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In multidimensional barrier tunneling, there exist two different types of tunneling mechanisms, instanton-
type tunneling and noninstanton tunneling. In this paper we investigate transitions between the two tunneling
mechanisms from the semiclassical and quantum viewpoints taking two simple models: a periodically perturbed
Eckart barrier for the semiclassical analysis and a periodically perturbed rectangular barrier for the quantum
analysis. As aresult, similar transitions are observed with change of the perturbation frequency w for both systems,
and we obtain a comprehensive scenario from both semiclassical and quantum viewpoints for them. In the middle
range of w, in which the plateau spectrum is observed, noninstanton tunneling dominates the tunneling process,
and the tunneling amplitude takes the maximum value. Noninstanton tunneling explained by stable-unstable
manifold guided tunneling (SUMGT) from the semiclassical viewpoint is interpreted as multiphoton-assisted
tunneling from the quantum viewpoint. However, in the limit &« — 0, instanton-type tunneling takes the place of
noninstanton tunneling, and the tunneling amplitude converges on a constant value depending on the perturbation
strength. The spectrum localized around the input energy is observed, and there is a scaling law with respect to
the width of the spectrum envelope, i.e., the width  %iw. In the limit w — oo, the tunneling amplitude converges

on that of the unperturbed system, i.e., the instanton of the unperturbed system.

DOI: 10.1103/PhysRevE.86.056206

I. INTRODUCTION

During the last few decades, understanding quantum
tunneling in multidimensional systems has been a crucial
problem in the field of quantum chaos as well as many other
fields, e.g., quantum chemistry, nanoscale semiconductor
devices, and so on. From the viewpoint of quantum chaos,
various novel tunneling phenomena, mostly categorized into
dynamical tunneling, have been predicted, found, and observed
theoretically, numerically and experimentally, e.g., chaos-
assisted tunneling, resonance-assisted tunneling, and Julia
set-assisted tunneling [1-15]. The basic mechanisms of those
tunneling phenomena [1-7,9—19] are essentially different from
that of instanton-type tunneling, which is the basic tunneling
mechanism in one-dimensional systems as well as classically
integrable and nearly integrable multidimensional systems
[20]. Those noninstanton tunneling phenomena have been
interpreted in various ways from semiclassical and quantum
points of view and further from hybrid viewpoints [1-7,9-19].
It will be expected that analytical methods developed in
different ways become to complement each other and
allow us to comprehend all the aspects of multidimensional
tunneling.

For multidimensional barrier systems, there exists a tun-
neling phenomenon different from instanton-type tunneling
(barrier penetration) [7,13-16]. In recent works [13-16],
we have provided its semiclassical interpretation. It was
later reconfirmed in a slightly different way [21]. In this
semiclassical mechanism, stable and unstable manifolds in
the complex domain play an important role in the tunneling
process, namely, complex trajectories contributing to tunneling
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are guided by complex stable and unstable manifolds of an
unstable periodic orbit above the top of a potential barrier. For
brevity, it is called stable-unstable manifold guided tunneling
(SUMGT). SUMGT is essentially the same as Julia set-assisted
tunneling introduced by Shudo et al. in which forward and
backward Julia sets, almost equivalent to complex stable and
unstable manifolds [12], guide tunneling trajectories even in
the case that chaos exists in the real space [11,12], although
they studied tunneling in discrete time systems.

In relatively low-frequency ranges for periodically
perturbed barrier systems, two types of tunneling mechanisms,
instanton-type tunneling and SUMGT, simultaneously
contribute to the tunneling process, and the winner of
the competition between them dominates the tunneling
process [16,17]. In the limit that the frequency w goes to
zero, the tunneling amplitude converges on a constant value
depending on the strength of perturbation €, which can be
estimated by an adiabatic perturbation method based on the
instanton theory. As a result, a localized tunneling spectrum
around the input energy is observed. However, the contribution
of SUMGT rapidly grows with increase of @ and overwhelms
instanton-type tunneling. SUMGT causes a different type of
the tunneling spectrum, the so-called plateau spectrum, which
spreads over a wide range of energy with its center at the height
of the potential barrier at rest. The tunneling amplitude ruled
by SUMGT takes the maximum value in a middle frequency
range. In the relatively high-frequency range, in which
the semiclassical method cannot be applied, the tunneling
amplitude decreases with increase of w and finally converges
on that of the unperturbed barrier, which is estimated by
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the instanton. Essentially the same change of the tunneling
amplitude with the perturbation frequency was reported in the
case that the wave packet collides with a oscillating potential
barrier [22], though it gave an intuitive explanation.

By using periodically perturbed step potentials, we can
investigate characteristics of pure noninstanton tunneling,
because instanton-type tunneling is substantially prohibited
[18,19]. A periodically perturbed rounded of-step potential is
suitable for the semiclassical analysis [18,19], while a periodi-
cally perturbed right-angled step potential is appropriate for the
analysis from the quantum viewpoint [ 19], because the solution
is written in an exact form, which can be numerically solved
without any perturbation. Noninstanton tunneling observed
for both systems takes the maximum tunneling amplitude in
the middle-frequency range but decays toward zero in both
low- and high-frequency limits, w — 0 and w — oo. In a
relatively low-frequency range, noninstanton tunneling caused
by SUMGT is explained by the multiphoton-assisted tunneling
from the quantum viewpoint. In the high-frequency range
in which the semiclassical method, i.e., SUMGT, cannot be
applied due to large values of hw, a single quantum (or a
few quanta) absorption mainly contributes to the tunneling
process.

In this paper we developed our study in this direction to
the case of the periodically perturbed barriers. We investigate
tunneling through a periodically perturbed rectangular barrier
for the purely quantum analysis compared with the semiclas-
sical analysis of tunneling through a periodically perturbed
rounded-off potential barrier. As with the periodically per-
turbed right-angled step potential, so the periodically perturbed
rectangular barrier has a solution written by an exact form,
which can be numerically solved without any perturbation
[23,24]. It is very helpful for us to give the quantum
interpretations of noninstanton tunneling and instanton-type
tunneling. Many authors have studied tunneling phenomena of
periodically perturbed barriers [22—-27]. However, to the best
knowledge of the authors of this paper, there have been few
works which explore noninstanton tunneling compared with
instanton-type tunneling in order to obtain comprehensive un-
derstanding from both quantum and semiclassical viewpoints,
especially in the low and middle-frequency regimes. We clarify
the difference between the two types of tunneling mechanisms
and investigate transitions between them with change of the
perturbation frequency from both quantum and semiclassical
viewpoints. It is expected that those approaches provide a
more complete understanding of tunneling mechanisms in
multidimensional systems.

This paper is organized as follows. In Sec. II we in-
troduce the periodically perturbed Eckart potential as a
smooth potential model and show the outline of the change
of tunneling mechanism between instanton-type tunneling
and noninstanton tunneling with change of the perturbation
frequency. In Sec. III we introduce the periodically perturbed
rectangular barrier and give quantum explanations for both
tunneling mechanisms, which clarify how the change of
tunneling mechanism occurs with change of the perturbation
frequency. In Sec. IV we show alternative explanations for
both tunneling mechanisms from the semiclassical viewpoint
compered with the pure quantum explanations. Section V is
devoted to discussion.
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II. TUNNELING IN PERIODICALLY PERTURBED
ROUNDED OFF BARRIER

In this section we show the outline of tunneling observed for
the periodically perturbed rounded-off barrier reported in our
recent works [13—17]. The model system is the periodically
perturbed Eckart barrier:

H(Q,P.wt) = 1P? 4+ (1 + e sinwt)sech® Q. 1)

Let us assume that a plane wave is incident on this potential
with input energy E;(<1 — €) at which only a tunneling wave
is observed in the transmissive side. For quantum calculations,
we have used the numerical scheme developed by ourselves
[28] based on Miller’s (quantum) S-matrix formula [29], which
generates an incident plane wave at a high degree of accuracy
with exponentially small errors so that a scattering eigenstate
is obtained numerically.

