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In this paper, we derive a Darboux transformation of the Hirota and the Maxwell-Bloch (H-MB) system
which is governed by femtosecond pulse propagation through an erbium doped fiber and further generalize it
to the matrix form of the n-fold Darboux transformation of this system. This n-fold Darboux transformation
implies the determinant representation of nth solutions of (E", pt"l nl"l) generated from the known solution
of (E, p,n). The determinant representation of (E"!, p! 5"} provides soliton solutions, positon solutions, and
breather solutions (both bright and dark breathers) of the H-MB system. From the breather solutions, we also
construct a bright and dark rogue wave solution for the H-MB system, which is currently one of the hottest
topics in mathematics and physics. Surprisingly, the rogue wave solution for p and 5 has two peaks because
of the order of the numerator and denominator of them. Meanwhile, after fixing the time and spatial parameters

and changing two other unknown parameters « and 8, we generate a rogue wave shape.
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I. INTRODUCTION

In the past four decades, nonlinear science has experienced
an explosive growth with the invention of several exciting
and fascinating new concepts such as solitons, dromions,
positons, rogue waves, similaritons, supercontinuum gener-
ation, complete integrability, fractals, chaos, etc. Many of the
completely integrable nonlinear partial differential systems
(NPDEs) admit one of the most striking aspects of nonlinear
phenomena, described as a soliton, which has a universal
character and is also of great mathematical interest. The study
of the solitons and other related solutions such as positons has
become one of the most exciting and extremely active areas of
research in the field of nonlinear sciences.

Among all concepts, in addition to solitons and positons
[1-4], rogue waves have also been not only the subject of
intensive research in oceanography [5-7], but also they have
been studied extensively in several other areas, such as matter
rogue waves [8,9] in Bose-Einstein condensates, rogue waves
in surface and space plasmas [10], and financial rogue waves
describing the possible physical mechanisms in financial
markets and related fields [11]. In some of the above fields,
a soliton system such as the nonlinear Schrodinger (NLS)
equation [12], derivative NLS systems [13,14], and so on are
considered and reported to admit rogue wave solutions under
a certain specific choice of parameters. It has been proved
that modulational instability is one of the main generating
mechanisms for the rogue waves [12-17] and can be well
described by the analytical expressions for the spectra of
breather solutions at the point of extreme compression.

In 1967, McCall and Hahn [18] explored a special type of
lossless pulse propagation in two-level resonant media. They
have discovered the self-induced transparency (SIT) effect,
which can be explained by using the Maxwell-Bloch (MB)
system. If we consider these effects in an erbium doped
nonlinear fiber, the system will be governed by a coupled
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system of the NLS and the MB equation (NLS-MB system)
[19-23].

Rogue waves have been reported in different branches
of physics, where the system dynamics is governed mostly
by a single nonlinear partial differential equation [13,14].
But our main interest is to analyze the possibility of rogue
waves in coupled nonlinear systems. The higher-order NLS
and Maxwell-Bloch (HNLS-MB) system as a higher-order
correction of the NLS-MB system was shown to admit a Lax
pair and soliton-type pulse propagation [25-27]. Kodama [24]
has shown that with a suitable transformation, the higher-order
NLS equation can be reduced to the Hirota equation [28],
whose rogue wave solution has already been reported in
Refs. [29,30]. In a similar way, after a suitable choice of self-
steepening and self-frequency effects, we obtain the H-MB
system in the following form [31]:

E.=ia(3E +|EPE) + B(Eu + 6|E[*E)) + 2p,

(1.1)
pi = 2iwp + 2En, (1.2)
n = —(Ep*+ E*p), (1.3)

where E is the normalized slowly varying amplitude of the
complex field envelope, p is the polarization, n means the
population inversion, (w,«, ) are three real constants, and *
represents a complex conjugate. 8 represents the strength of
the higher-order linear and nonlinear effects.

The H-MB system has been shown to be integrable and
also admits the Lax pair and other required properties of
complete integrability [31]. Among many analytical methods,
itis well known that the Darboux transformation is an efficient
method to generate the soliton solutions for integrable systems
[32]. The determinant representation of the n-fold Darboux
transformation of the Ablowitz-Kaup-Newell-Segur (AKNS)
system was given in Refs. [33,34]. The main task of this paper
will be to construct an n-fold Darboux transformation of the
H-MB system and find different kinds of solutions of the H-MB
system by using the Darboux transformation.
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The paper is organized as follows. In Sec. II, the Lax
representation of the H-MB system is introduced. In Sec. III,
we derived the onefold Darboux transformation of the H-MB
system. In Sec. IV, the generalization of the onefold Darboux
transformation to n-fold Darboux transformation of the H-MB
system will be given. Using these Darboux transformations,
one-soliton, two-soliton, and positon solutions are derived in
Secs. V and VI by assuming trivial seed solutions. In Sec. VII,
starting from a periodic seed solution, the breather solution
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solution in Sec. VIII. Section IX is devoted to conclusion and
discussions.

II. LAX REPRESENTATION OF THE H-MB SYSTEM

In this section, we will concentrate on the linear eigenvalue
problem of the Hirota and the Maxwell-Bloch (H-MB) system.
The linear eigenvalue problem is expressed in the form of the
Lax pair U and V as

of the H-MB system is provided. A Taylor expansion from =V & =V, 2.1
the breather solution will help us to construct the rogue wave where
|
U= _iO+OE—'A+U (b0 (2.2)
—"o —gr o) TR 3= o 1) '
vo_ o (4P 0. ey i —4§E s —2ﬁi|E|2' «E —.Z,BiE,
0 —4ip ABE* ai —aE* —2BiE} 2Bi|E|
Si|E|* — B(EE} — E,E*) 2B|EIPE + $iE, + BE, 1 < n —p) 2.3)
1 — .
—2,3|E|2E*+%iEl*—,3Et*l —%i|E|2+ﬂ(EE,*—E,E*) Ad+o \—-p* —n
=V AV + Vo +i V_i, (24)
A+ o
d(A,1,2
c1>:q>(,\)=< 1 )), (2.5)
Dy(2,1,2)

is an eigenfunction associated with eigenvalue parameter A of
the linear Eq. (2.1), and V; denotes the coefficient matrix of
term A’. We obtain the classical Hirota and the Maxwell-Bloch
system when o = 2, § = —1. Being different from the AKNS
system, only a part of the V matrix is polynomials in terms of
E and its ¢ derivatives in this system. Using the above linear
system of the H-MB system, a onefold Darboux transformation
will be introduced in the next section.

