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We show that for quantum phase transitions with a single bosonic zero mode at the critical point, like the Dicke
model and the Lipkin-Meshkov-Glick model, metric quantities such as fidelity, that is, the overlap between two
ground states corresponding to two values A; and X, of the controlling parameter A, depend only on the ratio
n = — A)/(A2 — A.), where L = X, at the critical point. This scaling property is valid also for time-dependent
quantities such as the Loschmidt echo, provided time is measured in units of the inverse frequency of the critical

mode.
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I. INTRODUCTION

Due to its quantum nature, a quantum phase transition
(QPT) [1], defined as a drastic change of fundamental
properties of ground states, may have properties quite different
from those of thermal phase transitions. This point has received
much attention in recent years. In particular, some concepts
and quantities in the field of quantum information, e.g.,
entanglement and fidelity, have been found quite useful in
characterizing the occurrence of a QPT. For example, the
overlap between two ground states corresponding to two
nearby values A and A, of the controlling parameter A,

L,(h1.h2) = [(05,04,)], (1)

has been proposed as a probe of quantum criticality [2]:
the dramatic change of the wave function at a QPT implies
a decrease of the overlap L, in the neighborhood of the
critical point. Hence, the fidelity L, can be used to detect the
occurrence of a QPT (see Ref. [2—-10] and references therein).
Similarly to thermal phase transitions, an important aspect
of QPTs is the dependence of relevant quantities on the
controlling parameter 1. For example, the characteristic energy
scale usually takes the form |A — XA.|?, with A, indicating the
critical point and ¢ > 0 a critical exponent. This is for the case
in which only one value of the parameter A is of relevance. For
quantities like fidelity, which instead depend on two values
A1 and A, of the controlling parameter, one should understand
whether their behavior in the critical region encodes universal
properties about a QPT. With regard to the fidelity, the question
is whether its drop near a QPT can be used not only to detect
the QPT itself but also to determine the critical exponents [10].
In this context, understanding scaling properties is relevant.
When studying fidelity, either as the overlap (1) of ground
states or as the survival probability of an initial state prepared in
the ground state |0,,) of Hamiltonian A (A2) and evolved under
a different Hamiltonian H (A1), two values A; and A, of the
controlling parameter are involved. For the sake of clarity, in
what follows, we use the name fidelity for the former quantity,
L ,(X1,A2), and use Loschmidt echo (LE) for the latter [11].
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An interesting question is about the dependence of the fidelity
and LE on A; and A,. In the case that the fidelity L,(A1,A,)
goes to zero when A; approaches A, for a fixed X,, it is clear
that for each 1) there exists a value A such that L,(11,A2) =
L ,(\},15). This implies that the relative positions of A and X,
with respect to A., rather than their exact positions, play the
crucial role. Hence, the question arises of whether the fidelity
may be invariant under rescaling of the controlling parameter.

In this paper, we show that for QPTs possessing only one
bosonic zero mode at the critical point, metric quantities like
fidelity depend only on the ratio n = (A; — A.)/ (Ao — A,).
That is, these physical quantities are invariant under linear
rescaling of the controlling parameter with respect to the
critical point. We also show that this scaling property is
valid for time-dependent quantities such as the LE, provided
time is measured in units of the inverse frequency of the
critical mode. The class of QPTs possessing such features
includes important physical models, like the Dicke [12] and
the Lipkin-Meshkov-Glick (LMG) models [13].

The article is organized as follows. In Sec. II we discuss our
scaling argument for static metric quantities like the fidelity,
extending in Sec. III such scaling to time-dependent quantities
like the LE. The scaling for time-dependent quantities is then
illustrated by means of the semiclassical theory. We then
illustrate the fidelity and LE scaling in two relevant physical
models, the Dicke model (Sec. IV) and the LMG model
(Sec. V). We finish with concluding remarks in Sec. V1.

