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Avalanche frontiers in Abelian sandpile model (ASM) are random simple curves whose continuum limit is
known to be a Schramm-Loewner evolution with diffusivity parameter κ = 2. In this paper we consider the
dissipative ASM and study the statistics of the avalanche and wave frontiers for various rates of dissipation.
We examine the scaling behavior of a number of functions, such as the correlation length, the exponent of
distribution function of loop lengths, and the gyration radius defined for waves and avalanches. We find that they
do scale with the rate of dissipation. Two significant length scales are observed. For length scales much smaller
than the correlation length, these curves show properties close to the critical curves, and the corresponding
diffusivity parameter is nearly the same as the critical limit. We interpret this as the ultraviolet limit where κ = 2
corresponding to c = −2. For length scales much larger than the correlation length, we find that the avalanche
frontiers tend to self-avoiding walk, and the corresponding driving function is proportional to the Brownian
motion with the diffusivity parameter κ = 8/3 corresponding to a field theory with c = 0. We interpret this to be
the infrared limit of the theory or at least a crossover.
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I. INTRODUCTION

Sandpile models were introduced by Bak, Tang, and
Wiesenfeld [1] as a prototypical example for a class of models
that show self-organized criticality. These models show critical
behavior without fine tuning of any external parameter. The
Abelian structure of the sandpile model was first discovered
by Dhar, and thereafter the (generalized) model was named
Abelian sandpile model (ASM) [2]. Despite its simplicity,
ASM has various interesting features and numerous work,
analytical and computational, has been done on this model.
Among them one can mention different height and cluster
probabilities [3], the connection of the model to spanning trees
[4], ghost models [5], the q-state Potts model [6], and avalanche
distribution [7]. For a good review see [8]. Moreover, some of
these results are analyzed in the light of a conformal field
theory description with central charge c = −2.

Knowing that the model has a conformal field theory
description, one may be encouraged to look for geometrical
objects that show conformal symmetry. The model has been
shown to be related to loop erased random walk (LERW) [9].
On the other hand it was realized that LERW belongs to a fam-
ily of conformally invariant curves called Schramm-Loewner
evolution SLE with the diffusivity parameter κ = 2 [10].
Schramm-Loewner evolution is a mathematical description of
the continuum limit of interfaces in two-dimensional critical
statistical mechanical systems. The curves described by the
SLE growth process have two essential properties that make
them suitable to describe the curves in critical statistical mod-
els: conformal invariance and the domain Markov property
[11]. It is also shown that SLEκ is related to conformal field
theory with central charge c = (3κ − 8)(6 − κ)/2κ [12]. This
suggests that ASM, which has correspondence with a c = −2
conformal field theory, should have geometrical objects which
are described by SLEκ with κ = 2 or 8. It was numerically
shown that the avalanche frontiers in ASM obey the statistics
of SLE2 [13].

Many aspects of the ASM have been studied at criticality,
but little work is done on the model out of criticality. Away
from the critical point, the conformal invariance of the system
breaks, and therefore the drift in SLE is expected not to be
a simple Wiener process. It is very interesting to see how
the drift term properties separates from a Wiener process as
we slightly take the system away from the critical point. As
the conformal invariance is broken, a length scale, which is a
correlation length, should be introduced to the system.

In the scales much smaller than the correlation length,
but larger than the lattice constant, one expects that the
statistical features of the curves fit to the critical case. Since
the correlation length could be assumed to be infinity at these
scales, the conformal symmetry is restored and the evolution
of a SLE uniformizing map is the same as in the critical case.
Therefore we expect to see a Wiener process at small scales
with diffusivity parameter κ = 2. On the other hand at scales
much larger than the correlation length, the renormalization
group (RG) flow may take the system to a new fixed point,
and we might again see a Wiener process at very large scales
but with a new diffusivity [14]. As we will see this happens to
ASM, and we suggest that the new critical point corresponds
to self-avoiding walk (SAW).

The paper is organized as follows: In Sec. II we briefly
introduce ASM and off-critical ASM, Sec. III contains some
features of (off-critical) SLE, and in Sec. IV we present
some statistical analyses on waves and avalanches of ASM
in the off-critical state and bring our numerical results of
the application of Schramm-Loewner evolution on these off-
critical avalanches.