III. ONEFOLD DARBOUX TRANSFORMATION
FOR THE H-MB SYSTEM

In this section, we construct and prove the onefold Darboux
transformation for the H-MB system. First, we consider the
transformation about the linear function & in the form

D =Td=(0LA- 95, 3.1
where
ajl a Si1 S
A=< 1 12>’ S=< 1 12>. 32)
az an S21 S22
The new function @’ satisfies
o, =U'd, (3.3)
o =V (3.4)

Then the matrix 7 should satisfy the following identities:
T,+TU =U'T, (3.5)

T.+TV =V'T. (3.6)

Substituting the matrices A and S into Eq. (3.5) and comparing
the coefficients of both sides will lead to the following
conditions:

(an); = (ax); =0.

For our further discussions, we choose A =1 and T =
(AT — S). The relation between old solutions (E, p,n) and new
solutions (E’, p’,n’), which is called the Darboux transforma-
tion, can be obtained by using Egs. (3.5) and (3.6).

From Eq. (3.5), we have

E/ =F — 2iS12,

app =ax =0, 3.7

§21 = —Sikz (38)

S = 0 £ S—S 0 E [S,031S. (3.9
(2 E)sos( L ) isens 09

Similarly, using Eq. (3.6), we obtain the following set of
relations:

v
S+ (I =) ()\.3‘/3 £ 22V, + AV + Vo + ’—‘)
A4 o

= ()L3V3 + 22V AV + V) + ; ) A = S).
(3.10)
Multiplying both sides of Eq. (3.10) by A — S will lead to
—S. (A + @) + AT — S)(—4i X3 (A + w)o3
+ 12+ )V + A + o)V + Vo(h + ) +iV_y)
= (=4 A+ w)os + A2 (h + )V,
+ A+ @)V + Vi + o) +iV )T - S).

1
+w

012913-2



ROGUE WAVES OF THE HIROTA AND THE MAXWELL- ...

Collecting the different powers of A, we obtain the follow-
ing set of identities:

20 S, = (Vi 4ioT 'V )S = Sio” Vo + Vo), B.11)
A S, =(@V+iV_)) — SV + V0)+(wV{+ VOI)S

+(—oVy—iV')), (3.12)

2 (@Vi+ Vo) = S(Va + V)
= (wV] 4+ V)) — (wV; + V))S. (3.13)

A (@ + V) — S(wVs + V)
= (wV) 4+ V)) — (wV3 + V3)S, (3.14)
AV =V, —[S, V3] (3.15)

From the above identities, after simplifications, we get

E = E —2isp,
V=S +o)V S+,

(3.16)
(3.17)

which later gives a onefold Darboux transformation of the
H-MB system.
We suppose

S=HAH™", (3.18)
where
M O
A= ,
0 A

H_ <¢1(MJ,Z) d>1()»2J,Z)> . <<D1,1 ¢’1,2>
Po(hi,t.2) @A) \ oy P2/

In order to satisfy the constraints of S and V', which is

similar to V_y, i.e., 551 = —s},, the following constraints will
be used:
)\.2 =)\.T, S11 =S;2, (319)
O, (A,t,2) —D5(A,t,2
_ < 1(A1,1,2) *2( 1 )>‘ (3.20)
Dr(A1,1,2)  DT(A1,1,2)

After tedious calculations, Egs. (3.16)—(3.20) and (2.1)
will lead to Egs. (3.5) and (3.6), i.e., the transformation
equations (3.16) and (3.17) with the conditions (3.19), where
Eq. (3.20) is the Darboux transformation of the H-MB system.

The detailed form of the onefold Darboux transformation
of the H-MB system in terms of eigenfunctions will be given
in the next section.

IV. DETERMINANT REPRESENTATION
OF n-FOLD DARBOUX TRANSFORMATION

In this section, we will construct the determinant repre-
sentation of the n-fold Darboux transformation of the H-MB
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system. For this purpose, we introduce n eigenfunctions,

<(I)lqi> - q>|
= D)y,
D, ;

with the following constraint on the eigenvalues, A>,—1 = A3, ,
and the reduction conditions on eigenfunctions as ®;,, =
®7,,_, and Py, = =P}, . For our further discussions,
this reduction condition has been used.

For completeness, as the simplest Darboux transforma-
tion, the determinant representation of the onefold Darboux
transformation of the H-MB system will be introduced in the
following theorem using identities (3.16) and (3.17).

The onefold Darboux transformation of the H-MB system
is expressed as

4.1

EW = F —2;

(A1 = ADP11D7

A 4.2)

pt = %[217[(—0) — MDD+ (—o — 1)) P21 7]
l
x (Af =A@ D5, — p*(A] — A)* T D3
+ pl(—w = A)[®@11* + (—o — AD| D21 P11,
1
Ta,
x [(@+ 2Dl + (@ + A D21]*]
+ A = 2Dy P P2 2]
—p*( = ADP11D3 [(@ + AP
+ (@ + )| P21 171+ pl@ + APy P
+ (@ + 2D P21 1P 1A = A)DT | D21l

4.3)

[ _

n (@ + A1 11> + (@ + A P21 ]

4.4)
where

Ta, = [(@ + A D117 + (@ + 1)) P21 1%]
x [(@ + A1 11> + (@ + A1) P21 7]

— O = AP P D2 (4.5)

It can be easily proved that the new solution n!!! is always
real. This onefold transformation will be used to generate
the one-soliton solution from trivial seed solutions of the
H-MB system. Also this onefold Darboux transformation
can be further generalized to construct the n-fold Darboux
transformation of the H-MB system which is proposed in the
following theorem.

