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Water film motor driven by alternating electric fields: Its dynamical characteristics
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The “liquid film motor,” a novel device with important implications for basic research and technology, is
analyzed. It works perfectly with both direct current (dc) and alternating current (ac) fields. We develop a
mathematical model describing electrohydrodynamical (EHD) motions induced by ac fields, which are more
complex and have wider technological applications than those produced by dc fields. The main characteristics of
these motions, derived in our paper and in full agreement with the experimental ones, are as follows: (i) Rotation
of the film requires that the frequencies of the ac fields are exactly the same and their magnitudes surpass
a threshold, which depends on their phase difference. (ii) Vibrations may be induced by fields with different
frequencies. (iii) The EHD motions strongly depend on the polarization induced by the external electric field.
However, these motions are little affected by the liquid’s electrical conductivity, viscosity, dielectric constant,
and density. Our model also predicts several features, which have yet to be experimentally verified.
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I. INTRODUCTION

Currently, the study of the impact of electric fields on
liquid films is an endeavor of major theoretical and techno-
logical importance for advancements in physics, biophysics,
and engineering [1,2]. During the last decades, numerous
phenomena, with major potential applications in industry, have
been observed when fields are applied to liquid films. For
example, electrically driven motions are used in microfluidic
systems to mix or phase separate liquids or particles [3,4].
In this context, the electrohydrodynamical (EHD) motions of
suspended liquid films have attracted considerable attention.
These motions were observed in freely suspended liquid
crystal films [5–8] and in suspended polar liquid films, e.g.,
films of water or its solutions [9–12].

Very recently, these motions have been harnessed to
produce the “liquid film motor” [10–12]. This motor consists
of a quasi-two-dimensional electrolysis cell in an external
in-plane electric field, Eext. An electrolysis current Jel = γ Eel

(γ is electric conductivity and Eel is the electrolysis electric
field) crosses Eext. By setting the right conditions, the film
will rotate. The onset of rotation depends on the polarity
of the liquid’s molecules, the thickness of the film, and
the magnitudes, directions, and frequencies of the fields.
Rotation was observed only for polar liquids such as water, its
solutions, aniline, anisole, chlorobenzene, and diethyl oxalate.
The direction and speed of the rotation are controlled by
manipulating the direction and strength of the applied electric
fields. These qualities led to the device’s name, “liquid film
motor.” Alternating current (ac) as well as direct current (dc)
fields can induce rotation of the film. Experiments have shown
that the dynamics induced by ac fields is more complex than
that induced by dc fields. (In the rest of this paper, we will refer
to a rotating liquid film driven by dc or ac fields, respectively,
as dc motor and ac motor.) The main experimentally observed
characteristics of these motors are [10–12] as follows.
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dc motor:
(a) For nonvanishing Eext and Jel, whenever Eext or the

electrolysis voltage Uel exceeds a threshold, the film rotates.
The threshold fields obey a simple scaling relation.

(b) The direction of rotation within the EHD-induced
vortices obeys a simple right-hand rule, Eext × Jel.

(c) Angular velocity measurements show that points closer
to the center of the vortices rotate faster than those farther
away, i.e., the angular velocity is a decreasing function of the
points’ distance from the center of the vortices.

ac motor:
The fields’ frequencies, magnitudes, and the difference in

their phases strongly influence the dynamics of the liquid film
in the following ways.

(a) Whenever the frequencies of Eext and Uel are exactly
the same, the film may rotate. The phase difference of the
fields and their magnitudes affect the threshold for rotation
and the angular velocities. The dynamical characteristics of
the rotation, measured for frequencies in the range of 50 Hz
up to 40 kHz, are the same as those of the dc case.

(b) Fields with different frequencies induce vibrations
with beating frequencies. Such fields do not lead to any
rotation.

The inventors of the water film motor presented several
arguments against the possibility of generation of the observed
EHD flows by the edge effects [11]. These arguments were
based on a series of experimental findings. Instead of the edge
effects, the experimentalists attributed the specific character-
istics of the observed flows to the intrinsic polarity of the
water molecules [11,12]. Indeed, they did observe that Eext

and Jel induce very similar flows in other polar liquids, e.g.,
aniline, anisole, chlorobenzene, and diethyleoxelate. In films
of weakly polar or nonpolar liquids, no clearly distinguishable
rotational movement was observed. For example, in the stable
1-dodecene liquid films, experimentalists did not succeed in
inducing any rotation.

Notwithstanding the experimentally deduced insights, the-
oreticians did attempt to derive a rotational flow in a film
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generated by the edge effects [13]. They proposed a model
which provides a possible explanation for the rotation of the dc
motor. However, in contradiction to experimentally observed
characteristic (c), according to the model, the rotation starts
at the edges. They did not model the ac motor. In another
attempt to explain the phenomena of the liquid film motor,
theoreticians focused on the action of the mechanical moments
on the liquid [14]. This enabled them to study the stationary
rotation characteristics of the dc motor and to explain its
characteristics (b) and (c). However, its characteristic (a)
remained unexplained, as did the phenomena pertaining to
the ac motor.

Challenged to develop a model capable of accounting for all
of the observed phenomena, in a previous study, we presented
a model in which the electric dipole moments of the liquid
molecules play a significant role in the generation of the
rotational flows [15]. Our model successfully explained the
observed characteristics (a)–(c) of the dc motor. To the best of
our knowledge, no explanation currently exists for the more
complex dynamical processes in the ac motor. A thorough
understanding of these processes is important. The potential
technological applications of the ac motor are wider than those
of the dc motor.

The goal of our paper is to present a model for the ac motor.
In particular, we aim at the following: (a) derivation of the
dynamical equations describing the motions in the motor’s
film, (b) derivation of the equations for the threshold values of
the Eext and Eel fields required for starting the film’s vibrations
and rotations, (c) analysis of the effects of the frequencies and
phases of the applied Eext and Eel fields on the dynamics of the
film, and (d) predicting yet unreported characteristics of the
motor, which might prove to be technologically advantageous.