The feature of the tunneling spectrum changes with the
angular frequency w as well as the strength €. Figure 1 shows
spectra at three representative values of .

For a low frequency typically at w = 0.03 [Fig. 1(a)],
spectra are well localized in very small ranges around E; for
all three values of ¢, i.e., ¢ = 0.1, 0.2, 0.4. These spectra are
estimated by an adiabatic approximation based on the instanton
as shown later [16,17].

For a middle frequency typically at @ = 0.3 [Fig. 1(b)], the
spectrum at € = 0.4 is markedly different in shape from the
spectra in the low-frequency range, and its envelope forms
a plateau spreading over a wide range of energy, which
nearly corresponds to the oscillating range of the potential
height, | — € < E < 1 4 €. As reported in the previous works
[14—17], this spectrum is the result of SUMGT. On the other
hand, the spectrum at € = 0.1 still forms a localized spectrum,
but its width becomes wider compared with that at w = 0.03.
The spectrum at € = 0.2 is considered as a superposition of
the two characteristic spectra, a head lobe explained by the
perturbed instanton theory and a side shoulder formed over
an upper range of energy as the result of SUMGT [14-16].
The side shoulder grows with increase of w, then it changes
into a plateau spectrum at higher frequencies. The larger €
is, the faster it grows. Hence the spectrum of the strong
perturbation first changes from a localized one to a plateau
through intermediate spectra accompanied by a side shoulder,
and the spectra of the middle and weak perturbations follow
successively.

For a high frequency typically at w = 10.0 [Fig. 1(c)], the
peak interval Ziw is larger than the energy difference between
the potential height at rest and the input energy, i.e., 1 — Ey,
then the semiclassical approximation should not be applicable
to this case. The peak heights at the same energy value are
not much different for the three values of €. The peak at
the first excited energy, ie., E = E; +how, is larger than
others and substantially determines the tunneling amplitude.
However, the peaks at excited energy levels rapidly decay
with w, while the fundamental peak at E = E; converges
on that of the unperturbed system. Therefore, the tunneling
probability approaches that of the unperturbed system in the
limit w — oo [17,22].

The change of tunneling amplitude, more precisely the
maximum value of the peaks of the tunneling spectrum, is
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FIG. 1. (Color online) Tunneling spectra of the periodically
perturbed Eckart barrier. The input energy is taken at E; = 0.5 and
the Planck constantis i = 1000/(37 x 2!'°) ~ 0.1036. The spectrum
is normalized such that Zn |S(E = E; + nhw,E;)|* gives the total
transmissive probability. (a) @ = 0.03. (b) v = 0.3. (¢c) w = 10.

summarized in Fig. 2. In the limit w — 0, they converge
on different values depending on €. The tunneling amplitude
grows with increase of @ and takes the maximum value at a
certain value of w depending on € in the middle range. In the
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FIG. 2. (Color online) Change of tunneling amplitude (the max-
imum value of the peaks of the tunneling spectrum) with w for the
periodically perturbed Eckart barrier. The line labeled “SUMGT” is
the result of Eq. (67) with Eq. (69), and those labeled “Instanton” and
“Averaged instanton” are given by Eq. (57) with Eq. (58) and Eq. (60)
with Eq. (59), respectively.

limit @ — oo the tunneling amplitude decays and converges
on that of the unperturbed system independently of €, because
the perturbation of an extremely high frequency does not
substantially affect the system.

Note that essentially the same spectra are observed for a
two-dimensional (2D) barrier system [15,30]:

Ho(Q,P,q.p)=1P>+(1+ Bg)sech®Q + Hen(q.p),  (2)

when the channel Hamiltonian,
Ha = 3p” + 30°¢7, 3)

is highly excited. Actually, introducing the action-angle
coordinates (/,0) as canonical coordinates of the channel
gives Bq = B/2I/wcosO, and B./2]/w plays the same
role of € of Eq. (1). If the action [ takes large values, the
2D Hamiltonian (2) can be reduced into the periodically
perturbed one-dimensional Hamiltonian (1). Therefore, there
coexist two tunneling mechanisms, instanton-type tunneling
and noninstanton tunneling [especially SUMGT for w <
Weq(= 1_/.1E’ )], for the multidimensional potential barriers, and
which mechanism dominates the tunneling process changes
with initial conditions and control parameters.

III. TUNNELING IN PERIODICALLY PERTURBED
RECTANGULAR BARRIER

A. Model system and quantum solution

In this section we give quantum interpretations of instanton-
type tunneling and noninstanton tunneling, especially in low
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FIG. 3. (Color online) Periodically perturbed rectangular barrier.

and middle frequency ranges. To do this we need a model,
which is appropriate for the quantum analysis and exhibits
tunneling behavior similar to that of the periodically perturbed
rounded-off potential barrier. The model system satisfying our
requirement is a periodically perturbed rectangular barrier (see
Fig. 3), which has been studied by several authors [23—-26]. The
Hamiltonian of the model system is

H(Q,P,01) = LP? + (1 + e sinon[0(Q — b,) — 0(0)],
4

where 0(x) denotes the unit step function, b,, takes a negative
value, and |b,,| gives the width of the potential.

Let us consider the situation that a plane wave with input
energy E; is incident on the potential from positive infinity
in Q. Then the input, reflective, and transmissive waves are,
respectively, written by

W, — e ibilgmiPiQ, 5)
Vg = Z‘I'm = ZRnef%E"’e%P’"Q, (©6)
where the mome;tum of tﬁe input wave is P =—P; =

2E; < 0 and an excited energy level is given by E, =
E; 4+ nhw with the momentum P = P., = \/2E, > 0 for
a reflective component and P = —P,,, = —/2E,, <0 for a
transmissive component.
In the interaction region(b,, < Q < 0), the left- and right-
going waves are, respectively, given by

Wy = Z Wy = Z Beis o elemibitemitn 0 (g)

lI‘jbr = Z "Ijb)l‘l = Z B, en w COSw[eihE tenP/,,,Q’ (9)

where P, = «/ 2(E, — 1). The total wave in the interaction
region is written by W, = W;,; 4+ W;,., which is a superposition
of the unperturbed solutions modulated by ei 55 due to
the periodical perturbation [23,24]. Forn > n*(=min{n|E, >
1}), Wy, and W, are plane waves modulated by e 50wl T

the case of E, < 1, namely, n < n*, P, takes an imaginary
value i /2(1 — E,), then Wy, and Wy, are rewritten by

‘Ilbln — BZ en ’)Loswtean,,teh\Phn\Q’ (10)

ie _i _1
\ybm =B eﬁwcoswte Ente h|P,,,,|Q (11)

which give barrier-penetrating waves modulated by e & cosar

The coefficients R,,, T,,, B;,, and B,, are determined W1th
the continuity at the boundaries, Q =0 and Q = b,,. The
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continuity of the wave function at Q =0, i.e., ¥; + Vg =
Wy, + Wy, is written as

Z —i Z Le —i
1 _"_ Rne tnwt — Blneh ® cos a)te tnwt
n n

+ Z Brneiicoswte—inwt’ (12)
n

and the continuous differentiability at 0 =0, ie., %\D, +
%\PR \I/b[ +3 ‘Ifbr, gives

} : —i Z ie _
_PI + Rn P,,,e inwt — Bln aneﬁ > Cosa)te inwt
n n

Z ie —i
+ Brn aneh P cosa)te ma)t.

n

13)

In the same way, the continuity of the wave at Q = b,, =
—|byl, i.e., ¥y + Wy, = Wy, is expressed as

E Tneéqulbw\efinwt — § Blneéicoswte;—lP,,n\bMefinwt
n

n
+ E Bme% < coswtef;—len\bw\efinwt’
n
(14)

and the continuous differentiability at Q = by, = —|b,, L.e.,
‘Ijbl + 3 ‘I’br = "Q\IJT, provides

L _:
_ § Taneh P,,,\bw\e inwt

n

— E Bln Phneé(%COSwle;*lP],,,‘bw‘efinwt

n

+ E Bmpbnegzcosa)tefZPhnlbu,lefmwt. (15)

By using equality [31]

e u’COSQ — Zann <hi>ei”99 (16)
w

n

we, after some calculations, obtain the equations for Bj, and
Brn

Z i n-’m n< )[(Prn + Pbm)Blm + (Prn Pbm)Brm]

= 2P0 (17)
Z i nJm n( )[(Pm - Pbm)e%Pbm'bulelm
+ (P + Py i1 B, ] = 0, (18)

These equations give a closed system of linear equations in
By, and B,,, and then we can obtain B;, and B,, numerically
without any perturbation methods. From given By, and B,,,
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the coefficients R, and T,, are straightforwardly obtained as

- €
Ro = =800+ Y (Bin+ Bon)i" "y (=) (19)

m
_i m— €
T, = e i Finlbul |:Zlm " Tn—n (%)
m
X (eépb'"lb"’lBlm + e_’['P""’b'”lBrm):| . (20)

One can see essentially the same result in Ref. [24].

