r) ,3‘

Higher-order derivatives provide the fluctuations (suscepti-
bilities) and structure. In particular, the second functional

EBln. ) =

n(r:flu.¢)V = (10)
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derivative with respect to wu(r) is related to the response
function x (r,r’, B|11,$)

182Bln.g)
B umdu(r),
= —x(r,x;Blu.o)
:
=_% dp/ (e samye P Haay; Blu.g), (1)
0

where 8n(r) = n(r) — n(r) and (X; B|u,¢) denotes an equi-
librium grand-canonical average of the quantity X. A related
quantity is the pair correlation function, g(r,r’;8|u,$), ob-
tained by functional differentiation with respect to the pair
potential

8S2(Blu.¢)
Sp(r,r’) g,
= n(r;flu.o)n(’;:flu,$)g(r.r';flu.¢)
= (M(On'); Blu,¢) — n(E:plpn. )8 —r).  (12)

For the quantum system there is no simple relationship
between the two measures of structure, x(r,r’;8|u,¢) and
g(r,r';8|iu,). Instead, only their time-dependent extensions
are related via a fluctuation-dissipation relation.

A corresponding classical system is considered with Hamil-
tonian H, in the same volume V at equilibrium described by the
classical grand-canonical ensemble, with inverse temperature
B. and local chemical potential u.(r). The Hamiltonian has
the same form as (1) except that the potential energy functions
(3) differ and are denoted by

1 N N
q:)c = E Z¢c(qiaqj)s q>c,ext = Z ¢C,ext(qi)~ (13)
i=1

i#]
The local chemical potential is p.(r)
e(r) = pe — ¢c,ext(r)- (14)

The classical grand potential is defined in terms of these
quantities by

BS2(Beltte,pc) = —In Ec(Beltbe,be)
1

% e*ﬂ(-[q)c*fd"ll-[-(*’)ﬁ(r)]_ (15)

Here A, = (2nB:Ah%/m)"/? is the thermal de Broglie wave-
length associated with the classical temperature. The integra-
tion for the partition function is taken over the N-particle
configuration space.

The classical thermodynamics is determined in the same
way as in Egs. (8)—(10)

pc(ﬁc|ﬂcv¢c)v = _QC(ﬁC|MC‘7¢C)’ (16)
0 ch clMers@Pe
Edfelunepo) = PRALID g
/30 Betre @
89 C Co C
ne(TsBlpte o) = — 2 Pelte @) g
3/"’0(1‘) ﬂl.,qu
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1 8QBelue.bo)

Be Sne(X)Spac(r') = —Xr.r:felpc.dc)

Bere

—(nmn('); Belpke Pe)es
(19)
89(ﬂc|ﬂu¢c)
8¢C(rvr/) '3‘_’#0
= nL'(r;ﬁC|HC’¢L’)”L’(r,;ﬂC|I"(/C"¢C)gc(r7r/;ﬂc|I’LC’¢C)
= (REA); Belpte,de)e — ne(r;Bel e, ) (r — r').
(20)

Here (X; Bc| e, @c)c denotes the corresponding classical equi-
librium grand-canonical average of the quantity X. Note the
additional constraint that the derivatives are taken at constant
pair potential ¢.. This is necessary because the determination
of B., .(r), and ¢, for the quantum correspondence in the
next subsection implies ¢.(r,r’) is a function of 8. and a
functional of u.(r). This dependence is left implicit to simplify
the notation. See Sec. II B below for further elaboration.

B. Classical-quantum correspondence conditions

The classical system has undefined ingredients: the ef-
fective inverse temperature, S.; the local chemical potential,
1c(r); and the pair potential for interaction among the particles,
¢.(r,r'). A correspondence between the classical and quantum
systems is defined by expressing these quantities as functions
or functionals of 8, u(r), and ¢(r,r’). This is accomplished
by requiring the numerical equivalence of two independent
thermodynamic properties and one structural property for the
classical and quantum systems. The first two are chosen to be
the equivalence of the grand potential and its first functional
derivative with respect to the local chemical potential,

Qe(Belite,Pc) = QB P),
8Qe(Belre,pe)| _ 8Q(Blu.9)|

S pg  um® |

1)

An equivalent form for these conditions can be given in terms
of the pressure and density

Pe(Beltic,dc) = p(Blu, @),
ne(r;Belie,¢c) = n(r;Blu,d).

These two relations provide two independent relations between
of B., u.(r) and the physical variables B and u(r).