The outline of this paper is as follows: In Sec. II, we
present a model for the ac motor and derive the general
equations describing its EHD motions. We will focus on
motors composed of water films. Currently, the available
experimental data mainly pertain to such films. We will show
that our model also applies to other polar liquids. In Sec. III,
we derive a series of specific characteristics of this motor, e.g.,
the threshold conditions for the onset of vibration and rotation
of the film, the influence of the frequencies of the ac fields,
and their phase differences on EHD motions. We compare
these characteristics with the experimental ones reported in
the literature. The comparison enables evaluation of our model
and provides an explanation for the experimentally observed
characteristics of the ac motor. In Sec. IV, we present a concise
summary of our numerous results. Our conclusions we present
in Sec. V. We stress that in this paper we only theoretically
derive characteristics of the ac motor. We do not report any
new experimental data. All of the experimental results cited
in our paper were obtained by different research groups and
reported in the literature.

II. MODEL OF WATER FILMS AND THEIR DYNAMICS

A. The suspended water film

We assume that the very thin films wherein the experi-
mentalists succeeded to induce rotational flows, i.e., water or
other polar liquid films placed in sufficiently strong Eext, can

be adequately represented by a Bingham plastic fluid. For the
dc motor, this assumption indeed enabled us to successfully
explain the observed phenomena [15]. In our previous paper,
we detailed the model and presented the experimental and
theoretical evidence corroborating it [15]. Since the model is
rather innovative and lately additional supporting experimental
evidence has accumulated, we concisely summarize these.

The plasticity of the film results from long-ordered chains
composed of coherent domains with an electric dipole moment
[15–17]. These chains are analogous to the particle chains
responsible for the plastic behavior of electrorheological
fluids [18]. The coherent domains’ diameter typically reaches
hundreds of micrometers (μm) [16,17,19,20]. Their dipole
moments result from the alignment of the electric dipole mo-
ments of their coherently oscillating molecules [16,17,19,20].

The formation of coherence domains (CDs) in water
at room temperatures and pressures, as well as in other
liquids composed of polar molecules with a sufficiently large
electric dipole moment, was recognized in 1988 [19]. Within
the context of quantum field theory (QFT), it was shown
that long-range interactions (μm range interactions mediated
through the electromagnetic field) cause some types of polar
liquid molecules, in particular, water (H2O) molecules, to
distribute over two phases: (1) a low-density coherent phase,
composed of domains wherein the molecules coherently
oscillate, resonating in-phase with a coherently condensed
electromagnetic field; and (2) a high-density noncoherent
phase, composed of randomly moving molecules which are
trapped in the interstices among the CDs. During the last
two decades, a series of theoretical and experimental studies,
undertaken by several independent research groups, have
investigated the properties of the two phases and identified
their role in various phenomena [19–23]. Within this context,
we particularly emphasize (i) the recent extensive small-
angle x-ray scattering experiments providing evidence for two
phases of water having different densities and orderings [24],
and (ii) the identified correspondence between the domain
characteristics as predicted by QFT and the experimentally
observed ones [23].

Various CD types have been identified. Concerning the
above-mentioned CD type with an electric dipole moment,
QFT indicates that in bulk liquid these domains are oriented
randomly [19,20]. At interfaces, however, these domains are
stabilized by the boundaries [16,17,19,20]. Consequently,
in the presence of substrates or few solute particles, a net
polarization exists [25].

Very recent findings conform to the QFT results: (i)
Long-distance correlation in the longitudinal part of dipole-
dipole correlations was identified in liquid water [26]. (ii) An
anomalously slow relaxation process, attributed to long-range
interactions, has been observed in water. The process is about
four orders of magnitude slower than the viscosity-related
structural main relaxation. The process has also been observed
in alcohols [27]. A similar relaxation process was measured
in polymers and glass-forming liquids [28]. Just as for
the polymers and glass-forming liquids, the observed solid
behavior of submillimeter-sized samples in water and alcohol
has also been ascribed to this relaxation process. (iii) Measured
orientation relaxation times for interfacial water molecules at
neutral and ionic interfaces are significantly slower than that
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of bulk water [29]. (iv) NMR spectroscopy showed that for
water adjacent to hydrophilic surfaces, spin-lattice relaxation
times and self-diffusion coefficients are smaller, i.e., dynamics
is slower, than for bulk water [30].

External electric fields induce the CDs with their electric
dipole moment to organize in superdomains [16,19,21,31].
According to QFT, for polar liquids, the application of an
electric field causes the formation of long-ordered chains of
low-entropy aligned coherent dipolar domains [16,31]. The
electric-field-induced chain formation of dipolar spheres has
also been identified by other approaches, e.g., integral equation
theory in the reference hypernetted chain approximation,
Monte Carlo simulations, and molecular dynamics simulations
[32]. Two-dimensional (2D) neutron scattering has evidenced
formation of such chainlike long-range molecular ordering
within a D2O bridge [33].

On locating a film composed of water or another polar liquid
(containing CDs with an electric dipole moment) in an Eext of
a parallel-plate capacitor, it will reach polarization equilibrium
[15,32]. In very thin films, e.g., hundreds of nanometers
or less, the equivalent dipole moment per unit volume is
considerably larger. The dipole moment of each domain is
almost completely parallel to Eext. The disruptive role of
thermal collisions gets neutralized by Eext and the surface
tension. Moreover, the restricted motion of the superdomains
in the quasi-two-dimensional space is also advantageous for
the alignment of the dipoles. However, for relatively thick
films (or bulk liquid), the motions of the superdomains are
less restricted and, in the absence of surface tension, thermal
aggression hinders the alignment of all dipole moments
with Eext. One can imagine that the directions of all dipole
moments of CDs are relatively random in a space within a
conical surface, whose axis is a straight line parallel to Eext.
Consequently, the equivalent dipole moment per unit volume
is a decreasing function of the thickness of the film.