II. SCALING ARGUMENT

As only the lowest energy levels are concerned close to
the critical point, we assume that the Hamiltonian describing
a QPT can be approximately written in terms of n harmonic
oscillators:

AR =" ei()e] (e, )

i=1
where éj(k) and ¢;(A) are bosonic creation and annihilation
operators for the ith mode. The ground state |0,) for the

parameter A is defined by ¢;(1)]|0,) = 0. For two parameter
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values A and X,, one may write
&) =Y [P;el ) + Qié ()], 3)
j=1

where P;; and Q;; are functions of A and A,, with P;; = §;;
and Q;; = 0 for A; = A,. We discuss the case in which there
is only one zero mode at the critical point: ej(X) ~ |A — A.|?
for A close to A., while ¢;(A.) # 0 for i # 1. In this case,
Eq. (3) reduces to

eln) = Préln) + 01éi(h), (4)

with a corresponding expression for ¢;(X;). From the bosonic
commutation relations it follows that |P;]*> —|011]? = 1.
Let us write explicitly the phases of P;; and Qj;, as
Py = |Pi|€%T%) and Q1 = |011]e®%%). In the repre-
sentation of H (X2), the change of the pair (61()»2),6{()»2))
to (e‘ie"él(Az),e"g'éf()\z)) does not bring any change to the
physics; hence, the phase 6, can be absorbed by ¢;(A;)
and 61()»2). The phase 6. is the relative phase between
the pair of operators (61()@),61{()»2)) at A, and the pair
(¢ (Al),éJ{ (X1)) at A1, which generates relative phases between
the set of basis states |n,,) = [61()\1)]”|0M)|/\/m and |m,,) =
[&]02)1"10,,)1/+/m.

Let us consider a physical quantity A depending on two
values A; and A, of the controlling parameter (for instance,
A might be the fidelity), written in the vicinity of the critical
point as a function of the annihilation operators for the zero
mode:

A = (04, |A@(A1),6:02))|05,) (G,j = 1,2). )

In what follows, we focus on quantities A that do not depend on
the phase 6, [14]. In particular, metric quantities, like C,,, =
[(n,,|m,,)|, belong to this class. Such quantities include, for
instance, the fidelity L, = Cyo and the participation ratio x
of an eigenstate of, e.g., H(), Imy,) = > (s, Ims,) g,
with respect to the basis of the eigenstates of H(X;); by
definition, x = 1/ )", [(ny,Im;,)|* = 1/Y", C4 . Inthe study
of these quantities, we can take 6. = 0. Then, since the phase
6, can be absorbed by ¢;(X,) and é{()»z), Py and Qq; are
just their absolute values, with P;; > 1. Using the ground
state definition ¢;(11)|0;,) = 0, Eq. (4), and the expansion
[05,) = >, (ms, 104, )Im,,), we can express |05, ) as a function

of P11, Q11, éi(kz), and |0,,). After inserting the obtained
expression for |0y,) into Eq. (5), we find that A is a function
of P;; and Qq; only.

The dependence of P;; on A; and A, can be written
as Pll = F(A)\.l,A)\.z), where A)L, = )L,' — )‘c (l = 1,2) We
study A; and A, belonging to the same phase, so that n =
Al /AAy > 0. We assume, as is natural for a QPT with
an infinitely degenerate zero mode at the critical point, that
F(AA;,AXp) goes to infinity in the limit AA; — 0 with
Aly # 0, as well as in the limit AX, — 0 with AA; #£ 0.
For the sake of simplicity, we assume that F' is a monotonic
function of AX,, when AX, changes from a given AA; to 0
[15]. Then, given F(AA;,AX;) = d, forany A there must exist
a A, such that F(AL},A))) = d. This implies that there exists
afunction AA; = g(AAq,d), suchthat F(AL;,g(AM,d)) =d
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for any A\; hence,
O0F/0AM + (0F/0AA)(0g/0AL) = 0. 6)

For a given d and a sufficiently small AA;, the Taylor
expansion reads g = go + g’AAy, where g’ = dg/9dAA; with
d fixed. We recall thatin the limit AX; — 0, F(AX;,AX;) goes
to infinity if AX, is nonzero. Hence, for any given d, A, must
go to zero in order that lima,, 0 F(AA;,A)y) = d. That is,
limay, -0 g(AXy,d) = 0; as a result, go = 0. Therefore, when
the above Taylor expansion works for all fixed values of d, we
have dg/0 AL = g/AAl; = AXy/AL;. Substituting this result
into Eq. (6), we find

AMOIF[IAA + AAydF /0 AL, = 0. @)

This equation has the solution F = F(In AL} —InAAjp) =
F(Inn). Hence, Py is a function of 7. Then, due to the relation
P} — 0%, =1, Qy; is also a function of 7. Since the quantity
A is afunction of P;; and O, we can conclude that A depends
only on the ratio n = (A — A¢)/(A2 — Ac)

III. TIME-DEPENDENT QUANTITIES

We now consider time-dependent metric quantities A(?),
with the dynamics described by the Hamiltonian (2). Since the
frequencies w;(A) = e;(1)/h depend on A, A(#) usually cannot
be a function of  only. However, for systems with a single zero
mode at the critical point, the n scaling still applies, provided
time is rescaled: t — 7 = w;(A)r.