B. Numerical results

By definition, the transmissive coefficients 7,, form the
tunneling energy spectrum if the input energy E; is taken
as E; < 1 — €. As shown in Fig. 4, the tunneling spectra |7}, |
are very similar to those of the periodically perturbed Eckart
barrier at the same representative values of w.

At the low frequency w = 0.03 [Fig. 4(a)], the spectra are
well localized in very small ranges around E; for all the three
representative values of €, ¢ = 0.1, 0.2, 0.4. These spectra
are very similar to those of the periodically perturbed Eckart
barrier at the same value of w and are well evaluated by an
adiabatic approximation as shown later.

At the middle frequency w = 0.3 [Fig. 4(b)], there exist
three different spectra depending on e like those of the
periodically perturbed Eckart barrier at the same frequency. At
€ = 0.4, the spectrum forms a plateau spreading over the range
(1 —€ < E <1+¢€).Ate = 0.2, the spectrum is regarded as
a mixture of the two characteristic spectra. It has a clearly
localized head lobe accompanied by a side shoulder, whose
flat part is wider than that of the periodically perturbed Eckart
barrier. It means that the separation of the two mechanisms,
instanton-type tunneling and noninstanton tunneling, becomes
clear for the rectangular barrier compared with the rounded-off
barrier. At € = 0.1, a localized spectrum is observed as in the
case of the Eckart barrier.

At the high frequency w = 10.0 [Fig. 4(c)], spectra similar
to those of the periodically perturbed Eckart barrier are
observed. The peak at the first excited energy, £ = E; + ho,
is larger than the others for all the values of €. The tunneling
amplitude is more enhanced by the perturbation; namely, all
the peaks are markedly larger than those of the periodically
perturbed Eckart barrier.

Figure 5 shows the changes of the tunneling amplitude,
namely, the maximum value of |T,|, for (a) E; = 0.5 and
(b) E; =0.75 in the range of w for which solutions with
accuracy are obtained numerically. As in the case of the
periodically perturbed Eckart barrier, the tunneling amplitude
takes the maximum value in the middle range due to the
effect of noninstanton tunneling, while in the limit v — 0,
it converges on a constant value depending on the strength of
perturbation € as well as the input energy E;, which can be
explained by the adiabatic approximation.

However, in the range @ > w,, the tunneling amplitude
decays in a little different manner compared with that of
the periodically perturbed Eckart barrier. Actually, it exhibits
power law decay as oc w™~! rather than exponential decay
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FIG. 4. (Color online) Tunneling spectra of the periodically
perturbed rectangular barrier, i.e., |7,|. The width of the potential
is taken at |b,| = 1. The input energy E; and the Planck constant
h, respectively, take the same values as those of the periodically
perturbed Eckart barrier. (a) w = 0.03. (b) @ = 0.3. (¢) @ = 10.

observed for the rounded-off barrier [17]. It is predicted
theoretically that the power law decay occurs for excited
energy levels in high-frequency ranges [23], and it seems to be
the common feature for right-angled potentials. Actually, the
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FIG. 5. (Color online) Change of tunneling amplitude (the max-
imum value of the peaks of the tunneling spectrum) with w for the
periodically perturbed rectangular barrier. The line labeled “Averaged
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line labeled “Approximation € = 0.2” in (a) is given by Eq. (32) at
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same decay is also observed for the periodically perturbed
right-angled step potential [19]. Therefore, the tunneling
amplitudes take larger values in some ranges above w,, for
the right-angled potentials compared with the rounded-off
potentials. However, since the peaks at the excited energy
levels decrease monotonically then the tunneling amplitude
converges on the unperturbed solution, namely, the peak at
E = Ej, in the limit @ — oo independently of € as shown in
Fig. 5(b). In Fig. 5(a) they seem to converge on the unperturbed
solution, but it occurs out of the numerical range of w.

C. Approximate solutions for ® < @,

In this subsection we give approximate solutions of
noninstanton tunneling and instanton-type tunneling in low
and middle frequency ranges. They are used to evaluate
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FIG. 6. (Color online) Distributions of | B;,| at E; = 0.5. (a) =
0.03. (b) w = 0.3.

the tunneling amplitudes caused by the individual tunneling
mechanisms and to judge the winner of the competition
between the two mechanisms.

1. Noninstanton tunneling for E,, > 1

Let us consider the approximations of the coefficients By,
and B,,. Figure 6(a) and 6(b) show the distributions of |B,|
for w = 0.03 and 0.3, respectively. The distribution of |B,|
forms a plateau over the range (E; — € < E < E; 4+ €). The
smaller the frequency w is, the steeper the side cliffs of the
plateau become. This fact is the key to understand the tunneling
process caused by noninstanton tunneling.

We first consider the approximation of Bj,. Equations (17)
and (18) are written as

> InenX(n) = 8,0, @1)

> Jna¥m(n) =0, (22)
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where

Xy(n) = i"""[(Pry + Pom)Bim
+ (Prn - Pbm)Brm]/zplv (23)

Y,(n) =i"" [(Pm _ pbm)egil’hmlbw\Blm
+ (P + Py)e #0010 (24

In the case that P,,, ~ P;, ~ P;, the dependence of X,,(n) and
Y,n(n) on n can be ignored. From analogy to the equality
Y m Imindm = 8uo [31] together with the equality J_, =
(=D"J,, we can give a plausible assumption that |X,,(n)]
is approximated by |J,,| and Y,,(n) = O as the lowest order
approximation. Since the approximation Y,,(n) = 0 gives

|Bial €xp (— 2| Ppnllbywl), for n < n*
|B| ~ ¢ (25)

| Binl, for n > n*,

then we can obtain rough estimation that |By,| ~ |J,|. Al-
though this is very rough estimation, as will be shown below,
it actually gives a good approximation even for the case that
P,, and P,, are much different from P;. Note that the same
assumption has been successfully applied to the periodically
perturbed right-angled step potential in Ref. [19], which
corresponds to the case of B,, = 0 because of |b,,| - oc.
Intheregimefiow K €,if |n| < ;5,|Bj,| are estimated using
the approximation of the Bessel function [31] as a constant

value,
2h
,n(i)‘ - P 26)
how TE

which approximates the height of the plateau over the
range (E; —e < E < E; +¢€). For |n| > }% by using the
asymptotic form of J,, for large orders (n > 1) [31],

B~ i(‘“‘—x) @7
27n \2n

€

Il —

~ ,/Lexp{—n[log<@> - 1]}, (28)
2mn €

which reproduces the side cliffs of the plateau. Therefore, | B;, |
decays more than exponentially with |n|, because log(@) -
1>0,if [n] > 535 > ;5.