For a polar liquid film located in an Eext, the application
of an electrolysis electric field Eel causing an electric current
induces a torque [15]. A sufficiently large Eel, crossing Eext,
will impede on the polarization equilibrium. However, Eel only
exists within the liquid film. In contrast, Eext, which plays
a dominant role in the polarization, spans the whole space
between two plates of a large parallel-plate capacitor. The
strongly correlated motions of the CDs’ coherently oscillating
molecules imply that it is impossible to touch one molecule
without affecting all of the others [17,21]. Therefore, Eext will
rapidly reestablish the polarization equilibrium. The continu-
ous destructive effect of Eel on the polarization equilibrium
maintained by Eext creates a torque perpendicular to the
liquid thin film. In other words, the continuous competition
between the destruction and the reestablishment of the polar-
ization equilibrium may induce EHD motions in the liquid
film.

The onset of rotation requires that the torque exerted on
superdomains and their CDs is larger than the maximum
static resistance torque arising from the yield stress. With
the magnitude of the torque depending on the dipole-moment
directions of their CDs as well as the equivalent dipole moment
per unit volume, which as noted above is a decreasing function
of the thickness of the film, the onset of rotational motion
depends on the thickness of the film. Indeed, experiments have

shown that production of both dc and ac water motors requires
films with a thickness of less than 1 μm [11].

In regard to the above, from the macroscopic viewpoint,
a compartment of a very thin polar liquid film located in an
Eext may be modeled as an equivalent electric dipole. The
application of an Eel to such a film may cause shearing flows.
Accordingly, such a liquid film corresponds to a Bingham
plastic fluid with an equivalent electric dipole moment.

For a Bingham plastic fluid, for a simple shearing flow
u = u(y), the constitutive relation is [34]

∂u

∂y
=

{
0 (τ < τ0)

(τ − τ0) /μ (τ � τ0) ,
(1)

where τ denotes the shear stress, τ0 is the so-called yield
stress, μ represents the plastic viscosity, and y is the direction
perpendicular to the flow velocity. Equation (1) indicates that
flows occur in the liquid film, i.e., the film behaves like a fluid,
when the shear stress is larger than the yield stress τ0.

We model the water film as a flat (two-dimensional)
liquid, i.e., we assume its height h equals 0. This assumption
corresponds with the above-mentioned findings that only very
thin films can conspicuously rotate in the presence of Eext and
Eel [11].

Inspired by the experimentally observed stable disklike ring
structure of the rotating liquid films, i.e., two-dimensional
disks with radius r and width dr , we model the film as a series
of concentric circular disks in a polar coordinate system (r,θ ).
Movies of the experimentally observed EHD motions show
that in circle-shaped liquid films, Eext and Eel fields induce
concentric circular flows [35]. In rectangular films with an
aspect ratio close to 1, concentric circular flows cover most of
the liquid. However, close to the edges, rectangular-shaped
streams with smoothed smeared-out corners appear. These
streams hint that near the edges, in particular near the corners,
stabilization of the electric dipoles of the CD and the resulting
viscosity of the liquid is larger than in the remainder of the film.
Such boundary effects are indeed predicted by QFT [17]. An
in-depth study of the perturbation of the circular flows by edges
and the resulting zonal structures is important for extracting
valuable information on the film’s molecular organization
and intermolecular interactions. Such a study will enable the
refinement of the concentric circular disk model. However, the
required analysis is beyond the scope of this paper’s attempt to
model the ac motor. Accordingly, we neglect the edge-induced
small perturbations of the flows in this model, i.e., we assume
μ is a constant.

As to other potential refinements of our liquid film model,
we note that the inclusion of mass transfer between the circular
disks may be desirable. A future study, examining such mass
transfer, could illuminate the fluid nature of the film. As to
gravitational effects, we assume that these are much smaller
than the surface forces of the film and accordingly can be
ignored.

B. Dynamics of the water film

The torque was derived in our previous paper [15]. There
the torque exerted on a disk with radius r and width dr was
deduced from the partial derivative of Mrd with respect to
r . For Mrd holds Mrd = Mcurd + MBd, where Mrd, Mcurd, and
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MBd, respectively, denote the resultant torque, the accelerating
torque, and the drag torque exerted on a disk with radius
r . The term Mcurd results from the interaction between the
equivalent dipole moment P and the electrolysis electric field
Eel. MBd derives from the yield stress and the viscous force
in a Bingham plastic fluid. The direction of the accelerating
torque, in correspondence with the vortices observed in the
laboratory, obeys a right-hand rule, P × Eel (or Eext × Eel).
The contribution of the hydrodynamics pressure p to the
resultant torque vanishes because p is a periodic function of
the angle θ , i.e., p(θ ) = p(θ + 2π ).

By applying the rotational form of Newton’s second law to
the single disks of the water film, in Ref. [15], we derived their
dynamical equation in crossed Eext and Eel, i.e.,

ut = μ

ρr2
(r2urr + rur − u) + �(t)

ρr
(0 � r � R,t > 0).

(2)

Here, ut denotes the first partial derivative of the linear velocity
u(r,t) of the disk’s rotation with respect to time t ; ur and urr ,
respectively, represent the first and the second partial derivative
of u(r,t) with respect to radius r; μ and ρ, respectively, are
the plastic viscosity and the density of the fluid; �(t) is the
driving source of the motions of the liquid film at time t , i.e.,
it represents the resultant moment exerted on the liquid film;
R = l/2 is half of the side-length l of the square film (or the
radius of the circle-shaped film).

To expound the functional form of �(t), derived in
Ref. [15], we let Mam and Mf , respectively, symbolize the
maximum of the accelerating torque and the maximum static
drag torque exerted on a superdomain CD chain in the film.
When Mam < Mf , i.e., �(t) ≡ 0, the film remains static.
When Mam > Mf , �(t) �= 0 and EHD motions appear in
the film. The instantaneous value of �(t) is |B(t)| − 2τ0.
Here, |B(t)| denotes the absolute value of B(t). As can
be learned from Sec. IV in Ref. [15], B(t) was derived
from Mcurd and −2τ0 was derived from MBd, that is, B(t)
and −2τ0, respectively, represent the accelerating torque and
the drag torque exerted on the liquid film. For B(t) holds
B(t) = ε0(1 − 1/εr )Eext(t)Eel(t) sin θEJ [15], where ε0 and εr ,
respectively, are the dielectric constant of the vacuum and the
relative dielectric constant of the liquid; Eext(t) and Eel(t),
respectively, denote the magnitudes of the external electric
field Eext and of the electrolysis electric field Eel at time
t . θEJ is the angle between Eext and Eel (or Jel). Since the
resultant torque is perpendicular to the liquid film, pointing
“up” or “down,” �(t) may be described by (|B(t)| − 2τ0) or
−(|B(t)| − 2τ0). Thus, �(t) reads

�(t) =

⎧⎪⎨
⎪⎩

0 (|B(t)| < 2τ0)

B(t) − 2τ0 (B(t) � 2τ0)

B(t) + 2τ0 (B(t) � 2τ0) .