As an illustration we show in the following that in the
vicinity of a QPT with a single zero mode at the critical point
the decay of the quantum Loschmidt echo depends only on the
scaling parameter 1 and the rescaled time t. The LE gives a
measure for the stability of the quantum motion under slight
variation of the Hamiltonian [16-18]. It is defined by M (¢) =
[m(2)|?, where

m(t) = (Wolexpli H (o)t /hlexpl—i H(A)t /R[Wo).  (8)

Here, H(1) = H();) + €V, with € = A; — A. Extensive in-
vestigations have been performed in recent years to understand
the decaying behavior of the LE in different regimes, depend-
ing on the chaotic or integrable nature of the dynamics, on
the system’s dimensionality, and on the perturbation strength
(see Refs. [19-34] and references therein). Furthermore, recent
investigations have shown that the LE may be employed to
characterize QPTs, since it exhibits extrafast decay in the
vicinity of critical points [34-39].

Here we consider a system initially prepared in the ground
state |0,,) of H(,). Then the LE is in fact the survival
probability,

My (1) = |[0,, e 000, ). ©)

In the critical region, H(%) represents a harmonic oscillator
and, therefore, its ground state can be written as a Gaussian
wave packet. As shown in Ref. [31], when the classical motion
is periodic with a period T),, semiclassical theory predicts that
for t > T, the LE has an initial Gaussian decay followed by
a power law decay. Indeed, to a second-order term of the
perturbation expansion,

My () = bo(1 + 2212 TH/IHED), (10)
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~ _ (€W 3U 2 _ 1 eW? U :
where by ~ 1, I’ = (Ta_po) /2, and & = |7W|’ with the

derivatives evaluated at the center pg of the initial Gaussian
wave packet. Here, U = Tlp fOT” V dt and W is a measure of the
width of the initial Gaussian packet in the momentum space.
It is seen that M has a Gaussian decay ¢~ for short times
and a 1 /&t decay for long times.

Let us consider the case in which H has, close to the
critical point, two lowest-energy relevant modes, of which
only the first one has zero frequency at the critical point. The
first mode moves very slowly, so that effectively the system
moves periodically with the frequency of the second mode.
That is, for times much shorter than the period 7| of the
first mode (which diverges at the critical point), the classical
motion is approximately periodic with the period of the second
mode. Hence, the period 7, = 27 /w;(A1). Note that for long
times the first mode dominates and the LE oscillates with a
period related to 77 = 27w /w; (A1) (detailed later). Therefore,
the above semiclassical prediction works within times longer
than T, and shorter than T7.

Starting from the classical expression of the Hamiltonian,

H®) = oM (A) + an(M) (M), (11)
we obtain
2 _
&t = § T~8_2<M>T (12)
wi(h) 3]70 e(Ar)

3 [L(h)  e() (k)  AH,
~— — T, (13)

apy \ R ei(A) h e1(A1)

where AH2 = 12()»1)602()»1) — 12()\,2)(02()\2). The second mode
has no singularity at A.; hence from Taylor expansion of A H,

we obtain AH, ~ (A — A2). Thus, ef(’jf) ~ 1=y YA —
AH,

kz|1"”. Therefore, when A; is sufficiently close to A, )
can be neglected for ¢ < 1 and 1 # 0. Then, since /;(1;) and

I, (A7) have no singularity at A, and % = n~%, we find that

in the very neighborhood of A., & ~ F(n)t. Similarly, I't?
can be written as G(1)72. We can therefore conclude that

My (1) = bo{1 + [F(p)r]?})~1/2e= O /IHFOT) (14

is a function of 1 and of the rescaled time 7.