In Fig. 7(a) and 7(b), the approximations of |B;,| and
|B,,| given by Egs. (26), (28), and (25) are compared with
the numerical results at @ = 0.03 and 0.3 and at € = 0.2. At
the relatively larger frequency @ = 0.3, the approximations
are in good agreement with the numerical results for both
|B;,| and |B,,|. At the smaller frequency w = 0.03, the
approximations well reproduce the plateaus but overestimate
the cliff parts. This is mainly because the lowest asymptotic
form of J,(x) for large orders (n >> 1) (27) does not provide
a good approximation for large values of x, namely, ;>
should not be extremely large. However, the approximation
| Bjn| ~ |J,| without using the asymptotic form (27) gives a
better result, though we do not show it.

|Bln| ~

we obtain

|Bln| ~
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FIG. 7. (Color online) Comparison of |By,| and |B,,| with the
approximate solutions at € = 0.2. The lines labeled “approx |B,|”
and “approx | B,,|” are, respectively, the results of the approximations
of | B;,| and | B,,,| obtained by Egs. (26), (28), and (25). (a) ® = 0.03.
(b) w =0.3.

Noninstanton tunneling is caused by the wave components
which go over (and are just below) the oscillating top of
the barrier. From Eq. (25), the magnitude of the terms in
the inner parentheses in the right-hand side of Eq. (20),
ie., eifmlbolp 4 e=iPmlbulB s roughly evaluated as
| Bjyy| for m > n*. Then, from Eq. (28), it decays more than
exponentially with m. For m < n*, Py, takes an imaginary
value, then from Eq. (25), it is roughly estimated as

1 1
exp (_£|Pbm||bw|)|Blm| ~ exp <_ﬁ|bw|\/ 2thm)leml,
(29)
where Am = n* — m. It is, from Egs. (26) and (28), true that
| B;,,| increases with Am, i.e., with decrease of m, until it

reaches the value ,/ %, but it is shown from a more detailed
analysis that Eq. (29) decays with Am, if w|b,| is large
enough, because the decay due to the barrier penetration,
exp(— %|Pbm||bw|), overwhelms the increase of |By,|. Thus,

056206-7



KIN’YA TAKAHASHI AND KENSUKE S. IKEDA

the main contribution comes from the threshold component at
m = n* and/or one just below it(m = n* — 1), depending on
the positions of E,« and E,«_; with respect to E = 1. Here
we roughly estimate it only with the threshold component,
since the component at m = n* — 1 makes almost the same
contribution, when it is dominant. Then, from Eq. (20), the
spectrum |7},| caused by noninstanton tunneling is estimated

as
T = || 1Bue]
n*—n h(,() In*
€ €
Jo—nl — Vsl — ). 30
(m)‘ <hw)‘ G0

Applying the asymptotic forms of J, in Egs. (26) and (28) to
Jw—n(55) in Eq. (30), one can see that the spectrum |7}, | forms
aplateau over therange (E,» — € < E < E,« + €). Since | By, |
atn = n* is estimated as

€
| —
hw
1 . 2n*hw
expy —n*| log —1
2nn* €

how
2n(1 — Ep)

1—-E; 2(1 — Ey)
xexp(— ” {log|:—E ]—l}),

€2V

1T ~

~

|Bln*| ~

where the approximation n*iw ~ 1 — E; is made use of in the
last line, then the height of the plateau spectrum is estimated

as
2hw
|Tax| ~ v/ —— | B
TE
how
w+/e(l — Ey)

X exp <— ! ;wE[ {10g|:2(1 ; El):| — 1}), (32)

which is mainly determined by | By,«|.
By using the approximation

T, ~ CemiPulbulim=n g . (33)
where |C| ~ |Bj,+|, and Eq. (16) in Eq. (7), we get

Ui (0 = by,t) = Z T, e~ i (PinbutEnt)
n

~ Ceé(icoswffE”*t)’ (34)

which means that the plateau spectrum is caused by the
modulation e > due to the oscillation of the potential.
In the case that the semiclassical analysis based on SUMGT
is applied to the periodically perturbed rounded-off barrier,
the oscillation of the potential induces the oscillation of the
unstable manifold over the range (1 — ¢ < E < 1 + €), which
forms the main body of the plateau spectrum [14,15].

A similar plateau spectrum caused by noninstanton tunnel-
ing is also observed for the periodically perturbed right-angled

PHYSICAL REVIEW E 86, 056206 (2012)

step potential, and it is evaluated by essentially the same
approximation [19]. As pointed out in Ref. [19], noninstanton
tunneling observed for w < w,, is attributed to the multiple
absorption of quanta induced by the periodical perturbation,
which should occur for any periodically perturbed barriers
and step potentials. In the limit @ — 0, the number of quanta
absolved in the tunneling process becomes infinity, and the
tunneling probability caused by noninstanton tunneling decays
exponentially as predicted by Eq. (32) [19]. Actually, as
shown in Fig. 5(a), the prediction given by Eq. (32) at
€ = 0.2 well follows the change of the tunneling amplitude
obtained numerically in the range (1 < w < 10), although the
prediction rather overestimates in magnitude. The reason of
the overestimation will be discussed later.

2. Fourier decomposition of adiabatic solution for E, < 1

The approximations (26), (28), and (25) cannot be used
in Eq. (20) to reproduce the localized spectrum caused
by instanton-type tunneling (barrier penetrating tunneling),
because they ignore the phases of By, and B,,. Since their
major parts widely spread over the energy range (E; — € <
E, < E; + €), phase cancellation among the terms in Eq. (20)
is necessary to form a localized spectrum. But it is not easy
to evaluate the summation in Eq. (20) taking into account
the phase information of By, and B,,. Instead, we here use
an adiabatic approximation based on the solution of the
unperturbed system (see Appendix A), because it is confirmed
that it works well in the low-frequency regime [17].

In the adiabatic approximation, P, is approximated by

Py(t) = iy/2la(r) — Eq], (35)

where a(t) = 1 + e sinwt is the instantaneous height of the
potential. The instantaneous transmissive coefficient 7'(¢) is
given by

T(t) — e—}*;Pl\bw\[e—%\ﬁb(l)l\bwlgl(t) + e%lﬁb(f)\lbw\gr(t)] (36)
4P Py(t)

Prlbul o= |1 Po(0)l1by | L 7
[Pr + Py(1)]?

~e n

(37)

where the instantaneous values of the coefficients B;(r) and
B,(t) are obtained by substituting P,(¢) into the place of P, in
Egs. (A13) and (A10), respectively.

The averaged weight over the period of the perturbation is
given by

N 1 7.
To~(T(®) = 7/ T(t)dt, (38)

0

where T = %’, and 7, is obtained by using the Fourier

decomposition,

1 . .
T, ~ —/ T(t)e™ ™ dt. 39
T Jo

Since P,(t) as well as 7'(¢) is a function of wt, then the change
of variable from ¢ to T = wt in the integrals in Egs. (38) and
(39) shows that Ty and 7,, are independent of w. But the width
of the spectrum envelope changes proportionally to w, because
the interval between the nearest peaks is .
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Letus assume thate < 1 — E; and € ~ (or <)h < 1. The
expansion of P, in powers of € is given by

151,,(;):1\/2(1—E,)\/ljL 6E sin wt (40)
- 1
1
Ni,/z(l—E,)[lJrzl € sinwr

o0
L Qm=3)  em
—1ym" 1 M oot
+Z( ) 2 (B sin a):|

m=2

~iy2(1 = E,)(l 41

21T-E sinwt). 41

Then e~ #! 2®lIbul ig estimated as
e HBOIbul - o= VAT=ED () (Hlbale?/(1-En iy

S 1 6|b | m eiwt e—iwt
XZ—[— v } ( , ) . (42

— m!| h/2(1 — Ep) 2i
We hereafter take O(et!b«l€/1=E0**hy ~ O(1) because of
€2/h <« €2/h? ~ (or «)O(1) from the assumption.