II. INTRODUCTION TO ABELIAN SANDPILE MODEL

Let us consider ASM on a two dimensional square lattice
L × L. To each site a height variable hi is assigned which
takes its value from the set {1,2,3,4}. This height variable
shows the number of sand grains in the underling site. The
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dynamics of this model is as follows: in each step, one grain of
sand is added to a randomly chosen site i, i.e., hi → hi + 1.
If the resulting height becomes more than 4, the site topples
and looses four grains of sand, each of which is transferred
to one of four neighbors of the toppled site. As a result, the
neighboring sites may become unstable and topple, and in this
way a chain of topplings may happen in the system and in
this way an avalanche forms. If a boundary site topples, one
or two grains of sand (for the sites in the corners of the lattice
two grains, and for the other boundary sites one grain) will
leave the system. The process of toppling continues until the
system reaches a stable configuration in which no site has
a height greater than 4. The process is then repeated. There
are two kinds of configurations in ASM: those configurations
that may happen once and shall not happen again, which are
called transient states, and those which are called recurrent
states. In the steady state, no transient state occurs and the
recurrent states all occur with the same probability. It has
been shown that the total number of recurrent states is det�,
where � the discrete Laplacian matrix. For more details see
the reference [8]. This model can be defined on other lattices.
For a lattice in which the sites have z neighbors, a site topples
if its height exceeds z, the site looses z grains, and the height
of each of its neighbors will be increased by amount 1. For
technical purposes we have done our simulations on triangular
lattice in which z = 6.

Much work has been done on distribution functions of size,
area, gyration radius, etc. [15]. It has been shown that the
avalanches are not single fractal objects, while waves are [16].
The waves are constructed in the following way: If, as a
result of the addition of a grain to a site i, the site becomes
unstable, it topples, as do the sites which become unstable as
a consequence of the toppling at site i. The first wave is the
collection of all sites which have toppled given that the initial
site is not allowed to topple more than once. It is easy to see that
in the wave, the set of toppled sites forms a connected cluster
with no voids (untoppled sites fully surrounded by toppled
sites), and no site topples more than once. After the first wave is
formed completely, if the site i is still unstable, it topples once
more to construct the second wave. The process continues,
until after a number of waves, the site i becomes stable.

A. Dissipative ASM

In the off-critical set up the system has dissipation in the
following sense: when the height of a site becomes more
than x(>z), then z grains are transferred to the neighboring
sites, and x − z grains leave the system. This means that
during a toppling in the bulk, the number of sand grains
is not conserved anymore, so the system is dissipative. The
subject of nonconserved sandpile models has been discussed
in Ref. [17–20], and it has been shown that making the model
dissipative takes the system to off-criticality. Also, Mahieu and
Ruelle showed that this system could be described by massive
symplectic fermions [5]:

S =
∫

d2z

(
∂θ∂̄θ̄ + m2

4
θ θ̄

)
, (1)

where m2 = x − z and θ and θ̄ are complex Grassmann
variables. To study the model at small masses, we should

be able to make the mass continuous. It is straightforward
to generalize the theory to the continuous mass [21]. For
simplicity in simulations, we take the mass to be a rational
number. The dissipative model is constructed in the following
way: Let the threshold beyond which the column of grains
becomes unstable be hmax = zn + 1, where n is a arbitrary
positive integer number, and define x ≡ hmax

n
= z + 1

n
. Now,

during a toppling (h > hmax), n grains of sand are transferred to
each neighboring site and 1 grain leaves the system. With this
construction, the effective dissipation will be m2 = x − z = 1

n
.

The correlation length of such a model is defined as a
characteristic length above which the correlation functions
of the model become negligible (with respect to the their
amount at small distances). At criticality, the correlation length
is of the order of the size of the system, and if the system
is taken to be the whole two dimensional plane, it becomes
infinite. In the off-critical state however, the correlation length
is finite and is a function of the off-critical parameter. This
length scale could be observed in many different properties
of the model. For example, the Green function of the model
will have an exponential decay, rather than a power law one.
This exponential decay will show up itself in the correlation
function of two site probabilities [5]. Also there will be a
maximum size of an avalanche, say a typical radius, which
is of the order of the correlation length. For the scales much
smaller than this length, still a critical behavior is observed,
that is, one finds power law distributions.