IV. SCALING FOR THE DICKE MODEL

This model [12] provides a physically significant example
of our scaling behavior. It describes the interaction between
a single bosonic mode and a collection of N two-level atoms
and finds applications in quantum optics, condensed matter
physics, and quantum information. In terms of the collective
operator J for the N atoms, the Dicke Hamiltonian is written
as (hereafter we take i = 1)

H) = wod. + wa'a + /NG +a)( T+ T0). (15)

In the thermodynamic limit N — oo, the system undergoes
aQPT at A, = %\/a)_a)o, with a normal phase for A < A, and
a super-radiant phase for A > A.. The Hamiltonian can be
diagonalized in this limit [12], taking, up to a constant energy
term, the form Eq. (2), with n = 2 modes. In the normal phase,
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FIG. 1. (Color online) Dependence of the fidelity L, on the
scaling parameter n for different values of A, and X,. Note that the
values of 1 on both sides of the zero point are positive. Symbols on
the left-hand side of n = 0 represent fidelity in the normal phase, with
the superscript N of A, standing for normal phase (open symbols).
Symbols on the right-hand side of n = 0 are for the super-radiant
phase (superscript S of X,, full symbols). Data are in agreement with
the analytical result of Eq. (18) (solid curve).

the energies of the two harmonic oscillators read

1200 = ([0 + ) + /(0 — )" + 162200]} ",

(16)
ordered so that e;(L) < ex(A). It is seen that e;(A) =0
for A = A.; hence, the ground level of H(L.) is infinitely
degenerate and the system undergoes a QPT at A.. On the
other hand, e,(A) # 0 at the critical point. In the super-radiant
phase, the Dicke Hamiltonian can still be diagonalized in the
thermodynamic limit, resulting in a two-mode form, with the
energies

1/2

2 2 2
e12(l) = % »® + % + \/<% — a)2> + 4a)2a)(2) ,
A7)
where 11 = ww/40* and e; (L) < ey(X). It is easy to see that
e1(A) =0 and ey(1) # 0 for A = XA.. Thus, the ground level
of H().) is also infinitely degenerate (and with a single zero
mode) at the critical point from the super-radiant-phase side.
As can be shown both analytically and numerically the fi-
delity in this model uniquely depends on the scaling parameter
n. Indeed, in both phases, it has been found (see the Appendix)
that

L _ YT _
NI RV

with the critical exponent ¢ = 1/2, [wi(X) ~ |A — el'?]
[40]. For n « 1, L, n*/*. The analytical result (18) is in
agreement with numerical simulations shown in Fig. 1: data
for different values of A; and A, collapse on a single universal
curve.

In the derivation of Eq. (18), we have used Eq. (16), which
is obtained by diagonalizing an effective form of the exact
Dicke Hamiltonian (15), given by Eq. (2), with n = 2 modes.
It is therefore important to assess the validity of the effective
Hamiltonian in computing the fidelity L,. The effective

(18)

021124-3



WANG, QIN, WANG, BENENTI, AND CASATI

-2.5 T T T T T T T T

264 o— 4
—a
2.74 og 4

-2.8 1 B

In(D)

-2.91 B
-3.0 1 B

3.14 4

15 20 25 30 35 40 45
In(N)

05 1.0

FIG. 2. The quantity In D versus In N in the Dicke model, with
parameters wy = w = 1, A; = 0.495, and A, = 0.45 (A, = 0.5).

Hamiltonian leads to an error inversely proportional to N,
where N is the number of atoms. For those quantities, for which
there exist some contributions proportional to N, the effective
Hamiltonian gives poor predictions [41-43]. However, for
quantities like the fidelity L, of ground states, there is
no such contribution. Hence, the effective Hamiltonian is
expected to correctly describe the behavior of L, in the critical
region. To substantiate this expectation, we have compared
the prediction L,(1,A2) of Eq. (18) with L7 (%1,42), which
is the corresponding fidelity numerically computed by direct
diagonalization of the exact Hamiltonian (15) in a truncated
Hilbert space. The truncated Hilbert space is obtained for a
finite number N of the atoms and by taking the lowest N
levels of the bosonic mode. We have studied the variation of
D with N, where

D = LY (1.02) — Ly(h1,00)]- (19)

With increasing N, the quantity D exhibits a decay faster than
power law (see Fig. 2) and slower than exponential. Therefore,
it is reasonable to expect that the effective Dicke Hamiltonian
provides the correct physical picture when computing the
fidelity of ground states in the large- N limit.