The constant term in Eq. (42) is estimated as

2m
Ibm\mz €|b |
m!m!| 20 /2(1 — Ey)

w bw 2
el ]
8n-(1 — Ey)
Then (T (1)) is approximated by
(Fy ~ eipiioad Pt
(P; + Py)?
2 b 2
x|:1 n §|—“’|} (44)
8h (1 — Ej)

The term of e~/ (n > 0) in Eq. (42) is evaluated as
e \b;;,\ mefinwt

[ee) 1 . 6|bw| n+21
X{Z( TR [ 2'h«/—2(1—E1)} '

(45)

If |€|by |/ (2hA/2(1 — E}))| is not larger than one, it is further
approximated as

b1,;m1|: €lby| :|ne—ina)l. (46)

n!| 2ih/2(1 — Ey)
Then 7,,(n > 0) is estimated as
T Ne—%P”bM 4P1Pb e V’m\m 1 €|b | "
! (P; + Py)? n! | 2iny20 = Ep)

(47)

and |7T_,| ~ |T,| from the approximation (42). It means that
|T,,| decays with |n| as |T,,/ To| ~ O(1/|n|!).

Figure 8 shows the comparison of tunneling spectra
obtained numerically with those given by the adiabatic
solution (39) with Egs. (35) and (36) at € = 0.2 and at three
values of w, w = 0.01, 0.03, and 0.1. The numerical results
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FIG. 8. (Color online) Comparison of tunneling spectra in the
low-frequency regime with those obtained by the adiabatic solu-
tion. (a) Tunneling spectra at € = 0.2 for w = 0.01, 0.03, 0.1.
(b) Corresponding spectra obtained by the adiabatic solution (39)
with Egs. (35) and (36).

in Fig. 8(a) are well reproduced by the adiabatic solutions in
Fig. 8(b), namely, the maximum of the spectrum |7| almost
agrees with the averaged adiabatic weight (38), which means
that in the limit w — O, the tunneling amplitude converges
on the averaged weight estimated as “unperturbed weight”
x[1+ O(e? /h2)] in Eq. (44) rather than the maximum
instantaneous weight, “unperturbed weight” x[1 + O(e/h)],
which is larger than it. Furthermore, for all the spectra
obtained numerically, the peaks |7;,| at the same n take almost
the same value independently of w, and they decrease as
1/|n|! with |n| as shown by Eq. (47). Therefore there is a
scaling law in the limit @ — O with respect to the width of
the spectrum envelope, namely, it is proportional to .

3. Overview of the approximate solutions for @ < w,

In Fig. 9 we compare the tunneling spectra obtained numer-
ically with the approximation solution for noninstanton tun-
neling (multiphoton-assisted tunneling) and with the adiabatic
solution for instanton-type tunneling(barrier penetration).
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FIG. 9. (Color online) Comparison of tunneling spectra obtained
numerically with the approximate solution for noninstanton tunneling
and with the adiabatic solution for instanton-type tunneling. The
line labeled “Approx |7,,|” denotes the approximate solution of the
plateau spectrum given by Eq. (30). The line labeled “Averaged Ad.
Sol.” indicates the averaged adiabatic weight given by Eq. (38) with
Egs. (35)and (36), and itisdrawn in therange (E_, . < E < E,..),
where 11, is defined by g = max{n||T,/Ty| > 1072,n > 0} using
|T,| in Eq. (47). (a) The localized spectrum at ¢ = 0.2 and w = 0.03.
(b) The mixed spectrum at € = 0.2 and @ = 0.3. (c) The plateau
spectrum at € = 0.4 and w = 0.3.
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As shown in Fig. 9(a) and 9(b), the averaged adiabatic
weight denoted by the line labeled “Averaged Ad. Sol.,”
which is obtained by Eq. (38) with Egs. (35) and (36), well
approximates the height of the localized spectrum in (a) as
well as the height of the head lobe of the mixed spectrum
in (b). The line is drawn in the range (E_, , < E < E,_, ),
where 1,y is defined by ny. = max{n||T,/To| > 1072,n >
0} using |7;,| in Eq. (47), and it well approximates the width of
the localized spectrum in Fig. 9(a) and that of the head lobe in
Fig. 9(b). These results together with those in Fig. 8 indicate
that the adiabatic solution provides a good approximation to
instanton-type tunneling.

The line labeled “Approx |7,,|” denotes the approximate
solution of the plateau spectrum given by Eq. (30). It shows
good agreement in shape with the plateau spectrum in Fig. 9(c)
as well as the side shoulder of the mixed spectrum in Fig. 9(b),
though it overestimates them in height. The overestimation
is also confirmed in Fig. 5 (a). Indeed, the line labeled
“Approximation € = (0.2,” obtained by Eq. (38) with Egs. (35)
and (36) well follows the numerical result at € = 0.2 in
a certain range, but it always takes larger values than the
numerical result. The fact that the plateau and the side
shoulder are smaller in height than the approximate solutions
is attributed to destructive interference among the terms of
B, and B,,, at m = n* (dominant) and m = n* £ 1 (second
dominant) in Eq. (20). Note that for the case of the periodically
perturbed right-angled step potential which corresponds to the
case of B,, =0 and for which the terms for m < n™ are
substantially zero, the same approximation is in very good
agreement in height as well as in shape with the plateau
spectrum obtained numerically [19].

As a result, judging the winner of the competition between
the two characteristic tunneling mechanisms, the instanton and
noninstanton mechanisms, is simply done by comparison of
amplitude between the adiabatic solution of the localized spec-
trum and the approximate solution of the plateau spectrum. The
winner determines the tunneling amplitude, but both tunneling
mechanisms contribute to the formation of the entire spectrum,
when the contribution of noninstanton tunneling is not much
smaller than that of instanton-type tunneling.

D. High-frequency range: ® > w,,

In the range w > w4, the tunneling amplitude is mainly
determined by the two components, the fundamental energy
level at n = 0 and the first excited energy level at n = 1. As
shown in Appendix B, we take into account only the two levels
in calculation of By,, B,,, R,, and T,.. As a result, Ty and T
are estimated as

Ty ~ eéPzIbu,l[e;|Pbo|bw|M
(Pr + i|Pyol)?
2
€ i
+ (%) ethllbsz[f(E[)} (48)

and
i 2¢ €
Ty ~ —ie i PPl == p, P g(Ep) ~ O — ), (49)
hw hw

where  f(E;) = f(Pi(E1),Po(E}), Pyi(Er),P1(Ep)) and
g(Ep) = g(Pi(E}), Poo(E}), Pyi(Ey), Pr1(Ey)) are functions of
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O(1). In the limit @ — oo, Ty converges on the unperturbed
solution [see Eq. (A14)], while T decays as « 1/w. The power
law decay of the first excited state (o< 1/w) (or the decay of
tunneling probability as o< 1/w?) seems to be the common
feature in the high-frequency range for periodically perturbed
right-angled potentials, i.e., rectangular barrier, step and so
on, although an exponential decay is observed for periodically
perturbed rounded-off potentials [17,19].

In the range (v < @ < %e%m’“”b""), the relation |7T}| >
|Ty| is satisfied, and the first excited state dominates the
tunneling process. But the unperturbed instanton becomes
dominant, when w goes beyond this range, namely, w >
%e%‘PwW’W‘ and |T| < |Ty|(~ e~#!Pwllbuly This change of the
tunneling amplitude is actually seen in Fig. 5(b).

IV. CORRESPONDENCE BETWEEN THE
SEMICLASSICAL AND QUANTUM
INTERPRETATIONS

In this section we discuss the tunneling features of the
periodically perturbed Eckart barrier, which can be reproduced
in the low and middle frequency ranges by the complex
semiclassical method, and we discuss the correspondence
between the semiclassical interpretation for the Eckart barrier
and the quantum interpretation for the rectangular barrier.