Theorem 1. The n-fold Darboux transformation of the H-
MB system can be represented as

T (A5 h1,h2,A3,h4, ..., A2) (4.6)
=+ e @)
1 T T,
=—(( i ( )12>7 @8)
An (Tn)Zl (Tn)ZZ
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where

(T =

(Tn)12 =

(Tn)Zl =

(T =

Dy
D2
D3
D4

D121
D12n
1
D1
D12
D3
D4

ch,Zn—l
q)1,2n

D4

D121
D12n
1
Dy
D2
D3
Dy

D op—1
D 7y

Dy APy
Dy A2
D3 A3Py3
D)4 Ag D4
Doon—1 Aom-1P120-1
D20 Aon D120
0 A
Dy APy
D2 A @2
D3 APy 3
Dr 4 APy 4
Dron—1 Aoan—1P12n-1
D on Aon P10
1 0
Dy APy
D2 A2
D3 APy 3
D)4 Ag D4
Dron—1 Aom-1P120-1
D20 Aon D120
0 A
O APy
SR A D2
D3 A3Py3
Dy 4 Ag Dy
Dron—1 Aom-1P120-1
D2 Aon @120
1 0
Dy APy
ER) A @y o
D3 A3Py3
D; 4 Ay @4
Dron-1 Aon—1P12n-1
D320 Aon @120

APy
A ®r2
A3®Po3
A Do 4

Aon—192.20-1
A2nP2,2n
0
P2
M @2
A3 P23
ra @24

Aon—1P2 201
Aon @220
A
APy
A @35
A3 ®@o 3
A Do 4

Aon—192.20-1
A2n P2, 2n
0
APy
A ®2 2
A3 D@y 3
Aa®r 4

Aon—1P2.20-1
A2n P2, on
A
A Doy
A ®r2
A3 Dy 3
Ag®r 4

An—1P220-1
A2, D22,
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ATy ATy
ATl Ay s,
YT I A Dy,
A Dy Ay,

n—1 n—1
A1 Pron—1 Ao P220-1

n—1 n—1
Ay Pion Ay D20n
knfl 0
M ey M D,
n—1 n—1
Az qh,z K2 ‘322
M Dy M D s
n—1 n—1
Ay Dia Ay Doy

n—1 n—1
k2,1,1q31,2n—1 )hg,,,lq)z,Zn—l

Mo D12 Ay ' @20,
0 )\n—l
ATy ATy,
AT o, AT s,
PUSE I A Dy,
A Dy Ay,

n—1 n—1
A1 Pron—1 Ao P220-1

W @1 Ay ' D30,
At 0
ATy AT,
ATl Ay,
Ay M Dy
AT, AT Dy

n—1 n—1
A1 Pron—1 Ao 1 P220-1

n—1 n—1

Ay, D1 Ay @22,

0 )\’nfl

AT D, M D,
AMd Ay,
M Dy M Dy s
n—1 n—1

Ay Dig Ay Doy
n—1 n—1

A1 Pron—1 Ay P20
n—1 n—1

)‘Zn Dy 20 )"2n q>2,21’l

)\’n
)urllqh,l
)\.gcbhz
ng)lg
)‘ZCDIA

AS_ 1 Pi2n—1
)"gnqjlﬂn
0
M®1
M@
APy 3
)»Zq)174

Ag_ 1 Pi2n—1
Ay @i on
0
APy
A Dy,
A3Pa 3
WDy,

Ay 1 ®220-1
Ay @200
A‘n
)»'f (O
)\.g ®;y
)\.gl D, 3
)\.X D4

A1 P22n—1
A, @200
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FIG. 1. (Color online) One-soliton solution (£, p,n) of the H-MB system with w = 1.5, ¢; = 0.5, 81 =1, 0 =2, = —1.

The following identity can be found:

Dy
Tn()"; A'laA'25A'35)"4’ e ,)"zn)l)»:)\,‘ <(D ) = 09 (4'9)
2.i
where i = 1,2,3, ...,2n. Similarly, the Darboux transforma-

tion for (E,p,n) can be constructed by using the following
identities:

T, + T,U = UMT,, (4.10)
T,. + T,V = v, 4.11)
which can be further simplified as
U = Uy +i[os,2"], (4.12)
vl =1, __ vaT . (4.13)

The proof for Eq. (4.13) is quite complicated in general
when compared to the proof of one- and twofold Darboux
transformations. However, this will become simple if we
know the origin of 7, [33]. If we treat the n-fold Darboux
transformation as a generalization of the (n — 1) Darboux
transformation, the transformation will be multiplications of
n onefold Darboux transformations at A = —w. It is easy
to prove that these multiplications can have a determinant
representation as mentioned above.

The nth new solution after the n-fold Darboux transforma-
tion of the H-MB system will be

EM = E+2i(t!")) (4.14)

12’

P = 20T (T — p*(T) (T + p(T)u(T)ul/
[(Tn)ll(Tn)22 - (Tn)l2(Tn)2l]|A:—w7

4.15)

" = (T (T)a2 + (T)12(Tn)ar)
—p (T)12(T)2 + p(T)11(T)211/
[(T)1(Th)22 — (T)12(To)21] =0,

where (t,[l'i]l)lz is the element on the first row and second

column in the matrix t,L"_ll . So far, we discussed the determinant
construction of the nth Darboux transformation of the H-MB
system. As an application of these transformations, the soliton
and positon solutions of the H-MB system will be constructed

in the next section.

