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Relativistic hydrodynamics from the projection operator method
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We study relativistic hydrodynamics in the linear regime, based on Mori’s projection operator method. In
relativistic hydrodynamics, it is considered that an ambiguity about the fluid velocity occurs from the choice of a
local rest frame: the Landau and Eckart frames. We find that the difference of the frames is not the choice of the
local rest frame, but rather that of dynamic variables in the linear regime. We derive hydrodynamic equations in
both frames by the projection operator method. We show that the natural derivation gives the linearized Landau
equation. Also we find that, even for the Eckart frame, the slow dynamics is actually described by the dynamic

variables for the Landau frame.
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I. INTRODUCTION

Relativistic hydrodynamics has been widely applied for
studying relativistic nonequilibrium phenomena. For exam-
ples, it describes hadron spectra and elliptic flow in heavy ion
physics [1,2] and jets in astrophysics [3,4]. The hydrodynamic
equations applied to these systems are mainly those for perfect
fluids. One of the reasons is that the dissipative effects in
relativistic hydrodynamics are not fully understood, e.g., some
pathological problems arise from the dissipative effects: the
acausal propagation and the instability of the equilibrium
state [5]. Although many hydrodynamic equations have been
proposed to resolve these problems [6—11], it is still not
obvious which equation describes the correct behavior of the
relativistic dissipative fluid. Namely, even the basic equation
has not been established in relativistic hydrodynamics.

The relativistic hydrodynamic equations are generally given
as the following conservation laws:

A j" =0, ()
9, T = 0. )

Here j* is the particle current and 7"’ is the energy-
momentum tensor. They are decomposed into

j* = nu* +v#, 3)
™ = hut*u’ — Pg"’ + q"u’ + q"u" + ", (@)

where n is the particle density, # = e + P the enthalpy
density, P the pressure, e the energy density, and u* the
fluid four-velocity. The dissipative terms v*, g*, and /"
denote the particle and energy diffusions and the viscous stress
tensor, respectively. The explicit expressions of these terms
are not unique, but depend on the equations considered. This
ambiguity comes from the choice of local rest frames of the
fluid.

To see this ambiguity let us classify the hydrodynamic
equations into two groups: the Eckart and Landau frames
[12,13]. In the Eckart frame, the local rest frame is defined as
that of the particle current, i.e., the fluid velocity is proportional
to the particle current,

ulh o ji (5)

In this frame the particle diffusion is absent v* = 0. In contrast,
in the Landau frame, the fluid velocity is proportional to the
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energy current
ul ocuy T, (6)

In contrast to the Eckart frame, the energy diffusion is
absent ¢g”* = 0. We note that nonrelativistic hydrodynamics
do not have these ambiguity. In the nonrelativistic limit,
the energy current is identical to the particle current because
the mass energy dominates the energy of fluids. Actually, the
Navier-Stokes equation does not have the same ambiguity as
the frames. This difference between the frames is considered
just by the references frames and is apparent. However, several
differences that are not apparent, actually exist. For example,
the Eckart frame has the instability of the global equilibrium
state at the rest frame, but the Landau frame does not.

To discuss the difference between the Landau and Eckart
frames we consider fluctuations from the global equilibrium
state, namely, the linear nonequilibrium regime. The merit
of this fluctuating state is that we can observe the state at
the same rest frame for the energy and particle currents. We
note that, at the equilibrium state, the particle and energy
currents rest: uy = u’y = (1,0). In the fluctuating state, we
also have the same reference frame for the Landau and Eckart
frames because the state considered is just perturbed from the
equilibrium one; moreover, we need not be concerned about
what local equilibrium and local rest are for the relativistic
system. Therefore, in this paper we focus on the linear
fluctuations from the thermal equilibrium state at the rest
frame.

To see relativistic hydrodynamics in the linear regime, let
us consider the Landau and Eckart equations as examples. For
the Landau equation the dissipative terms read

nT\?
Vi = K<7) A (B), (7
q" =0, ®)
v M_v v 2 v v

=m0\ u +8Lu“—§A“ (@1 -w)| + A @@L -u), (9)
where A, 1, and ¢ are the thermal conductivity, the shear vis-
cosity, and the bulk viscosity, respectively; A*’ = gV — utu”

is a projection; and 9 = AH"9, is the spacelike derivative.

Now we linearize the Landau equation about fluctuations
from the equilibrium state. Let us write n(x) = ng + dn(x),
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e(x) = eg + de(x), P(x) = Py+ 8P (x), (Bu)x) = (B +
8(Bu)(x), and ut(x) = ug + Su*(x). Here the symbols with
the prefix § denote the fluctuations. The equilibrium values
are denoted by the suffix 0. Hereafter we employ variables
with the suffix and the prefix as the equilibrium values and
fluctuations, respectively. For simplicity, let us choose the rest
frame as the reference frame: ug = (1,0). By the relation in
the linear regime ufydu,, = 0, the fluid-velocity fluctuation is
written as

Sut = (0,8vy). (10)

In consequence, the Landau equation is linearized as
noTo\’ 2
dpén = —noV - Svp + A e Vas(Bur), (11)
0

dode = —hoV - vy, (12)

1
do(hodvy) = —V(SP) + <; + 3n)V(V -8v) + nV35uy.
(13)

Let us move on to the Eckart equation. The dissipative terms
of the Eckart equation are

vt =0, (14

g" = 10T — T Du"), (15)

2
o = n[afuv +oLut =A@ u>] + A0y - u), (16)

where D = u*9, is the timelike derivative. The linearized
equations are

dodn = —noV - Svg, a7y

dode = —hoV - 8vg + AM(VET + TodoV - Svg),  (18)

1
do(hodvE) = =V(8P) +nV8vp + <§ + gn)V(V -8vg)

+1(VodT + Todgdvg). (19)

We note that the linearized Landau and Eckart equations have
different forms even in the same rest frame, as previously
mentioned.

To investigate relativistic hydrodynamics in the linear
regime, we use here Mori’s projection operator method [14].
Mori’s projection operator method is a powerful tool for
extracting slow dynamics. This method is widely applied and
successful in condensed matter physics [15-17]. Actually,
various slow dynamics, e.g., the Navier-Stokes, Langevin,
and Boltzmann equations and equations for Nambu-Goldstone
bosons, are derived [16,18,19]. The merit of the projection
operator method is that we can derive slow dynamics only by
choosing slow variables and commutation relations of those
without microscopic details. We note that dynamics on a
macroscopic scale can be described by much fewer degrees
of freedom than those on a microscopic scale. Such degrees
of freedom are called slow variables (or gross variables). The
slow variables are degrees of freedom that label a macroscopic
state and describe its long-time behavior.