A. Semiclassical formula

The semiclassical S matrix for periodically perturbed
scattering potentials is given by [29,32]

P/||P REN
S(Eo.E~ ltm Y VI .1|| ol | s
1011,1Q0|—>0 o 2mih Py Po 0E;0E
% e_i(P()Q()_PlQl)/he;’,SS(Q()vEOeQIaEI)’ (50)

where the classical action is defined by

Qo to
SSZ/ PdQ—/ H(Q,P,wt)dt + Epto — Eftg.
(4] 17

1

619

The summation ), is taken over all the contributing
(complex) trajectories satisfying the input and output boundary
conditions, which are, respectively, given by [29,32]

P = P(= —2E))

(52)

I={t,0,P)t;eC, Q=0

and

P = Py(=—2Eo)}.

(53)

F={(t0.Q.P)lto€C, Q=0o0.

Due to the periodicity of the system, the initial points of the
contributing trajectories appear periodically with the period
T(=2r/w) in the initial plane Z. Then it is possible to
reproduce the quantum probability by using the trajectories
whose initial points are in a unit interval. To do this, the
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FIG. 10. Singularities and representative integration paths on the
lapse time plane.

semiclassical S matrix is rewritten as [32]

S(Eo,EI) ~ lim

Zth(Eo — E; — nho)
[Q11,1Q0]—00

n

« ¥ I VIPil[Pol | 9°Ss
= Varih PPy \ OEEo

X e—i(PoQO—PIQl)/heisx(Qo,Eo,Ql,El)/h7 (54)

where 7* = {t;| — T < Ret; < 0} denotes a unit of Z. The
periodicity creates comb spikes with the interval /iw, which
is represented as ) hwS(Eo — E; — nhw). In numerical
calculation, 6(Ep — E; — nhw) is, for normalization, replaced

by 8,,(Eo—E))/heo-

B. Unperturbed solution and instanton-type tunneling

The classical solution for the unperturbed system is given
by [29]

Q(t) = sinh~'{A cosh[\/2E;(t — 1)1}, (55)

where A = . /1/E; —1 and fy is the time at which the
trajectory hits the turning point [29,32]. Giving an initial
condition [Q = Q;(>1),P = P;(=— /2E; < 0)]att =1,
the interval between #y and #; is determined by 7y —t; =
(Q1 —logA)/2E; = 101

As shown in Fig. 10, the solution has singularities in the
lapse time plane s = ¢ — ¢;, and the singularities are aligned
along two vertical lines, i.e., entrance singularities Sg,” and
exit singularities Sg;t. The distances between the singularities
are given as follows: Sg= — ng;rl =in/s2E; and Sgf —
Sg = Zﬁsinh’l(l/)\).

In Fig. 10 topologically different integration paths used
for calculation of complex trajectories are also drawn. The
trajectory along the integration path C; gives the major con-
tribution to tunneling. The complex trajectory with imaginary
time evolution along the vertical part of the path C; is called
“instanton” [20], and the imaginary depth of the instanton is
determined by [16]

tinst(Ep) = —7/+/2E]. (56)

The tunneling amplitude for the unperturbed system is esti-
mated by using the instanton,

1
W; = exp <—F—lImSIO>, &)
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where ImS;o denotes the imaginary part of the classical action
along the instanton, which is obtained as

Im510 =/ 2E1—

(58)

When a small perturbation with w <« 1 is applied to the
system, a localized tunneling spectrum is observed. It is
expected that the topology of integration paths is essentially
the same as that of the unperturbed solution [13—15] and
that the adiabatic approximation based on the instanton
can be applicable. The instantaneous classical action is
given by

_ a(t) — E[
ImS; = 2E; T+ JaOE, (59

where a(t) = 1+ esinwt denotes the height of the time
dependent barrier. At a glance the effective tunneling weight
of instanton seems to be given by exp(—hlImS 1) at a(t) =
1 — €, i.e., the smallest imaginary action during the period of
the perturbation. However, the tunneling amplitude is really
given by the time average of instantaneous instanton weights

[16]:
W, ! /T 11 Sy ) dt (60)
av — ex —z1lm s
T )y TP\

which is estimated as
2.2
W, ~ exp [—%ﬁ(l _ \/E,)} (1 n %) 61)

The correction in the last parentheses due to the perturbation is
of O(€?/h?), which is the same order as that of the periodically
perturbed rectangular barrier in Eq. (44). The height of nth
spectrum peak is given by

1 [T 1
Wayn = —/ exp| —-ImS; ) exp(iwnt) dt, (62)
T Jo h

which is estimated for n > 0 as

exp[——f(l f)] (2@)”’ (63)

and |Way _p| = |Waynl- |Waun| is independent of w but
decreases with |n| as |Wyy,/ Way| ~ O(1/|n|!). Therefore,
instanton-type tunneling generates essentially the same lo-
calized spectrum in the lower-frequency range as that of the
periodically perturbed rectangular barrier.

Figure 11 shows the comparison of tunneling spectra
at € = 0.2 in the low-frequency regime with the adiabatic
instanton spectra obtained by Eqs. (60) and (62). The adiabatic
instanton spectra in Fig. 11(b) are almost the same as the
tunneling spectra obtained numerically in Fig. 11(a) for v =
0.01 and 0.03. However, the spectrum obtained numerically
at w = 0.1 more extends to an upper energy range compared
with the adiabatic spectrum in Fig. 11(b), while they show
good agreement in the lower half, i.e., E, < E;. Therefore,
the spectra of the periodically perturbed rounded-off barrier
have the same properties in the limit @ — 0 as those of the
periodically perturbed rectangular barrier, and the same scaling
law with respect to the width of the spectrum envelope exists
for both systems: the width & Ziw.
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FIG. 11. (Color online) Comparison of tunneling spectra in the
low-frequency regime with the spectra obtained by the adiabatic
instanton for the periodically perturbed Eckart barrier. (a) Tunneling
spectra at € = 0.2 for w = 0.01, 0.03, 0.1. (b) Corresponding spectra
of the adiabatic instanton solution given by Egs. (60) and (62).

To confirm the reproducibility of the localized spectrum
by the complex semiclassical method, we carry out the full
complex semiclassical calculation with the semiclassical S
matrix (54). Figure 12 shows the semiclassical resultate = 0.2
and w = 0.03. In Fig. 12(a), the initial set of contributing
trajectories C extends to positive and negative imaginary
sides compared with the imaginary depth of the unperturbed
instanton. This indicates that as the initial point goes to
the upper or lower end of the branch C, the imaginary
part of the classical action takes larger values, which make
extremely smaller contributions to tunneling. In the complex
semiclassical theory, the rapidly dropping tails of the spectrum
envelope are attributed to the increasing imaginary part of
the classical action. The resultant tunneling spectrum in
Fig. 12(b) well reproduces the localized spectrum obtained
by the quantum calculation in Fig. 11(a).
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FIG. 12. (Color online) Tunneling spectrum reproduced by the
full complex semiclassical calculation at € = 0.2 and w = 0.03.
(a) The set of the initial points of contributing trajectories C on
the complex initial time plane. For comparison, the imaginary depth
of the unperturbed instanton is drawn. (b) Semiclassical tunneling
spectrum.

C. SUMGT weight in low- and middle-frequency ranges

Noninstanton tunneling in the low- and middle-frequency
ranges (@ < w.q) can be reproduced by the complex semi-
classical method. It is explained by stable-unstable manifold
guided tunneling (SUMGT) [13-16].

When the classical transportation to the transmissive side is
prohibited, namely, the only quantum tunneling contributes to
the transportation, the real part of the initial plane Z does not
intersect with the stable manifold W; of the unstable periodic
orbit at the top of the barrier. However, as shown in Fig. 13,
there always exists in the complex domain the intersection
between Z and W, which forms isolated points called the
critical point ¢;.. The SUMGT trajectories are those trajectories
which start from a small neighborhood of the critical point, go
toward the unstable periodic orbit guided by the complex Wi,
and pass close to it. After that, some of SUMGT trajectories
go to the transmissive side guided by the complex unstable
manifold W,, thereby contributing to tunneling, though the
others guided by the complex W, in the other side, i.e., the re-
flective side, contribute to reflection. With the help of the
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Imt;
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FIG. 13. (Color online) Initial plane at E = E; and stable man-
ifold W; in the complex domain. The bullet denotes the intersection
between them, i.e., critical point.

