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We explore the electric-field-induced interfacial instabilities of a trilayer composed of a thin elastic film
confined between two viscous layers. A linear stability analysis (LSA) is performed to uncover the growth
rate and length scale of the different unstable modes. Application of a normal external electric field on such
a configuration can deform the two coupled elastic-viscous interfaces either by an in-phase bending or an
antiphase squeezing mode. The bending mode has a long-wave nature, and is present even at a vanishingly small
destabilizing field. In contrast, the squeezing mode has finite wave-number characteristics and originates only
beyond a threshold strength of the electric field. This is in contrast to the instabilities of the viscous films with
multiple interfaces where both modes are found to possess long-wave characteristics. The elastic film is unstable
by bending mode when the stabilizing forces due to the in-plane curvature and the elastic stiffness are strong and
the destabilizing electric field is relatively weak. In comparison, as the electric field increases, a subdominant
squeezing mode can also appear beyond a threshold destabilizing field. A dominant squeezing mode is observed
when the destabilizing field is significantly strong and the elastic films are relatively softer with lower elastic
modulus. In the absence of liquid layers, a free elastic film is also found to be unstable by long-wave bending
and finite wave-number squeezing modes. The LSA asymptotically recovers the results obtained by the previous
formulations where the membrane bending elasticity is approximately incorporated as a correction term in the
normal stress boundary condition. Interestingly, the presence of a very weak stabilizing influence due to a smaller
interfacial tension at the elastic-viscous interfaces opens up the possibility of fabricating submicron patterns
exploiting the instabilities of a trilayer.
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I. INTRODUCTION

Interfacial instabilities of a thin soft polymer film can lead to
interesting micron or submicron scale patterns, with potential
applications in microfabrication, adhesives, optoelectronic or
microfluidic devices, drug delivery components, and micro-
and nanotextured functional interfaces such as superhydropho-
bic surfaces. In this context, the self-organized instabilities
of thin viscous, viscoelastic, and elastic films engendered
by the intermolecular forces [1–22] or externally applied
electric field [23–35] are promising because they can lead
to ordered patterns with the length scales ranging from a few
microns to the submicron scales, when the field strength is
tuned. In addition to the applications related to patterning, the
thin film instabilities uncover key fundamental issues on the
deformation and rupture of biological membranes [36–43],
including injection [36], poration [37], and fusion [38–40] of
vesicles and cells. Intensive research has thus been devoted for
a better understanding of the instability and dynamics of thin
films in the presence of various destabilizing fields.

Previous studies show that ultrathin liquid films (thickness
hf < 100 nm) can spontaneously dewet on a solid surface
to form a collection of randomly placed droplets when the
destabilizing intermolecular force (ϕ∞1/h4

f ) dominates over
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the stabilizing in-plane curvature force [1–22]. In contrast, the
elastic stiffness imparts larger stability to the elastic films and
the intermolecular force can overcome the combined stabiliz-
ing influences originating from the elastic and curvature forces
only when a soft elastic film is thinner than a few nanometers
[44]. For dewetting instabilities on homogeneous surfaces
the “spinodal” length scale or spacing of the self-organized
structures is decided by the imbalance of the stabilizing and
destabilizing forces and is found to be a function of the film
thickness (hf ) [7,9]. Similar to the dewetting scenario, thin
liquid films can spontaneously develop contact instabilities
on the surface when approached by an external contactor
because of the adhesive intermolecular interaction between
the film and the contactor [44]. However, the elastic films
are unstable only below a threshold film-contactor gap (ha),
where the adhesive interaction (ϕ∞1/h4

a) can dominate over
the stabilizing surface tension and elastic forces [44–53]. The
length scale of the contact instability for relatively thicker
elastic films is linearly proportional to its thickness (λ ∼ 3hf ),
and is independent of its material properties [46,52]. However,
for relatively thinner elastically soft films, surface tension
also becomes important and the long-wave instability length
scale here shows a nonlinear scaling with a nondimensional
parameter, (γ /Ghf ), where γ is surface tension, G is elastic
shear modulus, and hf is the film thickness [34,44].

The film thickness (hf ) thus remains the single most
important parameter for tuning of instabilities in elastic films.
In this context, the interfacial instabilities originating from
the external electric fields have the flexibility of tuning the
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FIG. 1. (Color online) Schematic diagram of a confined trilayer
under the influence of an electrostatic field of potential ψ , applied
through an anode and a cathode separated by a distance d . The in-
phase deformations at the interfaces depict a bending mode whereas
an out-of-phase deformation shows the squeezing mode. The mean
(local thicknesses) of the lower and upper liquid-liquid interfaces are
h10 [h1(x,t)] and h20 [h2(x,t)], respectively.

destabilizing force by changing the external voltage bias
[23–35]. Thin liquid films form interesting columnar structures
with a hexagonal ordering at the free surface when exposed
to an external electric field in which the spacing between the
columns are decided by the net imbalance of the stabilizing
surface tension and destabilizing electric field [30]. For an elas-
tic film, the electric field has to overcome the additional elastic
stiffness to develop similar morphologies on the film surface
[33]. Previous studies indicate that for both intermolecular
force [11–22,54–58] and the electric-field-induced [26–30,33]
instabilities, a long-range order in the deformed structures
can be observed when the bounding surfaces have arrays of
periodic patterns with periodicity nearing the spinodal length
scale. A number of recent studies show that in all the cases
of thin film instabilities including dewetting [59–80], contact
instability [81–84] and [54–58], and electric-field-induced
instability [85–97] the use of multiple layers can add larger
flexibility in terms of controlling the length scales and
morphology. The interfacial instabilities of multilayers under
the influence of electric field have the unique capability of
producing a variety of embedded and encapsulated microstruc-
tures such as hierarchical core-shell structures [86,91,93] or
phase inverted structures [87,91], which are otherwise difficult
to pattern employing a conventional patterning technique or
by means of other self-organization processes.