It remains to have a structural equivalence to relate the pair
potential ¢.(r,r’) to ¢(r,r’), which are two-particle functions.
This is accomplished by equating the functional derivatives of
the grand potentials with respect to these pair functions,

882(Belttes¢e) _ 0(Bln.9)
8¢C(r’r/) Bes ke 8¢(r7r/) ,le/«'

More physically, this implies the equivalence of density
fluctuations,

(Br)n(); Belie,de)e = (SREAE); Blu,d).  (24)

Finally, from the equivalence of densities and the definitions
of pair correlation functions in Egs. (12) and (20), this third

(22)

(23)
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condition becomes

8e(r,x's Belpte, ) = g(r,x'; Bli, ). (25)

In summary, the classical-quantum correspondence conditions
are the equivalence of the pressures, densities, and pair
correlation functions.

It might seem that a natural alternative choice to Eq. (25)
would be to equate the second functional derivatives of the
grand potential with respect to the local chemical potential
or, equivalently, y.(r,r’;8:|tuc,P.) = x(r,r';8|u,¢). However,
the classical response function has a singular contribution
proportional to §(r — r’) that is not present in the quantum
response function. Hence, their equivalence does not provide a
simple mapping of the parameters. In contrast, the classical and
quantum forms for the pair correlation functions are similar
and do not have this problem.

In this way the three equations of Egs. (22) and (25)
determine, formally, the classical parameters B., ., and ¢,
as functions of 8 and functionals of w(r) and ¢(r,r’),

Be = Be(Blu,d), pe = pe(r;Blu,¢),
b = ¢c(r.¥; Blit, ).

This completes the definition of the classical system represen-
tative of the given quantum system.

(26)

C. Inversion of the correspondence conditions

To determine the classical parameters, (26), inversion of
the functional forms (22) and (25) is required. This is done
on the basis of three exact results of classical statistical
mechanics for the pressure, density, and pair correlation
function, respectively. The first is the virial form for the
classical pressure (obtained by differentiating 2.(B.|tc,d.)
with respect to the volume),

1 1
Bepc(Belthe,Pe) = V / drnc(r)|:1 + §l'~ VBeie(r)

- é / dr'n (t)ge(r,r)r’ - V’ﬁcqbc(r,r’)].
27)

[Note that this is the average pressure over the entire system.
A local pressure could be identified with the integrand of
Eq. (27).] The second is an equation for the classical densities,

1

In (n.(0)A}) = Bepe(r) + / da / dr" ¢ (x,r"|an (")
0

(28)

and the third is an equation for the pair correlation functions

1
In g (r,r') = —Bege(r,r') + / do / ar’c¢?[r,r’|n,
0

+anc(g. — Dn.(@"H[g.x",r') —1].
(29)

The direct correlation function ¢? appearing in these
equations is determined from g, via the Ornstein-Zernicke
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equations

[ge(r,x') — 1] = c.(r,X|n;) + /dr”cc(r,r”lnc)nc(r”)

x [ge(x" X)) — 1]. (30)

The constant A. in Eq. (28) is the thermal de Broglie
wavelength evaluated at the classical temperature, A, =
(2h*B./m)'/%. See Appendix A for further elaboration.

These equations provide the inversion in the following way.
First, (28) and (29) are solved for B.u.(r) and B.¢.(r,r’)
as functionals of n.(r) and g.(r,r’). Then n.(r) and g.(r,r’)
are replaced by their quantum counterparts, n(r) and g(r,r’),
according to the definitions (22) and (25), giving the desired
exact expressions

fene® =3 1n (%) +In(a(r)2)

1
— / da f dr’ P, |an)nx”).  31)
0

1
Bepe(r,r') = —lng(r,r/)+/ doc/dr”c(z)[r,r”m
0
+an(g — DIn(@")[g”,x) — 1]. (32)

Here, ¢®(r,r"|n) is defined by the Ornstein-Zernicke
equation (30) with n.(r),g.(r,r’) replaced by n(r),g(r,r’)
cP(r.r|n) = (g(rr) = 1)
- / dr’" P, |nnHgx’ r) — 1].
(33)

Finally, an equation for B./8 is obtained by using the
equivalence of the classical and quantum pressures p. = p,
(22), to write

Be _ Bepe

B Bp

(34)
or, with Eq. (27),

P ! /dr (r)[l + 1r V Bepte(r)
_—= n —-r- cMc
B~ Bpv E

1
- E/dl'/n(r/)g(r,r/)r/ -V'Bege(Ir — r/I)]- (35)

Equations (31)—(33), and (35) then determine the classical
parameters as fB./8, Bcuc(r), and B.p.(r,r’) from the proper-
ties of the given quantum system

IBC = ﬂc(mn,g)’ Mc(r) = Mc(l',ﬁm,g),
be(r,r) = ¢ (r,x',BIn,g),

which is equivalent to Eq. (26) (corresponding to a change of
variables from p,¢ to n,g for the quantum system).