Melnikov method [33,34], we can prove the existence of the
critical point in the complex domain and evaluate the tunneling
probability caused by SUMGT [13-17].

By using the Melnikov method, the imaginary part of the
critical point Im¢,, is estimated as

1—-E;
Imz; = ; (64)

—cosh™! { _
2 €1 = x(w)
where x (w) is defined by

®©  sinws
x(w) = 20)/ —ds
0 14e2V

_ 1 b4 i 65
=w ; — Z—ﬁCOSCC 2_ﬁ . ( )

In the low-frequency range (w < 1), x(w) is approximated as
x(w) ~ Z—éaﬂ and Imt¢,, is inversely proportional to w:

hmhwlwm”KL—&ﬂd. (66)
w

In the range of w in which the relation Im¢#;. < |fing(E/)| is
satisfied, where |fip(E;)| is the imaginary depth of instanton
defined by Eq. (56), SUMGT seems to overwhelm instanton-
type tunneling. Since |fin(E7)| is independent of @ and
Im¢;, converges on ﬁi(< |tinst(E7)]) in the limit w — oo,
then SUMGT governs the tunneling process in the range
(wei < @ < weq), Where we; is the value of w at which
Imt;. = [t (Ep)| [17].

From Eq. (54), the semiclassical weight of the SUMGT
trajectory is evaluated as

ho ( HmS) (67)
X —_— .
V2mh PA\TR™s

The imaginary part of the classical action of the SUMGT
trajectory ImSs is well approximated by that of the critical
trajectory that starts at the critical point #;.. The imaginary
part of the classical action of the critical trajectory can be
evaluated with the help of the Melnikov method [14-17].

Ws =
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As a result, we obtain the following expression of ImSj:

1-E;
ImSg ~ Imt;.(1 — E;) — tanh(wImt;,)

€ sin ws

cosh® «/_s)
(68)

+«/§s1nh(w1mt,c)/ dx/ ds———

Taking into account the fact that the last term in the right-hand
side of Eq. (68) take a finite value in the limit @ — 0 and using
Eq. (66), we can estimate ImSy in the low-frequency range as

1—E,
~ Imt;.(1 — E;) — tanh(wlmz;.)  (69)

w
1B (cosh_1 [—(1 _ EI):|
w €
— tanh{coshl[@} }) (70)

For the case that 1 — E; > €, ImSg is further approximated
as

ImSS

—F
ImSs ~ Llog[2(1 — E))/e] — 1), (1)
and we obtain
We ~ — 1 — 1.
s~ oo e ] 1))
(72)

Equation (72) is very similar to the approximate amplitude of
multiphoton-assisted tunneling for the periodically perturbed
rectangular barrier in Eq. (32). Especially the arguments of
the exponential functions coincide with each other. There-
fore, the noninstanton tunneling induced by SUMGT for
the periodically perturbed rounded-off barrier has the same
characteristic in the range (0 < w.4) as multiphoton-assisted
tunneling for the periodically perturbed rectangular barrier.
However, they exhibit different characteristics for w > w,.
Namely, the exponential decay is observed for the periodically
perturbed rounded-off barrier, but the power law decay occurs
for the periodically perturbed rectangular barrier [17,19].

In Fig. 2, the line labeled “SUMGT” is the result of
Eq. (67) with Eq. (69) and those labeled “Instanton” and
“Averaged instanton” are given by Eq. (57) with Eq. (58)
and Eq. (60) with Eq. (59), respectively. Near the intersection
between the SUMGT weight and the averaged instanton W,,,
they well capture the transition from instanton-type tunneling
to noninstanton tunneling at each value of €. However the
SUMGT weight overestimates the tunneling amplitude near
w4 due to the ignorance of the last term in Eq. (68). Actually
the calculation using Eq. (68) shows better agreement with it
as shown in Refs. [16,17].

V. DISCUSSION

In this paper we have studied tunneling for the periodically
perturbed barriers, especially in the low- and middle-frequency
ranges, in order to comprehensively understand noninstanton
tunneling compared with instanton-type tunneling from the
quantum and semiclassical viewpoints. The periodically per-
turbed rectangular barrier, for which we can handle the exact
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form of the quantum solution, is used for the purely quantum
analysis, while the periodically perturbed Eckart barrier is ap-
propriate for the semiclassical analysis. Very similar tunneling
phenomena are observed for both systems through the whole
range of perturbation frequency. Especially similar transitions
between noninstanton tunneling and instanton-type tunneling
are observed with change of the perturbation frequency.

In the low- and middle-frequency ranges (w < wc,), non-
instanton tunneling is interpreted as stable-unstable manifold
guided tunneling (SUMGT) from the semiclassical viewpoint.
Actually, the critical trajectory starting at the critical point #;.
on the complex stable manifold guides the SUMGT trajecto-
ries, and the tunneling amplitude is estimated by the imaginary
part of the classical action of the critical trajectory. From
the quantum viewpoint, it is regarded as multiphoton-assisted
tunneling, which makes large jumps of energy absorbing a lot
of quanta from the input energy to excited energy levels above
the barrier. The tunneling amplitude can be estimated by the
coefficient By, (or B,,) at n = n*, namely at the threshold
energy level E,» = E; + n*ho [see Eq. (32)]. By, (or B,,) is
the coefficient of the left (or right) -going wave component
in the interaction region (—|b,| < Q < 0) and gives the
transition rate from the input energy E; to the energy level
E, . The set of coefficients | By, | forms the plateau distribution
whose flat top spreads over the range (E — € < E < E; + ¢€)
so that the threshold coefficient B« at E = E,«(> E; + €) is
out of the flat top and exists on the upper cliff of the plateau.
Thus, | B+ | takes an exponentially small value compared with
those on the flat top of the plateau, and so does the tunneling
amplitude caused by noninstanton tunneling. Therefore, the
tunneling amplitude of the mutiphoton-assisted tunneling is
determined by how steep the slope of the cliff is.

At a glance, the two interpretations of noninstanton tun-
neling, SUMGT and multiphoton-assisted tunneling, are quite
different, but they predict essentially the same change of the
tunneling amplitude as @ going to zero, i.e., the exponential
decay. From the semiclassical viewpoint, the imaginary depths
of SUMGT trajectories are inversely proportional to w in the
low-frequency range, and so do the imaginary parts of their
classical actions. It induces the exponential decay of the tun-
neling amplitude in the limit @ — 0. On the other hand,
the cliff of the plateau distribution of |B;,| becomes steeper
exponentially in the limit @ — 0, and then the magnitude of
the threshold coefficient |B;,«| and the tunneling amplitude
decay exponentially. Since the tunneling amplitude generated
by instanton-type tunneling (barrier penetration) is almost
constant independently of w in the low-frequency range, then
instanton-type tunneling overwhelms noninstanton tunneling
below a threshold frequency at which the tunneling amplitude
of noninstanton tunneling is equal to that of instanton-type
tunneling, while noninstanton tunneling takes the maximum
in the middle range above the threshold frequency.

In the low-frequency range, the localized tunneling spec-
trum generated by instanton-type tunneling satisfies the scaling
law with respect to the width of the spectrum envelope, i.e.,
the width o iw. In the case of the periodically perturbed
rectangular barrier, the adiabatic approximation based on
the unperturbed solution clarifies the following facts. The
heights of the spectrum peaks |7,| at the same number n
are independent of w; |Tp| is estimated as “the unperturbed

056206-14



INSTANTON AND NONINSTANTON TUNNELING IN . ..

tunneling amplitude” x[1 4+ O(e?/h*)] and |T;,| decays with
|n| as |T,/Tp| o< 1/|n|!. Then the width of the spectrum
envelope changes proportionally to Zw, because the interval
of the nearest peaks is hw. This scaling law is necessary
to preserve the transmissive probability in the limit v —
0, otherwise the quantum probability diverges or decays
unphysically. For the periodically perturbed Eckart barrier, the
adiabatic approximation based on the instanton is available,
and we get essentially the same result for instanton-type
tunneling.