From the projection operator method we find that the choice
of slow variables is important for hydrodynamics. From the
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linearized Landau and Eckart equations (11)—(13) and (17)—
(19) we see that the dynamic variables are given as the energy
and particle densities and fluid-velocity fluctuations’

{e.8n,8v] ). (20)
The fluid velocities are different, depending on the frames,
(2D
(22)

Namely, the difference of the frames is the choice of slow
variables.

The important point about the choices is that j' is not
essentially slow because it is not a conserved charge. In
contrast, 7% is a conserved charge and slow because the energy
current is equivalent to the momentum for the relativistic
system: T% = T Actually, we shall find that a slow part
in j’ originates from T%. We will provide details on this point
in Secs. IIC and V. We will apply the projection operator
method for the choices

. i
v =mny j',

i _ p—1p0i
vy =hy T

{8e,8p" ,8n},
{8e,8p",8n,8j'),

(23)
(24)

where 8p' = T% and §;' = j*. We will show that the first set of
slow variables (23) gives the linearized Landau equations (11)—
(13). Furthermore, we will derive the equations for the second
set (24), which include the Landau and Eckart frames. Then
we will derive the linearized Eckart equations by eliminating
8p' from the equations for {8e,8p',8n,8j'}. We note that, to
correctly treat the slow part of §j° coming from 8p’, we have
to choose both of them as slow variables.

After that we will discuss that the Landau frame is natural
for the slow dynamics. In particular, we shall show that the
equations for {8e,8p’,8n,8;'}, which include both the Landau
and Eckart frames, have the same slow modes as the Landau
equation. Namely, the slow modes are determined only by
{8e,8p',8n} and the current density 8 contains an irrelevant
part for the slow dynamics. Moreover, we will illustrate that,
even for the Eckart equation, the slow dynamics is actually
described by the Landau variables {Se,Spi ,on}.

Our study is an attempt to base the derivation on the
projection operator method. Earlier studies [7-10] assume the
relativistic Boltzmann equation as an underlying microscopic
theory. In contrast, we stress that our derivation is independent
of microscopic details.

This paper is organized as follows. In Sec. II we briefly
review Mori’s projection operator method for readers unfa-
miliar with it. Also we explain conserved charges as the slow
variables and discuss those for relativistic hydrodynamics.
In Sec. III we determine equal-time correlations of the slow
variables to determine the properties of the equilibrium state.
We note that here we consider the fluctuations from the equi-
librium state. Our determination is based on thermodynamics
and Lorentz symmetry on a microscopic scale, thus it is
independent of the microscopic detail. In Sec. IV we derive
the slow dynamics by the projection operator method for the

'We note that the intensive variables, such as §(8u) and 8T, turn
out to be functions of 6n and §e by thermodynamic relations.
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sets of equations (23) and (24). In Sec. V we discuss that
the Landau frame is natural for relativistic hydrodynamics.
In particular, we study slow modes of the equations for
{8e,8p",6n} and {8e,8p’,6n,8j'}. We explicitly show that these
equations have the same modes. Furthermore, we consider the
Onsager reciprocal relation in the Eckart equation to illustrate
the slow part of § j coming from {8e,8p’,én}.

II. MORT’S PROJECTION OPERATOR METHOD

In this section we provide Mori’s projection oper-
ator method [14,16,17,20,21]. We can formally extract
slow dynamics from microscopic Hamiltonian dynamics
by this method. On the microscopic scale, an operator at
time t, O@t) = e O0)e~ 4", evolves by the Heisenberg
equation

300 = i[H,0)] =i LO®), (25)

where £ is the Liouville operator. In the following we
decompose this time evolution equation into slow and fast
ones.

A. Projection operator

First we introduce basic ingredients for the projection
operator. Let us consider a many-body system at finite
temperature. As an equilibrium distribution we assume the
grand-canonical one. Then the density matrix is given as

e~ BH—1N)
) = e ——— 26
Ty (26)
where H is the Hamiltonian, N is the number operator,  is
the chemical potential, and the inverse temperature 8 = 1/7.
With the density matrix, the thermal average of O(¢) is defined
as

(O(1))eq = tr peqO(t) = (O(0))eq. (27)

Also we define the inner product of A and B as

B P fe
(A.B)= L [ dr(eri-ri dp=ri-ui iy,
B Jo !

B
l/ dt(A(—iT)B ). (28)
B Jo

Moreover, we introduce a set of slowly varying operators
(slow variables) {A,(t,x)} = {A|,As,...,A,}. If we can
separate the time scale into long- and short-time scales, such
operators exist and describe the slow dynamics. Let us consider
the slow operators at the initial time ¢ = 0, {An(O,x)}. In
general, they are not orthogonal to each other. We introduce a
metric to consider the orthogonal basis:

Zum(x — ¥) = (A,(0,x),4,,(0,y)). (29)

The orthogonal operators, represented with an upper index,
are defined as

A"(t,x) = / d*y g"" (x — y)An(t,y), (30)

where g"(x —y) is the inverse of g,.(x — ).
These quantities are orthogonal to those with lower
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indices,

(A4(0,x),A™(0,)) = 87'8(x — y), (31)

> / A’y gum(x — y)g"(y —2) = 8,8(x — y).  (32)

We have prepared the basic ingredients. Let us introduce
the projection operator acting on any operators B(f,x) as

PB(t,x) = Zfd3y A,0,y)(B(t,x),A"(0,y)). (33)

The projection operator extracts the slowly varying part of B,
which is determined only by the slow variables {A,}. We also
define the orthogonal projector as @ = 1 — P for later use.

B. Generalized Langevin equation

In this section we derive the so-called the generalized
Langevin equation. This equation is given by decomposing
the Heisenberg equation into slow and fast parts. For the
decomposition, we use the following operator identity:

A A A t A N A A
doe't = M Pil + / ds X" IPiL 2 Qi L
0
+e9HQiL, (34)
which is valid for arbitrary L and P [15].

Let us derive this identity. First we consider the following
decomposition:

doe'lt = eltif = b LPif 4 L1 Qi L. (35)
Next we consider the Laplace transform of exp(i £1),
o p 1
/ dte et = — (36)
0 z—iLl
Then we decompose Eq. (36) into
1 1 A 1
= 52— QiL)———
z—il z—-iLl z—QiLl
1 A A 1
= — @z —iL+PiL)y——
z—il 72— QiLl
1 1

(37

= ~ + _Pil —.
z—QiL z—il z—QiL

Performing the inverse Laplace transform, we find the identity
A A ! A A . A
et = o9kt —|—/ ds e =IPiL eQEs, (38)
0

Substituting Eq. (38) into the second term of Eq. (35), we
obtain the operator identity (34).