(3)

There are two boundary conditions and an initial condition
for Eq. (2): the disappearance of the linear velocity at r = 0
and r = R, and the liquid film is static at t = 0, i.e.,

u(r,t)|r=0 = 0, u(r,t)|r=R = 0, (4)

and

u(r,t)|t=0 = 0. (5)

Equation (2) is a typical diffusion equation with source. The
general solution to it can be deduced by the Green function
technique [36]. It reads

u(r,t) =
∫ t

0
dς

∫ R

0
G(r,t ; ξ,ς )f (ξ,ς )dξ, (6)

where

G(r,t ; ξ,ς ) =
∞∑

n=1

2ξ

R2J 2
0 (κn)

J1

(
κnr

R

)
J1

(
κnξ

R

)
e
− μ

ρ

κ2
n

R2 (t−ς)
,

(7)

f (ξ,ς ) = �(ς )

ρξ
. (8)

Here, κn denotes the nth zero point of the J1(Z) ordinary
Bessel function of order one, and J0(Z) is the ordinary Bessel
function of order zero. Equation (7) indicates that motions of
the liquid film consist of many spatial modes expressed by the
Bessel functions of order one, J1(κnr/R). Equation (8) shows
that �(t) determines the dynamics of the liquid film in the
crossed electric fields.

The functional form of �(t) differs for ac and dc applied
fields. In Ref. [15], we theoretically derived the functional
form of �(t) for dc applied fields. To elucidate the difference
between the dynamics of the ac and dc motor, in Sec. II B1, we
first concisely summarize the characteristics of the dc motor.
In Sec. II B2, we will derive the functional form of �(t) for ac
applied fields.

1. Dynamics induced by applied dc fields

In the dc case, �(t) as given by Eq. (3) is independent of
time t , enabling one to obtain the linear velocity of the rotation
of the liquid film from Eqs. (6)–(8) [15]:

uDC(r,t) = �(t)
∞∑

n=1

CnJ1

(
κnr

R

)
(1 − e−ant ), (9)

where

Cn = 2R

μ

1 − J0(κn)

κ3
nJ 2

0 (κn)
, an = μ

ρ

κ2
n

R2
. (10)

Equations (3) and (9) elucidate the EHD motions of the liquid
film motor induced by the torques exerted on it, i.e., state of
rest, and anticlockwise and clockwise rotation. Whenever the
driving torque can continuously break the plastic structure of
the liquid film, the film rotates. Otherwise, it remains static.
Thus by equalizing the second or third line in Eq. (3) to zero, we
directly obtain the scaling relation of the threshold fields [15],
i.e.,

EextUel sin θEJ = ± 2τ0l

ε0(1 − 1/εr )
. (11)

Here, Uel = Eell is used, where Uel and l, respectively, denote
the electrolysis voltage and the side-length of the electrolysis
cell. In our previous paper, we showed that Eq. (11) is in good
agreement with the experimental data [15].
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2. Dynamics induced by applied ac fields

The experimentally observed dynamics induced by ac fields
is more complex than that generated by dc fields. In addition
to the state of rest or rotational motion, ac fields can cause the
film to vibrate [11]. From a theoretical viewpoint, the state of
rest implies u(r,t) ≡ 0, the vibration implies u(r,t) �= 0 and
u(r,t) = 0, and the rotation implies u(r,t) �= 0, where u(r,t) is
the time average of the linear velocity, i.e.,

u(r,t) = 1

T

∫ T

0
u(r,t)dt, (12)

wherein the overbar represents the time average over one
period T of the driving source. The foregoing together with
Eqs. (12), (6), and (8) indicate that to derive the conditions for
rotation versus vibration of the liquid film, we have to derive
the functional form of the dependence of u(r,t) on �(t). Since
�(t) is a periodic function, on defining its period as T = 2π/ω,
its Fourier series expansion is

�(t) =
∞∑

m=0

(Dm cos ωmt + Hm sin ωmt), (13)

where ωm = mω,m = 0,1,2, . . . , and coefficients Dm and Hm

are determined by

D0 = 1

T

∫ T

0
�(t)dt = �, Dm = 2

T

∫ T

0
�(t) cos ωmtdt,

Hm = 2

T

∫ T

0
�(t) sin ωmtdt (T = 2π/ω, m = 1,2, . . .).

(14)

Using Eqs. (6)–(8), (13), and (14), we have

u(r,t) =
∞∑

m=0

∞∑
n=1

CnDmJ1

(
κnr

R

)
cos γm,n

cos ϕm

× [cos(ωmt − γm,n − ϕm) − e−ant cos(γm,n + ϕm)],

(15)

where

γm,n = arctan(ωm/an), ϕm = arctan(Hm/Dm), (16)

and Cn and an are determined by Eq. (10). Since the transient-
state process vanishes when time is long enough, we only
consider u(r,t) without the transient-state terms, i.e., Eq. (15)
becomes

u(r,t) = �

2μ
r ln

R

r
+

∞∑
m=1

∞∑
n=1

CnDmJ1

(
κnr

R

)

× cos γm,n

cos ϕm

cos(ωmt − γm,n − ϕm), (17)

wherein Eq. (14) has been invoked. From Eq. (17), we obtain
the average linear velocity, i.e.,

u(r,t) = �

2μ
r ln

R

r
. (18)

The above analysis shows that the EHD motions of the liquid
film induced by the crossed electric ac fields depend on the
properties of the driving source and that it is feasible to deduce
criteria for the different motion types by analyzing �(t). For

�(t) ≡ 0, the film is in the state of rest. For �(t) �= 0 and
� ≡ 0, the film vibrates. For � �= 0, it rotates. These criteria
enable derivation of the threshold characteristics of Eext and
Eel required for starting the vibration and the rotation of the
liquid film.