(4.16)

V. SOLITON SOLUTIONS OF THE H-MB SYSTEM

In this section, having obtained the Daurboux transforma-
tion for our system, our next aim is to construct the one-soliton
solution of the H-MB system by assuming suitable seed
solutions. We assume trivial seed solutions as £ =0, p =0,
n = 1, and then the linear system becomes

o, =U®, (5.1
o, =V, (5.2)
where
o= (% (5.3)
=( 4, ) )
T (5.4)
RN YA '

FIG. 2. (Color online) Two-soliton solution (E, p,n) of the H-MB system withw = 1.5, 0; = 0.5, 8y = 1, a =2, = —1.
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FIG. 3. (Color online) One-positon solution (E, p,n) of the H-MB system whenw = 1.5, 01 =05, 8, =1, =2, 8 = —1.

v 4iBA3 — air? 0
N 0 —4Bi)3 + ai)?

+i 1 0
A+o\0 —-1)°

From the above system, we construct the explicit eigen-
functions in the form

(5.5)

. e, xo-+iyg
& = e*l}\.t+(4ﬂl)» —aik +AJ’rm)Z+T’

®, = eikt+(74,3i)»3+ai)uzfAiw)szﬂ'e’
where xo, yo, and 6 are all arbitrarily fixed real constants.
Substituting these two eigenfunctions into the onefold Dar-
boux transformation equations (4.2)—(4.4) and choosing A =
o+ 1By, x0 =0, yo =0, 6 = 0, then the following forms of
soliton solutions are obtained:

—2i ¢ A
E =2B1e ' 5sech 2,81§ , (5.6)

= Brlen —ipr + e84 (o1 + Bii + w)e2F)

B
A
x sech? (2/31 E) s
288 o fp A
=1— —sech" |281— ],
n B sec 'BIB

where A,B,C, D, F are explicitly given in Appendix A.

If we choose @ =1, B8 =0, the one-soliton solution is
just the soliton solution of Eq. (15) of the NLS-MB system
mentioned in Ref. [22] with o = —p;, B1 = v;. Similarly,
substituting these two eigenfunctions into the onefold Darboux

(5.7)

(5.8)

(%)

transformation equations (4.2)—(4.4) and choosing o« = 2,
B = —1, then the one-solition solutions of the classical H-MB
system can be obtained, whose evolution is shown in Fig. 1,
which clearly indicates that E and p are bright solitons because
their waves are under the flat nonvanishing plane whereas 7 is
a dark soliton.

Now let us discuss the construction of the two-soliton
solutions of the H-MB system. For this purpose, we have to use
two spectral parameters, A; = o) +i8; and Xy = oy + ifs.
After the second Darboux transformation, we can construct the
two-soliton solutions. As the general form of the two-soliton
solution is quite tedious in nature, for simplicity, we are giving
only the two-soliton solution of E with w = 1.5, o) = 0.5,
Bi=loy=1,8=15aa=2,and 8 = —1,

Erol = —i ( 1 7870.01 1764705 88i(85t—12582z+1815iz+255it)

_ (36 + 181-)670.01 1764705 88i(170t —4385z+204iz+170it)
_ 760'0“ 764705 88i(—85¢t+1258z+1815iz+255it)

4 (181 _ 12)60'011 764705 88i(—170t+4385z+204iz+170it)
— 16i 80'011 764705 88i(—85t+1258z+1815iz+255it)

+ 20i€_0'011 764705 88i(85t—1258z+1815iz+255it))/

(—24c0s(0.999 999 999 8 — 36.788 235 297)
+26cosh(t + 18.952941 18z)
+2cosh(—5¢ — 23.752941 182)).

We also constructed the two-soliton solution for p and
n in a similar manner. For completeness, instead of giving
complicated forms of p and 7, the graphical representation of
them is shown in Fig. 2.

FIG. 4. (Color online) Breather solution (E, p,n) of the H-MB equation whenw = 0.5, d =0.5,n, =1L, =—-1,8 =1, a =2, = —1.
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FIG. 5. (Color online) Breather solution (E, p,n) of the H-MB equation when w = 0.5,d = 05,01 = -1, =1, =2, = —1.

VI. BRIGHT AND DARK POSITON SOLUTIONS
OF THE H-MB SYSTEM

In the case of the two-soliton solution constructed above, if
the second spectral parameter A, is assumed to be close to the
first spectral parameter A;, and doing the Taylor expansion
of the wave function to first order up to A; will lead to
a different kind of solution, which is called the degenerate
soliton [34]-smooth positon solution. “Positon” was coined
by Matvee [1,2,4] for the Korteweg—de Vries (KdV) equation
by the same limiting approach. Note that the positon of the
KdV is a singular solution. For the construction of positon
solutions, the following four linear functions are needed to
construct the second Darboux transformation and to generate
the positon solutions:

D, = e—zA1t+(4ﬂlA?—a1A%+M‘M)Z_;,_w

’

Dt (=4I +ain] — i)z 00 g
qDZ,I B 1 I+ 2 s

—iMat (BN — i A2 i )z 20T
o Tip— 3 3T G+ T

By 5 = AP Fain}— i = il

Now we take Az = A; +¢€(1 +i) and use the Taylor
expansion of wave function ¢3 and ¢4 up to first order of € in
terms of A;. For example, choosingw = 1.5, 01 = 0.5, 81 = 1,
a =2, and 8 = —1, the positon solution E, is constructed in

(1E]%)

the form

E, = 8ie'*¥<71[15827 cosh(2t + 2.40z)
— 688iz sinh(2t + 2.4z) — 50i cosh(2t + 2.4z)
+ 100it sinh(2r + 2.47)]/[400¢> 4 119 2967>
— 5504tz 4+ 50 + 50 cosh(4.8z + 41)].

In this case, the pictorial representation of the positon solutions
(Ep,pp,np) of the H-MB system is shown in Fig. 3.

From the above figures, we observe that two peaks of the
positon solutions are at the same height, which is different from
the two-soliton solution. Meanwhile the two waves depart at a
relatively less speed after their collision. This is also different
from the two solitons, which depart at a fixed speed. Here
again, we find that E and p are bright positon solutions whereas
n is a dark positon in all three cases discussed above.