Multiplying Eq. (34) by an initial value of the slow operator,
we obtain the decomposed equation of motion for An(t) =

L1 A,(0):
dAn(t,x)

= / d*yiQ,"(x — YAu(t,y)

_ / dsd®y ®,"(t — s,x — Y)Anu(s,y) + R.(t,x),
0
(39
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without any approximations. Here we introduced the following
functions and operator:

iQ,"(x —y)

(iL£A,(0,x),A"(0,y))

| A P
—Ei<[An(0,x),Am'(O,y)]>eq, (40)

®,"(t —5,x — y) = —0(t — )i LR, (t,x),A"(5,y)), (41)
R, (t,x) = "L Qi £ A,(0,x), (42)

where 6(r — 5) in Eq. (41) is the Heaviside step function.

Equation (39) is the generalized Langevin equation and has
the following properties.

(i) Equation (39) is the operator identity.

(i) The first and second terms on the right-hand side
represent the slow motions.

(iii) The first term corresponds to a time-reversible change.

(iv) The second term corresponds to a time-irreversible
change. Also this term depends on a past time value A,,(s) for
s < t.Here ®,"(t — s,x — ) is called the memory function.

(v) The last term is the noise term corresponding to the
fast motion. For hydrodynamics this term is usually neglected,
whereas for the Langevin dynamics we treat this term as a
random noise.

It is useful to rewrite Eq. (39) as an equation in momentum
space

o.¢]
A, (t,k) = i, (k)A,(t,k) — f ds®,"(t — s,k)A,(s,k)
0

+ R, (t,k). (43)

For the time component we perform the Laplace transform

An(z,k) = / dt / dxe e A, (1, x). (44)

Then Eq. (43) becomes

ZA(z,k) = iQUk)A(z,k) — (z,k)A(z,k)
+ R(z,k)+ A(r = 0,k) (45)

in the Laplace momentum space. Here A(t = 0,k) is the initial
value and we used matrix notation.

C. Conserved charges as slow variables

Here we explain why conserved charges are slow and
discuss the dynamic variables for the Landau and Eckart
frames. The key is that conserved charge densities generally
satisfy conservation laws

30j° = —97", (46)

where j© is a conserved charged density and j' is its current.
In the momentum space the conservation law becomes

d0j° = ikij'. (47)

We note that the time change rate of j° is proportional to
the wave number, so the low-wave-number components turn
out to be slow. Therefore, the change of the conserved charge
densities is necessarily slow in the low-wave-number region,
i.e., on the macroscopic scale.

Now let us consider the case of relativistic hydrodynamics.
We have the three conservation laws in Egs. (1) and (2). From
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those we obtain the three conserved charges, i.e., the particle
number, the energy, and the momentum:

d0j° = ikij", (48)
3T = ik, T, (49)
T = ik, T (50)

We note that the above quantities are the slow variables for
the Landau equation. The important point is that the particle
current is not conserved:

doj" # ik 11, (51)

Thus the time change rate is not proportional to the wave
number. Namely, the particle current is not essentially slow,
although it is proportional to the fluid velocity for the Eckart
frame.

Nevertheless, we note that the particle current has a slow
part coming from the conserved charges because j' is not
orthogonal to {j°,7%, 7%} In other words, the projection of
71 on those does not vanish,

Pj#£0, (52)

and gives the slow part. From this slow part we can derive the
linearized Eckart equation, as we will show in Sec. [V. Here we
stress that the slow dynamics is essentially determined by the
conserved charges {j°,7%, 7%} even for the Eckart equation.

III. METRIC AND THERMODYNAMIC QUANTITIES

In this section we discuss relations between the metric
gnm and thermodynamic quantities [15,16,22]. As discussed in
Sec. I, we employ the fluctuations of conserved charges as slow
variables, i.e., A, = {6¢,8p",84,8]'}, where 8¢ = T — ¢,
8p' =T% 8 = j° —no,and 8] = j' withep = (T%)¢q and
ny = (fo)eq. We assume that the density matrix at thermal
equilibrium is invariant under a time-reversal transformation,
i.e., TPeqZ ' = pPeq, where T is the time-reversal operator.
The slow variables transform under 7 as

T8, x)T " = 8a(—t,x),
(53)

T86(t,x)T " = sé(—t,x),

T8pi(t,x)T ' = —8p'(—1,x),

N N (54)
T87(t,x)T ' = —=8j'(—t,x),

where 8¢ and 87 (8 p' and 8fi ) are even (odd) operators, so that
87 and 8¢ does not mix 8p' and 8, i.e., g, (k) = g.;j(k) =
gnp(k) = gnj(k) =0.

Since we are interested in the low-energy behavior of slow
variables, we apply the derivative expansion. The metric is
expanded as a power series of k',

gnm(k) = &nm + g;(l;)l;iki + gy(iy)l;ijkikj +-- (55)

where we assumed that g, (k) is analytic at k = 0; in other
words, there are no long-range correlations. The only leading
terms g, contribute to the linearized hydrodynamic equations
at first order, so we will not consider contributions from the
higher-order terms.
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A. Susceptibilities g,,, g.., and g.,

First, we focus on g, gce, and g.,,, which are nothing but
susceptibilities,

Qee = / d*x(86(x),88(0)) = —((6H)*)eq,  (56)

<=

G = f dx(87(x),81(0)) = —(6N))eq, (57

<|~= <|~

Sen = &ne = / d*x(8é(x),84(0)) = —(8HSN)eq,  (58)

where V is the volume, §H = H — (ﬁ)eq, and SN = N —

A

(N)eq- We also used the following relations:
/ Bx e A1) 55(x )T H-1M) — / d3x 86(x) = 8H, (59)
f Bx e H10) 5 (x)e T H-1¥) f d3x 8i(x) = 8N. (60)

Using the grand partition function Z = trexp[—B(H — uN)],
we can rewrite these susceptibilities as

1 /3*InZ de
o), =), @
1/3*InZ on
S = V(W),g - <a<ﬁu>>ﬁ,v’ ©2
1/ 3’InZ de on
Son = V(@ﬂ&(ﬁm) - (awm)ﬁ,v - _(ﬁ)m ©9

From these equation, the inverse matrices for e and n are
obtained as

ce _ (9B
g = <8e>n’ (64)
d
o = ( (ﬁu)) ’ 65)
on /,

ne __ _en __ __ % _ a(ﬁﬂ)
£ 8= <8n)e_( de ) (60)

Then the slow variables with an upper index are

A= — <%> sé — (z—’g) sh = —88, (67)

de n

i — (a(ﬂ’”> 56 1 <%> 5i = 8B, (68)

de

where we introduced the operators for the fluctuations of
and Bu. Namely, those are orthonormal to §é and §7 in the
leading order of the derivative expansion:

(8e(t,r),8(Bp)(t,r)) = (8a(t,r),8B(t.r) =0, (69)

—(8é(t,r),8B(t,1")) = (8fz(t,r),8(3ﬁ)(t,r/)) =8(r—r).
(70)

For later use, we also introduce the operators for the
pressure and the temperature fluctuations as

N oP . oP .
§P = (—) éé + (—) o, 71
de J, on /,

. oT oT
8T — | de+|—) on. (72)
de J, on /,
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These operators satisfy the usual thermodynamic relations,
e.g., the Gibbs-Duhem relation

. hy _
sP = ?O(ST + TonoS(BL), (73)
0

because we can apply the thermodynamic relations to the
coefficients, such as (3 P/de),, in the definitions.