To deepen our understanding of the physics underlying
these criteria, we focus on the torques exerted on a disk of the
liquid film. We recall that Mam and Mf , respectively, denote
the maximum of the accelerating torque and the maximum
static drag torque. We employ the symbol Ma for representing
the time-averaged value of accelerating torque. Mam < Mf

implies that the accelerating torque cannot break the plastic
structure of the liquid film, i.e., �(t) ≡ 0, and the film remains
static. For Mam > Mf > Ma , the accelerating torque can
intermittently break the plastic structure of the liquid film,
i.e., �(t) �= 0, � ≡ 0, and the film vibrates. For Ma > Mf ,
the accelerating torque can continuously drive the liquid film
to rotate, i.e., � �= 0, and the film rotates.

It should be pointed out that Eqs. (12)–(18) do not hold for
ac fields with high frequencies. A frequency range exists for
which the transient oscillates rapidly, causing the equivalent
dipole moment per unit volume to depend on the frequency.
This dependency affects �(t). It is therefore feasible that
the ac motor will stop working when the frequency of Eext

is increased beyond some value. This conjecture has still to
be experimentally verified. To estimate the frequency range,
we note that in a static Eext field, the polarization approach
saturation occurs in about a picosecond [37]. For alternating
Eext, with frequencies up to about 1011 rad/s, it indeed was
found that the polarization still periodically reaches the plateau
level of a conventional transient triggered by a static Eext when
that field reverses its direction [38]. Accordingly, we expect
Eqs. (12)–(18) to be valid for Eext with frequencies below the
far infrared microwave region. The experimentalists applied
fields with frequencies up to 104 Hz. In regard to the foregoing,
the equations derived in this section should be applicable for
analyzing the experimentally observed features of the ac motor.

III. RESULTS AND DISCUSSION

In this section, we derive a series of specific characteristics
of the ac motor and compare these to the experimentally
observed phenomena. The experimental data, published in
the literature, mainly specify the thresholds for the onset of
rotation and their dependence on the frequencies and phase
differences of Eext and Eel. Accordingly, in Secs. III A and
III B, respectively, we analyze the effects of these frequencies
and phase differences on the EHD motions in the liquid film.
For the analysis, we define the alternating external electric
field and electrolysis voltage, respectively, as

Eext(t) = E0 sin ω1t (19)

and

Uel(t) = Eel(t)l = U0 sin(ω2t + ϕ), (20)

where E0 and U0, respectively, denote the amplitudes of
the electric field and the voltage, ω1 = 2πf1 and ω2 = 2πf2

represent their angular frequencies, and ϕ is the initial phase
of the electrolysis voltage. A change in the sign of Eext or Uel

corresponds to a reversal of the direction of these fields.
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A. Relation between the characteristics of the EHD
motions and the frequencies of the fields

To analyze the effect of ω1 and ω2 on the EHD motions, we
start with focusing on the functional dependence of the driving
source �(t) on these frequencies. For ω1 �= ω2 and ω1 < ω2,
upon inserting Eqs. (19) and (20) into Eq. (3), we obtain

�(t) =
{

0 (|B(t)| < 2τ0)

[|B(t)| − 2τ0] sign [B(t)] (|B(t)| � 2τ0) ,
(21)

where sign[x] denotes a sign function,

B(t) = 2b sin ω1t sin(ω2t + ϕ), (22)

and

b = ε0(1 − 1/εr )E0U0 sin θEJ

2l
. (23)

Equations (21) and (22) display that both the direction and
the magnitude of the driving source �(t) vary with time.
Moreover, these equations show that for �(t) to be a periodic
function requires that the ratio of ω1 to ω2 be a rational number.

Just as for the dc motor, in correspondence with the exper-
imental conditions, we set ε0 = 8.85 × 10−12 C2 · N−1 · m−2,
εr = 80, E0U0 sin θEJ = 7.2 × 106 V2 · m−1, l = 2R = 3.1 ×
10−2 m, and μ = 10−3 Pa · s [15]. Also, for τ0, we used the
same value as that employed for the dc motor, i.e., τ0 = 6.77 ×
10−5 Pa [15]. It was obtained by fitting the threshold fields of
the dc motor, as expressed in Eq. (11), to the experimental
results [15].

For ϕ = 0, using the parameters from the last paragraph
and Eqs. (21)–(23), we compute and subsequently plot �(t)
versus time t for different frequencies; see Fig. 1. This figure in
combination with Eq. (21) indicate that � ≡ 0. According to
the criteria derived in Sec. II B2, if b > τ0, then � ≡ 0 means
that the film vibrates. On inserting Eq. (23) into the inequality
b > τ0, the foregoing can be summarized as follows: for ω1 �=
ω2, ω1 < ω2, and ϕ = 0, when the applied fields satisfy

E0U0 sin θEJ � 2τ0l

ε0(1 − 1/εr )
, (24)

the liquid film will vibrate. Otherwise, it will be still. Currently,
no experimental information exists on the thresholds for the
onset of vibration. Accordingly, the above-derived expression
for the threshold fields, i.e., Eq. (24), still requires experimental
verification. However, our theoretical result that the film
exhibits vibrations in ac fields with different frequencies is in
full agreement with the experimental data, i.e., experimentally
observed characteristic (b) of the ac motor cited in Sec. I above.

For ϕ �= 0, the threshold field of the film’s vibration depends
on ϕ. So far, we did not succeed in deriving an analytical
expression for this dependence. After experimental verification
of Eq. (24), our above results indicate that future numerical
analysis of the detailed effects of ϕ �= 0 on the ac motor’s
vibration is warranted. It promises to provide important
additional insights into the structure and interactions within
the liquid film.