VII. BRIGHT AND DARK BREATHER SOLUTIONS
OF THE H-MB SYSTEM

In the last two sections, soliton solutions and positon
solutions have been generated for the H-MB system. In this
section, we will now focus on a different kind of solution,
which is also derived from periodic solutions through the
Darboux transformation. The resulting periodic solutions can
be called breather solutions. Now, let us assume the seed

FIG. 6. (Color online) Breather solution (E, p,n) of the (0,1) CMKdV-MB equation when w = 0.5, d =05, 0, = -1, 81 =1, =0,

g =L
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05]
2-1) 0,1)
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=] ]

. o : o
05, 5]
(LY (0-1)

FIG. 7. (Color online) Breather solution 7 for different values of (¢, 8) of the H-MB system when w = 0.5, d = 0.5,y = -1, 81 = 1.

solutions as E = de””, p=ifE,n =1, p = az + bt, which
admits the constraint in the form

2a + ab® — 2ad® +2Bb> — 128d*h —4f =0, (7.1)
fb—2wf +2=0. (7.2)

Defining
R :=+/—b2 — 4b) — 422 — 442, (7.3)

the following wave function ® = (i;) is obtained in terms of
R as

$1(R) := eTisoito, (7.4)
1 i(Pyz t
92(R) 1= 5-(bi +2ik+ Ryeiwdis.  (1.5)

where Pj, Q;, P, O, are polynomials independent of 7 and z
and their complete expressions are given in Appendix B.

If we use the above two wave functions to construct the two
functions &, and £, as in Ref. [22], then the resulting solutions
obtained through the Darboux transformation are found to
have no meaning. Therefore, we would like to construct
more complicated but physically meaningful solutions in the
following part. By combining these two wave functions, we
derive the functions % and &, as follows:

hy = g1(A) — g1(AN)*, hy = ga(h) + g1(A)",

where

g1 :=¢1(R) + ¢1(=R), g1 := $2(R) + 2(=R).

It can be proved that i; and A, are also the solutions of the Lax
equation with A := o; + i8;. Using these two wave functions
h; and h, in the onefold Darboux transformation will lead to
the construction of breather solutions of the H-MB system.
To simplify the calculations, we take b = —2«; and use the
second Darboux transformation discussed in the last section,

(7.6)

(1.7)

T20-30
510 0 -10-20
0 t

FIG. 8. (Color online) Rogue wave solution (E, p,n) of the H-MB system when w = 0.5,d = 0.5, 0y = -1, =1, =2, = —1.
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FIG. 9. (Color online) Rogue wave solution (£, p,n) of the H-MB equation whenw = 0.5,d =05, 0y, = -1, =1, a =2, = —1.

then the final form of the breather solution E; is obtained in
the form

Ap(w) Ap(—w) ;
Y ’)

E, = [dz(ei ¥ e +2dﬂ1(eic7; +eCThi)

. Df . w) .
—dBi(e™ 4+ X T) + 281w — Bpe T

FpCw);

—2B1(w+Be 7 ']/

H,
[2(1 cosh <2i wﬁlz%) — 2 cosh <2w7b>] )

(7.8)
where
w = \/m, (7.9
X = (o1 + Bii + o)~y + Bii — w), (7.10)
Y = (o1 + )t + Bii + 0)(—ar + fri — ), (1.11)

and Ap(w), Cp, Dy, Fp(w), and Gy, H, are polynomials of
t, z, w, w, a, b, d, o, B, oy, and By, which are defined in
Appendix B.

Similarly, the breather form of p and n can be constructed.
For example, after taking the values

d=0.J5,
:3 = _1’

w = 0.5,
B =1,

o) = —1,

a=2, (7.12)

FIG. 10. (Color online) Enlarged graph of rogue wave solution p
(in Fig. 9) of the H-MB system when w = 0.5, d = 0.5, o; = —1,
Bi=lLa=28=-1

the breather solution of the H-MB system is plotted in Figs. 4
and 5.

Similarly, for the next choice of parameters w = 1.5,
a; =0.5, 81 =1,a =0, B = 1, the breather solutions of the
complex modified Korteweg—de Vries (CMKdV)-MB system
are obtained. The picture of breather solutions is shown in
Fig. 6. In addition to the above observation, we also find how
the values of (¢, 8) change the direction of the breather solution
n in the (¢,z) plane (see Fig. 7).

Having constructed bright breathers for E and p and a dark
breather for 1, in the next section, our aim is to discuss the
construction of rogue wave solutions of the H-MB system,
which is in fact one single period of breather solutions.

VIII. BRIGHT AND DARK ROGUE WAVES
IN THE H-MB SYSTEM

In this section, using the limit method of the NLS equation,
we construct the rogue wave solutions of the H-MB system
[34]. This kind of solution only appears in some special regions
of time and distance and then will be drowned in one fixed
nonvanishing plane. If we do the Taylor expansion to the
breather solution (7.8) around 8; = d, one rogue wave solution
of E will be obtained and rogue waves for p and 5 can also be
constructed in a similar way. In the following, for brevity, we
only report the rogue wave for E, in the form

A(t,2)d i 4 N
= — 8 8
"= Bao exp <Ot1 +w( zBa) + 8zBajw

— 220[(!1260 +2z — 2ontw + zad*w — 12z8d* 0w

—2zaa} — 202t + zad*a; — 12zﬁd2af)>, (8.1)

where A(t,z), B(t,z) are polynomials of ¢, z, w, w, a, b, d, o,
B, a1, B1, which are defined in Appendix C.

When we take w = 0.5,d =0.5,0; = -1, 81 = 1,0 =2,
B = —1, the final forms of the rogue wave solutions will be

E 8(1 — 3iz) _ 1 OSi(=5zH4n) 8.2)
4+ (2t +172)* +3622 2

p, = %33H40(103 149 307 3iz* + 103 125 00i 2>
— 5312500z — 6250007 — 152 343 760z°
— 187500 0¢%z — 318750 00¢z*
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FIG. 11. (Color online) Rogue wave solution (E, p,7) of the (0,1) CMKdV-MB equation when w = 0.5,d = 0.5, 0y = -1, =1, a =0,

B=1.