B. Quantities g i i, gpiji,and g;i;;
Next we consider g i, &yi i, and g;i j;. We show that two

of them g, ,; and g, ;; are expressed as the enthalpy and the
number density

8pip) = f d*x(T(0,x),7%(0,0) = 8" Toho,  (74)

gpiji = f d*x(T%(0,x),(0,0)) = 87 Tong.  (75)

The same relations are obtained in Ref. [22]. These relations
are derived from the Lorentz symmetry underlying the theory.
For an arbitrary Hermitian operator O, the following identity
is satisfied:

/d3x(T°"(o,x),@) = (P',0)=i(H,R'1,0)
= —iT({[K",O)eq, (76)

where K' is the boost operator, [H,K'] = —i P', and the
following Kubo’s identity is employed:

((H,A1,B) = —T([A,B)eq. (77)

Since T*(x) and f“(x) are the Lorentz tensor and vector,
respectively, these transform under the Lorentz transformation
as

(LM, T (x)] = i(x*0" — x" ") T (x) — i[n" T (x)
=TI ) + TR — P TH (), (78)
[L",]7(x)] = i(x"3" — x"3") j* (x)
—i[n"j () = 0" j* )], (79)

where L™V is the charge of the Lorentz symmetry and n*’ =
diag(1,—1,—1 ' 1) isAphe (inverse) Minkowski metric. For the
Lorentz boost K' = L they obey

[ki’foj(x)] _ —i(xoai _xiaO)j«OJ(x)
+iT () = in7T%(x), (80)
(K.} ()] = —i(x°8" —x"a%)j7(x) — in J°Lx).  (81)
Therefore, the thermal averages for these commutators satisfy
(KT ()])eq = i{TY(x) = " T®(x))eq = i87ho,  (82)
(K] eq = =i (0 ['(0))eq = i87mo. (83)
Inserting Egs. (82) and (83) into Eq. (76), we arrive at

Egs. (74) and (75). These identities enable us to relate
two-point functions to one-point functions.
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IV. APPLICATION OF MORI’S PROJECTION
OPERATOR METHOD TO RELATIVISTIC
HYDRODYNAMICS

In this section we apply Mori’s projection operator method
to relativistic hydrodynamic systems and derive equations of
motion for {8¢,8 p' 87} and {8¢,8 p' 84,8 ' }. We first show that
the set {8¢,8 p,87} gives the linearized Landau equation. For
the Eckart equations, we introduce the current of the conserved
charge 87, which is proportional to the fluid velocity in the
Eckart frame, in addition to 85’ and 4. We employ the
derivative expansion and keep the spatial and time derivative
to the second order, i.e., 3y, V, V2, 3V, and 85. We will drop
the noise term ﬁn(t,x) in the equation of motion. This term is
irrelevant in the time evolution of the expectation value. If one
is interested in stochastic hydrodynamics, one may keep the
noise term [23].

A. Linearized Landau equation

First we derive the linearized Landau equation. For this
purpose we choose 8¢, é p, and 67 as slow variables. Since § P
is chosen as a slow variable, the equation for dydé does not
contain dissipative terms,

0086 = =V -8p = —hoyV -89, (84)
where we defined the fluid velocity 89, = 8 p/ho. This

equation is nothing but the energy conservation law (12). This
|
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can be confirmed by the the following calculation:

200 = [ dx e Len.3p O

- / dPx e *F (VI8 i (x),8p (0))g"' 7 (k)

= —iklg,,i(k)g" " (k)
= —ik'. (85)

Therefore, the reversible term becomes —V - § p. The memory
function vanishes because i £8 turns out to be —ik - § p and
then Qi £8é = 0 [see Egs. (41) and (42)].

Let us move onto the equation for dyé7i. For the reversible
part, the only i €2, survives in §2 from time-reversal symmetry,
which is

i, (k) = / dPx e ** i L5A(x).5p' (0)

= / dx e *F¥(=VI§ ]I (x),8 p(0))
= —ikigi + Ok
= —ik' Tong + OU>). (86)

For the memory function, we keep it up to order k%. Here
®,, vanishes as before due to Qi £5é¢ = 0. Further, D, is of
order k3 from the tensor structure, which can be neglected.
Therefore, we may consider only ®,,,. Since we are interested
in slow dynamics, we also expand the memory function in
terms of z in addition to k:

o0 A ~ A~
D, (z,k) = f dr / dx e e * ¥ (1L Qi £57(0,x),i £87(0,0))
0

00 A A A
= k'k/ [ dt / dx e @ e (1L 05 71(0,x),87(0,0))
0

~ k2/ dt/d3x (af"(r,x)— %5 (1,x),8}7(0,0) —
0

T, N
= K2 <nz 0) = K,
0

P, 0))

87)

where 2 denotes the approximation of order k?* and z°. The approximation of order z° corresponds to the Markov approximation,
i.e., in the coordinate space ®,,(t,x) ~ —AV28(t)6®(x). We defined the thermal conductivity A as

( ) / dt / &x (3 Fex) — —a (1,%).8J1(0,0) — @aﬁf(o,())) (88)
}’loTo /’l()
|
and used Similarly, for § P, the reversible terms iS2,, = —ik' Tohy
Q8 Ji(t,x) ~ 8]i(t.x) — —5 i(t.x) g9y A4S = —ik'Tono. s0

in the leading order of the derivative expansion. We note that
the second term is important to remove the contribution of the
zero mode from &j'. As a result, we arrive at the equation for
00871 as

308h = —noV - 891 + AV2S(BR). (90)
This equation coincides with Eq. (11).

iQpcA° + QA" = —ik' [~ TohoSp + Tonod(Bm)]
= —ik'sP, 91)

where we used the Gibbs-Duhem relation (73). For the
dissipative terms, ®,, vanishes and ®,, ~ k3 from tensor
structure can be neglected as before. Therefore, only @,

023007-6



RELATIVISTIC HYDRODYNAMICS FROM THE . ..

survives in the leading order, which is evaluated as
D it (z,k) = k7K / dt / dx(T(t,x),7(0,x))

_ l ik 2 ik
—TO §+377 k'k +T()17k5, (92)

where we used the same approximation as in Eq. (87). The
shear and bulk viscosities are defined by the Kubo formula as

n= ﬂofoodtfd3x(f12(t,x),f12(0,0)), (93)
0

2 o . A
c—gn=po [ ar [ @00 08
0
Noting that AP = —,30852 = —(Bo/ ho)8 p', we obtain

dSp=—VEP +nV35i, + (¢ + in)V(V - 8d.), (95)

which coincides with Eq. (13). We have shown that the
linearized Landau equations (84), (90), and (95) are derived
by choosing é¢é, 71, and & [3[ as slow variables.