Here we study the electric-field-induced deformations of
an elastic film confined between a pair of liquid films—a
trilayer, as schematically shown in Fig. 1. The trilayer can be
symmetric (asymmetric)—when the elastic film is surrounded
by liquid films of same (different) thicknesses and physical
properties. We perform a linear stability analysis (LSA)
incorporating the full descriptions of the Maxwell’s and
hydrodynamic stresses and uncover the length and time scales
of the different instability modes. The LSA shows that the pair
of coupled elastic-viscous interfaces can undergo instability
by two distinct modes: (i) a long-wave bending mode—where
the interfaces deform in phase and (ii) a finite wave-number
squeezing mode—when the interfaces evolve in antiphase.
The analysis also reveals that these modes can have similar
or dissimilar amplitudes of deformations at the interfaces

under various conditions. The bending mode is found to be
present under all conditions including when the destabilizing
electric field is vanishingly small. In contrast, the inception of
the finite wave-number squeezing mode requires a minimum
destabilizing force. We establish the conditions when (i) only
the bending mode is possible, (ii) a dominant bending mode
coexists with a subdominant squeezing mode, and (iii) the
squeezing mode dominates over a subdominant bending mode.
We uncover the roles of elasticity, compliance, thickness of the
elastic film, applied field strength, and ratio of viscosities and
thicknesses of the liquid layers on the mode selection, length
and time scales of instability, and the relative deformations at
the interfaces because of these instabilities. We also discuss
interesting asymptotic cases such as the deformation of a “free”
elastic film sandwiched between a pair of electrodes and the
effective bending elasticity of a thin elastic membrane confined
between a pair of liquid layers. In this way, a justification for
a previous analysis of the bending elasticity [41–43] is also
provided. Unlike the previous works where the thin elastic
film is treated as a small thickness membrane and the sole
effect of its bending deformation is incorporated as a normal
stress boundary condition [41–43], we consider the full
description of the finite thickness elastic film and also uncover
the results for the additional squeezing mode of deformation.
The conditions in which submicron scale patterns can
be developed have also been discussed to explore the
possibilities of pattern miniaturization employing the trilayer
configuration.

The rest of this paper is organized as follows. In Sec. II,
we present the theoretical formulation for the electrohydro-
dynamic (EHD) fields and discuss linear stability analysis.
In Sec. III, interesting results of consequence are discussed
followed by concluding remarks in Sec. IV.

II. PROBLEM FORMULATION

In this section, the governing equations and boundary con-
ditions are formulated for a trilayer consisting of a pair of liquid
layers confining an elastic layer in the middle and subjected
to a normal external electric field, as schematically shown
in Fig. 1. The films are considered to be incompressible and
perfectly dielectric materials. The liquid films are considered
to be Newtonian whereas the elastic film is considered as
a Hookean solid. The gravitational forces are neglected due
to the small geometric scales considered in this study. For
convenience, the films from bottom to top in Fig. 1 are termed
as lower, middle, and upper layer, respectively. The films are
also assumed to be isothermal and completely wettable on the
substrates. The x and z coordinates are chosen to be in parallel
and normal to the bottom substrate as shown in Fig. 1. The
distance between the cathode and anode is denoted by d. The
thicknesses of the lower layer, middle layer, and combined
lower and middle layers are denoted by h1, hM (=h2 − h1),
and h2, respectively. The corresponding base state thicknesses
are denoted by h10, hM0, and h20.

A. Model for electric field

For perfectly dielectric materials when the characteristic
time for viscous flow is much larger than the electrically
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induced or magnetic effects, the electroneutrality prevails in
the bulk, and the following conservation laws govern the
electric field for the ith layer:

∇ · Ei = 0, (1)

∇ × Ei = 0. (2)

Here Ei = −∇ψi is the electric field, which can be
expressed in terms of the gradient of the potential function ψi ,
when the electric field is irrotational [Eq. (2)]. The subscripts
i = 1, 2, and 3 in the expressions denote the lower viscous layer,
middle elastic layer, and the upper viscous layer, respectively.
Replacing the potential function in the governing equation
Eq. (1) leads to the following Laplace equation for the ith
layer:

∇2ψi = 0. (3)

The trilayer configuration shown in Fig. 1 ensures the zero-
potential boundary condition at the cathode (z = 0):

ψ1 = 0. (4)

At the lower elastic-viscous interface (z = h1), the normal
and the tangential components of the electric field vector are
balanced as follows:

ε0ε2(E2 · n1) − ε0ε1(E1 · n1) = 0, (5)

E1 · t1 = E2 · t1. (6)

At the upper elastic-viscous interface (z = h2), the normal
and the tangential component balances of the electric field
vector are

ε0ε3(E3 · n2) − ε0ε2(E2 · n2) = 0, (7)

E2 · t2 = E3 · t2. (8)

At the anode (z = d) the electric potential boundary
condition is

ψ3 = ψ. (9)

Here the notations nj = [(1 + h2
jx)−1{−hjx,1}] and tj =

[(1 + h2
jx)−1{1,hjx}] represent the unit outward normal and

tangent vector at the interfaces, z = hj (x,t), where j = 1 and
2 represent lower and upper interfaces and the subscript x

represents the derivative with respect to x. The symbols εi

and ε0 denote the relative permittivity of the ith layer and the
permittivity in vacuum, respectively.

B. Model for hydrodynamic field

Owing to the relatively small thicknesses of the films, we
ignore the effects of inertia and gravity on the fluid motion,
and thus the following continuity and momentum equations
govern the dynamics of the ith viscous layer (i = 1 and 3):

∇ · vi = 0, (10)

−∇pi + ∇ · (σ i + Mi) = 0. (11)

Here σ i = μi(∇vi + ∇vT
i ) and Mi = ε0εi[Ei ⊗ Ei −

0.5(Ei · Ei)I] represent the hydrodynamic and the Maxwell
stress tensor for the ith layer. The divergence of the Maxwell
stress tensor is zero (∇ · Mi = 0) because of the electroneu-
trality in the bulk. Therefore, the Maxwell’s stress tensor will

not affect momentum balance equations but will appear only in
the interface boundary conditions. The symbols vi[v

(x)
i ,v

(z)
i ],

pi , and μi denote the velocity vector, isotropic static pressure,
and viscosity of the ith layer, respectively. The bracketed
superscript denotes the vector components.

The following conditions for incompressibility and equa-
tions of motion describe the dynamics of the middle elastic
film (i = 2):

∇ · ui = 0, (12)

−∇pi + ∇ · (τ i + Mi) = 0. (13)

Here τ i = G(∇ui + ∇uT
i ) is the constitutive relation for a

Hookean elastic solid and the symbols ui[u
(x)
i ,u

(z)
i ] and G

denote the displacement vector and shear modulus of the
middle elastic layer (i = 2). The EHD governing equations
satisfy the no slip and impermeability boundary conditions at
the cathode (z = 0) and anode (z = d):

v1 = 0, (14)

v3 = 0. (15)

At the lower elastic-viscous interface (z = h1) the conti-
nuity of x and z directional velocities, normal and tangential
stress balances are enforced as boundary conditions,

v1 = u2t , (16)
−p1I + n1 · (σ 1 + M1) · n1

+p2I − n1 · (τ 2 + M2) · n1 = γ21κ1, (17)

t1 · (σ 1 + M1) · n1 − t1 · (τ 2 + M2) · n1 = 0. (18)

Here the subscript t represents the time derivative of the
variable, the symbol κj = ∇ · nj denotes the curvature of the
j th interface layer, and γij represents the interfacial tension
between the layers i and j . At the upper elastic-viscous
interface (z = h2), continuity of x and z directional velocities,
normal and tangential stress balances are enforced as boundary
conditions:

v3 = u2t , (19)

−p2I + n2 · (τ 2 + M2) · n2 + p3I − n2 · (σ 3 + M3) · n2

= γ32κ2, (20)

t2 · (τ 2 + M2) · n2 − t2 · (σ 3 + M3) · n2 = 0. (21)

The kinematic conditions at the interfaces [z = hi(x,t),
i = 1 and 2] can be expressed as

hit + v
(x)
i hix = v

(z)
i . (22)

Here the subscripts x and z in the expression denote the
derivatives.