These expressions for the classical parameters are exact,
but deceptively simple, equations. Their complexity arises
from the fact that different arguments for the functional
c@(r,r"|-) occur. The relationship of two functionals at
different arguments depends on higher-order correlations
that are not determined by these equations. The many-body

(36)
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problem has not been solved, only hidden, and approximations
are required for practical applications.

The application of these results proceeds in three steps.
First, an approximation to the classical equations (28) and (29)
is chosen such that classical correlations are well described.
These are then inverted to obtain the corresponding approxima-
tions to Egs. (31) and (32). Next, selected information about the
quantum system is chosen in the form of approximations to p
and g for the calculation of the classical parameters of Eq. (36).
Finally, with all classical parameters known properties of
interest are determined from classical statistical mechanics
(e.g., liquid-state integral equations, classical density func-
tional theory, and molecular dynamics).

D. Hypernetted chain approximation

To illustrate the first step, selection of a classical approxi-
mation for Egs. (28) and (29), the HNC is noted. This results
from making them local in the function space of densities,

P an) — 2" |ny), .
2) /" 2) /" ( )
e, x’|ne +anc(ge — D] — ¢ (x,r"|nc).

Equations (28) and (29) then become

In (nc(0)2}) = Bepe(r) + f dr'c@ ' Inon.x"),  (38)

Ing.(r,r'|n.) = —Bepe(r,x) + / dr’cPr,x"|nn(x")
x [ge(" ,¥|n.) — 11. (39)

Together with the Ornstein-Zernicke equation (30) they are
a closed set of equations to determine the density and pair
correlation function for given potentials. This is the HNC
approximation of liquid-state theory, generalized to spatially
inhomogeneous systems [18]. It is known to give very good
results for uniform Coulomb systems [1] and for inhomoge-
nous, confined Coulomb systems, even at strong-coupling
conditions [19,20].

The corresponding inverse HNC forms for Egs. (31) and
(32),

Betre(r) = In (n(r)r}) — / dr’ P, r"|n)n(x"),  (40)

Be@e(r,x') = —In[1 + A(r,r'|n)] + h(r,x'|n) — c(r,r'|n.),

(41)
and the Ornstein-Zernicke equation (32a) is unchanged,
c@(r,r'|n) = h(r,r'|n)
— f dr" P, |n)n(Hhx’ ¥’ |n).
(42)

The “hole function,” A(r,r’|n) has been introduced for nota-
tional simplicity,

h(r,x'|n) = g(r,x'|n) — 1. (43)

These equations, together with Eq. (35) for B./8, provide
practical forms to determine 8./8, B.u.(r), and B.¢.(r,r’) for
the classical system, given appropriate quantum input.
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In the uniform limit (IlO external potential) the second term III. THERMODYNAMICS: FURTHER CONSIDERATIONS
of Eq. (40) is simply related to the static structure factor S(k),
The definition of the equivalent classical system as-

/ dr”c@)(r v’y — n / dr”c(z)(l‘—r” n) sures that the pressure and density in the grand en-
' ' semble give the correct quantum results (in principle),
1 e.g.,
=1——. (44)
=0 (Belitesd)V = —QuBielite o)
. . . . c(Oclle,Pe = —Sac(Pe|Me, Pe
For Coulomb systems, such as jellium considered in the P

following companion paper [16] and ideal Fermi fluids at zero = p(Blu,p)V = —Q(B|u,d). (46)

temperature, S(k) vanishes as k — O and this contribution
to Beu. diverges. Therefore, instead of (40), an alternative However, some care is required in the definition of other
form obtained from a coupling constant integration and the  thermodynamic properties. For the quantum system the

HNC [21] is used, thermodynamic variables are B,u(r) for constant ¢(r,r').
However, their variation leads to a change in all three classical
Beie = In (nckz) —n / dr{c(r,n) + Bep.(r) variables B, u.(r),¢.(r,r’), since all are functions of 8 and

functionals of w(r). Therefore, the variation of the pressure

1 . . .
_ Eh(r,n)[h(r,n) — e(rn)] } ' (45) leads to (in the following the volume V is always held constant)
|
IpcV 8p.V ¢ (r,r’
s(peV) = | 22 + [ drar 2P AL PYS
p 8¢ (r,1') B
¢ e, AT S B e ¢ e

ép.V ép.V S (', x”
+ / dr[—p + / dr'dr’ —PT_ Gcr.r)
Sptc(r) Bere S (r',x") Besite dpe(r) B.