In the high-frequency range (w > w.,), the tunneling phe-
nomena are mainly ruled by the component of the fundamental
energy level at E = E; caused by instanton-type tunneling
and that of the first excited energy level at E = E; + hw due
to single-photon-assisted tunneling. The first excited level is
larger in tunneling amplitude than the fundamental energy
level when o is just above w.,. However, the transition
rates from the fundamental to excited energy levels decay
monotonically with w, while the tunneling amplitude of the
fundamental converges on that of the unperturbed system in
the limit w — oo. Therefore the total tunneling amplitude
converges on that of the unperturbed system. The decay rate
of the first excited energy level depends on the potential
shape: the power law decay(c 1/w) for the rectangular barrier,
but the exponential decay for the rounded-off barrier.

As a consequence, we get the comprehensive scenario of
tunneling phenomena observed for the periodically perturbed
barriers in the whole range of the perturbation frequency from
the semiclassical and quantum viewpoints. Application to two
or more dimensional potential barriers and extension for the
case that resonance tunneling occurs are problems for future
research. For two or more dimensional potential barriers,
many interesting approaches have been proposed providing
successful results from rigorous and practical requirements,
e.g., the reaction operator combined with visualization
using the Weyl symbol [7], the semiclassical transition state
theory [35,36] and the quantum instanton model [37]. It is
an important problem to clarify the relation between our
approach and those, especially for noninstanton tunneling in
the semiclassical regime, i.e., SUMGT.
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APPENDIX A: SOLUTION OF THE UNPERTURBED
RECTANGULAR BARRIER

In this Appendix, we obtain the solution of the unperturbed
rectangular barrier. The input, reflective and transmissive
waves are, respectively, written as

W, = e iEilg=iPIQ (AD)
Wp = Reibiei P, (A2)
Wy = Te ibiig iP1Q (A3)
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where P; = /2E;. In the interaction region(b, < Q <

0), the left- and right-going waves are, respectively,
given by
\IJl = BleiéElteiéPbQ, (A4)
W, = Be 1 EreiPQ, (A5)

where P, = /2(E; — 1) for E; > 1 and P, = i/2(1 — E))
for E; < 1.

Imposing continuity conditions on the wave at the bound-
aries, Q = 0 and Q = b,,, we obtain the coefficients, B;, B,,
R, and T'. The continuity at Q = 0 gives

1+R=B+B, (A6)
and the continuous differentiability is written as
(—=1+ R)P; = Py(B, — B)). (A7)
From the continuity at Q = b,, = —|b,|, we get
TeiP1lbol = BreiPlbol 4 B o5 blbul (A8)
and from the continuous differentiability, we obtain
— Py Tei Pl = —p, BeiBlbnl 4 p, B e~ilbel - (A9)
Combining Eq. (A8) with Eq. (A9) gives
B, = —He%“’b'bw'&. (A10)
From Egs. (A6) and (A7), we get
(Pr+ Py)B; + (Pr — Pp)B, = 2P;. (A11)
Substitution of Eq. (A10) into Eq. (A11) gives
= 2h Al2
T (P; + Pp) — %e%”’b”’“ (A12)

and we get the reflective and transmissive coefficients
from Eqgs. (A6) and (A8). For the case that E; < 1 and
exp(—% | Pp|lbw|) < 1, Eqgs. (A12) and (A8) are approximated
as

- il 2P a3
T (P; + Py) — %ef%wnm P+ P,
T = e_%Pllbwl(Ble_%‘Pb”bwl + Bre%IPI’HbW‘)
~ e*,L;PI|bw|e*hl\P1,Hbu,\ﬂ. Al
(Pr + Pp)?

APPENDIX B: SOLUTION OF THE PERIODICALLY
PERTURBED RECTANGULAR BARRIER IN THE
HIGH-FREQUENCY RANGE

In the range w > w4, only the two components T and
T, are important to determine the tunneling amplitude. To
estimate Ty and Tj, we take into account only the terms of the
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fundamental and first excited states in Egs. (17) and (18):

i%Jo ( ) [(Pro + Ppo)Bio + (Pro — Pyo)Brol +1J; ( ) [((Pro + Pp1)Bi + (Pro — Pp1)Br] = 2Py,
how how

i1 (2= ) P+ Po)Bio+ (Pt = Poo)Brol + %o (2= ) [(Pry + Pon) B + (Pt = Po)Bal = 0,
and

o (h ) [(Pio — Poo)ei P02 Big - (Prg + Pyo)e™ 7 0101 B ]

+iJ <h_a)) [(Po — Por)er™Pul By + (Pig 4 Pp)e 7 1%1B, 1 =0,

. € i _i
i (h_a)) [(Pi1 = Pyo)er ™I Big + (P + Poo)en 11 B,o]
€ i i
% (=) [P = Po)et ™ By 4 (Pry + Pye i B, ] = 0.

By using the approximations for ;> < 1, Jo(;5) ~ 1 and J4(;5) ~ £, Bio, Bro, Bi1, and B, are obtained as

2P;
By~ ————7—,
Pp + i| Py

2P;(P; —i|P e\’
Bo~ 1(1—|bg|) ~21Pwllbul _ (_) e 1Pullbalg Pulbuly p,
(Pr + | Ppol) 2hw

(Ptl — i Poo)[(Pr — i| Poo)(Pr — Pp1) — (Pp — Pp1)(Pyy + Pp1)]
(Pp + i Pyl P[(Pr1 + Pp1)? — (P — Pyp)2ei2lnlbul]

)

B i< € ) 2P (P + i Prol)(Pr1 + Pp1)
n -~ — ~— 7 s
2hw ) (Pr +i| Poo)[(Piy + Py1)? — (Pyy — Pyp)2ei2Poilbul]

B i( € )ehZP”‘”’ " 2P (P + il Poo)(Pri — Py1)

™~ 5 i .
Zhe (P + il PooD[(P1 + Pp1)? = (Piy — Pyp)2en>Pniel]

Then T, and T are given by

i 1 1 . € i _i
Ty ~ e ,,Plbm[e h|Pbo\|bm|BZO+e,,|Pbo|\bw|Br0+,2h (e,,PmmB“ te ,,PmlbwlBrl)]
w

. 2
~e ,lP,bu|<eh|Pm|b,,,| 41 Pr| Pyol _( € ) eiPulbuly p,
(P +i|Pyol)? 2hw

X{(le — | PooDI(Py — i| Ppo)(P — Pp1) — (P — Pb_l)(Prl + Pyl
(Pr + il Poo)2[(Pri1 + Pp1)? — (Pry — Pyy)2ei2oilbnl]
_ 2(Py1 + 1| Pyol) Py })
(Pr +i|PooDI(Pi + Py1)? — (Pyy — Pyy)2ei 2Pnlbl]

. 2
SO oy T T e 2 | Y (L WY AT S
(Pr +i|Pyol)? 2hw

and
€ i _i
T, ~e hp,]lbwll: > (e h\P,,pou\BlO en'PhOHb 'B 0) N P;,llbw\B“ e ”PbllbwlBrl:|

~ _l'e*;,;(Pn*Pbl)lbml2_€P1P | Py + i Ppol v
he (Pr +i|PooDI(Pr1 + Pp1)? — (P — Ppy)2eiPrilbul]

. 2¢e €
~ —ie*E(PrI*Phl)Ime—P1Pblg(E1) ~O0\a)
o how

(BI)

(B2)

(B3)

(B4)

(BS)

(B6)

(B7)

(B8)

(B9)

(B10)

where f(E;) = f(P{(E;), Po(E1), Poi(Eq), Pa(Ep)) and g(E;) = g(P;(E;), Po(E1), Poi(E), P (Ey)) are functions of O(1).
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