C. Linear stability analysis

A LSA for the trilayer has been performed on the quiescent
base state expressed as v

(x)
i0 = v

(z)
i0 = pi0 = 0 for the viscous

films and u
(x)
i0 = u

(z)
i0 = pi0 = 0 for the elastic film, with undis-

turbed film thicknesses hi0 under an electric field potential ψi0

(i = 1, 2, and 3) given by

ψi0zz = 0. (23)
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Equation (23) has the general solution

ψi0 = A1i z + A2i . (24)

The constant for the base state potentials Aji (j = 1 and 2;
i = 1, 2, and 3) are obtained by enforcing ψ10 = 0 on
the cathode (z = 0), ε0ε1ψ10z = ε0ε2ψ20z, and ψ10 = ψ20

on the lower elastic-viscous interface (z = h10), ε0ε2ψ20z =
ε0ε3ψ30z, and ψ20 = ψ30 on the upper elastic-viscous interface
(z = h20), and ψ30 = ψ , on the anode (z = d), where the
subscripts z denote differentiation.

The governing equations and the boundary conditions
described in Secs. II A and II B for the electric field and
hydrodynamic field are linearized employing the normal
modes vi = ṽie

ωt+ikx , ui = ũie
ωt+ikx , ψi = ψi0 + ψ̃ie

ωt+ikx ,
pi = pi0 + p̃ie

ωt+ikx , and hi = hi0 + δ̃ie
ωt+ikx , where ω and k

denote the linear growth coefficient and the wave number of the
disturbance, respectively. The variables ṽi, ũi, ψ̃i , and p̃i are
the infinitesimal amplitudes of perturbations to the respective
variables and are functions of z. The symbol δ̃i represents
the infinitesimal perturbation of height at the elastic-viscous
interfaces. The governing equation for the linear perturbed
potential function ψ̃i then is obtained as

ψ̃izz − k2ψ̃i = 0. (25)

Equation (25) has the general solution

ψ̃i = C1ie
kz + C2ie

−kz. (26)

Here the constants Cji (i = 1, 2, and 3; j = 1, 2) are
evaluated by considering the total potential ψi (=ψi0 + ψ̃i)
for the ith layer and enforcing the boundary condition ψ1 = 0
on the cathode (z = 0), normal (ε0ε1ψ1z = ε0ε2ψ2z and
ε0ε2ψ2z = ε0ε3ψ3z), and tangential (ψ1 = ψ2 and ψ3 = ψ2)
component balances on the lower (z = h10) and upper (z =
h20) elastic-viscous interfaces, and ψ3 = ψ on the anode
(z = d).

The EHD governing equations for the viscous layers (i =
1 and 3) are linearized to

−ikp̃i + μi

(
−k2ṽ

(x)
i + d2ṽ

(x)
i

dz2

)
= 0, (27)

−dp̃i

dz
+ μi

(
−k2ṽ

(z)
i + d2ṽ

(z)
i

dz2

)
= 0, (28)

ikṽ
(x)
i + dṽ

(z)
i

dz
= 0. (29)

The EHD governing equations for the elastic layer (i = 2)
are linearized as

−ikp̃2 + G

(
−k2ũ

(x)
2 + d2ũ

(x)
2

dz2

)
= 0, (30)

−dp̃2

dz
+ G

(
−k2ũ

(z)
2 + d2ũ

(z)
2

dz2

)
= 0, (31)

ikũ
(x)
2 + dũ

(z)
2

dz
= 0. (32)

Eliminating p̃1 and p̃3 from the linearized governing
equations [Eqs. (27)–(29)] for the two viscous layers and p̃2

from Eqs. (30)–(32) yields the following biharmonic equations
for the viscous layers and the elastic layer, respectively:

d4ṽ
(z)
i

dz4
− 2k2 d2ṽ

(z)
i

dz2
+ k4ṽ

(z)
i = 0, (33)

d4ũ
(z)
i

dz4
− 2k2 d2ũ

(z)
i

dz2
+ k4ũ

(z)
i = 0, (34)

general solutions to which are

ṽ
(z)
i = (B1i + B2iz)ekz + (B3i + B4iz)e−kz, (35)

ũ
(z)
i = (B1i + B2iz)ekz + (B3i + B4iz)e−kz. (36)

Here coefficients Bji (j = 1 to 4; i = 1, 2, and 3) are
constants. The general solutions for ṽ

(z)
i [Eq. (35)] and ũ

(z)
i

[Eq. (36)] lead to linear expressions for the remaining variables
ṽ

(x)
i , ũ

(x)
i , and p̃i .

The boundary conditions for the EHD equations are also
linearized using the normal modes. The resulting no slip and
impermeability conditions at cathode (z = 0) and anode (z =
d) are

ṽ
(x)
1 = ṽ

(z)
1 = 0, (37)

ṽ
(x)
3 = ṽ

(z)
3 = 0. (38)

At the lower elastic-viscous interface (z = h10), the conti-
nuity of the x and z components of the velocities, the normal
and the tangential stress balances, and the kinematic condition
lead to

ṽ
(x)
1 = ωũ

(x)
2 , (39)

ṽ
(z)
1 = ωũ

(z)
2 , (40)

p̃1 − p̃2 − 2μ1ṽ
(z)
1z + 2Gũ

(z)
2z + ε0[(ε2A12ψ̃2z)

− (ε1A11ψ̃1z)] = γ21k
2δ̃1, (41)

μ1
(
ṽ

(x)
1z + ikṽ

(z)
1

) − G
(
ũ

(x)
2z + ikũ

(z)
2

) = 0, (42)

δ̃1 = ṽ
(z)
1

∣∣
h10

/
ω. (43)

On the upper elastic-viscous interface (z = h20), the same
conditions lead to

ṽ
(x)
3 = ωũ

(x)
2 , (44)

ṽ
(z)
3 = ωũ

(z)
2 , (45)

p̃2 − p̃3 − 2Gũ
(z)
2z + 2μ3ṽ

(z)
3z + ε0[(ε3A13ψ̃3z)

− (ε2A12ψ̃2z)] = γ32k
2δ̃2, (46)

G
(
ũ

(x)
2z + ikũ

(z)
2

) − μ3
(
ṽ

(x)
3z + ikṽ

(z)
3

) = 0, (47)

δ̃2 = ṽ
(z)
3

∣∣
h20

/
ω. (48)