Before closing this section, let us consider the detail of
®,,,(z,k). The memory function can be written as

(D(Z,k) = —[E(Z,k) — lQ(k)E(Z,k)]H_E—(Z’k), (96)
where we defined

B(t) = (A, (1), A™), (97)

B(t) = (iLA,(1),A™), (98)

E@W) = (L) A0),A™). (99)

For the derivation of Eq. (96), see Appendix B. Since the
time derivative of a conserved charge v.ariable is slow, B is
of order k; then we can estimate 1/(1 4+ E) = 1 4+ O(k). Then
®,,,.(z,k) becomes

@ (z,k) = —[E(z,k) — iQUOE(Z,5)]un

n
~ i <a,~,~<z,0) - —OE,,,-<z,0>> . (100)
ho
From & = —1 +z&,
1
E,i(z,0) = ——g,; = ——nyTy, 101
pi(2,0) ngj Z olo (101)
where we use E i (2,0) = 0. Therefore, we can write
n3T, -
qum(Z’k) = k2 (E]‘_,‘(Z,O) - ZO]’Z_O) = kz)\.(Z), (102)
0

where we defined the frequency-dependent thermal conduc-
tivity A(z). At z = 0, A(0) coincides with A. This expression
will be used in the following section to derive the linearized
Eckart equation.

B. Linearized Eckart equation

Here we derive the linearized Eckart equation. The charge
does not dissipate in the Eckart equation, which implies that
the fluid velocity is chosen as 80z = 8/ /ng. Therefore, we
choose 8’ as a slow variable in addition to {8¢,8 p',87}. In
order to derive the Eckart equation we first derive the equations
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of motion for {8¢,5 p*,8/,8 j'} and then remove the degrees of
freedom of § p'.

The equation of time evolution for 6é and 87 are trivial due
to the conservation laws,

dp8é = —V -5, (103)
308A = =V - 8]. (104)
As usual, we calculate the reversible terms
i Qi (k) = / d*x e % * (i L56(x),8 p'(0))
= —ik' Toho + O(K>), (105)
iQi(k) = / dx e ** (i Lon(x),8 j7(0))
= —ik' Tong + O>), (106)
iQ,i(k) = / d*x e ** (i L87(x),8j1(0))
= —ik/g;i;i + OK). (107)

Here the explicit form of g;;;i is not obtained; however, it is
irrelevant in the leading order of the fluid equations, as will
be seen later. The reversible term for 9,8 p' is the same as that
of the Landau equation (91). The reversible term for aoaji
becomes

QA" +i9Q,,A¢ = —ik[g;;8(Bi) — TongsB1.  (108)

Since 8 and §p' are chosen as slow variables, the inverse
metric contains mixing terms

(g”.” 8?".') - v ( 8jj —8m'>
g’ g 8pp8jj — 8pi&ip \ "8ir  &pp

Bo <,308jj —no>' (109)

a hOﬂOgjj — I’l(z) —no hO

Then the conjugate variables for 8 j* and § p' are

Al .30 i 2
Al = —————(—nodp' + hodj")
hoPogjj — nj
= —nog’ (80} — 80"), (110)
A i ﬂo . ~s
AP = —————(Bog;;0p' —nodj")
hopogjj — n? 7

i A i no «;i
= fod0l; + fog;shoAl = sty — AT, (111
0

where we defined the fluid velocity in the Eckart frame as
8%, = 81 /ng. The memory functions appearing in 3,8 p’ are
®,, and ®,;, which are both of order k2. Here we assume
that A/ is of order k, which will be checked later. Then & ,; A/

can be neglected because it is of order k°. Similarly, ® ppAP ~
—B®,,80,. Therefore,

. 1
ddp=—VP +nV3sd, + (; + §n>V(V 89y). (112)

This is the same as the Landau equation.
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Finally, let us consider the equation for 808fi , which 1is
written in the Laplace space

znoﬁﬁg = lenAn + ineAAe — ¢JJAJ
— @, AP + nos0i(t = 0)
iy 0o Ri
= —gij 8(,3/1,) - FOV §T — q)jjA

— @, AP + o8 (t = 0), (113)

where §v(t = 0) is the initial value of the fluctuation. The
important point is that @ ;; is not slow and gives a contribution
of order k°. This equation will give the relation between
these fluid velocities. Since we are interested in the first-order
hydrodynamic equation, it is enough to take into account the
difference of the fluid velocity up to order k'. In this order we
can neglect @ ;, because it is of order k.
Let us now estimate & ;. From Eq. (96) we obtain

®,i(z,k) = [_[é(z,k) - iQ(k)E(z,k)]m]
=% JJ
1 )
[—z + =D —HQ(k)] )

Ji
1

= —z8j; + [,,—:| ,
JJ D(Z,k) i

where weused 2 = z2 — i, E = zE — 1, andi2;;(k) = 0.
We may estimate ®;;(z,k) at k =0 in the leading order.