+705468 75i1%z% + 5312500i13z + 431 640 580itz°
+ 1875000tz + 156 250it* — 156 250i)/(156 250¢*
+ 25390625z + 312500¢> + 431 640 58012
4705469 007%z + 5312500tz

4156250 + 53125001z + 103 149363 6z%),  (8.3)

nr = (161 + 641> + 72241%7% + 105 625z + 29927°
+4420017° — 16 + 544137 + 896z1)/
(161* + 321 + 72241%7% + 105 625z7*
4260072 + 442 0012° + 16 + 5441°7 + 544z1). (8.4)

From Eq. (8.2), it is clearly observed that the height of the
background of | E, | is % and the orders of the numerators and
denominators of p, and 7, are four. Because of these reasons,
the graphs of the rogue waves for p, and 1, have double peaks,
which are shown in Fig. 8 and the corresponding density graph
is plotted in Fig. 9.

For further understanding of our observations, we enlarge
the above density in Fig. 9, and some zoomed portions of the
above figures are clearly shown in Fig. 10. From the graph of
| p|*> shown in Fig. 10, we find one cave appears on top of the
single peak with two caves on both sides of the peak.

To realize the significance of the different parameters «
and B, we also consider the case when« = 0, 8 = 1, i.e., the
CMKdV-MB system (see Fig. 11). From the figures, we also
find that the parameters « and 8 will change the shape, pulse
width, etc., of the rogue wave. Therefore, in the following, we

fix time ¢ and distance z to see the role of parameters o and
and their impact on rogue wave dynamics.

We keep « and B as arbitrary parameters and choose w =
05,d=05 a,=—-1,8=1,t=1,z=1. This is also a
rogue wave whose graph is portrayed in Fig. 12. Here we
provide only the specific form of the rogue wave solution E,qg
as

Eyop = ¢ 18F29H70 1400 — 1702 + 1568 — 40
— 58587 — 192aB +i(32 + 8a + 96p)1/
(11708% — 80 + 34a® — 3128 + 112 + 384ap).
(8.5)

This implies that after fixing the values of ¢ and z, the solution
depending on parameters «,f is also in the form of a rogue
wave. This will give us some idea about how to modify the
parameters « and S to visualize our theoretical results in terms
of the experimental results in optics. From the above, one can
easily conclude that E and p are bright rogue waves and 7 is
a dark rogue wave.

All the solutions mentioned above including positons and
the rogue wave solutions are indeed solutions of the H-MB
system, which are verified by using the symbolic computation
software MAPLE.

IX. CONCLUSION AND DISCUSSIONS

In this paper, after a suitable choice of self-steepening
and self-frequency shift effects, we have derived the Darboux

alpha

FIG. 12. (Color online) Rogue wave solution (E, p,n) of the H-MB equation when w = 0.5, d =05, 0y = -1, 8, =1,t =1,z = 1.
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transformation of the H-MB system which is governed
by ultrashort pulse propagation through an erbium doped
nonlinear optical waveguide and further generalized it to
the matrix form of an n-fold Darboux transformation, which
implies the determinant representation of (E [n] p[”],n[”])
generated from a known solution (E, p,n). By choosing some
special eigenvalues A,,_; = A3, and eigenfunctions using
the reduction conditions ®; 5,1 = CID’Z"ZH, Doy = —CDT’Z,,,
the determinant representation of (E™M, p[”],n["]) provided
some different solutions of the H-MB system. As examples,
soliton solutions, breather solutions, and rogue wave solutions
of the H-MB system have been constructed explicitly by using
the Darboux transformation from trivial and periodic seed
solutions. The rogue waves show interesting characteristics
which might attract physicists to observe them in experiments
with higher-order optical effects in the femtosecond regime.
The interesting characteristics obtained contain the following
two sides: (i) The rogue wave solution for p,n is surprisingly
found by us to have two peaks because the order of the
numerator and denominator of p,n in Egs. (8.3) and (8.4) is
four and (ii) after fixing the time and spatial parameter and by

PHYSICAL REVIEW E 87, 012913 (2013)

changing the other two unknown parameters « and 8, we find a
rogue wave shape also arises, as shown in Eq. (8.5). Still, there
are a few interesting questions which are still unclear, such
as, for example, the physical interpretations and observation
of higher-order positon solutions, the role of higher-order
rogue wave solutions and their applications in physics, in
particular, the connection between rogue wave solutions and
supercontinuum generation through modulation instability or
soliton fission, etc., with higher-order optical effects.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR 4, B, C, D, AND F

A= —241,30513a) + 4zaa12a) — SZﬂ(x%,Blz + 2205051;312 + 4,312z,3a)2 + 2za0 0 — 122,3a12a)2 +z
+8zBa1 fiw + tai + 1B} + tw’ + 2taw — 12280} + 2zaa; + 42887,

B = a12+2a|a)+w2+,312,

C = Ztafa) +tajw® + t,Blzal — 4zﬁozf + zaotf — zaﬂf —zo + taf + 24z,6af,312a) + 12zﬁa1/312a)2 — 2za051/312w
— 8zﬂo/11a) - 4zﬂa‘?a)2 + 8z,3a§/312 + 121/3;3?051 + ZZa(xfa) + zococ%a)z — zot,Blza)2 — 7w,

D = —24/31z/3a13a) + 4ﬂ1zaalza) + 2/31zota1a)2 — 12,31z,30¢12a)2 + Sﬂ?zﬁalw + Biz + /3131‘ + 4/3151,3 + ﬂlta)z + ,Bltot,2
—8B7zBa] + 2B zae; + 4B} zpw’ + 2Bt — 12B1zBa} + 2Bizae} + i (tBiay + zae! — zo — zo + taf + ta@?