Replacing the expressions of the variables ṽ
(z)
i , ṽ

(x)
i , ũ

(z)
i ,

ũ
(x)
i , and p̃i in the boundary conditions [Eqs. (37)–(48)], we

obtain a set of twelve homogeneous linear algebraic equations
with twelve unknown constants Bji (i = 1, 2, and 3; j =
1 to 4). The determinant of the coefficient matrix of these
algebraic equations leads to the dispersion relation listed in the
Appendix. The analytical solution of the dispersion relation,
ω = f(k), is a fourth order algebraic equation in ω and is solved
analytically employing the symbolic package MATHEMATICA
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to obtain the real roots. The solutions of the dispersion
relation corresponding to the bending and squeezing modes
of instability are separated by specifying a priori the ratio
of the deformation amplitudes as ±1 (δr = ±1) and then
solving for ω. The neutral stability plots are obtained by
setting ω = 0 in the dispersion relation and then obtaining the
critical wave number, kc, from the resulting algebraic equation.
The dominant growth coefficient (ωm) and the corresponding
wavelength (λm = 2π/km) are obtained by finding the global
maxima of ω and the corresponding wave number km from the
dispersion relation.

LSA is also used to predict the relative deformations cor-
responding to the squeezing and bending modes of instability
at the interfaces for the confined trilayer (Fig. 1). Infinitesimal
deformations α2 and β2 of the upper elastic-viscous interface
in the x and z directions, respectively, are assumed initially.
These deformations can be expressed in terms of the linear
displacement of the upper elastic-viscous interface (z = h20)
as

ũ
(x)
2 = α2, ũ

(z)
2 = β2. (49)

As a response to the infinitesimal deformation of the upper
interface, the lower interface also deforms. Assuming the lin-
earized x and z components of the infinitesimal displacements
of the lower elastic-viscous interface (z = h10) as α1 and β1,
respectively, one can write

ũ
(x)
2 = α1, ũ

(z)
2 = β1. (50)

Now using the boundary conditions, Eqs. (39)–(40) and
Eqs. (44)–(45), we get

ṽ
(x)
1 = ωα1, ṽ

(z)
1 = ωβ1, (51)

ṽ
(x)
3 = ωα2, ṽ

(z)
3 = ωβ2. (52)

The coefficients Bji (j = 1 to 4; i = 1, 2, and 3) in
the general solution for ṽ

(z)
1 , ũ

(z)
2 , and ṽ

(z)
3 , as already shown

in Eqs. (35) and (36), are evaluated using the following
boundary conditions: (i) at z = 0 and z = d, the no slip and
impermeability conditions [Eqs. (37) and (38)]; (ii) at z = h10

and h20, the continuity of x and z component of velocities
[Eqs. (49)–(52)]. For a given set of trilayer parameters,
substituting the maximum linear growth coefficient (ωm) and
the corresponding wave number (km) into the expressions for
Bji (j = 1 to 4; i = 1, 2, and 3) makes them functions of α1,
α2, β1, and β2 only. Subsequently, three out of the following
four unused boundary conditions can be used to obtain the
ratio δr (=β2/β1): (i) at z = h10 and h20, tangential stress
balance [Eqs. (42) and (47)], and (ii) at z = h10 and h20, normal
stress balance [Eqs. (41) and (46)]. δr gives information about
the relative amplitudes of deformations at the two interfaces.
The bending mode of instability can take place when δr > 0
and the squeezing mode can develop at the interfaces when
δr < 0. Furthermore, the upper elastic-viscous interface has
a larger amplitude of deformation when |δr | > 1 whereas the
lower interface deforms more when |δr | < 1. The deformations
of the coupled elastic-viscous interfaces can be of the same
magnitude when |δr | = 1, which is always the case for a
symmetric system.

D. Special cases

The present formulation can be reduced to many interesting
cases of asymptotic limits, such as a pair of viscous layers [58]
or an elastic-viscous bilayer [84] under an electric field.
Previous studies [41–43] on the deformation of an elastic
membrane under an electric field consider a small thickness
membrane, the bending elasticity of which can be incorporated
in the normal stress boundary condition on the interface of a
bilayer of viscous liquids. In this approach, the governing
equations for the viscous films [Eqs. (10) and (11)] are
considered together with the following continuity, normal and
tangential stress balances, and the kinematic condition as the
boundary conditions on the liquid-liquid interface (z = h):

v1 = v3, (53)

− p1I + n · (σ 1 + M1) · n + p3I − n · (σ 3 + M3) · n

= γ κ − B∇2κ, (54)

t · (σ 1 + M1) · n − t · (σ 3 + M3) · n = 0. (55)

ht + v(x)hx = v(z). (56)

The elastic film is modeled by the excess pressure con-
tribution to the normal stress balance equation (54) due to a
bending moment M at the interface z = h(x,t), and appears
as ∇2M where M = B∇2h and B = 2Gh3

M/3(1 − ν), [98]
where G, ν, and hM denote the shear modulus, Poisson’s
ratio, and thickness of the elastic membrane, respectively, and
γ (=γ32 + γ21) represents the total interfacial tension. Fig-
ure 2 compares the LSA results obtained from the general
analysis considering the trilayer configuration with an ul-
trathin (∼10 nm) elastic layer to the results obtained from
the approximate model [41–43] where the elastic film was
modeled as a small thickness film. The curve (solid line) and
the symbols (circles) in Fig. 2 show the growth coefficient (ω)
vs wave-number (k) plots for the finite thickness and small
thickness approximate model, respectively. The plot indeed
shows that for all wave numbers, the approximate model
(with small thickness elastic membrane) accurately predicts
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FIG. 2. (Color online) Linear stability analysis (LSA) results
comparing the general and the simplified [Eq. (54)] analyses of
the bending elasticity. The solid line and the symbols (circles)
correspond to the finite thickness and small thickness elastic mem-
brane, respectively. The other parameters are h10 = 1.0 μm, h20 =
1.01 μm, d = 2.01 μm, ε1 = 15, ε2 = 7, ε3 = 18, μ1 = μ3 = 0.001
Pa s, γ21 = γ32 = 0, ψ = 0, and G = 100 MPa.
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the contribution of bending elasticity in the dispersion relation.
The approximate model could only predict purely bending
deformation without any change in thickness, which is not
always the case as can be seen in the discussion for the next
figure.

Another interesting asymptotic case we discuss here is
when the elastic layer is free to deform surrounded by a
non-viscous fluid such as air under the influence of the
external electric field. In such a situation, the following Laplace
equation governs the electric field distribution across the elastic
layer:

∇2ψ2 = 0. (57)

However, the zero-potential boundary condition is enforced
on the lower elastic-air interface (z = h10), which acts as the

cathode,

ψ2 = 0. (58)

On the anode (z = h20),

ψ2 = ψ. (59)

The EHD formulation for this system is the same as the
trilayer configuration described in the previous sections with
the bounding liquid layers assumed to be nonviscous gases.