(114)
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First we consider E,i(z,k). The energy conservation provides
ZEepi(Z,k) = —ik’ Epjpi(z,k). Thus, at k =0, Eepi(z,()) =
0. Similarly, one can show that E,;(z,0) = E,,(z,0) =
8,j(z,0) = 0. Therefore, we may consider the terms with § p*
or 8 j'. They are estimated at k = 0 as

Ep0) B0 _ 1 (g o
8j(z.0) z\gp z2Ej(z0)
noTQ
wh o5 )
ho

Ejp(Z,O)
_ 1 hoTo
oz \nTy
(115)

where we used 2(z,0) = —1 + zE(z,0) = 0 and Eq. (102).
Taking into account the metric, we find

e — n2T)?
J
(g ]h() I’loTo) 1

ho ..~ n N
hodd, = hoSdg + n—og“k(z)(nozzsfu +g;; Vo(Bu) + TOV5T —npddp(t = 0))
0 0

N N - ni T
= hoddg — M2)(Tozddp + V8T) + A(z) Ty g"" (hoz8dy + VEP) — gl %A(Z)SﬁE(I =0).
0

©jj(z,0) = e h_o(hgjj —nyTy)z
1 1

= m - g_UZ (116)

Then the equation of motion becomes

nozdds = —g;; V(A1) — CVST + —% (8, — dig)
To 87 M2)
—noz(80L — 80g) + nedv et = 0). (117)
From Eq. (117) we obtain
272

(118)

The third term in the last line is estimated as 70289, + V8P = hodd, (t = 0) + O(V?) from the equation of motion (112). Then

272
. - n2T,
hoddr = hodbr — M2)(Tozdbs + VST) + k(z)(Tozgppho(SﬁL(t —0)— g”n(;l—OSf)E(t - 0))
0

. T} .
= hQSﬁE - )\(Z)[TQZ(Sf)L + VéT — TQSﬁL(I = 0)] - (;l—no)\.(Z)Aj(l = 0)
0

This equation is exact for an arbitrary z in the first order of
the derivative expansion of the spatial coordinate. We note
that Egs. (103), (104), (112), and (119) are those of motion
for {8¢,8 p',8A,8 j'}. These equations are derived in this paper
by the projection operator method. We also note that these
include the Landau and Eckart frames under the concept of
the projection operator method.

Now let us derive the Eckart equation. We assume that
there is no conjugate variable for j’ at the initial time, i.e.,
AJ(t = 0) = 0. We also assume that the change of the variable
is so slow that the z expansion is applicable:

hodd; = hoddp — A[Tozdd, + VT — 8 ,.(t = 0)]. (120)
In the coordinate space, this equation becomes
ho8dy, = hodd g — MTpdodd, + VST). (121)

(119)

From this equation one can confirm A/ = —ngg// (80 —
80t) = nogf'f({qaoaﬁg +ik'8T)/ ho ~ k. Therefore, the as-
sumption that A/ is of order k is consistent for slow dynamics.
Solving Eq. (121) for h¢§9, we obtain

ho8d,,
+ AR

~ hodd g — MTpdgddE + VST,

1 N
= ——+——(hoddg — AVST
| a0( 080E )

(122)

where we dropped dyV T in the last line because it is higher
order. Inserting Eq. (118) into Eq. (112), we find

dolhodd e — MTpdydd g + VST)]

. 1
= V8P + V38 + (c + 5n)V(V S8bg). (123)
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This equation is equal to the linearized Eckart equation
(19).

V. DISCUSSION

Here we discuss how the slow dynamics is determined by
the Landau variables {6¢,§ 5,671} and the Landau frame is
natural for the hydrodynamics. First we study modes of the
equations for {8¢,8 p',84,8 j'}, which include both the Landau
and Eckart frames in the projection operator method. We will
show that those modes are the same as those of the Landau
equation. Namely, the slow modes are determined only by
the Landau variables and the current density Sfi contains an
irrelevant part for the slow dynamics.

Furthermore, we discuss the dynamic variables of the
Eckart equation. The Eckart equation has {5¢,87,8;'} as the
dynamic variables, apparently. Nevertheless, we shall show
that the slow part of 8 j' is determined by {8¢,8 p', 8/}, actually.
To illustrate this fact, we consider the Onsager reciprocal
relation in the Eckart equation. If we assume that the time-
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A. Modes of the equations for {8&,8 p',87,8 j*)

Here we study modes of the equations for {8¢,8 p*,84,8 j},
which has the dynamic variables for both the Landau and
Eckart frames. Then we shall find that those modes are the
same as those of the Landau equation.

In the Fourier space, the equations for {§é,8p,6/,6;'}
[Egs. (103), (104), (112), and (119)] are written in the
following matrix form:

dé(w,k)

Sii(w, k)

§py(w,k)

8Ji(w, k)

8p,(w,k)

8 (w,k)
where we decomposed 8 p and 8 into the longitudinal and
transverse components

(124)

<
|
coococoo

reversal property of 8 j' is odd, the reciprocal relation seems to §p = i 8p, Sp,=8p—38p 17 (125)
be violated. In contrast, if we regard § j " as a dependent variable “;; | |:|
of {5e,angia.n}, we will find .that. the .relatlon is satisfied. Sfu _x '5}-, 5}l — 5}- _ 6f||—. (126)
Namely, § j' in the Eckart equation is projected on the Landau | k| |k|
variables and its time-reversal property is not odd. We introduced the matrix
|
—iw 0 ik 0 0 0
0 —iw 0 ik 0 0
M= .l']?OlPe l:kOan —i(,.()+k2F|| 0 0 0 ’ (127)
ikikar, ikar, —iwo+T; —(ho/ngl; 0 0
0 0 0 0 —iw + k*(n/ ho) 0
0 0 0 0 —ia)+Fj —(l’l()/n())rj
I
where we defined 1 T 2 o8 )
n
P 0P Fs=-—{F”+IDmeP(JLQ) ( “’) —1}}, (135)
Ope = | 7 y Opn =\ 7 ’ (128) 2 hO n e
de J, on /,
apP
0 oT Cs = e . (136)
are = Poho| — | » arn = Poho| — ), (129) €/s/n
de /, on /,

(130)

We neglected here the frequency dependence of the thermal
conductivity. We can obtain dispersion relations from det M =
0. Those are given as the following, to second order in k:

w ~ —ik’T;, (131)
w ~ —ik’T, + ke, (132)
w = —ik*(n/ ho), (133)

where we introduced the thermal and sound diffusion con-
stants, and the sound velocity
A

r,= s
noCp

(134)

Here cp is the specific heat at constant pressure. From
Eqs. (131)—(133) we see that the equations for {5¢,8 p*,84,8 '}
have the usual hydrodynamic modes: the thermal diffusion
and sound and viscous diffusion modes. Moreover, these
dispersions are the same as for the Landau equation,2 ie.,
the slow modes are described only by {&é,5 ﬁi,(Sﬁ} and the
current density 8 ' is irrelevant for slow dynamics.

B. Independent variables of the Eckart equation

Here we discuss that, even for the Eckart equation, the; slow
partof §j' is determined by the Landau variables {6¢&,6 p*,71}.

>The sound diffusion constant (135) is apparently different from
that in Ref. [24]. In Ref. [24], the Landau equation is solved by
choosing 87 and 8T as the thermodynamic variables, whereas 87 and
dé are chosen in this paper. The difference is due to the choices and
is apparent.
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For this purpose, we consider the Onsager reciprocal relation in
the Eckart equation. We will see that the relation is not satisfied
if §j is assumed as an independent slow variable, while it is
satisfied if 8/ is a dependent variable of {§&,8 p',871}.

