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Nonlinear hydrodynamic effects induced by Rayleigh surface acoustic wave in sessile droplets
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We report an experimental and numerical characterization of three-dimensional acoustic streaming behavior
in small droplets of volumes (1–30 μl) induced by surface acoustic wave (SAW). We provide a quantitative
evidence of the existence of strong nonlinear nature of the flow inertia in this SAW-driven flow over a range of
the newly defined acoustic parameter FNA = Fλ

(σ/Rd ) � 0.01, which is a measure of the strength of the acoustic
force to surface tension, where F is the acoustic body force, λ is the SAW wavelength, σ is the surface tension,
and Rd is the droplet radius. In contrast to the widely used Stokes model of acoustic streaming, which generally
ignores such a nonlinearity, we identify that the full Navier-Stokes equation must be applied to avoid errors up to
93% between the computed streaming velocities and those from experiments as in the nonlinear case. We suggest
that the Stokes model is valid only for very small acoustic power of � 1 μW (FNA < 0.002). Furthermore, we
demonstrate that the increase of FNA above 0.45 induces not only internal streaming, but also the deformation of
droplets.
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I. INTRODUCTION

Acoustic streaming, the motion of bulk fluid, arises from
the interaction of acoustic waves with fluids [1]. Associated
with standing waves, this phenomenon was first observed in
1831 by Faraday [2], and theoretically analyzed by Rayleigh
in 1848 [1], in which the dissipation of the acoustic energy
was considered within the boundary layer of the solid surfaces
(vortexlike streaming) [3]. In 1948, Eckart [4] presented an
interesting acoustic streaming theory and was able to derive an
expression for the streaming velocity in the one-dimensional
case. Eckart’s theory was based on the propagation of the
sound wave pressure away from the ultrasound source and
its exponential attenuation in the body of fluid volume. His
expression was derived by applying the method of successive
approximations to the Navier-Stokes (NS) equations. The
hydrodynamic nonlinearity term was ignored by assuming its
value to be negligible [5].

Nyborg [6] extended Eckart’s theory to describe a stream-
ing phenomenon induced by an ultrasonic plane wave and
concluded that the mean streaming flow was due to the loss of
acoustic momentum. According to Nyborg’s theory of acoustic
streaming [6,7], the flow field can be obtained by solving the
stationary Stokes equations of incompressible flow,

0 = 1

ρ
F − ∇ P + ν∇2U, ∇ · U = 0, (1)

where U is the streaming velocity, P is the kinematic pressure,
ν is the kinematic viscosity, and ρ is the fluid density. F is the
acoustic body force due to the presence of the sound source [6].
As can be seen in Eq. (1), the nonlinear term, i.e., (U · ∇)U ,
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has not been included based on the assumption that U � Cw,
where Cw represents the sound wave velocity in the fluid.

In this study, we consider the Eckart type acoustic streaming
generated by a high frequency (∼60 MHz) surface acoustic
wave (SAW) in droplets with volumes ranging from 1 to 30 μl.
When a liquid either in bulk or a droplet lies on the propagation
path of an emitted SAW, the SAW changes its mode into a
leaky SAW (LSAW) and damps exponentially when reaching
the liquid. Longitudinal pressure waves are then created and
propagate into the fluid at a Rayleigh angle θR = sin−1 Cw

Cs

[8], as shown in Fig. 1(a), where Cs is the SAW velocity in
substrate. These radiated pressure waves induce an acoustic
body force, Eq. (2), in the fluid medium [8–10], which results
in a bulk liquid circulation within the droplet [11],

F = −ρ(1 + α2)3/2A2ω2kiexp2(kix + αkiy). (2)

Here, ω is the angular frequency, ki is the wave number, α is
the attenuation constant, and A is the SAW amplitude at the
interaction point, as identified by an empirical correlation,

A

λ
= 8.15 × 10−6P 0.225

D + 5 × 10−6P 0.8
D , (3)

where PD is the radio frequency (rf) power applied to the SAW
device in watts, and λ is the SAW wavelength [12,13].