III. SCHRAMM-LOEWNER EVOLUTION
AND OFF-CRITICALITY

Critical statistical systems have special geometrical fea-
tures. Since in such systems there is no preferred length
scale, the system is scale invariant, and one can find fractal
properties in different objects of the system. In two dimensions,
the algebraic aspect of this scale (and conformal) invariance
has been well studied in terms of conformal field theories.
However the geometric aspects of conformal symmetry is
not clear in this approach. Schramm-Loewnwer evolution
is an approach focused on the geometrical properties of a
single curve existing in the model, conditioned to start at
the boundary, in the background of all the others. In fact,
in this approach, instead of studying the local observables, we
focus on the interfaces within two-dimensional models. These
domain walls are some nonintersecting curves which reflect
the essential properties of the system in question. They are
supposed to have two properties: conformal invariance and the
domain Markov property [11]. Schramm-Loewner evolution
is the candidate to analyze these random curves by classifying
them to the one-parameter classes (SLEκ ).

SLEκ is a growth process defined via conformal maps, gt (z),
which are solutions of Loewner’s equation:

∂tgt (z) = 2

gt (z) − ξt

, (2)

where the initial condition is gt (z) = z, and ξt is a continuous
real valued function and is shown to be proportional to
the Brownian motion (ξt = √

κBt , where Bt is the one-
dimensional Brownian motion and κ is the diffusivity constant)
if the curves have the two above properties. For fixed z,
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gt (z) is well defined up to time τz for which gτz
(z) = ξt .

Let us denote the upper half plane by H and γt as the
SLE trace, i.e., γt = {z ∈ H : τz � t}, and the hull Kt =
{z ∈ H : τz � t}. The complement Ht := H\Kt is simply
connected, and gt (z) is the conformal mapping Ht → H

with gt (z) = z + 2t
z

+ O( 1
z2 ) as z → ∞ that is known as

hydrodynamical normalization. One can retrieve the SLE
trace by γt = {limε↓0 g−1

s (ξs + iε),s � t}. There are phases
for these curves, 2 � κ � 4, the trace is non-self-intersecting
and it does not hit the real axis; kt = γt , but for 4 < κ � 8,
the trace touches itself and the real axis so that a typical point
is surely swallowed as t → ∞ and Kt �= γt . It has also been
shown that SLEκ has correspondence with conformal field
theory (CFT) with central charge cκ = (6−κ)(3κ−8)

2κ
and at the

point where the SLE curve starts a boundary changing operator
with weight h1;2 = 6−κ

2κ
is sitting [12].

A. SLE out of criticality

Tuning some external parameters, it is possible to take a
system off its criticality. In this case the conformal invariance
of the system is broken, and the system’s correlation length
ζ 1 is finite and will play a crucial role in statistical properties
of the system. The question will then be that if we break the
conformal symmetry, what would be the effect on Schramm-
Loewner evolution. In other words, when the curves do
not have conformal symmetry, then there is no guarantee
that the drive function ξt be proportional to a Brownian
motion, and its statistics have to change as we go away
from criticality. However it is expected that at small scales
(compared with correlation length), i.e., in the ultraviolet
regime (UV), the deviations from criticality are small. This
means that the interface should look locally like the critical
interface and over short time periods, the off-critical driving
function ξ

ζ
t should not be much different from the critical state.

On the other hand, at large scales (comparing with ζ ), i.e., in
the infrared regime, it is possible that the RG flow will take
the system to a new fixed point with conformal symmetry,
and the interfaces look like another SLE with a new κ = κIR .
If this is the case, the overall behavior of the curve could be
explained as follows: the growing curve forms some bulbs
at small scales, with properties close to the original critical
system (with diffusivity κUV ). When the linear size of the bulb
becomes comparable with the correlation length, the curve
travels to a new region to form a new bulb. When we integrate
out the small scale objects to reach the large scale properties,
the bulbs, which are formed by the SLE trace, may be seen
as points that the SLE trace crosses with the new diffusivity
(κIR). One example is the Ising model. At criticality we
have κ = 3, but if the temperature is raised above the critical
point, renormalization group arguments indicate that at large
scale, the interfaces of the model look like the interfaces at
infinite temperature, i.e., percolation with κIR = 6 [14]. It is
interesting to see if this happens in some other models, such
as ASM, i.e., c = −2 theory. The question could be traced
in the context of perturbed CFTs [22]. The special case we

1We have called the correlation length ζ so that it will not be
confused with the drive function ξt .

are interested in is the perturbed logarithmic CFT, as it is
known the c = −2 is actually a logarithmic CFT (LCFT). In
Ref. [23] various deformations to a LCFT are considered, and
it is discussed that the infrared (IR) fixed point of the massive
perturbation of c = −2 theory is c = 0 conformal field theory.
They proposed that this theory could be critical percolation in
which the domain walls separating black and white sites are
SLE6 [whose dual SLE is SLE8/3 (SAW)].