Now we consider the correlations (dy6¢,57) and (9y671,6€).
These correlations must satisfy the relation

(8088,87) = (9od71,88), (137)

which comes from the time-reversal properties of 7 and 6¢ and
the equilibrium state. We note that this relation is equivalent
to the Onsager reciprocal relation in the linear regime [25—
28]. From the Eckart equations (17)—(19) the correlations are
written as

(3087(2,7),88(t,r")) = —ngV - (80 (t,r),88(t,r")), (138)

(Bode(t,r),8A(t,r"))
= —hoV - (§0(t,r),80(t,r") + AV (ST (t,r),8i(t,r")
+ TV - (380 p(t,r),80(t,1))]. (139)
Now, to eliminate the time derivative in the last term of

Eq. (139), we use the derivative expansion. Namely, we
approximate

ATV - 380 = ATV - hy'(=VSP +---)  (140)
AT,

~ 0g%p, (141)
ho

where the ellipsis denotes the second- and higher-order terms
about the derivative, such as r}Vzéf) g. Here we first used
Eq. (123) for dp60 ¢ and next neglect the second-order terms,
which finally yields third-order terms. Thus we obtain

(808e(t,r),80(t,r")) =~ —hoV - (8Dg(t,r),8i(t, 1))

2
- x(%) V2B, r),80(,r')),
(142)

where we also used the Gibbs-Duhem relation (73). Let us
here estlmate the equal-time correlations (89 g,81), (§0g,5€),

and (8 (/3 w),81). We assume that the time-reversal property of
SV (81) is odd, according to Eq. (54). Then §¥ g is orthogonal
to 41,

(143)

by the time-reversal symmetry. In contrast, (S(Bﬁ),&ﬁ) turns
out to be §(r — r’) from Eq. (70). Finally, we obtain the
correlations

(3p8A(t,r),8e(t,r")) = 0, (144)

~ ~ ’ nOTO 2 ’
(dpdé(t,r),6n(t,r)) = — ( o )V s(r—r’). (145
We see that the Onsager relation (137) seems to be violated.
This violation comes from the assumption in Eq. (143), as will
been seen in the following.
Next, let us regard 89 as a function of {Sé,Bﬁi,(Sﬁ}.
Namely, we consider § p as an independent variable instead
of 8J. We now use Eq. (122), which gives the relation between
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87 and 8 p:
8§p=hodvg — AT 380, + VST)

A n0T2
~ /’ZQ(SUE —A A

0 )Vs(;%,
0

(146)

where we used the derivative expansion and the Gibbs-Duhem
relation in the second line. Solving the above relation about
8V g, we obtain 60 as a function of {67,5¢,5 p}:

1 T2 _
S0 (87,88,8p) = —8p +k< )V(S(ﬂu). (147)
ho h2

We note that the time-reversal property of 69 (38,5 p pi.8n) is
not odd because those of § p and 5(,B,u) are odd and even,
respectively. Substituting Eq. (147) into Egs. (138) and (142),
we find

(808A(t,r),88(t,r")) = —%V (8 p(t,r),88(1,r"))
0

_)»<n;)on0> VAEBu)(t.).82(t.1'),
(148)

(3p8é(t,r),8A(t, 1)) = (8 p(t,r),8A(,1)). (149)

We note that 8(3,11) is orthogonal to §¢ by Eq. (69). Then, if
we assume that the time-reversal property of § p is odd, we see
that the Onsager relation is satisfied:

(0087 (t,r),88(t,r")) = (3p8é(z,r),8A(t,1)) = 0. (150)

The reason why we cannot regard §p as a function of
{8ﬁ,8é,6}'} is that 8}' is not essentially slow and the slow
motion of that turns out to be described by the actual slow
variables. Thus the time-reversal property differs from the
original operator at the beginning of Sec. IIl. Actually, we
can show that the projection of 8}' on {én,6¢,6p} gives
Eq. (147). The derivation is given in Appendix C. Namely,
the actual expression of Eq. (147) is given as

2

a(Bu)
( 5 QNP
de
where P is the projector on {471,8¢,6 p}, i.e., 8}' (8vE) in the
Eckart equation is projected on and differs from the original
operator. In consequence, the slow variables for the Landau

frame actually describe the slow dynamics even for the Eckart
frame.

(151)

VI. SUMMARY

We studied relativistic hydrodynamics by Mori’s projection
operator method and focused on linear fluctuations around
the thermal equilibrium at the rest frame. From the projection
operator method, we discussed that the difference of the frames
does not result from the choices of the reference frames but
rather from those of the slow variables. We also found that the
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slow variables for the Landau frame are the conserved charges,
whereas those for the Eckart frame include the current of the
conserved charge, which is not essentially slow. In fact, we
derived the slow dynamics by the projection operator method
for the sets {8¢,8p",8A) and {8¢,8p",64,8]'} as the slow
variables. We first showed that the natural choice (23) gives
the linearized Landau equations. We derived the equations of
motion for {8¢,8 p',8A,8 '}, which include the Landau and
Eckart frames under the concept of the projection operator
method. We then derived the linearized Eckart equation by
eliminating § 5’ from the above equations.

We also discussed that the slow dynamics is determined
only by {é,8 p',8A} and the Landau frame is natural. In
particular, we showed that the equations for {8¢,8 p',87,8 '}
have the same modes as for {8é,8p",84}. Thus we found
that the slow modes are determined only by the Landau
variables. Furthermore, by considering the Onsager relation,
we illustrated that the slow part of the particle current &'
is determined by the Landau variables even for the Eckart
equation. Recently, it was pointed out that the Landau frame
is natural for the relativistic hydrodynamics, based on the
renormalization-group method [29].

This study bases the derivation of the relativistic hydrody-
namics on the projection operator method. We stress that our
derivation is independent of the microscopic details; we deter-
mine the metric from the Lorentz symmetry on the microscopic
scale and the thermodynamics. Earlier studies [7—10] assume
that the relativistic Boltzmann equation is the underlying
microscopic theory, which is valid, however, only for a weakly
correlated system such as a dilute gas. Furthermore, we note
that our study is independent of the local equilibrium and the
local rest in the relativistic fluids because we considered the
fluctuations from a global equilibrium state. Instead, our study
is restricted to the linear fluctuations from the equilibrium state
at rest. We comment on the Lorentz covariance of linearized
hydrodynamics. The linearized Landau equations (11)—(13)
are not Lorentz covariant. The reason is the following: We
considered here the fluctuations in the background medium.
For such a system, the Lorentz transformation boosts the
fluctuations, but not the background. Then the boosted system
differs from that before the boost. Thus the linearized equations
are valid only for the rest frame of the medium and not the
Lorentz covariant. Actually, for the same reason, the Navier-
Stokes equation is Galilei covariant, whereas the linearized
one is not covariant.