+2taiw — zafiw?® — dzBaiw® — 8zBatw — 4zfa) — zaf) — 2zaq; fiw + 8zpa; B} + 1228B  a + 2z w

+24zB07 Biw + 12280, Biw” + zaaiw?),

F =24 780w — 4B zaatw — 2B1zaa 0”4+ 121 zBatw* — 867 2o — Biz — Bit — 4B 2B — Bitw* — Pitat + 8B zBa}
—2B3zaa; — 4B zBw* — 2Bitaiw + 128, zBaf — 2B zaa] + i(tﬂ,zal + zaa} — zay — zw + tad + tay 0 + 2t

— zaﬂlza)z — 4zﬂa?a}2 - 82,305?0) - 41;‘3(1? - zaﬂ? - 2z(xa1/312w + 8z,3(xf,312 + 121/3;3?0{1 + ZZaoc‘?a)

+24zBa} Biw + 12zBa fiw® + zaa%wz),

APPENDIX B: EXPRESSIONS FOR Py, 04, P5, 0>

P = 12Bd°b* ) — 4ad?’ o + ABD° Ao + 2ad’bw + 2ad’bi + 2ab*hw — 24Bd*bw* + 12Bd*b*w — 81 — 8w — dad*w?
—2Bb*) — 2Bb*w + 2ab*w? + 4Bb3w? — ab ) — abiw — 24Bd*brw + 2iwB R + 2iABRb® + Aa Rb*i + wa Rb%i
+ 16iA*wBRb + 4i R + 8iBrbw’ R — 8ifAb*wR — 4id*BwRb — 4id*BARD — 4iabARw + 8id* BARw — 4iBb*w?’ R
— 16iBA°Rw — 2ia)*Rb — 2iabw’ R — 16iBA*w* R — 4iBA*b*R + 4iar>Rw + 8iBA>Rb + 8id*Bw’ R + 4iarw’R,

0, = 2b*w — 4brw — 4bw” + 2b*1 — 2i Rbw + 4i Rwk + 4i Rw* — 2i RbA,

P, = —12Bd*b*) + 4ad* o — 48D A — 20d’bw — 20d*bA — 20b*Aw + 24Bd*bw? — 12Bd*b*w + 8A + 8w + dad*w?
+2Bb*A 4+ 2Bb*w — 2ab*w? — 4Bb3w? + ab’ A + ab w + 24Bd*brw + 2iwBRL® + 2iABRL® + Lo Rb?i + wa Rb%i
+16iA>wBRb + 4i R + 8iBAbw’R — 8iBAL*wR — 4id*BwRb — 4id* BARb — 4iabARw + 8id*>BARw — 4iBb*w* R
— 16iBA°Rw — 2iah*Rb — 2iabw’ R — 16iBA*w* R — 4iBA*b*R + 4iar> Rw + 8iBA°Rb + 8id? Bw’ R + 4iarw’R,

0, = 4brw + 4bw* — 2b*w — 2b*\ — 2i Rbw + 4i Rw) + 4i Rw* — 2i RbA.
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F,

Gy

H,

A(t,2) :

APPENDIX C: EXPRESSIONS FOR A;(w), Cy, Dy, Fy(w), Gy, Hy, A(t,z), AND B(t,z)

—2wpiz — 721/301?0)11)/31 - 72z/3a12a)2w,31 + 6zaa12ww/31 + 6zaa;w*why — 24zﬂa)wa1,313 — 24zBa10°wpy

+ 2zaai why — 24zBawp + 2zaw wh — 24zBwa’ B + 2zawa B + 2zawwh; — (azozl3 + azw® + bta; + bto’
+ 3az(xlza) + 3azala)2 + 3bt(x%a) + 3bttxlw2 + azocl,Blz + azw,Bl2 + bt(xlﬂlz + bta),Blz),

—2zw* — 227 4 2aijt — 2za — dzwa; + 6aitw + 2zaa) — 8288 + 6aitw® + 2uitw’ — zad’w® — zad*a;

+ 6za(x?w + 6zococ%a)2 + 210{0{%a}3 - 24Z,BO[156() — 24z,3a?a)2 — 8z,30513a)3 + 122,36120/11 — 3zad’w?a; — SZ(xdzoc%a)
+36zpd*a}w + 36z8d° e w* + 12z8d%a 0 — 8zBa B} + 2zaa; B} + 2aitwpi + 2itB] + dizd? Pwawphi
—|—4izoea1ww,312 + 4izd2,3wozlﬂ12 + 24iz,3a1w2w,312 + 12izd* B’ wa; + 12izd2,3w0512w + 2itww,312 + 2itwot1,312
+6itww’a; + 6itwaiw + 4izaaiw — 24izBajw + 12z8d°%a; BT + 2zaaiwpi — zad?a i — zad*wpBi

— 8z,3afa),312 + 12z,8d2011a)ﬂ12 — 72izﬂafww — 72iz,3a§a)2w — 24izﬂ(xfw3w + 4izawoe%,312 + 12iza(x?ww

+ 12izaa%a)2w +dizaow’w + 4izd* B w + 4izd2/3waf — 16izﬂafw,312 + 8izﬁa)3w/312 + 8iz/3walﬂf

+ 8izﬂww,3f + 2izway + 2izwow + Ditwaw® + 2itwcx?,

8izaatow + 4izaajw’w + 4izd* Bt w + dizd* fwai + 8izBw w4 2izw + dizaoiw + ditwa
—48izpaiow — 24izpalw w + 2itww* + 2itwal — 24izBatw + 8izd*Bowa; — azat — azw® — bta} — btw?
—2azayw — 2btaw — azﬁlz — bt,812 + 8iz,3w,3f + l6izﬂa)wa1,312 + 4izawa1,812 - l6izﬂa%w/312

+dizd? Bwpt + 2itwpi,

—2zw* — 2287 — 2wpiz + 20}t — 2za} — dzway + 6a;tw + 2zaa] — 8zBa8 + 6attw? 4 2atw’ — zad*w’®
—zad’a;} + 6zaaiw + 6700w + 2zaaiw® — 24zBaw — 24zBafw? — 8zBaiw’ + 12z8d%at — 3zad*wa,

- 3zad2a12a) + 36zﬁd2al3a) + 36zﬁd2afa)2 + 12z8d%00° — 72z,3afa)wﬁ1 — 72z/3a12a)2wﬂ1 + 6zaotfa)w,31