Recently, surface acoustic wave (SAW) based microfluidics
has been utilized in numerous engineering applications [14].
Various streaming phenomena, including mixing, pumping,
ejection, and particles concentration, have been reported for
liquid droplets located within the propagation path of a
SAW device [12,15–19]. Meanwhile, as a result of the rapid
progress in the SAW microfluidics [14], many studies have
been done to provide numerical solutions for the SAW-driven
microfluidics. Some of the examples include (a) studies
on the characterization of flow patterns and microfluidic
mixing via SAW in two-dimensional (2D) flows [11,20],
(b) computation of apparent free-surface deformation of
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stationary droplets [21], and (c) analysis of microparticle
accumulation in stationary microchannels flow [22] under the
SAW excitation. Most studies of the SAW-driven fluids used
the acoustic body force approach based on the Stokes model of
Nyborg’s theory [6]. For instance, Franke et al. [23] reported
that the nonlinearity (inertial) effects arising from SAW
propagation in fluid medium were nearly negligible and the
Stokes model was applicable, due to the small geometries of
droplets.

However, only a few studies have been reported on the
effects of hydrodynamics nonlinearity in acoustic streaming
[24–26], and even these studies were limited to ultrasonic
standing waves, rather than SAW. For example, Lighthill
[27,28] discussed the effects of hydrodynamic nonlinearity
on acoustic streaming of standing wave generated by a
cylindrical resonator in an unbounded fluid medium, and
concluded that the nonlinearity effects of fluid inertia were
significant in all noticeable acoustic streaming examples.
Nevertheless, the nonlinear term of flow inertia in the SAW
studies was normally ignored [29], even for very high SAW
powers up to 6 × 104 μW [30–33]. In this paper, we present a
systematic experimental and numerical study concerning the
effects of the hydrodynamic nonlinearity on the SAW-driven
fluids.

II. METHODS

In this study, the characteristics of fluid flow induced by a
Rayleigh SAW in sessile droplets are investigated using both
the numerical simulations and experimental measurements.

A. Experiment

In our experimental studies, the SAW devices were fab-
ricated on 128◦ YX black LiNbO3 substrates by sputtering
200-nm-thick aluminum to form the interdigitated transducer
(IDT) electrodes. A spin-coated CYTOP R©(Asahi Glass Co.,
Ltd., Tokyo, Japan) layer was prepared to make the surface
hydrophobic, as the surface of the LiNbO3 wafers is origi-
nally hydrophilic, as shown by the schematic illustration in
Fig. 1(a). The details of the SAW device fabrication have been
documented elsewhere [34]. In this study, we used an IDT
with a wavelength of λ = 64 μm and fundamental frequency
f ≈ 60 MHz. The SAW was launched by applying an rf
signal, PD , to the IDTs using a standard signal generator (MI
2019A) amplified by an MI TF2175 rf power amplifier. Water
droplets (1–30 μl) were loaded symmetrically with the SAW
propagation path, using a micropipette. For the measurements
of the streaming velocities, polystyrene particles with an
average diameter of 6 μm were placed inside the water droplet,
and their adjective motion was recorded using a high speed
camera (Kodak Motion Corder Analyzer, 600 fps).

B. Modeling details

The computational analysis was performed using the finite
volume method (FVM), and OpenFOAM-1.6 CFD code
(OpenCFD Ltd.) was used for our model development. The
induced flow streaming in the liquid droplet was assumed to
be governed by the laminar incompressible 3D Navier-Stokes
(NS) equations, which are driven by an external acoustic

force F [3],

∂U
∂ t

+ (U · ∇)U = 1

ρ
F − ∇ P + ν∇2U, ∇ · U = 0 (4)

In our numerical analysis, rf powers were applied in range
PD � 16 mW, to keep the droplet in its original shape
without inducing significant distortion. Consequently, stress-
free boundary conditions can be applied at the droplet-air
interface. The preliminary results and calibration of our code
have been reported in Refs. [35,36]. Only for the analysis of
linearized hydrodynamic model, the nonlinear term (U · ∇)U
in Eq. (4) was ignored, which gives a transient version of the
Stokes model, Eq. (1). In this study, all the numerical cases
were run to the steady state, and these results are discussed in
the following sections.