The second equality defines the classical thermodynamic entropy and thermodynamic density in terms of the grand potential

}M@@)Eiﬂﬂr%fdﬁi@ﬁuxﬂ. (47)

~ op.V , opV 0. (r,r 092,
n&=—m[p +/ww peV_| o 09enr) ]=m , (48)
aﬂc HesPe 8¢C(r’r) Bette 8‘BC He aﬂp He
~ Sp.V ., opV 3¢ (X', 1" 32
nc(r)zl: P +fdrdr el fc(r.r) ]:- . (49)
Spe(r) | g, 4, 8¢ (' ,x") g . Spac(r) Be Spae(r) Be
[

Similarly, the classical internal energy is defined by B (H). 4+ / ar dr,,8 ;ﬁ(cfzc//) 8;30&’, (r/’)) C(53)
~ ~ ~ (4 r 7r NI CI-’LC r
&EE&+/ﬁm®m®—mV powe T

For example, the thermodynamic density, n.(r), differs from

B2 882, 0B8:2, the average density of the text above, n.(r), because the latter

-7 = [ drpeite(r) S (r) -7 B : is defined as a derivative of the grand potential at constant ¢..

Be lu. Bette(®) |p, e o, ¢
(50)

Note that derivatives in the last equalities of Eqgs. (48)—(50) do IV. EXAMPLE: INHOMOGENEOUS IDEAL FERMI GAS

not have the restriction of constant ¢,. To illustrate this definition of an equivalent classical

These same relationships hold for the quantum properties as statistical mechanics, consider the case of noninteracting
well, since they are the general definitions of thermodynamics Fermions in an external potential,
for the chosen variables, w,8. In the quantum case ¢ is
}ndependent'of the thermodynaqnc variables and, hence, H—uN — K — / drp(OAr). (54)
is constant in the variations. This leads to the equivalent

expressions in terms of equilibrium averages . . . .
P q £, Since H — uN is now the sum of single-particle operators,

n(r) = — — (r)), E= B —(H). 1) the pressure, density, anq pair correlatlon ful}ctlon can be
Su(r)lg B g, expressed in the form of single-particle calculations,
Howeyver, in the classical case the above leads to p(BIWV = p(Blin,¢ = 0)V
1 (r) = (;l\(l')) /dr/dr// 82 S(IJ)C(I'/,I‘N) _1 ) | d 1 —ﬂ(ﬁ—#«@)
c - c ) = 2m
80 r") g, Ste() g, e )/ rirlin[l+e Jie

(52) (55)
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n(r,plu) = n(r,plu.¢ = 0)

= (25 + 1)(r|[eﬂ<5fi*“®> + 1]’1|r) (56)
g(r,xr;Blu) = g(r,xr';Blu,¢ = 0)
o 1 n(,r)a@,r)
2s + 1 n(r,r)n(r’,r) 57)

1

i —
n(r,r') = (r|[fE 7 ® 4 1] ),

where (r|X|r’) denotes a matrix element in coordinate repre-
sentation and s is the spin.

Further reduction of these results to expose the dependence
on B and u(r) is difficult without solving the eigenvalue
problem for the single-particle Hamiltonian (p2/2m) — u(F).
A useful practical approximation that captures most of the
important exchange effects (but not any bound states if
supported by the external potential) is obtained by replacing
the operator wu(T) by its eigenvalue w(r), a “local density
approximation.” The expectation values above then can be
calculated as simple integrals

1 1
p(Bln) — V/dl‘(ZS + 1)ﬁ

2 2
x /dp;)_m{eﬁ[%m*lt(l')]_i_l}*l’ (58)

P2 -
n(r,Blp) — (2s + l)h_3/dp{eﬂ[ﬁ_“(r)]+l} (59
1 i / [72 —
n(r,rl) — ﬁ/dpe?p'(r—r){eﬂ[ﬁ_ﬂ(R)] + 1} 1,
60
_r+r (60)
=—

The results (58) are the familiar finite temperature Thomas-
Fermi approximations for the thermodynamics, while (60) is
its extension to structure [22]. The expressions for n(r,8|x1)
and n(r,r’) are no longer functionals of w(r) but rather local
functions of w(r) and w(R), respectively. The change of
variables from B, to B,n is accomplished by inverting (59)
to obtain u(r) = wu(r,B|n). Practical fits for n(r, 8| ) and this
inversion are recalled in Appendix A, along with simplification
of n(r,r’).