To analyze the dynamical characteristic of the film’s
vibration and its dependence on ω1 and ω2, we compute
u(r,t) by numerically solving Eqs. (6), (22), and (23). We
focus on the asymptotic case b � τ0, for which 2τ0 is small

(a)

(b)

(c)

(d)

FIG. 1. �(t) vs time t for different values of frequency of the
alternating voltage Uel: (a) f2 = 100 Hz, (b) f2 = 200 Hz, (c) f2 =
400 Hz, and (d) f2 = 800 Hz. The frequency of the alternating
external electric field Eext is f1 = 50 Hz.

enough to be ignored. This approximation enables one to
express the driving source by Eq. (22). By substituting Eq. (21)
together with Eq. (22) in Eq. (8), and using Eq. (6), after some
rearrangements, we arrive at

uV (r,t) = b

∞∑
n=1

CnJ1

(
κnr

R

)
{cos γ+,n[− cos(ω+t +ϕ − γ+,n)

+ e−ant cos(ϕ − γ+,n)] + cos γ−,n[cos(ω−t

+ϕ + γ−,n) − e−ant cos(ϕ − γ−,n)]}, (25)

where ω± = ω2 ± ω1 and γ±,n = arctan(ω±/an).
The vibration of a point mass usually is described as a

displacement. Similarly, the film’s vibration can be expressed
as the time integral of uV (r,t), namely,

lV = b

∞∑
n=1

CnJ1

(
κnr

R

)[
cos γ−,n

ω−
sin(ω−t − γ−,n)

− cos γ+,n

ω+
sin(ω+t − γ+,n)

]
, (26)

where lV presents the torsion displacement of a liquid film
disk with radii r and r + dr as a function of time; ϕ = 0
and the transient-state terms are omitted. By inserting in
Eq. (26) the same parameter values used to produce Fig. 1, we
calculate the torsion displacement as a function of time and
radii. The results are plotted in Fig. 2. By comparing Figs. 1 and
2, we find that the shapes of the film’s vibration and the corre-
sponding driving source are similar, which is characteristic of a
forced vibration. Equation (26) and Fig. 2 show the following:
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FIG. 2. (Color online) Torsion displacement lV as a function of time t and r/R (the radius r in units of R). The parameters employed for
describing the film are the same as those used to produce Fig. 1. The frequencies of the fields for (a)–(d), respectively, correspond with those
of Figs. 1(a)–1(d).

(i) The amplitude of the vibration is maximal near the
center of the film. It is zero at the center, as easily learned by
inserting r = 0 into Eq. (26), resulting in J1(0) = 0 causing
lV = 0.

(ii) The amplitude of the vibration decreases strongly as the
radius increases.

(iii) When f2 approaches f1, the liquid film’s vibration
characteristics start to resemble those of a simple harmonic
motion.

(iv) On increasing f2, the amplitude of the vibration
decreases.

(v) For sufficiently large values of f2, beating occurs. An
example is presented in Fig. 2(d). Its vibration frequency is
twice as much as the value of f1.

Currently, the reported experimental data is insufficient
for verification of our theoretical findings (i)–(iv). As to our
theoretical finding (v), it is in agreement with the experimental
phenomenon of a beat vibration; see characteristic (b) of the
ac motor cited in Sec. I. However, the experimentalists did
not detail the beating characteristics [10–12]. Experimental
verification of findings (i)–(iv) is highly desirable. These
findings contain a wealth of physical information. Though
the computed torsion displacements of the ring liquid films
are very small (∼10−9–10−8 m; see Fig. 2), the future
computation of superpositions of vibration waves spreading
across the film should enable quantitative comparisons with
experiments.

B. Relation between the characteristics of the EHD
motions and the phase differences of the fields

For ω1 = ω2 = ω (f1 = f2 = f ), ϕ represents the phase
difference between the crossed Eel and Eext fields. To analyze
the impact of ϕ on the EHD motions of the liquid film, we
derive the functional dependence of the driving force �(t)
on ϕ. The insertion of Eqs. (19), (20), and (23) into Eq. (3)
shows that �(t) is the sum of the following two terms: Bc =
b cos ϕ − 2τ0 and Bt = −b cos(2ωt + ϕ). Here the subscript
c indicates that Bc is time independent, and the subscript t

indicates that Bt is time dependent. On recalling that �(t) is
a function of the torque, the physical meaning of these terms
becomes apparent:

(i) Bc � 0 (analogous to �(t) � 0, that is, B(t) � 2τ0

for the dc motor) indicates that the accelerating torque
continuously breaks up the field-induced plasticity of the
liquid film, and the expression for the driving source is
�(t) = Bc + Bt . As discussed in Sec. II B2 and the following,
from Eqs. (18) and (29), one finds that the film will rotate
under the circumstances because � = Bc.

(ii) Bc < 0 means that the constant component of the
accelerating torque can only partly destroy the plastic mi-
crostructure of the liquid film. The onset of any motion
in the film requires that the time-dependent component of
the accelerating torque overcomes the resistance from the
apparent yield stress, τa = τ0 − (b cosϕ)/2. Whenever this
time-dependent component cannot overcome the resistance
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arising from τa , �(t) ≡ 0, and the film remains static.
Otherwise, the expression for �(t) is similar to the one detailed
in the second line of Eq. (21). As discussed below, the film
exhibits vibrational movements under the circumstances.

Statements (i) and (ii) can be summarized as follows:

�(t) =

⎧⎪⎨
⎪⎩

0 (Bc < 0 and |Bt | < 2τa)

(|Bt | − 2τa) sign [Bt ] (Bc < 0 and |Bt | � 2τa)

Bc + Bt (Bc � 0) .

(27)

To obtain the threshold fields for starting the vibration and
the rotation of the liquid film motor, recalling the criteria
presented in Sec.II B2, we have calculated the maximum value
and the time-averaged value of �(t), that is,

�max =
{

0 (Bc < −b)

b (1 + cos ϕ) − 2τ0 (Bc � −b) ,
(28)

and

� =
{

0 (Bc < 0)

b cos ϕ − 2τ0 (Bc � 0) .
(29)

On equalizing the second expressions in Eqs. (28) and (29),
respectively, to zero, one obtains, from Eq. (27),

E0U0 sin θEJ = 4τ0l

ε0(1 − 1/εr )(1 + cos ϕ)
, (30)

and

E0U0 sin θEJ = 4τ0l

ε0(1 − 1/εr ) cos ϕ
. (31)

According to the criteria derived in Sec. II B2, Eqs. (30) and
(31), respectively, determine the threshold fields for the onset
of vibration and rotation of the ac motor.