III. RESULTS AND DISCUSSION

A. Dimensionless parameters

The main parameters that govern the system of SAW-
driven droplets are those of the flow field of the droplet
hydrodynamics, and those of the sound field that generates
either a flow inside the droplets or distortion of droplets shape.
The hydrodynamics parameters include the streaming velocity
U (m/s), the fluid viscosity ν (m2/s), and the droplet radius
Rd (m), as characterized by the Reynolds number Re = URd

ν
.

Another parameter is the surface tension σ (N/m), a force that
plays a significant role against the SAW force to retain the
original shape of the droplet. The characteristic parameters of
the sound field are the SAW wave amplitude A (m), Eq. (3),
and the SAW wavelength λ (m) that measures the propagation
depth of SAW into the droplet fluid [37]. These two parameters
are involved in Eq. (2) of the acoustic body force F (N/m3).

In this study, we found from both the experimental and nu-
merical simulation results that the driving SAW characteristics
can be described by a dimensionless parameter of normalized
acoustic force FNA, as defined by

FNA = Fλ

σ/Rd

. (5)

The proposed parameter of FNA represents the ratio of
the acoustic force (e.g., measured at a point where the SAW
enters the droplet) per unit area, Fλ, to the surface tension
per unit length, σ/Rd . The new dimensionless parameter of
the FNA proposed in this study can be used to describe not
only the characteristics of acoustic wave field, but also the
hydrodynamics of the SAW-driven droplets including the de-
formation mechanism. These two dimensionless parameters,
i.e., FNA and Re, are used in the analysis and discussion of
hydrodynamics of droplets induced by SAW in this paper.

B. Influences of fluid inertia on streaming phenomena

1. Reynolds number

Effects of hydrodynamics nonlinearity on the streaming
phenomenon are discussed in terms of the steady state Re of
induced internal flow dynamics by a SAW-droplet coupling,
using a moderate range of a normalized acoustic force, FNA

[Eq. (5)], as shown in Fig. 1.
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FIG. 1. (Color online) Effects of hydrodynamic nonlinearity in
the relation between the steady state Reynolds numbers Re and FNA,
using 128◦ YX-LiNbO3 SAW device with 0.5-mm aperture excited
by a frequency of 60.4 MHz; (a) results for 1- and 10-μl droplets; and
(b) results for 2.5- and 5-μl droplets. Solid and broken lines represent
the nonlinear and linear numerical results, respectively. The markers
denote the experimental data.

As shown in Figs. 1(a) and 1(b) by the relation between
the Reynolds number and FNA parameter in log-log scale,
when FNA � 0.002 (PD � 1 μW), the results from the Stokes
model, Eq. (1), and the full NS model, Eq. (4), give very good
agreement in comparison with experimental measurements.
This is based on an error analysis using defined deviation
of ε = |I − Rel

Renl
| � 5.0 × 10−2, where Rel and Renl are the

Reynolds number of linearized and nonlinearized cases,
respectively. This means that the linearization assumption is
valid only for the simulation of acoustic streaming at very low
SAW powers of the microwatt range. This validation can also
be identified by the associated Reynolds number with Re < 1
if and only if the droplets size is small enough, such as for the
droplet volumes of 1.0 or 2.5 μl used in this study in Figs. 1(a)
and 1(b), respectively. It should be noted that the condition of
Re < 1 that has been imposed in most studies of employing

the linear assumption [29] is not applicable for larger droplet
volumes, such as 5 or 10 μl in this study. The results in
Fig. 1 show that the flow inertia does appear, and becomes
negligible only at a condition of Re � 1. However, when the
SAW power increases, FNA � 0.01 (or PD � 20 μW), the
difference between the Stokes model results and experimental
data becomes significant, and can be as high as 90%,
especially for the larger droplets. Meanwhile, this difference
is only about 10% for the NS model as shown in Figs. 1(a)
and 1(b). This closer agreement with experimental data is due
to the contribution of flow inertia, where the increase in the
FNA (or SAW power) enhances the role of the hydrodynamic
nonlinearity term in the nonlinear NS model in Eq. (4); which
becomes too large to be ignored.