IV. OFF-CRITICAL ASM AND SCHRAMM-LOEWNER
EVOLUTION, NUMERICAL DATA AND RESULTS

In this section we present some numerical results on
off-critical ASM and its relation with SLE. In the following
subsection we focus on how off-criticality affects basic
properties of ASM, and then we apply SLE to the model to see
what happens in presence of dissipation.

A. Off-critical ASM

To have a feeling about the off-critical ASM, let us study
the above mentioned properties of the off-critical model: Green
function, two-point functions, and the statistics of waves and
avalanches of ASM and its dependence on the dissipation.

1. Green function

To begin, it would be proper to see how the Green function
changes as dissipation is introduced to the system. The Green
function of ASM is defined as follows [8]: The Green function
G(|i − j |) is the number of topplings occurring in the site j (up
to a normalization factor) if you add a grain of sand to the site
i. It is easy to show that the Green function is just the inverse
of the matrix �; therefore in two dimensions, asymptotically
it behaves as a logarithmic function. The same matrix �

appears in the action of the field theory associated with the
model whose continuous limit is the free massless Grassmann
action if there is no dissipation. Now if we add dissipation, the
Grassmann field will become massive [the action in Eq. (1)].

FIG. 1. (Color online) The Green function obtained from simu-
lation and the analytic solution. Inner graph shows the asymptotic
behavior of the simulated and analytic Green functions versus large
distances for m2 = 1/10000.
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(a) (b)

FIG. 2. (Color online) (a) The behavior of log(N (r)) versus gyration radius log(r), for various dissipation rates for waves. The inner graph
shows scaling of their slopes in terms of mass. (b) The log-log plot of N (r) versus rescaled distance r/r

(m)
0 (all logarithms are in base 10).

Therefore in this context the new Green function is the solution
of the equation ( 1

r
∂r [r∂r ] − m2)G(r,r ′) = δ(r − r ′) which is

the modified Bessel function of second kind. The asymptotic
behavior of the modified Bessel function is exp(−mr)/

√
r

which means that a correlation length ζ ∼ 1/m is introduced
to the system. At scales much less than the correlation length,
the Green function revives its critical logarithmic behavior.

On the other hand one can find the Green function
numerically from its definition stated above. In Fig. 1 the
modified Bessel function and the simulated result are sketched
in a single plot. In the limit where the distance is much larger
than the lattice spacing, the two curves coincide. The inset
graph shows this property. For small values of r , yet much
larger than the lattice spacing, the simulated Green function
shows a logarithmic behavior as expected.

2. Correlation function

One of the answered questions in ASM is that what is
the probability that two distinct sites with the distance r

from each other have height equal to 1, P (h0 = 1,hr = 1).
The quantity P (h0 = 1,hr = 1) − [P (1)]2 then expresses the
correlation function of height-1 sites [P (1) is the probability
of finding a site with height 1]. There is a straightforward way
to calculate this quantity based on a test called the burning
test [3]. It turns out that in the expression of the correlation
function, the derivatives of Green function appear. This may
also be seen in the field theoretical approach, where it has been
shown that the field associated with height 1 is proportional to
∂̄θ∂θ̄ + ∂θ∂̄θ̄ [5,24]. In the presence of dissipation, the Green
function has an exponential decay, which will be reflected in
the behavior of the correlation function. The off-critical two-,
three-, and four-point functions have been studied in Ref. [5],
and the derivatives of modified Bessel functions are observed
in the results.