The corresponding classical results are nontrivial because
¢.(qi,q;) 70 when ¢(q;,q;) =0, because classical pair
interactions are required to reproduce quantum exchange
effects. Thus, the thermodynamics and structure of a simple
ideal quantum gas requires a corresponding classical system
with the full complexity of an interacting many-body system.
This classical many-body problem is addressed here and below
in the HNC approximation described above by Egs. (40) and
(41) together with the Ornstein-Zernicke equation (42) and
(35) for B./B. The solution for the classical parameters is a
straightforward numerical task, but the results differ for each
given external potential. To simplify the illustration here the
following is further restricted to a uniform ideal Fermi gas
(u(r) = p) in the thermodynamic limit. See Sec. V below for
the nonuniform case of charges in a harmonic trap. For the
uniform gas, the equations for the classical system parameters

PHYSICAL REVIEW E 87, 032101 (2013)

]
[ )
J——

Bcoo(r")

r=r/r,

FIG. 1. (Color online) Ideal gas Pauli pair potential as a function
of r* =r/ryfort =0,0.1,1,10.

simplify to
Pe _ 1[1 - ln/dr (r- VB¢ (r)] 61)
B Bl 6 )8 e
Bette = In (nc)‘f) —hn / dr{c(r) + B (r)
1

- zh(r)[h(r) - c(r)]}, (62)
Bete(r) = —In[1 + h(r)] + h(r) — c(r), (63)
c(r)=h@r)—n | dr'c(jr —Y'Dh(F"). (64)

The superscript (2) on ¢?(r) and the dependence of c(r),h(r)
on thermodynamic variables has been suppressed for
simplicity. These last two equations can be solved for B.¢.(r)
using A(r) from Eqgs. (57) and (60) in the uniform limit. With
that result, B./8 can be calculated from Eq. (61) and then
B determined from Eq. (45). Further elaboration is given
in Appendix B.

The dimensionless potential S.¢. will be referred to as
the Pauli potential. It is shown in Fig. 1 as a function of the
dimensionless coordinate r* = r/ry, where ry is the mean
distance between particles defined by 47r3/3 = 1/n. The
state conditions are represented by r; = ry/ap characterizing
the density (where ap is the Bohr radius) and r = B/ for
the temperature relative to the Fermi temperature [,3;1 =
€p = h2(3n2n)2/3/2m]. For example, in these units ni3 =
8/(3w'/2£3/%) and the classical limit occurs for £ > 1 where
the distance between particles is large compared to the thermal
de Broglie wavelength. It is noted that ideal gas properties
expressed in terms of r; and ¢ become independent of r;.
Fig. 1 shows the Pauli potential at for t = 0, 1071, 1, and 10.

Generally, the potential is positive, finite at r = 0 (Pauli
exclusion), and monotonically decreasing. The behavior is
exponential at small r, but an r~2algebraic tail develops
for small 7. This arises from the direct correlation function
c¢@(r) in Eq. (63). Classical statistical mechanics does not
exist for such a long-range potential and it would appear
that the equivalent classical system proposed here fails even
for this simplest case of an ideal Fermi gas. However, this
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t=T/T,.

FIG. 2. (Color online) Ideal gas reduced classical temperature
t. = T./Tr as a function of t = T/ Tr. Also shown is the result of
PDW.

problem is “cured” for the corresponding case of classical
Coulomb interactions with the same long-range problem by
adding a uniform neutralizing background (the one-component
plasma). The same procedure can be used here, i.e., a classical
system is considered where the pair potential is supplemented
in the Hamiltonian by a corresponding uniform compensating
background. The pressure equation (27) is modified due to this
background by the replacement of g.(r,r’) by g.(r,r’) — 1,and
(61) becomes
o _ m [1 L / drh(r)r- V.o (r):| (65)
B Bp 6 o

Figure 2 shows the classical temperature relative to the
Fermi temperature, 8r/B. = t., as a function of ¢ obtained
from Eq. (65). It is seen that the classical temperature 7,
remains finite at 7 = 0 in all cases and crosses overto 7, = T
at high temperatures. The PDW model postulates the form
T, = (T? + T})"/?. The model originally uses the average
energy per particle at 7 = 0 to evaluate Ty = 2T /5. The
result from Eq. (65) is quite close T,.(r = 0) ~ 0.43T¢. To
compare the dependence at finite ¢, the PDW form is also
shown in Fig. 2 with Ty = T.(t = 0). It is seen that the results
are quite similar although the PDW form has a somewhat faster
cross over to the classical limit.

Figure 3 shows similar results for u./er as a function of
t obtained from Eq. (62). Also shown is the result for the
quantum pu/€p. Both forms depend only on ¢ (independent
of rs). At high temperatures the chemical potential of the
representative system goes over to In(nA?) as in Eq. (62) while
the quantum chemical potential goes over to In(nA®/2). They
differ by a factor of In(2) at high temperatures due to the
internal spin degrees of freedom in the quantum calculation.
This is accommodated in the comparison shown in Fig. 3.