III. RESULTS AND DISCUSSION

Application of an electrostatic field across a dielectric
material accumulates induced dipoles and develops additional
electrical stresses on the interface. As a measure of stress
relaxation, any soft interface without permanent elasticity
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FIG. 3. (Color online) LSA results for the symmetric configuration. The solid and broken lines correspond to the bending and squeezing
modes. Plots (a)–(c) show the variation of ω with k when ψ , G, and γ are varied. Plots (d)–(f) show the variation of kc with ψ , G, and
γ , respectively. Curves 1–3 correspond to ψ = 75, 104, and 135 V, when G = 0.1 MPa in plot (a); to G = 0.01, 0.09, and 1 MPa, when
ψ = 100 V in plot (b); and to γ21 = γ32 = γ = 0.002, 0.004, and 0.01 N m−1, when ψ = 100 V in plot (c). In plot (d), curves 1–3 correspond
to G = 0.01, 0.1, and 1 MPa whereas in plot (e), curves 1–3 correspond to ψ = 75, 100, and 150 V. In plot (f), curves 1–3 correspond to ψ =
100, 125, and 150 V, when G = 0.1 MPa.
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such as a liquid-air or a liquid-liquid interface spontaneously
deforms to displace the material with the lower dielectric
permittivity. However, we will show that for an elastic layer,
a finite force is required for the onset of deformations that
produce a local change in the film thickness (squeezing
mode). Further, although a vanishingly small electric field
can spontaneously deform the elastic-viscous interfaces into a
pure bending mode without any change in the local thickness,
a critical field strength is required to engender a bending mode
of instability with unequal amplitudes at the elastic-viscous
interfaces. Likewise, for the antiphase squeezing mode or
any out-of-phase mixed mode of deformations, a minimum
destabilizing force is required to overcome the elastic strain
energy of the elastic film. Various thermodynamic and kinetic
parameters such as the ratios of the dielectric permittivites,
viscosities, and thickness of the films; interfacial tensions at
the interfaces; the elasticity of the films; and the applied field
strength play key roles in influencing the nature of interfacial
deformations and the patterns formed. In the following
discussion, we explore the effects of all these parameters on
the onset of the instability and on the time and length scales
of instabilities in the trilayer. For convenience the trilayers
are classified into (i) symmetric—when the bounding liquid
layers are identical, and (ii) asymmetric—when the bounding
viscous layers are dissimilar. The results for these symmetric
and asymmetric configurations are compared and contrasted
to uncover the salient features of the interfacial instabilities of
a trilayer. Unless otherwise noted, the parameters employed

for the analysis are h10 = 1.0 μm, h20 = 1.1 μm, d = 2.1 μm,
ε2 = 4, ε1 = ε3 = 15, μ1 = μ3 = 0.001 Pa s, γ21 = γ32 =
0.005/N/m, ψ = 100 V, and G = 0.1 MPa. The physical
properties are chosen according to a realistic trilayer configu-
ration with a soft-elastic poly-dimethylsiloxane (PDMS ) film
confined by purely dielectric (de-ionized) waterlike layers.

Figure 3 summarizes the LSA results on the inception
and dominance of the bending and squeezing modes of the
instabilities for a symmetric configuration. The plots (a)–(c)
show the ω vs k plots with variations in ψ , G, and γ ,
respectively. The plots (d)–(f) show neutral stability plots
or the bifurcation diagrams with variations in ψ , G, and γ ,
respectively. The solid curves 1–3 in all the plots confirm
that the bending mode of instability has indeed the long-wave
(ω → 0 as k → 0) characteristics. In contrast, the broken curves
1s–3s in the plots indicate that the squeezing mode bifurcates
at a finite wave number such that ω > 0 only for a range of wave
numbers, kc1 < k < kc2 where kc1 �= 0. The curves also show
that the most natural mode of destabilization is the bending
mode because it is present under all conditions. In contrast,
curves 1s–3s in Figs. 3(a) and 3(d) show that as the strength
of the electric field increases, the squeezing mode appears
beyond a threshold field strength. The bifurcation diagrams
with broken lines in Fig. 3(d) indicate that with increase in the
elastic stiffness of the middle layer, the critical field strength
(�c) required for an unstable squeezing mode also increases.
Further, curves 1 and 1s in Fig. 3(b) shows that when the
elastic film is sufficiently soft (0.01 MPa), the squeezing
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mode can become the dominant mode in the presence of
a subdominant bending mode. However, curves 3 and 3s in
Fig. 3(b) show when the elastic restoring force is sufficiently
high (G ∼ 1 MPa), the bending mode is the fastest mode
growing with a subdominant squeezing mode. The bifurcation
diagrams 1s–3s in Fig. 3(e) indicate that higher elasticity
films (higher Gc) require higher field strength for the onset
of the squeezing mode. Figure 3(c) shows that increase in the
interfacial tensions at the interfaces can suppress the squeezing
mode of instability and can again promote a dominant bending
mode. The bifurcation plots in Fig. 3(f) show that with
increase in the strength of the destabilizing field the critical
interfacial tension (γc) for the appearance of the squeezing
mode increases. The plots in Fig. 3 confirm that the long-wave
bending is present under all conditions, whereas the squeezing
modes can appear only beyond a critical destabilizing force.
The critical wave number at which the squeezing mode appears
is denoted as ks

c in the bifurcation diagrams Figs. 3(a)–3(f).
The inception of the squeezing mode delays as the electric
field becomes weaker and the elastic stiffness at the interfaces
gains strength. The plots for a symmetric trilayer also indicate
that even if the squeezing mode is present, it is not always the
dominant mode of instability. The squeezing mode is found to
be dominant when either the applied field is very strong or the
elastic resistance is very weak.

Figure 4 shows parametric plots for a symmetric trilayer
where the domains of stability or instability for the squeezing
mode have been identified by varying the dimensional �c

and Gc [plots (a) and (b)] and nondimensional �̄c and Ḡc

[plots (c) and (d)]. In plots (a) and (b), the parameters γ and
hM0 (=h20 − h10) are varied by keeping d constant and in
plots (c) and (d) the dimensionless middle layer thickness
(HM0 = hM0/d) and surface tension (� = γ d/ρν2) are varied.
The regions marked “U” and “S” are the zones where unstable
and stable squeezing modes are present. The plots clearly
indicate that the squeezing mode is favored at higher electric
field strength and at lower elasticity. The plots also show
that with increase in thickness of the elastic layer and the
interfacial tensions at the interface, the critical force required
to initiate the squeezing mode instability increases. The results
shown here will aid future experiments involving the trilayers
discussed in this study.