3. Statics of waves and avalanches

The waves of ASM, as shown in Ref. [16], are single-fractal
objects, whereas the avalanches are multifractal. Therefore in
this part the underscore is on waves, and alongside, some
results about avalanches will be stated. In simulations, we
have considered small dissipation rates like m2 = 10−3 or

even less. We have considered the triangular lattice which
is more symmetric with respect to the square lattice. Also to
identify domain walls, we have to consider the dual lattice,
in this case honeycomb lattice, which is more appropriate for
studying SLE curves. The measurements are averaged over
105 independent samples on the lattice of size 2048 × 2048.

Figure 2(a) shows the behavior of the probability distribu-
tion of waves, N (r), versus the gyration radius r in a log-log
plot. The simulation is done with various dissipation rates over
a range of about two orders of magnitude. For small radii of
gyration, the log-log plot is linear, that is, N (r) ∼ r−τr with
τr � 1. Increasing the dissipation rate causes the linear part
of the plot to become smaller. In fact for generic m and r we
found the data are fitted with

N (r) = N0r
−τr exp

[ − (
r/r

(m)
0

)a]
, (3)

in which N0 is a normalization factor, τr � 1 is the same
as the critical exponent of N (r), r

(m)
0 is the point where the

FIG. 3. (Color online) The log-log (in base 10) plot of loop length
distributions N (l) versus l of waves. The inner graph shows scaling
of their slope in terms of mass.

051104-4



AVALANCHE FRONTIERS IN THE DISSIPATIVE ABELIAN . . . PHYSICAL REVIEW E 85, 051104 (2012)

TABLE I. The rcut, lcut, the exponents of the distribution of gyration radius N (r) ∼ rτr , the distribution of loop lengths N (l) ∼ lτl , the
distribution of loop areas N (s) ∼ sτs , and the fractal dimension 〈log(l)〉 = Dm

f 〈log(r)〉in terms of dissipation strength for waves (L = 2048).

m2 rcut lcut τr (±0.05) τl(±0.05) τs(±0.05) Dm
f (±0.03)

1
300 80 ± 2 443 ± 25 0.90 1.02 1.00 1.3

1
700 120 ± 4 835 ± 20 0.93 1.03 1.02 1.29

1
3000 230 ± 5 1930 ± 106 0.93 1.01 1.01 1.27

1
10000 510 ± 12 3850 ± 120 0.95 1.01 1.03 1.24

linear behavior completely disappears and the plot rapidly
falls, and a is a parameter to be obtained by fitting data. The
best fitted value of a is 2.8 ± 0.1. r

(m)
0 should be of the order

of the correlation length. To obtain this quantity from Eq. (3),
we have sketched in Fig. 2(b) the log-log plot of probability
distribution N (r) versus rescaled distance, r/r

(m)
0 , in such

a way that the curves corresponding to the various masses
coincide. The obtained quantities have been plotted in the inner
graph of Fig. 2(a). It is explicit in this figure that r

(m)
0 ∼ m2α

where α = 0.52 ± 0.04; in other words we have r
(m)
0 ∼ 1

m

which one expects from the general properties of correlation
length. The simulation of avalanches also show the same result
which confirm this claim. The same behavior is seen for the
probability distribution of the loop lengths of waves, N (l). In
log-log plot of N (l) versus l for each dissipation in Fig. 3
is seen a characteristic loop length l

(m)
0 in which the linear

character of the graph is transformed to a rapidly falling
behavior. To obtain this quantity we do the same procedure
as we did in the case of r

(m)
0 . In the inner graph of this figure,

we have shown the resulting l
(m)
0 versus m2. There is a scaling

argument here; the scaling relation between l
(m)
0 and r

(m)
0 is

l
(m)
0 ∼ (r (m)

0 )Df . If we ignore the change of fractal dimension
due to dissipation and take it equal to 1.25, we have l

(m)
0 ∼

(r (m)
0 )Df = (m−2α)Df = m−2β → β = αDf � 0.65. From the

figure we see that β = 0.59 ± 0.04. The difference is due
to the change of fractal dimension for various dissipation
rates. In fact we have δβ = Df δα + αδDf ; setting δα = 0.04
and δDf = 0.05 (corresponding to its maximum change for
various masses), we obtain δβ � 0.08 which explains the
difference. We would like to emphasize that the finite size
scaling effects are not seen as we have considered a relatively
large system size (2048 × 2048) and the dissipation is not that
small (rm