Next, we discuss the LE. For the Dicke model, it can be
analytically proved that the LE is an oscillating function of
time with period T = 7 /w;(A;) = T} /2. This period diverges
when A; approaches the critical point ., and for times shorter
than 7/2 the LE decays according to the above semiclassical
prediction. Indeed, numerical simulations in Fig. 3 show that
the LE is a function of n and of the rescaled time T = w;(1)z.
Moreover, in the super-radiant phase the LE decays in the same
manner as in the normal phase. Finally, we have studied the
minimum value of the LE, denoted by M, as a function of
A1 and A;. Since this quantity is time independent, according
to previous scaling arguments it should be a function of the
ratio 7 only. This expectation is confirmed by our numerical
simulations (see the inset of Fig. 3).

V. SCALING FOR THE LMG MODEL

In the two-orbital Lipkin-Meshkov-Glick model for N
interacting particles, in terms of the total spin operator for
its collective motion, S, (¢ = x,y,z), the Hamiltonian can be
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FIG. 3. (Color online) Dependence of the Loschmidt echo M
on the rescaled time T = w;(X\)t, for various values of A; and A,,
with different symbols representing different pairs (A;,A,). The three
curves correspond, from top to bottom, to n = 1072, 1073, and 10~*.
An initial Gaussian decay is followed by 1/¢ decay, as predicted in
Eq. (14). Inset: Dependence of the minimum value M, of M; on n
for various values of A, and X, (open symbols stand for the normal
phase and solid ones for the super-radiant phase). The fitting curves
are given by M, = 2,/n/(1 + n) in both phases.

written as

2
H(y,h) = —N(Sf +¥S;) —2hS.+(1+y)/2.  (20)
As shown in Ref. [44], in the thermodynamic limit, making
use of the Holstein-Primakoff transformation and of a standard
Bogoliubov transformation, the Hamiltonian can be diagonal-
ized,

H(y,h) = Aalyao, @1
where
A=20h—1)th—-]"2 tnhe=— 2L (22
2h—1—y
forh > 1,
2 172 h—y
A=2[1-hr)1-y)]'", tanh® = s (23)

forh < 1,and ai) and ag are bosonic creation and annihilation
operators.

Equations (22) and (23) show that when h approaches
1 from either side, A — 0. This implies that the system
undergoes a quantum phase transition at the critical point
h. = 1. The phase with & > 1 is usually called the symmetric
phase and the phase with 2 < 1 the broken phase [44].

In the thermodynamic limit, the same scaling law as in
Eq. (18) can be derived analytically in the vicinity of the
critical point. In fact, for a fixed y the ground state |0)e,
for & = h; has the following expansion on the basis |n)g, of
the eigenstates of Hamiltonian (21) at 2 = h [45]:

Z (2n - '1')' tanh” (®2 - ®]) |2I’l)@)],
2\ " 2n)! 2

(24)
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where C is a normalization constant,

C = |:1 — tanh? <@>]1/2.

Then, it is easy to find that
© — 0 1/4
17_0]' 26)

In the vicinity of the critical point . = 1, the right-hand side
of Eq. (26) can be simplified further. In fact, in the symmetric
phase, from Eq. (22), one obtains, up to terms of higher order

(25)

Ly(hi,hy) = [1 — tanhz(

inh — he,

tanh% =1-2 (%)]/2. 27
This gives

tanh(®2;®l) = Zijz;i, (28)

where n = (h; —1)/(h, —1). After inserting (28) into
Eq. (26), we obtain the same expression (18) for L, as for
the Dicke model.

For the LE, making use of analytical results in the
symmetric phase [45] and its generalization to the broken
phase, similar scaling behaviors as shown in Fig. 3 have also
been found.

VI. CONCLUSIONS

To summarize, we have proved a scaling property for
time-independent metric quantities such as the fidelity and
the participation ratio. The scaling is valid for models like
the Dicke model and the LMG model, whose QPT can be
described in terms of a single bosonic zero mode. Moreover,
time-dependent quantities such as the Loschmidt echo also
exhibit the same scaling provided time is measured in units of
the inverse frequency of the critical mode.