Additionally, in the nonlinear region, it is clearly visible
from the experimental and the nonlinear NS modeling results
in Figs. 1(a) and 1(b) that the differences in the value of Re for
the two droplets sizes decrease gradually with an increase of
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FIG. 2. (Color online) Hydrodynamic nonlinearity effects on (a)
the transient streaming velocity of a 30-μl droplet measured at point
B, using 128◦ YX-LiNbO3 SAW device with 62-MHz frequency, 2-
mm aperture at differentFNA; (b) the streaming velocity as a function
of FNA for a 10-μl droplet using a 0.5-mm aperture SAW device driven
at 60.4 MHz. Solid and broken lines represent the nonlinear and linear
numerical results, respectively. The markers are the experimental
measurements.
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FIG. 3. (Color online) Simulated streaming velocity profiles for 20-μl droplet, using SAW device with 2.5-mm aperture, 62-MHz frequency,
and FNA of 0.366; (a) along the Y axis; (b) along the Z axis at a 1200-μm height from the droplet bottom. Solid and broken lines represent the
nonlinear and linear cases, respectively.

the acoustic power, and become considerably smaller as long
as FNA > 0.05. In contrast, the Stokes model results show a
fixed difference in the value of Re with variation in the drops
volumes for the whole range of FNA values, a situation not
confirmed by the experimental data.

2. Flow development and streaming velocity

In order to identify the role of nonlinear term in SAW
acoustic streaming, the transient streaming velocity at the
top center of a 30-μl droplet is examined in Fig. 2(a) by
comparing both simulation and experimental results. Results
show that the droplet internal flow has been accelerated quickly
to a steady velocity within one second, with higher FNA of
0.419. Increasing the FNA (or rf power) reduces this initial
time due to the increase in the SAW momentum delivered
to the fluid. As shown in Fig. 2(a), the values of streaming
velocities from the nonlinear NS model are in good agreement
with the experimental data. On the other hand, the Stokes
model results are one order of magnitude less than those of
experiments. Furthermore, the discrepancy between the steady
state experimental and numerical results for an FNA of 0.248
is 87.4%, and becomes 92.5% for an FNA of 0.419, when flow
inertia (hydrodynamic nonlinearity) is ignored. Conversely
this discrepancy is only 0.47% and 1.37%, respectively, when
the hydrodynamics nonlinearity is taken into account. Also, at
a steady state stage, the deviation of the velocity for the two
power cases is ∼16 mm/s, both from the experimental and
nonlinear numerical results using the NS model, compared
with only ∼0.846 mm/s in the linear case (i.e., using Stokes
model).

Figure 2(b) shows both experimental and simulations
results of the streaming velocity as a function of FNA for a

10-μl droplet at three observation points; i.e., point A is close
to the SAW source, point B is at the top center of the droplet,
and point C is far away from the SAW source. However, due to
the difficulties and challenges with capturing the flow field near
the SAW source during the experiments, only the numerical
results are presented for point A. It can be observed once again
that the importance of the fluid-hydrodynamics nonlinearity
becomes more significant with the increase of the SAW power,
due to the increase of the streaming velocity, where the inertial
forces become dominant. The linear approximation using the
Stokes model results in a higher streaming velocity near the
SAW source (point A) and a much lower reading at regions
away from the SAW source (B and C).

The role of the nonlinear term on the droplet-acoustic
streaming can be further illustrated by taking the case of a
20-μl droplet and examining the velocity distribution in three
dimensions. The velocity distribution was measured along two
axes through the droplet, i.e., the vertical Y axis shown in
Fig. 3(a), and the horizontal Z axis at a height of 1200 μm from
the bottom of the droplet shown in Fig. 3(b). Figure 3(a) shows
that at an early stage (< 0.1 s), both the nonlinear and linear
approximations have similar velocity profiles. However, as the
flow develops, the differences between the two profiles become
significant. This is also true for the velocity profiles along the
horizontal Z axis, as can be observed in Fig. 3(b). Figure 3(a)
shows that the value of steady state streaming velocity using
the Stokes model is less than that using the NS model by
about 93% at the top of the droplet, and about 60% less at
the center of the droplet, as shown in Fig. 3(b). These results
clearly show the consequences of ignoring the hydrodynamic
nonlinearity of flow inertia in the predictions of SAW acoustic
streaming, from both qualitative and quantitative points of
view.
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FIG. 4. (Color online) Simulated streaming patterns for 20-μl droplet, using SAW device with 2.5-mm aperture, 62-MHz frequency, and
FNA of 0.366. The upper and lower row represents the nonlinear and linear cases, respectively. Broken lines represents axis of rotation.