0 � 2048 for all masses).
Now we focus on a more geometric property, the fractal

dimension of the wave frontiers. For the scales much smaller

than the correlation length, one expects that the system have a
well defined fractal dimension. We have computed the fractal
dimension of waves defined as l ∼ rDf and found that for
finite masses, there is a slight deviation from the critical
fractal dimension.2 The interesting feature is that this quantity
does scale with the dissipation with Dm

f − D0
f ∼ m2γd with

γd = 0.25 ± 0.02. Tables I and II show the full information
of various exponents of the waves and avalanches. Note that
the exponents τr = 0.95 ∓ 0.05, τl = 1.02 ∓ 0.05 [N (l) ∼
l−τl ], and τs = 1.00 ∓ 0.05 [N (s) ∼ s−τs ] do not change with
mass for waves, but their change is relevant for avalanches.
More precisely, the probability distribution NAV (r) or the
avalanche gyration radius r shows the same dependence as
the Eq. (3) but with dissipation dependent exponent τAv,m

r

with the scaling relation (τAV,0
r − τAV,m

r ) ∼ (m2)γr with γr =
0.50 ± 0.05. The parameter a is the same as the value for
waves, i.e., a = 2.8 ± 0.1.

B. Off-critical ASM and relation with SLE

In this subsection we present some numerical results
obtained by applying SLE to the critical and off-critical
Abelian sandpile model. The frontiers of waves form the set
of loops with discrete points. We have used the algorithm
introduced in Ref. [25] to obtain the statistics of driving
function ξt . Figure 4 contains the graph 〈ξ 2

t 〉 − 〈ξt 〉2 versus t

for the critical case. It is observed that 〈ξt 〉 � 0 and as it is clear
in the graph ξt has the expected variance (〈ξ 2

t 〉 − 〈ξt 〉2) = κt

with κ = 2.0 ± 0.1. In the interval 0 < t < 1000 the behavior
of the graph is a little different due to the finite size of the lattice
spacing; therefore this part of the graph has been ignored. The
same effect is observed in the off-critical case; therefore we

2Note that surely for the lengths comparable with or larger than the
correlation length, the fractal dimension does not make sense.

TABLE II. The rcut, lcut, the exponents of the distribution of gyration radius N (r) ∼ rτr , the distribution of loop lengths N (l) ∼ lτl ,
the distribution of loop areas N (s) ∼ sτs , and the fractal dimension 〈log(l)〉 = Dm

f 〈log(r)〉 in terms of dissipation strength for avalanches
(L = 2048).

m2 rcut lcut τr (±0.02) τl(±0.04) τs(±0.02) Dm
f

1
300 90 ± 2 970 ± 24 1.002 1.035 1.01 1.28 ± 0.01

1
700 140 ± 6 1492 ± 32 1.095 1.084 1.07 1.27 ± 0.01

1
3000 300 ± 12 3971 ± 150 1.225 1.162 1.11 1.26 ± 0.01

1
10000 540 ± 15 1.29 1.25 1.14 1.25 ± 0.01
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FIG. 4. (Color online) The averaged squared ξt versus t shows
the diffusivity κ = 2.0 ± 0.1.

have neglected this part in all of the following similar graphs.
It is worth adding that we do not see the effect of the system
size, as we have not reached the “time” scales in which the
typical size of the SLE curves becomes comparable with the
system size.

Now we add dissipation to the model. As stated in the
Introduction, at scales much smaller than the correlation
length, the deviation from criticality should be small, i.e.,
the interface should look locally like the critical interface.
At large scales, i.e., much larger than the correlation length,
the interface may look like another SLE with the different κ .
The typical form of the driving function for massive SLE is
shown in Fig. 5(a). The graph shows 〈ξ 2

t 〉 − 〈ξt 〉2 versus t for
m2 = 1

3000 . It has two linear regimes and there is a crossover
region in between. In the first linear regime (called the UV
regime), the length scale of the growing interface is much
smaller than the correlation length of the model. The obtained
driving function in this region is not much different from the
critical one, as expected (in this graph, κUV = 2.0 ± 0.07).
In the second linear regime (called the IR regime), the graph

TABLE III. The explicit values of t
(1)
tr and t

(2)
tr for various rates of

dissipation.