By inserting in Eqs. (30) and (31) the same parameter values
used to produce Figs. 1 and 2, we calculate and subsequently
plot in Fig. 3 the values of the threshold fields as a function
of ϕ. Figure 3 illustrates that the critical lines �max = 0 and
� = 0, respectively, matching Eqs. (30) and (31), divide the
graph into three sections. These sections correspond to three
states of motion of the film: state of rest, vibration, and rotation.
Figure 3 illustrates that on fixing ϕ and increasing E0U0 sin θEJ

from zero, the film sequentially passes from a state of rest
[�(t) ≡ 0] to vibration (�max > 0 and � = 0), and then to
rotation (� �= 0). On fixing E0U0 sin θEJ and increasing ϕ,
only one crossover appears and the film either changes from
rotation to vibration, or from vibration to a state of rest.

Figure 3 shows that � = 0, i.e., our computed black solid
line, is in excellent agreement with the experimental data. As
such, it shows that our model explains also the experimental
observed characteristic (a) of the ac motor cited in Sec. I. In
an attempt to explain these data, the experimentalists assumed
that at the threshold points for the onset of rotation, the time
average of EextUel, i.e., EextUel, should be constant [11]. Our
theoretical analysis of the EHD motions presented above, in
particular Eq. (31), provides the theoretical foundation for this
assumption. As to our predicted �max = 0 (red dashed line),
it has yet to be experimentally verified.

FIG. 3. (Color online) Values of the threshold fields as a function
of ϕ. The dashed and solid lines, respectively, represent the computed
�max = 0 and � = 0. Circles and triangles represent experimental
data extracted from Fig. 4 of Ref. [11]. The circles were obtained for
E0 = 50 kV/m and the triangles for E0 = 100 kV/m.

Figure 3 indicates that the larger the phase difference,
the larger are the threshold amplitudes of the electric fields
required for the onset of vibration or rotation of the film.
The underlying physical reason is easily understood on
recalling that B(t) = b cosϕ − b cos(2ωt + ϕ) represents the
accelerating torque exerted on the liquid film. An increase in
the phase difference will weaken the ability of the accelerating
torque to destroy the plastic structure of the liquid film because
the maximal and the time average of the accelerating torque
decreases as ϕ increases.

On comparing the order of magnitudes of the threshold
fields of the ac and dc motors, i.e., on equating Eqs. (31) and
(11) and inserting the same parameters used to produce Fig. 1,
one obtains

(E0U0 sin θEJ cos ϕ)AC = 2(EextUcur sin θEJ)DC ∼ 106 V2/m.

(32)

Here subscripts AC and DC, respectively, denote the physical
quantities of ac fields and dc fields. This result fully agrees
with the experimental data; see Figs. 2 and 4 in Ref. [11].
The agreement accentuates the self-consistency of our model.
The consistency mainly stems from the central role played by
the Bingham plastic fluid’s yield stress. It emphasizes that the
polar superdomain CD chains are the main players determining
the interactions, structure, and dynamics of the polar liquid
film. This role indeed is corroborated by the experimental
data [11,12] and our theoretical findings presented in our
previous paper [15], which revealed that the magnitudes of
the threshold fields are of the same order for liquids with
different electrical conductivity, viscosity, dielectric constant,
and density [11,12,15]. This conclusion indeed also is backed
up by very recent experiments employing very different
measuring techniques, which revealed that dissimilar polar
liquids (e.g., water, methanol, ethanol, iso-propanol, and
acetic acid), polarized by their substrate, have very similar
near-surface-zones structures [39].
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FIG. 4. (Color online) 2D velocity fields of the square liquid film at different times: (a) t = 0.1 s, (b) t = 1 s, (c) t = 10 s, and (d) t = 100 s.
x and y coordinates are in units of R. For t � 100 s, the velocity fields do not change.

As to the characteristics of the EHD motions and their
dependence on ϕ, the features of the vibrations are similar to
those of Fig. 2 discussed in Sec. III A. The underlying reason
for the similarity is that for Bc < 0, the driving source �(t)
is described by the first two lines of Eq. (27), which may be
obtained from Eq. (21) by replacing B(t) with Bt , and τ0 with
τa . Accordingly, for −b < Bc < 0, the film vibrates. As to the
features of the vibration, we noted in Sec. III A that the film
exhibits forced vibrations, and for ω1 = ω2 = ω, the vibration
is that of a simple harmonic vibration with a frequency equal
to that of the driving source �(t), i.e., 2f . Moreover, it should
be noted that on fixing b and increasing ϕ, the amplitude of the
vibration decreases because �(t) decreases with increasing ϕ.

To analyze the characteristics of the rotation of the liquid
film, we derive the expression for u(r,t). Using Eqs. (13) and
(15), and the third expression in Eq. (27), we have

u(r,t) = u
Bc

DC(r,t) + u
Bt

V (r,t), (33)

where u
Bc

DC(r,t) equals uDC(r,t) defined in Eq. (9), with the
minor alteration that Bc substitutes for �(t). As to u

Bt

V (r,t), it is
expressed by Eq. (25) when γ2,n = arctan(2ω/an) substitutes
for γ+,n and π/2 substitutes for γ−,n. Equation (33) indicates
that for the ac motor, rotation of the film comprises not only
rotation modes but also vibration modes. No such situation
arises in the dc motor. However, as our calculations reported
in the next paragraph show, the rotation of the liquid film in ac
fields, for ω1 = ω2, exhibits similar evolution characteristics
to those in dc fields. The underlying reason is that the

contributions of vibration modes to the linear velocity are
significantly smaller than those of rotation modes.

Employing Eq. (33) and the same parameters used to
produce Fig. 1, we compute for ϕ = 0 the 2D velocity fields of
the square liquid film at different times. In Fig. 4, we plot these
2D velocity fields. This figure illustrates that the points near
the center of the film start to rotate earlier than those farther
away from it. As time elapses, the location of the maximum of
the linear velocity moves away from the center of the film. For
the steady state rotation, i.e., Fig. 4(d), it holds that the linear
velocity has its maximum around R/e.