With the parameters of the equivalent classical system
determined, it is now possible to calculate any desired property
of the ideal quantum gas by classical methods. Since the
pressure is given exactly by the definition of the classical-
quantum correspondence equations, it is useful to consider
the internal energy. First, note that all the dimensionless
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FIG. 3. (Color online) Ideal gas dimensionless chemical potential
e/€F as a function of 7. Also shown is the corresponding quantum
chemical potential p/ep 4 ¢ In2.

thermodynamic quantities of both the quantum and classical
ideal gas depend on only one thermodynamic parameter,
z = P, In particular,

Beperl = G(2). (66)

The specific form for G(z) is not required for the present
discussion. The corresponding quantum result is BpA’ =
f3/2(2), where f3,,(z) is the Fermi integral of Appendix B,
(B19). Although G(z) and f3,»(z) differ substantially, the fact
that they both depend only on z implies that the relationship
among different thermodynamic properties is the same in
both classical and quantum cases. For example, the energy
is determined from the pressure via the thermodynamic
definition (50) with Eq. (62),

E.= VG()M;S _2y (67)
c = < 9B, Z('—3Pc .

The contribution from 0G(z)/9B.|,, y vanishes since z =
z(z.). This follows on dimensional grounds since z is di-
mensionless, and there is no additional energy scale to make
B. dimensionless. Hence, the classical calculation gives the
known exact quantum result. This nontrivial result for a
classical interacting system is a strong confirmation of the
effective classical map defined here. As noted in the last
section, it can be verified that the classical average of the
classical Hamiltonian does not give the correct relationship
to the pressure. Instead, it is necessary to define the internal
energy thermodynamically, as is done in Eq. (67). In a similar
way, it is verified that the relationship of the classical entropy
to the pressure and density is the same as in the quantum case,

TCSC = %PCV - I’Lcﬁv (68)

This is a form of the Sackur-Tetrode equation valid for the
quantum case. It is emphasized that these simple ideal quantum
gas results are being retained for the more complex effective
classical system with pair interactions via the Pauli potential.
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V. WEAK-COUPLING PAIR POTENTIAL

For systems with real interactions ¢(q;,q2) between the
particles, the classical pair potential will have the form

Bete(q1,q2) = (9(q1,92)” + Aq1,q2), (69)

where (qﬁc(q],qz))(o) is the ideal gas Pauli potential and
A(q1,q2) denotes the contribution to the effective potential
from the real pair potential. Obviously, in the classical
limit A(qi,q2) = Bé(q1,92). Another exact limit is the
weak-coupling limit for which the direct correlation function
becomes proportional to the potential [1] or, stated inversely,

Bede(r) = —c(r), (Bepe(r)” — —cV(r).  (70)
Thus, a possible approximation incorporating this limit is

Bete(r) = (Bepe(rN® — [c(r) — cQ)I™,  (71)

where [c(r) — ¢@(r)]™ denotes a weak-coupling calculation
of the direct correlation functions from the Ornstein-Zernicke
equation (30),

—(Bepe(rN™ = ™ (r) +n / dr'(Bepc(Ir — X' )R,
(72)

with 2V (r) being the quantum hole function in its weak-
coupling form. In the following companion paper this ap-
proximation is applied to the electron gas (jellium) for
which the weak-coupling form is given by the random-phase
approximation.

To further interpret approximation (71), consider a uniform
system and rewrite A(q;,q2) = A(|q; — q2|) in terms of the
static structure factor,

Sty =1 +n/dreik'rh(r), (73)
A(lq — _ ! dk  _i@-an | L _ ! “
lq1 Q2|)—; me % S(T(k)
= Bo(qr — q2])

- /qu(q)ﬂab(lql —q —q)). (74)

Here G(q) is known as the local field corrections in linear
response for the classical system. It is seen that the quantum
corrections to S¢(]q; — qz|) can be interpreted as local field
corrections [17], although due to quantum effects rather than
classical correlations. In the case of jellium, the qualitative fea-
tures of Eq. (74) are a regularization of the Coulomb singularity
atq; = qq, and crossover to an asymptotic Coulomb decay for
large |q; — q2| with effective coupling constant given by the
exact perfect-screening sum rule.

VI. DISCUSSION

The objective here has been to define an effective classical
equilibrium statistical mechanics that corresponds to a chosen
quantum system of interest. The motivation is to allow
application of existing strong-coupling classical methods (e.g.,
liquid-state theory and MD simulation) to calculate properties

PHYSICAL REVIEW E 87, 032101 (2013)

of the quantum system under conditions for which current
theoretical approaches are not adequate. The correspondence
has been defined by equivalence of the pressures, densities,
and pair correlation functions for the classical and quantum
systems. In this way, the relevant parameters for the classical
grand ensemble are fixed—the temperature, local chemical
potential, and pair potential. These classical parameters were
given a more explicit representation in terms of the quantum
parameters by inverting the classical many-body problem
using the HNC integral equations. Formal questions such
as the existence of this inversion have not been addressed
and only presumed to hold. A counterexample is given by
the classical representation of jellium, where the equivalence
of pressures is not possible under conditions of negative
pressures.