m2 t
(1)
tr t

(2)
tr

1/1000 0.062 ± 0.006 0.415 ± 0.035
1/2000 0.112 ± 0.004 0.502 ± 0.02
1/3000 0.165 ± 0.015 0.55 ± 0.02
1/10000 0.21 ± 0.01

becomes linear once again with a different slope κIR (here
κIR = 2.7 ± 0.03). In Fig. 5(b) we have sketched 〈ξ 2

t 〉 − 〈ξt 〉2

versus t for various dissipation rates. There are two transition
points: (1) The transition from the UV regime to the “cross over
region” taking place at t

(1)
tr and (2) the transition from the cross

over region to the IR regime taking place at t
(2)
tr . If the above

explanation is true, one expects that decreasing the dissipation
rate, t

(1)
tr and t

(2)
tr should increase. Table III shows the value of

these transition times for a few different dissipation rates in
which the effect stated above is clearly seen.

We investigated the behavior of the UV and IR parts of
the graphs away from the crossover region more carefully.
The curves have a linear behavior with good accuracy in each
region, and the slopes in IR and UV parts of the graphs have
little dependence on the mass parameter. In Figs. 6(a) and
6(b), UV and IR regions are sketched separately for various
dissipation parameters. In the UV linear regime, all the curves
coincide and have the same slope κUV � 2.0 within the error
bars we have. In the IR part however, the curves are separated
(which is due to the fact that the crossover-region time interval
is different for different dissipation rates) but have the same
slope. Within the error bars we have, all the curves could
be fitted to a slope equal to κIR � 2.7. This diffusivity does
actually coincide with the diffusivity of the SAW which is
κ = 8/3 � 2.67.

The interesting consequence of this argument is that in
the IR limit of massive ASM, one observes the effects of
a new fixed point corresponding with the universality class
of self-avoiding walk whose continuum limit is the c = 0
conformal field theory. Therefore one concludes that under
a renormalization group, the massive ASM will either flow

(a) (b)

FIG. 5. (Color online) (a) The typical behavior of var[ξt ] versus t . (b) var[ξt ] versus t for various rates of dissipation.
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(a) (b)

FIG. 6. (Color online) (a) κUV for various dissipation rates in the UV regime. (b) κIR for various dissipation rates in the IR regime.

toward the fixed point of SAW, or at least it passes from the
vicinity of that fixed point. In the former case, the IR limit of
ASM is the new critical point of SAW, and in the latter case
one observes only a crossover from ASM to SAW.

Observing just a slope is not enough for such a claim.
However, we have some other supports. Rajabpur and Rouhani
have studied off-critical LCFTs in Ref. [23] and have consid-
ered the effect of adding relevant operators to a LCFT. Using
Zamolodchikov’s c theorem they have derived the central
charge of the IR limit of such theories. They have considered
the special case of c = −2 LCFT, the most studied LCFT, and
have added the mass term as a relevant operator to the action.
They have derived that the IR limit of such a theory has the
central charge c = 0. This c = 0 theory may coincide with the
theory explaining SAW. This gives an analytical support for
the former case of the above claim. However there are other
c = 0 theories, that the system may arrive at eventually, and
the latter case is also possible.

The other point to be clarified is that one may argue that
there exists a length scale in the model, as stated in the previous
subsection. Then how it is possible to have a critical behavior
in such a system. If it is only a crossover, then there is no need
to have an infinite correlation length. On the other hand if we
claim the system actually goes to a new critical point, we need

an infinite correlation length. In this case we can argue that
the length scales corresponding to the second region are much
larger than the length scale of the theory. As an example in
the case of m2 = 1/1000, the correlation length is about 100,
while the length scale corresponding to t > t

(2)
tr is about an

order of magnitude larger than that. Therefore the correlation
length may be claimed to be the smallest scale of the IR theory.

V. CONCLUSION

In this paper, we analyzed the statistics of wave and
avalanche frontiers of dissipative ASM, arguing that this must
correspond to off-critical SLE. We observed that there is
a scale above which the purely power law behavior of the
distribution function of the gyration radius disappears (r (m)

0 ).
This quantity has the same scaling behavior versus dissipation
as the expected behavior of the correlation length. Using the
SLE technique, we found numerically that for the scales much
smaller than the correlation length, the curves are conformally
invariant with the same properties as the critical ASM with
nearly the same diffusivity (κ = 2.0 ± 0.1). For larger scales,
the curves acquire the new diffusivity constant κIR � 8/3,
and thus the massive ASM shows the critical properties of
SAW.
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