Figures 5–8 show the influence of the applied voltage (ψ),
dielectric permittivity (ε2), the shear modulus (G), and the
compliance of the elastic film (C = hM0/G) on the mode
selection as well as on the length and time scales of instabilities
for the symmetric trilayer configurations. Figure 5 depicts the
transition of the dominant mode—from bending to squeezing
or vice versa with ψ . Plot (a) shows the growth coefficient
(ω) vs wave-number (k) diagrams, plots (b) and (c) show the
variations in the dominant growth coefficient (ωm) and the
corresponding wavelength (λm) with ψ , and plot (d) shows
the variation in the ratio of amplitudes of deformations (δr ) at
the two interfaces with ψ . For a constant ε2 and G, Figs. 5(a)–
5(c) show that increase in ψ leads to a reduction in time
(increasing ωm) and length (decreasing λm) scales. Figure 5(c)
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FIG. 5. (Color online) Plot (a) shows the variation of ω with k where curves 1–3 correspond to ψ = 50, 105, and 120 V, respectively, with
constant G = 0.1 MPa and ε2 = 2. Plots (b)–(d) show the variations of ωm, λm, and δr with ψ where curves 1–3 correspond to G = 0.01, 0.1,
and 1 MPa when ε2 = 2. The solid and broken lines in plots (a)–(c) correspond to the bending and squeezing modes. The transition potential �T
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FIG. 6. (Color online) Plot (a) shows the variation of ω with k where curves 1–3 correspond to ε2 = 3.8, 4, and 6 when G = 0.095 MPa and
ψ = 150 V. Plots (b)–(d) show the variations of ωm, λm, and δr with ε2 where curves 1–3 correspond to ψ = 100, 150, and 200 V when G =
0.095 MPa. The solid and broken lines in plots (a)–(c) correspond to the bending and squeezing modes. The transitional dielectric permittivity
ε2T marks the point of transition between the two modes in plots (a)–(d). The upward vertical arrows (1–3) in plot (d) show the switching from
squeezing to bending mode.

emphasizes that the lower resistance from the elastic stiffness
can even reduce the length scale to a few hundred nanometers.
Curve 2 in plots (c) and (d) suggests that when the elastic
stiffness is low, a transition from dominant bending mode
(solid line) to a dominant squeezing mode (broken line)
takes place at a transition voltage (�T). The discontinuities
in Fig. 5(d) with arrows show the transition point from the
bending (δr = 1) to squeezing modes (δr = −1) of instabilities
more clearly. Interestingly, at the transition point the length
scale reaches the minimum value, which indicates that when
both modes have equal strength, the pattern spacing can
achieve the smallest possible length scale for a trilayer.

Figure 6 summarizes the LSA results when the dielectric
permittivity ε2 of the elastic film is varied. Figure 6(a)
shows the typical ω vs k plots, and Figs. 6(b)–6(d) show the
variations of ωm, λm, and δr with ε2 for different values of
ψ . Figures 6(a)–6(c) show that with increasing ε2 the strength
of the destabilizing electrical forces decreases because of the
decreasing dielectric contrast across the two interfaces, which
in turn decreases ωm and increases λm. Figure 6(d) shows
the transition from squeezing to bending mode of instability
that occurs at a transition dielectric permittivity, ε2T . Again,
Fig. 6(c) depicts that the length scale is minimum at the
transition point when both the instability modes are equally
strong. The minimum length scale is of the order of a few
hundred nanometers. Curves 1 and 2 in Fig. 6(d) show that
with the reduction in the dielectric permittivity of the elastic
film, the increased dielectric contrast at the interfaces enhances

the electrical stresses, which eventually helps in the shift from
bending (δr = 1) to squeezing (δr = −1) mode at a much
lower applied field than when the dielectric permittivity of
the elastic film is high and the trilayer needs a much stronger
applied field for the transition.

Figure 7 depicts the transition of the dominant modes of
deformations from bending to squeezing or vice versa with
the change in G. Figure 7(a) shows the typical ω vs k plots,
and Figs. 7(b)–7(d) show the variations of ωm, λm, and δr with
G. The solid curves indicate that the bending mode [δr = 1
in Fig. 7(d)] is the preferred one when the elastic stiffness
is high. The broken curves confirm that when the elastic
resistance reduces, the squeezing mode can be the dominant
mode [δr = −1 in Fig. 7(d)]. The points of discontinuities
with the notations GT show the transition from the dominant
squeezing to dominant bending mode with the change in the
elastic modulus G.

Figure 8 summarizes the LSA results when the compliance
of the elastic film is varied. The compliance of the film is
defined as the ratio of the elastic film thickness to its shear
modulus (C = hM0/G). Figure 8(a) shows the typical ω vs
k plots, and Figs. 8(b)–8(d) show the variations of ωm, λm,
and δr with the compliance of the film. For a constant ε2

and ψ , Figs. 8(a)–8(c) show that with decreasing G and
increasing compliance (C) of the elastic film, the strength
of the stabilizing elastic forces at the two interfaces decreases
considerably leading to an increase in ωm and decrease in λm.
Figures 8(b) and 8(c) show that as C is increased, for thicker
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films (higher hM 0), the stabilizing elastic force is increased to
a greater extent and the elastic film becomes less compliant
to the destabilizing electrical force, thus decreasing ωm and
increasing λm. The points of discontinuities with the notations
CT [in Fig. 8(d)] shows the transition from the dominant
bending mode to dominant squeezing mode with the change
in the compliance C of the elastic film. The plot marked (d)
in all the Figs. 5–8 shows that the symmetric trilayer can only
lead to a symmetric bending or a symmetric squeezing mode
of instabilities in which the amplitudes of deformations at the
interfaces are same.

Figure 9 shows the LSA results for the asymmetric trilayers.
These figures depict the variations in ωm, λm, and δr with
the ratios of the film thicknesses, hr (=h30/h10), dielectric
permittivities, εr (=ε3/ε1), interfacial tensions, γr (=γ32/γ21),
and viscosities μr (=μ3/μ1) of the liquid films. Figures 9(a)–
9(c) show the effect of hr , Figs. 9(d)–9(f) show the effect
of εr , Figs. 9(g)–9(i) show the effect of variation of γr ,
and Figs. 9(j)–9(l) show the effect of variation of μr . For
ε1 > ε3, curves marked 1 in Figs. 9(a) and 9(b) show that ωm

and λm decreases with increasing hr because with increase
in the thickness of the upper viscous film (increasing hr )
and resulting decrease in the thickness of the lower viscous
film with higher dielectric permittivity, the electric stresses at
the lower interface increases and this reduces the time and
length scales of instability. This results in the lower interface
deforming more in comparison to the upper interface as shown

by curve 1 in Fig. 9(c). However, when the permittivities at
the liquid layers are the same (curve 2, ε1 = ε3) increase in
thickness of any of the liquid layers does not change the length
and the time scales because the stabilizing and the destabilizing
stresses remain invariant. Furthermore, when ε3 > ε1, curve 3
shows that the increase in the thickness of the upper film
with higher dielectric permittivity (increasing hr ) increases the
destabilizing electrical stresses at the interfaces to increase ωm

and reduce λm. Figure 9(c) shows that for smaller values of hr ,
the amplitudes of deformations at the interfaces remain similar
as |δr | = 1 and a symmetric bending (δr = 1) or squeez-
ing (δr = −1) mode is expected. When ε1 = ε3 (curve 2),
an exclusive bending mode can be expected whereas for the
cases ε1 < ε3 or ε1 > ε3 the squeezing mode prevails as the
dominant mode of instability (curves 1 and 3). Interestingly, in
the case of ε3 > ε1 (curve 3), with increase in the upper layer
thickness (increasing hr ), the upper interface deforms with
a larger amplitude (δr < −1) and an asymmetric squeezing
mode of instability is present.