The three correspondence conditions of Sec. II are not
unique, and other choices may be preferred in specific ap-
plications. Furthermore, applications require the introduction
of appropriate approximate forms for these correspondence
conditions that should be tailored to the particular system
at hand. The special case of a uniform ideal Fermi gas was
illustrated using the HNC integral equation to determine the
parameters of the effective classical system. A peculiarity is
the long-range nature of the effective pair potential at very low
temperatures, requiring the introduction of a compensating
uniform background. The resulting classical thermodynamics
was shown to reproduce the exact relationships of various
thermodynamic functionals (e.g., pressure, internal energy,
and entropy).

The nonuniform ideal Fermi gas is more interesting and
its representation as a functional of the local density is a
fundamental problem within density functional theory [23].
Approximations such as the Thomas-Fermi representation
have limited applicability. An effective classical representation
along the lines described here would provide access to better
approximations, since the functional dependence on density
for the classical system is simple.

A weak-coupling approximation for the effective pair
potential in systems with real forces was described in the last
section. With that pair potential known, the effective chemical
potential and effective temperature can be calculated. This is
illustrated in the following companion paper for the uniform
electron gas [16]. The pair correlation function is calculated
for a wide range of densities and temperatures, and good
agreement is obtained with diffusion Monte Carlo results at
zero temperature and recently reported restricted path-integral
Monte Carlo results at finite temperatures.

A second application in that paper is to shell structure for
charges confined in a harmonic trap. Classically, shell structure
arises only from Coulomb correlations [19]. A preliminary
investigation there shows new origins of shell structure due
to diffraction and exchange, even in the absence of Coulomb
correlations (mean-field approximation).
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APPENDIX A: EXACT COUPLED EQUATIONS FOR #n.(r)
AND g.(r,r)

The objective of this Appendix is to outline the origin of the
exact equations (28)—(30) for the classical density and pair cor-
relation function. First, make a change of thermodynamic vari-
ables from temperature and chemical potential 8, ;. (r) to tem-
perature and density B.,n.(r) by the Legendre transformation

Fe(Belne) = Qe(Belpe) + / drpc(rjn(r), (AD)
where now the free energy is a functional of the classical

density rather than p.(r). Their relationship is given by the
first derivative,

SF,
Sne(r)
Here and throughout this Appendix derivatives are taken at
constant ¢, so the densities involved are those defined as in
Eq. (18). The free energy is now divided into its ideal gas
contribution F\? = —B! [ dr[l — In (n.(r)A3)In.(r), where
Ae = (2nh2,3c/m)1/ 2, and the remainder F.x (excess free
energy), so (A2) becomes an equation for the density

In (nc(r; BA]) = Bette(r) + P (xs Belne).

Here ¢("(r|n.) is the first of a family of functions (direct
correlation functions) defined by derivatives of the free energy

Sch,ex
Snc(rl) e Snc(rm) .

= p.(r). (A2)

(A3)

Cgm)(l'l y e

BN V' ﬂc|nc) = _,B (A4)

PHYSICAL REVIEW E 87, 032101 (2013)

Equation (A3) relates the density n.(r) to a given external
potential [recall w.(r) = e — @cext, (r)]. Consider now a
different external potential given by ¢, ext.(r) + ¢.(r,r’) and
associated density n.(r,r’). This external potential corresponds
to the original one ¢, cx (r) plus a new source of potential
of the same form as would occur if another particle were
added at the point r’. It follows that this new density is
proportional to the pair correlation function for the original
system [1],

nc(r,r’) = nc(l‘)gc(l',l'/). (AS)

The equation corresponding to Eq. (A3) for this new external
potential is

In (ne(r)ge(r.r)2}) = Bepte(r) = Bupe(r.x')
+cr; Belnege). (A6)

Finally, subtracting (A3) from Eq. (A6) gives the desired
equation for g.(r,r’)

In (g(r,1)2}) = —Bepe(r,r') + V(s Belnege)
—cl(xs Belne).

The notation used implies that the functional cf,l)(r; Be|+) in

both (A3) and (A6) are the same. This follows from density

functional theory where it is demonstrated that the free energy

is a universal functional of the density, the same for all external

potentials. Equations (28) and (29) now follow directly from
(A3) and (A7) and the identity

(AT)

1
eV B X) = V(1 Bl Y) + / dadecVlr; Bola X + (1 — a)Y]
0

1 D[y —
= cO(r; B|Y) + / da / ap S WPelaX +A =V )
0

1
=cD(; B.|Y) + / da / dr'c?[r,r'; BlaX + (1 — )Y [X () — Y ()]
0

with appropriate choices for X and Y.