+ 6zaa 0’ wh) — 24zBwwa, B — 24zBa 0 wp) + 2za0i why — 24zBatwp + 2zaw  wh — 24zBwa’l B
+2zawa; B + 2zawwp; — 8zBal BT + 2zaa; i + 2aitwPi + 2aitpi + 12z8d°% a3 B + 2zaaiwp}

—zad’a, B} — zad’wp? — 8zBaiwp? + 12z8d%a wp,

—1 — 1280} + aa; + 3aaio — 36Baiw + aw® + awpi — 3607 fw* — 127 BB7

+ajaf? + 3ajaw® — 120 10ppF — 12Ba1 0,

—12zBa] — 24zBa;w + 2za0 + 2zBd°a} — 1207 z0” + aft — 8aizppi + dzaciw + 2aitw + 4zBd a o

+ Zalzaﬁlz + 2azaw® + Sala)zﬂﬁ,z + 2zBd%0* + 4zﬁa)2,312 +z+tw’ + 4Z,3/3;t + t,3]2 + ZZdZﬂ,BIZ,
768d°*aa fw’ — 16d*2a’al — 20d*2a’af + 30* + 96d° 2% e} B + 192d° 2 aa; fw® + 3a}

+384d°t 70} Bw® — 96d°tzBwa; — 64d*tzaatw® — 16d°tzaa w* + 1152d*22aa] o* + 384d*tza; fw
+576d%tza} fo* — 192d*tzw*a; — 192d*tzpw’ay — 16d° 2o + 3aid® — 24d* P w*a}

—16d**w’ o) — 16d* 0w — 144d* 7 Bat — 48d* > fw* + 96d*tz8w e} — 144d° 7 Bt — 144d57° B2 w?
—8d*’wa; — 8d’tza; — 8d*tzw* — 64d*tzaaw — 96d*tzaa; w® — 32d*tzaaiw — 16d*tzaa 0” + 8izd*aw*
—96izd*Ba; + Sizd*aat + 8id*zaw® 4 8id*zaa? — 96id* 70 B — 4d* 1w — 8izd ) — 8izd*w — 48d* P’} w
—40d* 2o w? — 2304d% o] Brw — 48d°tzBat — 48d°tzBw* + 8d 7 aw — 4d°F atw? — 4d°FPatal

—4d*72 0t + 8d422aa1 — 864d6Z20612 2% — 576(1612011,320)3 — 32d212aa12a) — 16d212(xa1a)2 — 4d2t20/1‘
—4d* 0t — 4d* et — 1152d* 220 B2 — 576d°7a) B2 — 576d" 2o B2 w® + 6d%a 0 — 8d° P’ w

—96id* 70 f* — 192id* 703 Bow + 16id* za o — 384izd* Bafw — 384izd* Botw’ + 32izd*aiw
—576izd* o + 48izd*aw’a? + 32izd*aw’a; — 2304d°7 e} B’ — 3456d* 2ol BP0 — 576d%a} BP0’
+3d*w* +192d*Z2aa] B — 96izd* Bayo* + 120’ a; + 18ajw® — 64d* 2 a’ajw — 48d*tzfw*

—96d* 2’ afw? — 64d’ PP aiw’ — 16d° P’ aiw® + 48d tzat B+ 192d% P aas B — 16d* 7%’ a 0 + 96d°tzab B
—16d*tzaa; — 16d*tzaa’ — 576d°22ad B> — 576d* > abB? — 144d°7* B*w* — 144d57%a} B* — 288d%7% B*wa
+192d%7%a} B + 96d° 7203 Bo* + 1205w — 16d*tz0a) — 192d* 22 Bwa; + T68d*aal o + 192d* 22 aai fo?
+384d*Paat fo — 42242,
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B(t,7) := —768d*z*aa} B’ + 16d*7°a’al + 20d* *a’al + o' — 96d° 7} B — 192d*2aa; fo* + af — 384d°tza; B’
+96d%tzBwa; + 64d*tzaclw® + 16d°tzaa 0 — 1152d*2aa’ B’ — 384d°tza5 fw — 576d°tza B’
+192d*tz8wa} + 192d*tzpw ay + 16d° 2 aa; + aifd* + 24d* > w*ai + 16d**w’ ey + 16d* 12 e 0 + 144d* 7 Bt
+48d* 72 Bo* — 96d*tzpw et + 144d°7* BPaf + 144d°7 B2 w® + 8d* P way + 8d°tzaf + 8d°tzw® + 64d*tzaa]w
+96d*tzaaiw® + 32d*tzaaiw + 16d* tzaa 0* + 48d* 2o’ aiw + 40d* 2o’ afw?® + 2304d% 7% a] B w

+48d°tzpa? + 48d°tzBw* — 8d*ZPaw + 4d°72 0’ w?

+4d°7’a’a? + 4d* o’ 0wt — 8d* o) + 864d°7alprw?

+576d°22a) B0’ + 32d%*adiw + 16d*ac0” + 4d*t*al + 4d* 0 + 4d* P 0”4 4d ot 4 115244220 B
+576d°2% 0} 2w + 576d* ol B 0* + 2d* a0 + 8d°P o’ o + 2304d% 2% BRw’ + 3456d° 2 al B ew?
+576d*22a} BP0t + d*w? — 192d°2%aa] B + 4w’ + 6% 0w’ + 64d°2a’ o} w + 48d 1 zBw* + 96d° 7 o atw?

+ 64d° @’} 0 4 16d* 2’ atw® — 48d*tzal B — 192d* e p + 16d* o’ w® — 96d°tzalp + 16d*tzae;
+16d*tzaq; + 576d° 2ol B2 + 576d* 2l B* + 144d°7° B*w* + 144d°7 %t B* + 2884d%7° B way — 192d° 7% Bw
—96d°7*a} fo? + 4ot w + 16d°tzwa; + 192d*7* fwa — T168d*22aal fw — 192d**aa} fo* — 384d* 7’ aat fw

+472d>.
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