In this paper we used the linear projection operator and our
study was restricted to the linear regime. It is interesting to
derive relativistic hydrodynamics by the nonlinear projection
operator [30]. We note that, for nonrelativistic fluids, the full
Navier-Stokes equation is derived by the nonlinear one [31].
Furthermore, here we focused on and discussed the Landau and
Eckart frames. We concluded that the Landau frame is natural
for the slow dynamics. However, other problems of relativistic
hydrodynamics, such as the acausal propagation (although it
is studied from the macroscopic point of view [32]), are not
well understood from the underlying microscopic theory yet.
It would be interesting to discuss these under the concept of the
projection operator method. The projection operator method
may give insight into these problems, as well as that of the
frames.

PHYSICAL REVIEW E 87, 023007 (2013)

ACKNOWLEDGMENTS

Y.H. thanks Teiji Kunihiro for useful discussions. This work
was supported by JSPS KAKENHI Grants No. 23340067 and
No. 24740184.

APPENDIX A: PROPERTIES OF THE INNER PRODUCT

Here we summarize properties of the inner product defined
in Eq. (28). For Hermitian operators,

(A1), B(0)) = (A(t),B(0))* = (B(0),A(t)), (Al
G LA@),B0) = —(A®),i £LB(0)), (A2)
(i LA®),B(0) = —%((A(r),é(omeq, (A3)

(A1), B(0)) = e4e5(A(—1), B(0)) = €acp(B(1),A(0)) (A4)
are satisfied. Here €4 and €p denote the sign associated with
time-reversal transformatiorl, which is df:ﬁned with the time-
reversal operator 7 as 7 ' A(t)T = e, A(—1).

APPENDIX B: MEMORY FUNCTION

In this Appendix we derive the full expression of the
memory function following Ref. [33]. Let us first define the
key functions

E(t) = (iLA, (1), A™), (B1)

E@) = (L) A 0),A™). (B2)

The reversible term can be expressed by i 2 = E(O). Here é(t)
coincides with the memory function obtained by replacing Q
with unity. Expanding exp(r Qi £) in terms of Pi L, we obtain

. L x t [
et = e”£<l +Z(—1)”/ dtl.../ dt,
n=1 0 0
xiLF(t)- - i/jP(tn)>, (B3)
where
L£P(t) = e LrP Lottt (B4)
Multiplying £F (¢) to A,, we obtain
iLP (A (—t)) = e L1 PiLeilt A, (—1)

A (=D LA, — 1), A™)
B (t — 1A, (—1). (B5)

Then, for an operator @

A A LA ° 4 tnil
ethﬁO — eltﬂ(] + Z(_l)n/ dtl . / dtn
0 0

n=1
xilPt)- - iﬁP(tn)>@

In—1

= 00 + 31" [dn -+ [t On(t) 1)
n=1 0 0

X Bty — ty_1) -+ B(t; — )A{t — 1) (B6)
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is satisfied. Here we defined

Op(t) = (LOW).A™). (B7)
Performing the Laplace transform, we obtain
A A ~ X 1 o
dte™e'90 = O(z) — Op(z)——=——A(z).  (BY)
/ ( i )l + E(2) (

Using this equation, we find the full expressions for the noise
term and the memory function in the Fourier-Laplace space:

R(z,k) =iLA(z,k) — [iQ2 + u(z,k)]—1 n E(z,k)A(Z’k)’
(B9)
d(z,k) = —[E(z,k) — iQk)E(z,k)] (B10)

14 8(z,k)

APPENDIX C: PROJECTION OF §j ON {8¢,8 p, 671}

Here we show that the projection of 8 J on {871,82,8 p} gives
Eq. (147). Namely, we will show

P[Sf(t,x) — 2—2813(1‘ x)+ X( h: > V(B x):|
(ChH

to the first order in k. In the Fourier-Laplace space, Eq. (C1)
becomes

|:8](z k) — h—ép(z k) + zkk( o ) S(ﬂu)(z k)i|
(C2)

<z+k2n 0 )<5gl<zk> _
24T —(ho/n)T; )\ 87, )~ \6p. .t = 0,k) + noTog’ (8 (t = 0,k) —

Therefore,
1
§p,(z.k) = ——8p,(t =0,k), C9
p1(z,k) kT, pi( ) (C9)
n no/ho n3Tog”
8 k)= ——"—""—6p, @ =0,k)—
Ji1(z,k) Z+ kT, P ) hoT';

X <8.}'J_(t =0,k) — Z—(O)Siu(t = O,k)). (C10)

If we notice that the conjugate variable for § p' is

(C11)
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Here we decompose Eq. (C2) into the longitudinal and
transverse components

|:8J||(Z k) — —5p||(Z k) + lk)\( o > 3(ﬂM)(Z k)]
(C3)

[SJL(Z k) — _SPL(Z k)} (C4)

Let us show the equation for the transverse component
(C4). Consider the projections Péj, (z,k) and Pdp, (z,k),
which are given as

PS8J 1 (z.k) = E;,"(z,k)81(0,k) + B, *(z,k)82(0, k)

+ Ejipl(z9k)8ﬁl(ovk)v (CS)

Psp,(z.k) = E,,"(2.k)84(0,k) + E,, “(z,k)86(0,k)
+ 8, " (z,k)8 p, (0,k). (C6)

We note that k expansions of E; "(z,k) and &; °(z,k) give
only odd-order terms in k from the tensor structure. Then we
can drop &; "(z,k) and E;,“(z,k) because the odd terms are
orthogonal to the transverse component. Then Eq. (C4) turns
out to be
|:Ehm(27k) - Ep,
ho

”L(Z,k)}siu((lk) =0. (CD)

Let us consider E; P*(z,k) and E, *(z,k). For this task,

we now use the equations of motion for {8ﬁ,6é,8i),8}'}
[Egs. (103), (104), (112), and (119)]. From these equations
we obtain the equations for the transverse components as

3p,(t=0,k)
* e . (C8)
%SpL(t = O,k))
[
in the space of {§¢,6 p,67i}, we find
no/ ho
2 (z,k) = ———, Cl12
k) = e (C12)
1
Ep, (2. k) = ———, C13
@0 = e, 19
where we used Eqs. (74) and (75). Finally, we arrive at
E), " (2.0) — 28, Pz k) | =0 Cl4
= (Z’ )_h_o"‘m_ (Zv ) = ( )

We have shown the equation for the longitudinal component
[Eq. (C4)]. Using a similar procedure, we can show the
equation for the longitudinal component [Eq. (C3)].
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