Our scaling arguments showing the 1 dependence of static
quantities can be generalized to the cases of more than
one zero mode, provided appropriate new restrictions on the
coefficients P;; and Q;; in Eq. (3) are introduced. On the
other hand, the scaling for time-dependent quantities cannot
be extended in a straightforward way to the case of more than
one zero mode, when the corresponding frequencies w;(A)
have different scaling behaviors and, in contrast to the case of
a single zero mode, there is no natural rescaling of time by
means of a single frequency.

Finally, we remark that in our theory we compute the fidelity
in the thermodynamic limit. The results obtained imply that
many-body systems whose QPT can be described in terms
of a single bosonic zero mode do not exhibit the Anderson
orthogonality catastrophe [46]. That is to say, the ground
states corresponding to two nearby values of the controlling
parameter are not orthogonal at the thermodynamic limit,
provided these two values belong to the same phase.
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APPENDIX: DERIVATION OF Eq. (18)

In this Appendix, we give a derivation of Eq. (18) in the
main text for the fidelity of two ground states at A; and X,. For
this purpose, we use the following expression of the fidelity
given in Ref. [2]:

2{[det A,,]/[ det 4,1}
[det (1 +A;'A:,)]"

L,= , (A1)

where A; = U~'M, U, M; = diag[e?,e5], and U is an orthog-
onal matrix,

Here, ¢ = cos y and s = sin y, with

y = % arctan [4)»4 /a)wo/(a)2 + wé)]
It is straightforward to verify the following relations:

det A; = efe), (A2)

det (1+ A;'A,) = 1+ Tr(A; Ay,) + [det 45, ] det Ay,

(A3)
and
e e
Tr(A;As,) = — + e%l (A4)
1 2

In the normal phase of the Dicke model, the energies e} ,
are given by Eq. (16). In the neighborhood of the critical point
A, from Eq. (16) we get, up to terms of higher orderin A, — A,

_ 1/2
N |:8KC(AC k)wwo] ' (AS)

ey =
1
a)%—}-a)z

Then, we have e?z/ei" = (1/n)"/2. Using again Eq. (AS), we
obtain

det A
2= 1,

detA,\l

Tr(A;'As) = V1/m+1,

(A6)
(AT)

where e}?/e5' = 1 has been used in the vicinity of the critical
point. Substituting the above results into Eq. (A1), one finds
Eq. (18). By the same method, the same expression of the
fidelity can be obtained in the super-radiant phase.

021124-5



WANG, QIN, WANG, BENENTI, AND CASATI

[1] S. Sachdev, Quantum Phase Transitions (Cambridge University
Press, Cambridge, 1999).

[2] P. Zanardi and N. Paunkovi¢, Phys. Rev. E 74, 031123 (2006).

[3] P. Zanardi, M. Cozzini, and P. Giorda, J. Stat. Mech. (2007)
L02002.

[4] M. Cozzini, P. Giorda, and P. Zanardi, Phys. Rev. B 75, 014439
(2007).

[5] M. Cozzini, R. Ionicioiu, and P. Zanardi, Phys. Rev. B 76, 104420
(2007).

[6] P. Buonsante and A. Vezzani, Phys. Rev. Lett. 98, 110601 (2007).

[7] P. Zanardi, H. T. Quan, X. Wang, and C. P. Sun, Phys. Rev. A
75, 032109 (2007).

[8] H. Q. Zhou and J. P. Barjaktarevic, J. Phys. A 41, 412001 (2008).

[9] S.J. Gu, Int. J. Mod. Phys. B 24, 4371 (2010).

[10] M. M. Rams and B. Damski, Phys. Rev. Lett. 106, 055701
(2011).

[11] In previous studies of both the fidelity and the LE, X, and X,
were usually chosen to be sufficiently close to each other; as a
result, the dependence on (A; — A.) and that on (A, — A.) are
similar.

[12] C. Emary and T. Brandes, Phys. Rev. E 67, 066203 (2003).

[13] H. J. Lipkin, N. Meshkov, and A. J. Glick, Nucl. Phys. 62, 188
(1965).

[14] The n scaling to be discussed below does not exist, e.g.,
for Hermitian operators like A = é‘:(kl)éf(kl) + (A )éE (M) +
6I(A2)61(A2) with 6. = 6.(A;) a function of A; only. This is not
strange, because in the representation of H () it is seen clearly
that this operator has separate dependence on A; and X, by its
definition.