Figures 9(d)–9(f) show a very interesting transition when εr

is varied for different values of μr . Curve 1 in these plots depict
that when the lower layer permittivity is highest and the upper
layer has permittivity almost similar to the middle layer, the
interfaces evolve in a bending mode with smaller deformation
at the upper interface (0 < δr < 1). The larger deformation
at the lower layer can be attributed to the larger dielectric
contrast across the lower interface. The time and length scales
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progressively reduce with increase in ε3 and the upper interface
progressively deforms more (δr > 1) because of the lesser
viscous resistance surrounding it. With further increase in ε3 a
transition from bending (δr > 0) to squeezing (δr < 0) mode of
instability is observed, as shown by the point of discontinuity
in curve 1 of Fig. 9(f). Importantly, in this squeezing mode of
deformation the upper interface deforms more (|δr | � 1) due
to the smaller viscous resistance across the upper interface.
However, at higher values of ε3, which reduces the dielectric
contrast across the interfaces, a more symmetric squeezing
mode can be observed because δr values approach −1. It is
also important to note here that the length scale again shows
a minimum near the point of transition from the squeezing
to bending mode, as shown by curve 1 in Fig. 9(e). Curves
2 and 3 in these plots show that when the upper interface
is kinetically stabilized by increasing the viscous resistance
across it, the transitions observed in the previous case can be
totally suppressed and an asymmetric bending or squeezing
mode with larger deformation at the lower interface is the
only possibility. This is shown by curves 2 and 3 in the inset of
Fig. 9(f).

Figures 9(g)–9(i) show the variations of the length and time
scales of instability at different εr as the ratio of the interfacial
tensions (γr ) is varied. The plots in Figs. 9(g) and 9(h) show
that changing γr can also significantly alter the length and the
time scales. For example, curve 3 in these plots shows that
increasing the interfacial tension at the upper interface can
lead to increase in length and time scales of instability as the

stabilizing influence increases. In this situation, a larger dielec-
tric contrast and a lower interfacial tension can cause a larger
deformation (|δr | � 1) across the upper interface as compared
to the lower interface, as shown by curve 3 in Fig. 9(i).
Interestingly, a smaller elastic stiffness causes a squeezing
mode (δr < −1) of instability under this condition. In contrast
to these observations, curves 1 and 2 in these plots show that
a larger dielectric contrast causes a larger deformation to the
lower interface (0 < |δr | 	 1) as shown in the inset of Fig. 9(i).
In such a scenario, increasing the interfacial tension at the
upper interface has very little influence on the length and time
scales.

Figures 9(j)–9(l) show the effects of the ratio of the
viscosities of the upper to lower liquid layer, μr , on the
length and the time scales and on the relative amplitudes
on the two interfaces for different values of γr . It may be
noted that changing the viscosity ratio can significantly alter
the kinetics of growth instability at the two interfaces. As
is evident from Figs. 9(j)–9(l), curves 1 show that at low
μr (low μ3) the smaller viscous resistance together with a
weaker stabilizing influence from the interfacial tension leads
to a bending mode of instability with a larger deformation at
the upper interface. With increase in the viscous resistance,
the deformations on the two interfaces become similar as δr

approaches 1 at higher values of μr in Fig. 9(l). In comparison,
curve 2 shows that when the interfacial tension at the interfaces
are equal, increasing viscous resistance at the upper layer
can not only suppress the growth of the deformation on the
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FIG. 9. (Color online) LSA results for the asymmetric configuration. Plots [(a),(b),(c)], [(d),(e),(f)], [(g),(h),(i)], and [(j),(k),(l)] show the
variations of [ωm, λm, δr ] with hr , εr , γr , and μr , respectively. In plots (a)–(c) the curves 1–3 correspond to εr = 0.5, 1, and 2, respectively,
when hM0 = 0.1 μm. In plots (d)–(f) the curves 1–3 correspond to μr = 0.1, 1, and 10, respectively, when ε1 = 80, ε2 = 4. In plots (g)–(i) the
curves 1–3 correspond to εr = 0.25, 1, and 4, respectively, when G = 0.095 MPa. Curves 1–3 in plots (j)–(l) represent γr = 0.01, 1, and 10,
respectively, when G = 0.095 MPa.

upper interface but also also cause a transition of modes from
bending to squeezing when the viscosity of the upper layer is
high. The transition is depicted by the discontinuity of curve
2 in Fig. 9(l). Figure 9 depicts the various possibilities of
the asymmetric deformations of the coupled interfaces in the
forms of either a long-wave asymmetric bending mode or a
finite wave-number squeezing mode. The plot highlights the
relative strength of the interfacial tensions on the interfaces and
the ratios of the viscosity, dielectric permittivity, and thickness
of the liquid layer on the mode selection and the subsequent
length and time scales of the electric-field-induced instabilities
in the trilayer. Similar to the symmetric trilayer scenario, the
length scale plots in Figs. 9(b), 9(e), 9(h), and 9(k) show that

the patterns on ∼100-nm elastic layers can be of the order
of a few hundred nanometers, which opens up the possibility
of fabricating submicron patterns exploiting the instabilities
of this configuration.

Figure 10 shows the neutral stability plots for the asymptotic
case where an elastic film deforms freely under the influence
of a destabilizing external electric field applied by directly
keeping the two interfaces at constant potentials. In the absence
of viscous influences, the competition between the stabilizing
elastic and capillary forces and the destabilizing electric field
dictates the length scale for this system. Curves 1 in plots
(a) and (b) show the bifurcation diagrams with the change
in the applied potential �ψ across the elastic film and the
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shear modulus (G) of the film, respectively, for the free elastic
layer. The results for the free elastic layer are compared and
contrasted with the trilayer under consideration in curve 2.
The solid and broken curves in the plots indicate that similar
to the trilayer the free elastic layer can also be unstable by the
long-wave bending and finite wave-number squeezing modes
of instabilities. Similar to the trilayers, the bending mode
can be present under all conditions whereas the squeezing
mode appears beyond a threshold field strength. Curves 1 and
2 in plot (a) show that the critical field (��) required for
the inception of the unstable squeezing mode is smaller for
the trilayer configuration as compared to the free elastic film
because the interfaces of a trilayer have much lower stabilizing
interfacial tension as compared to the free elastic layer. For
the same reason the critical shear modulus (G) required
for the inception of the unstable squeezing mode is higher
for the free elastic film than the similar trilayer configuration,
as shown in Fig. 10(b). Plots (a) and (b) also show that the
span of unstable wave numbers is much larger for the trilayer
than for a free layer because of the presence of the weaker
stabilizing interfacial tensions on the interfaces. The weaker
interfacial tensions allow a span of unstable wave numbers in
the larger wave-number regime for the trilayer.