The Ornstein-Zernicke equation (30) is an identity obtained
as follows. The second functional derivative of the grand
potential is related to the pair correlation function by

S2(—B.2) _ Sn.(r)
SutcDp(r)  Spe(r)
— Ben(X)S(r — ) + n (D) ge(r,r) — 11},
(A9)

Similarly, the second derivative of the free energy is

S52F. Spe(r)
Sno(K)ono(r)  Sno(r)
= B n.x)"'[8@r — 1) — n(O)cP(xr,r|n.)].
(A10)

dn.(r')

(A8)

The chain rule

/ % dn(r) 5ﬂc(r”)
dr =
Spke(x”) n.(r')

then can be written as

S(r—r1) (Al1)

[ ar'ow =)+ netgr - 1
x [8("—1) — n ()P ¥ n)] = s(x —1). (Al2)

This gives the Ornstein-Zernicke equation (30).

APPENDIX B: INHOMOGENEOUS IDEAL FERMI GAS

The thermodynamic and structural properties of an inho-
mogeneous ideal Fermi gas are straightforward to calculate in
a representation that diagonalizes the effective single-particle

032101-10



CLASSICAL REPRESENTATION OF A QUANTUM SYSTEM ...

Hamiltonian

ﬁZ
[— - M®:| Yi(r) = exi(r), (BI)

2m

where k labels the corresponding quantum numbers. For
Fermions with spin s, the quantum numbers are labeled by
k = (s,k). The Hamiltonian in second quantized form is then

simply
H = Zekala,{,
K

where ai,ak are the creation and annihilation operators for
occupation of the states {ix}. The pressure then is found
directly from evaluation of the grand potential €2,

pBIV =B~ In(l + P4
= BTV In {1 + e PUE—4®)

2
=Q2s+ D! /dr(r| In{1 +e_ﬂ[57‘“®]}|r),

PHYSICAL REVIEW E 87, 032101 (2013)

where a coordinate representation has been used in the last
expression.

The local density and pair correlation function are obtained
from the one- and two-particle density matricies. In the
diagonal representation these are

PO(r1.01.02.00: 11,03 5).00) = Y Yk (DY )V, DV, (F)(af af ar,a,)

V(K1 k2) = (af ac,) = (al, ax, )8, x, (B4)
pP (k1 k2 k3.k4) = (a] af a,a,)
(B2) = (8/(1,1(38/(2,1(4 - 8K1,K48K2,K3)<ail Ay, >(aI2aK2>‘
(B5)
Where the mean occupation number is
(afag) = Se@* + 17" (B6)
The coordinate representations are
pVr,o1x,02) = Y Yk OV, () e a,)
ki k
P> —
= 8,.0,(r|In {eﬂ[‘rm—u(r)] + 1} 1|r/>
= 85,.0,1(r,Y), (B7)
(B3) 1,02
|
k]-“k(,
= 8010500000 Y Vs DV, (XDl ) Y~ W2 ()W, (P (a, a,)
k ky
— o080y D Vi (O, (W))al ae ) Y v (), (F)al, au,). (BS)

ki
The diagonal elements are
pV(r,01;1,01) = n(r,r), (B9)
P(z)(l'l,Ul,l'z,Gz;l'l,Gl,1'2,02)
1 1
= pW(ry,01;11,01)p" (12,025 12,02)
1 1
—801.0,0V (11,01 12,0)p V(12,005 71,02). (B10)

Finally, the density and pair correlation function are identified
from the summation over spin states

nr) =Yy p(r.on:r00) = 25+ Dn(r,),

a1

2
n(rn(ry)g(ry,ry) = Z pP(r1,01,12,02;11,01,12,07)

= n(rn(ry) — (2s + Dn(ry,r)n(r,ry).
(B12)

(B11)

This gives the results (56) and (57).

The local density and pair correlation function are deter-
mined from the function n(r,r’) obtained from the single-
particle density matrix (B7),

7 —1
n(r,r') = (r|{efl5 2O L 1} 7). (B13)

k2

In the local density approximation of the text, u(r) — w(R),
where R =(r + 1) /2, this becomes (60)

1 i / Fz —
n(r,r’) = F/dpeﬁp'(r_r){eﬂ[ﬁ_”(m]+ 1)7". (B14)

Further simplification is possible to get
n(r,r))’ = % /Oood)cx[zl(R)e"2 + 1]71
x sin(2+/mx|r — r'| /1), (B15)
with
Z(R) = ePH®, (B16)
Accordingly, the density and pressure simplify to

n(r)A’ = (2s + Dar,0r’ = 25 + 1) f32(z(r)), (B17)

1
poit =, / drQs + Dfspm).  (BIS)
with the definitions
4 = 2(,—1 x° -1
fap(2) = Tz dxx*(z7'e” +1)7,
0 (B19)

8 *° 2 _
fsp(2) = —3ﬁ/0 dxx*(z7'e” +1) '
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