[15] The monotonicity is not strictly necessary, and one can
also consider more complicated instances where the relation
F(AA,A\,) = d implies a function relation between AX; and
Ay, written as AX, = g(AAy,d,v), where v is an integer
quantity independent of AA;.

[16] A. Peres, Phys. Rev. A 30, 1610 (1984).

[17] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cambridge,
2000).

[18] G. Benenti, G. Casati, and G. Strini, Principles of Quantum
Computation and Information (World Scientific, Singapore,
2004).

[19] R. A. Jalabert and H. M. Pastawski, Phys. Rev. Lett. 86, 2490
(2001).

[20] Ph. Jacquod, P. G. Silvestrov, and C. W. J. Beenakker, Phys.
Rev. E 64, 055203(R) (2001).

PHYSICAL REVIEW E 86, 021124 (2012)

[21] Ph. Jacquod, 1. Adagideli, and C. W. J. Beenakker, Phys. Rev.
Lett. 89, 154103 (2002).

[22] FE. M. Cucchietti, C. H. Lewenkopf, E. R. Mucciolo, H. M.
Pastawski, and R. O. Vallejos, Phys. Rev. E 65, 046209 (2002).

[23] N. R. Cerruti and S. Tomsovic, Phys. Rev. Lett. 88, 054103
(2002).

[24] T. Prosen and M. Znidarié, J. Phys. A 35, 1455 (2002).

[25] G. Benenti and G. Casati, Phys. Rev. E 65, 066205 (2002).

[26] J. Vanicek and E. J. Heller, Phys. Rev. E 68, 056208 (2003).

[27] P. G. Silvestrov, J. Tworzydio, and C. W. J. Beenakker, Phys.
Rev. E 67, 025204(R) (2003).

[28] W.-G. Wang, G. Casati, and B. Li, Phys. Rev. E 69, 025201(R)
(2004).

[29] W.-G. Wang and B. Li, Phys. Rev. E 71, 066203 (2005).

[30] W.-G. Wang, G. Casati, B. Li, and T. Prosen, Phys. Rev. E 71,
037202 (2005).

[31] W.-G. Wang, G. Casati, and B. Li, Phys. Rev. E 75, 016201
(2007).

[32] T. Gorin, T. Prosen, T. H. Seligman, and M. Znidarié, Phys. Rep.
435, 33 (2000).

[33] Ph. Jacquod and C. Petitjean, Adv. Phys. 58, 67 (2009).

[34] W.-G. Wang, P. Qin, L. He, and P. Wang, Phys. Rev. E81,016214
(2010).

[35] H. T. Quan, Z. Song, X. F. Liu, P. Zanardi, and C. P. Sun, Phys.
Rev. Lett. 96, 140604 (2006).

[36] Z. G. Yuan, P. Zhang, and S. S. Li, Phys. Rev. A 75, 012102
(2007).

[37] Y. C. Li and S. S. Li, Phys. Rev. A 76, 032117 (2007).

[38] D. Rossini, T. Calarco, V. Giovannetti, S. Montangero, and
R. Fazio, Phys. Rev. A 75, 032333 (2007).

[39] J. Zhang, X. Peng, N. Rajendran, and D. Suter, Phys. Rev.
Lett. 100, 100501 (2008); J. Zhang, F. M. Cucchietti, C. M.
Chandrashekar, M. Laforest, C. A. Ryan, M. Ditty, A. Hubbard,
J. K. Gamble, and R. Laflamme, Phys. Rev. A 79, 012305
(2009).

[40] It is known in the literature [2] that L, o [A; — A.|"/® for
sufficiently small |A; — A,].

[41] J. Reslen, L. Quiroga, and N. F. Johnson, Europhys. Lett. 69, 8
(2005).

[42] J. Vidal and S. Dusuel, Europhys. Lett. 74, 817 (2006).

[43] J. Vidal, S. Dusuel, and T. Barthel, J. Stat. Mech. (2007) PO1015.

[44] S. Dusuel and J. Vidal, Phys. Rev. B 71, 224420 (2005).

[45] P. Wang, Q. Zheng, and W.-G. Wang, Chin. Phys. Lett. 27,
080301 (2010).

[46] P. W. Anderson, Phys. Rev. Lett. 18, 1049 (1967).