IV. CONCLUSIONS

The electric-field-induced instabilities in a trilayer com-
prised of an elastic film confined between two viscous layers is
investigated using linear stability analysis (LSA). In addition
to analyzing the length and time scales of instabilities, this
study highlights a number of salient features of the trilayer
configuration. The major contributions of this study can be
summarized as follows.

The pair of coupled elastic-viscous interfaces can undergo
either an in-phase bending deformation or an antiphase
squeezing deformation when exposed to an external electric
field. The bending mode has a long-wave nature and exists for
all strengths of the destabilizing force, whereas the squeezing
mode bifurcates at a finite wave number and only beyond
a critical force. The trilayers are classified as symmetric or
asymmetric based on the similarity or dissimilarity of the
bounding liquid layers. A minimum destabilizing force is also

necessary for the inception of the bending mode where the
amplitudes of deformations at the two interfaces are unequal
in an asymmetric trilayer. The bending mode of instability is
favored by weak destabilizing fields and by stronger stabilizing
elastic and surface tension forces. In comparison, a squeezing
mode is favored when the elastic stiffness of the middle film
is relatively low and the applied field strength is relatively
high. The conditions for the coexistence of the dominant
(subdominant) bending (squeezing) modes are also discussed.

In the asymmetric systems, transition from the bending
to squeezing mode can be tuned by changing the ratios
of dielectric permittivities, viscosities, thicknesses, and the
surface tensions of the liquid layers. These parameters are also
found to significantly influence the amplitude of deformations
at the two interfaces. For example, increasing the viscosity
of a liquid layer slows down the growth of instability at the
proximal interface, whereas increase in the dielectric contrast
across an interface causes greater destabilization by increasing
the strength of the destabilizing field. A number of examples
of the mode transitions and also of the tuning of the interfacial
amplitudes have been discussed. Importantly, for most of the
cases, the length scale is found to attain a minimum under
the conditions when both the modes are equally strong, which
signals the point of mode transition.

The study also highlights that the minimum length scale
of instabilities for a ∼100-nm-thick elastic layer can reach
as low as a few hundred nanometers, which underlines the
possibility of fabricating submicron patterns by exploiting the
electric-field-induced interfacial instabilities in elasto-viscous
trilayers. The instability near the point of the minimum
length scale has a short-wave characteristic which can only
be resolved by a general finite wave-number formulation
presented here, but not by a long-wave analysis. Interestingly,
this analysis recovers the results of previously simplified
bending elasticity formulations where the elastic film is
modeled as a small thickness film with a correction term in the
normal stress boundary condition [41–43]. The formulation
outlined in this study can also be used effectively to obtain the
explicit expression for the bending elasticity contribution when
the coupled elastic-viscous interfaces deform in squeezing
mode. The present formulation is all encompassing in that it not
only recovers all the results of the approximate formulations
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but also predicts the long, short, and finite wave-number
characteristics of the symmetric and asymmetric bending and
squeezing modes and their transitions.

In summary, we have presented an analysis to motivate
experiments on patterning of elastic layers embedded in
viscous fluids, such as the instabilities in synthetic and
biological membranes confined by external electric fields. The
focus here has been on the linear stability analysis of the
incompressible and dielectric films. The compressibility and
electrical conductivity can also play important roles. In addi-
tion, nonlinear effects including the geometric nonlinearity of
the elastic film become important when surface deformations

become large. It is hoped that the present formalism will
motivate future works in these areas.
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APPENDIX

The linear dispersion relation is the following 12 × 12 determinant:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 1
k

1
k

0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0

J1 −J2 J1J5 −J2J6 −ωJ1 ωJ2 −ωJ1J5 ωJ2J6 0 0 0 0

J1 J2 h1J1 h1J2 −ωJ1 −ωJ2 −ωh1J1 −ωh1J2 0 0 0 0

−2kμ1J1 −2kμ1J2 −2kμ1J1J5 −2kμ1J2J6 2kG2J1 2kG2J2 2kG2J1J5 2kG2J2J6 0 0 0 0

J1J9 J2J10 h1J1J9 h1J2J10 2kG2J1 −2kG2J2 2kh1G2J1 −2kh1G2J2
J3φ2
ω

J4φ2
ω

h2J3φ2
ω

h2J4φ2
ω

0 0 0 0 −ωJ3 ωJ4 −ωJ3J7 ωJ4J8 J3 −J4 J3J7 −J4J8

0 0 0 0 −ωJ3 −ωJ4 −ωh2J3 −ωh2J4 J3 J4 h2J3 h2J4

0 0 0 0 −2kG2J3 −2kG2J4 −2kG2J3J7 −2kG2J4J8 2kμ3J3 2kμ3J4 2kμ3J3J7 2kμ3J4J8

J1φ4
ω

J2φ4
ω

h1J1φ4
ω

h1J2φ4
ω

−2kG2J3 2kG2J4 −2kh2G2J3 2kh2G2J4 J3J11 J4J12 h2J3J11 h2J4J12

0 0 0 0 0 0 0 0 edk −edk edk (1+dk)
k

−e−dk (−1+dk)
k

0 0 0 0 0 0 0 0 edk e−dk dedk de−dk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0.

Here the notation corresponds to

J1 = ekh1 , J2 = e−kh1 , J3 = ekh2 , J4 = e−kh2 , J5 = (1 + kh1)

k
, J6 = (−1 + kh1)

k
, J7 = (1 + kh2)

k
,

J8 = (−1 + kh2)

k
, J9 = (φ1 − 2ωkμ1)

ω
, J10 = (φ1 + 2ωkμ1)

ω
, J11 = (φ3 + 2ωkμ3)

ω
, J12 = (φ3 − 2ωkμ3)

ω
,
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(
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2 + ∂π1
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, φ3 =

(
−γ32k

2 + ∂π2

∂h2

)
, φ4 =

(
∂π1

∂h2

)
,

π1 = ε0

2

[
ε2

(
∂ψ2

∂z

)2

− ε1

(
∂ψ1

∂z

)2]∣∣∣∣
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.
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