3. Flow patterns of acoustic streaming

For qualitative illustration, the simulated flow patterns
inside the droplet from the two models are presented in
Fig. 4, i.e., the Stokes and the NS model. The top row in
Fig. 4 shows that the butterfly flow pattern rotates around one
elliptical axis of rotation through the droplet center when the
NS model is applied, which has been verified by experimental
observations [35,36]. In contrast, when the Stokes model is
used for the simulations, the flow pattern only rotates around
the double vertical axis with two small vortices near the SAW
source, as shown in the second row in Fig. 4, which does
not agree with the experimental observations. The precise
identification of the acoustic streaming patterns is required
when designing efficient lab-on chip SAW-mixing devices
with a minimal applied rf power. For instance, applying the
Stokes model (ignoring the nonlinear term) to model SAW
mixing of bioparticles inside relatively larger droplets (such
as 20 μl simulated in this study) will predict that a very large
power is needed to get the uniform butterfly flow pattern with
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FIG. 5. (Color online) Normalized droplet height as a function
of the normalized driving force (FNA), for different droplet volumes,
using 128◦ YX-LiNbO3 SAW devices with 0.5-mm aperture excited
by a frequency of 60.4 MHz; dashed line stands for trend line.

efficient flow rotation, as shown in the first row of Fig. 4. Such
a large recommended power is not necessary as evidenced
by experiments carried out from this paper. It is also well
known that the application of high acoustic powers would
cause significant acoustic heating effects, which would be
detrimental to the biosensing process or could potentially
destroy temperature sensitive biological samples [38,39].

C. Droplet deformation

Additionally, we demonstrate here that the new FNA

parameter can also be employed to identify the induced
droplets deformation by SAW. The detailed experimental
measurements of the droplet height ratio h/h0 as a function
of the FNA, seen in Fig. 5, show that the droplet deformation
with a significant change in its height h from initial height h0

can be clearly predicted at FNA > 0.45. Although the detailed
mechanism of SAW-induced droplet deformation is beyond the
scope of this paper, we would like to give a brief explanation.
As we suggested earlier, the acoustic power emitted by the
SAW into the droplets is dominated by the balance between the
SAW acoustic force and surface tension force, as characterized
by the values of the FNA. When FNA > 0.45, SAW-droplet
coupling induces hydrodynamic forces and pressure [21,40],
which cannot be balanced by surface tension, and thus results
in droplet distortion into an asymmetrical shape, as shown in
Fig. 5.

IV. CONCLUSIONS

In conclusion, by introducing a new dimensionless acoustic
force parameter FNA = Fλ

(σ/Rd ) in our analysis for the SAW-
induced acoustic streaming inside the droplets (1–30 μl), we
are able to present qualitative and quantitative comparisons
between the experimental data and numerical simulation
results. This provides strong evidence of the existence of
significant hydrodynamics nonlinearity in this system, over a
range of the values of FNA. Therefore, we classify the flow
within droplets into three flow regimes or modes: (1) the
viscous dominant mode, when FNA � 0.002, where the widely
reported Stokes model of Nyborg’s theory [6] is applicable;
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(2) the inertia dominant mode, when FNA � 0.01, where the
full 3D NS equations must be applied in order not to cause a
large error in streaming velocity predictions, which could be
as large as ∼93%; (3) the droplet deformation or movement
mode, with a threshold FNA ≈ 0.45, above which the droplet
deforms. In brief, we have demonstrated that the hydrodynamic
nonlinearity plays a significant role in most noticeable SAW
acoustic streaming of droplets actuation (e.g., Re � 1).
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