021124-6


http://dx.doi.org/10.1103/PhysRevE.74.031123
http://dx.doi.org/10.1088/1742-5468/2007/02/L02002
http://dx.doi.org/10.1088/1742-5468/2007/02/L02002
http://dx.doi.org/10.1103/PhysRevB.75.014439
http://dx.doi.org/10.1103/PhysRevB.75.014439
http://dx.doi.org/10.1103/PhysRevB.76.104420
http://dx.doi.org/10.1103/PhysRevB.76.104420
http://dx.doi.org/10.1103/PhysRevLett.98.110601
http://dx.doi.org/10.1103/PhysRevA.75.032109
http://dx.doi.org/10.1103/PhysRevA.75.032109
http://dx.doi.org/10.1088/1751-8113/41/41/412001
http://dx.doi.org/10.1142/S0217979210056335
http://dx.doi.org/10.1103/PhysRevLett.106.055701
http://dx.doi.org/10.1103/PhysRevLett.106.055701
http://dx.doi.org/10.1103/PhysRevE.67.066203
http://dx.doi.org/10.1016/0029-5582(65)90862-X
http://dx.doi.org/10.1016/0029-5582(65)90862-X
http://dx.doi.org/10.1103/PhysRevA.30.1610
http://dx.doi.org/10.1103/PhysRevLett.86.2490
http://dx.doi.org/10.1103/PhysRevLett.86.2490
http://dx.doi.org/10.1103/PhysRevE.64.055203
http://dx.doi.org/10.1103/PhysRevE.64.055203
http://dx.doi.org/10.1103/PhysRevLett.89.154103
http://dx.doi.org/10.1103/PhysRevLett.89.154103
http://dx.doi.org/10.1103/PhysRevE.65.046209
http://dx.doi.org/10.1103/PhysRevLett.88.054103
http://dx.doi.org/10.1103/PhysRevLett.88.054103
http://dx.doi.org/10.1088/0305-4470/35/6/309
http://dx.doi.org/10.1103/PhysRevE.65.066205
http://dx.doi.org/10.1103/PhysRevE.68.056208
http://dx.doi.org/10.1103/PhysRevE.67.025204
http://dx.doi.org/10.1103/PhysRevE.67.025204
http://dx.doi.org/10.1103/PhysRevE.69.025201
http://dx.doi.org/10.1103/PhysRevE.69.025201
http://dx.doi.org/10.1103/PhysRevE.71.066203
http://dx.doi.org/10.1103/PhysRevE.71.037202
http://dx.doi.org/10.1103/PhysRevE.71.037202
http://dx.doi.org/10.1103/PhysRevE.75.016201
http://dx.doi.org/10.1103/PhysRevE.75.016201
http://dx.doi.org/10.1016/j.physrep.2006.09.003
http://dx.doi.org/10.1016/j.physrep.2006.09.003
http://dx.doi.org/10.1080/00018730902831009
http://dx.doi.org/10.1103/PhysRevE.81.016214
http://dx.doi.org/10.1103/PhysRevE.81.016214
http://dx.doi.org/10.1103/PhysRevLett.96.140604
http://dx.doi.org/10.1103/PhysRevLett.96.140604
http://dx.doi.org/10.1103/PhysRevA.75.012102
http://dx.doi.org/10.1103/PhysRevA.75.012102
http://dx.doi.org/10.1103/PhysRevA.76.032117
http://dx.doi.org/10.1103/PhysRevA.75.032333
http://dx.doi.org/10.1103/PhysRevLett.100.100501
http://dx.doi.org/10.1103/PhysRevLett.100.100501
http://dx.doi.org/10.1103/PhysRevA.79.012305
http://dx.doi.org/10.1103/PhysRevA.79.012305
http://dx.doi.org/10.1209/epl/i2004-10313-4
http://dx.doi.org/10.1209/epl/i2004-10313-4
http://dx.doi.org/10.1209/epl/i2006-10041-9
http://dx.doi.org/10.1088/1742-5468/2007/01/P01015
http://dx.doi.org/10.1103/PhysRevB.71.224420
http://dx.doi.org/10.1088/0256-307X/27/8/080301
http://dx.doi.org/10.1088/0256-307X/27/8/080301
http://dx.doi.org/10.1103/PhysRevLett.18.1049