Our computed Fig. 4 is in qualitative agreement with the
snapshots of the experimental movies [35]. According to the
movies, immediately after application of the electric fields,
the rotating spiral lines emerging near the center of the films
indicate that points close to this center rotate earlier and faster
than those farther away from it. Movie 8 [35] shows that with
the passage of time, the spiral-like rotation lines first spread all
over the film and subsequently disappear. In the steady state,
only circled rotation lines cover the film.

Using the same parameters as in Fig. 4 and Eq. (33), we
compute and subsequently plot in Fig. 5 the profiles of the
linear velocity for different ϕ at time t = 100 s. Figure 5
illuminates that in the steady state, the linear velocity decreases
gradually as ϕ increases. This result can be understood by
examining Eq. (33), Bc = b cos ϕ − 2τ0, and Fig. 3. On fixing
b, Bc (i.e., �) decreases with increasing ϕ. The underlying
physical causes are the same as those presented above for
explaining Fig. 3, i.e., an increase in the phase difference will
weaken the ability of the accelerating torque to destroy the
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FIG. 5. (Color online) The profiles of the linear velocity for
various values of ϕ at time t = 100 s.

plastic structure of the liquid film because the maximal and
the time average of the accelerating torque decreases as ϕ

increases.
For a special case, ϕ = π/2, the liquid film can only

vibrate. In other words, even for fields much higher than those
employed to compute Figs. 4 and 5, the film cannot rotate
because for ϕ = π/2, Bc < 0 and � ≡ 0 according to Eq. (29).
For the asymptotic case b � τ0, this vibration is determined
by Eq. (25) when γ2,n = arctan(2ω/an) is substituted for γ+,n,
and π/2 is substituted for γ−,n.

Currently, no experimental data is available to verify our
theoretical results discussed in the last two paragraphs. Their
experimental study could provide additional insight into the
dynamics in the liquid film motors.

IV. SUMMARY

In this paper, we investigated EHD motions in polar liquid
film motors driven by ac electric fields. In our theoretical
analyses, we focus on the driving source �(t). It encodes the
competition between the accelerating torque and the plasticity
of the film, both of which are induced by the applied ac fields.
Our main finding is that by analyzing �(t), it is possible to
analytically derive dynamical characteristics of the film, such
as

(a) threshold conditions for the onset of its vibration or
rotation,

(b) impact of the frequencies of the ac fields and their phase
differences on its EHD motions, and

(c) its velocity fields.
We show that our model accounts for all of the major

significant experimentally observed characteristics of the EHD
motions of the ac motor. (The experimental measurements
were carried out by a different research group.) For the
limited available quantitative experimental data, we obtained
a quantitative agreement between our computed values and
the measured ones. For the abundant qualitative experimental
findings, our analyses showed qualitative agreement between
our computations and the experimental observations. In a
previous paper, we already showed this to be true for the

dc motor [15]. Our model’s main predictions, derived in this
paper and in full agreement with the experimental ones, are as
follows: (1) Rotation of the film requires that the frequencies of
Eext and Eel are exactly the same and their magnitudes surpass
a threshold, which is determined by Eq. (31). (2) ac fields
with different frequencies cannot induce rotation but produce
vibrational movements. (3) The EHD motions strongly depend
on the polarization induced by Eext. However, these motions
are little affected by the liquid’s electrical conductivity,
viscosity, dielectric constant, and density.

Our model also predicts a series of features of liquid film
motors, which are of potential technological importance, but
were not yet experimentally observed. Two main predicted
features among them are as follows: (4) Vibrations may also be
induced by fields with the same frequencies. (5) The threshold
for the onset of vibrations is a function of the amplitudes,
frequencies, and phase difference of the ac fields, as well as
characteristics of the film. Future research directed at their
experimental verification is warranted. It is our conjecture
that no new techniques have to be developed for their
experimental confirmation; the methods hitherto employed by
the experimentalists to study the ac and dc motors suffice [11].
We expect such research also to provide important additional
support for our model or to enable improving it.

In Table I of the Supplemental Material [40], we summarize
the characteristics of the dynamics of the ac liquid film motor
theoretically derived in this paper. For comparison, we also
note the characteristics of the dc liquid film motor, which we
theoretically obtained in our previous study [15]. For both
type of motors, we note the agreement between our theoretical
results and the experimental data.

V. CONCLUSIONS

The discussions of Sec. III, the results summarized in
Sec. IV, and Table I in the Supplemental Material [40] lead us
to several conclusions.

(i) In our computations, required to compare our theoretical
findings to the experimentally measured ones, we employed
one fitted parameter, i.e., the yield stress τ0 of the water film.
As noted in Sec. III A, we set τ0 to a value ensuring that for
the dc motor, the threshold fields as expressed by Eq. (11)
reproduce the experimentally observed ones. In a previous
publication [15], we showed that upon employing this value, all
of our theoretically derived characteristics of the EHD motions
of the dc motor fully conform to the measured ones (see Table I
in the Supplemental Material [40]). In this paper, we showed
that also in the case of the ac motor, this value of τ0 leads to full
agreement between its computed features and experimentally
observed ones (See prediction (1) in Sec. IV and Table I in
the Supplemental Material [40]). Our successful modeling of
both motor types indicates that τ0 adequately represents the
film’s yield stress. Moreover, it exposes our model’s internal
consistency.

(ii) Our model of the polar liquid film motor is a
phenomenological one. We expect that development of a
quantitative model, based on first principles, will shed more
light on the various aspects of the motor and optimize
its technological applications. Such a model mainly should
include a detailed QFT description of the liquid film’s CDs,
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their organization, and their dynamics induced by applied
electric fields. In our preliminary attempts to develop such
a model, we noted that our current and previous paper’s
findings suggest several promising research projects, which
we anticipate to lead to the development of a quantitative
model for the liquid film motor. In paragraphs (iii) and (iv)
below, we will elaborate on some facets of these projects.

(iii) In our previous paper [15], we investigated characteris-
tics of τ0. Our main findings were as follows: τ0 is independent
of the electrical conductivity, viscosity, and density of the
liquid; τ0 is only slightly affected by the liquid’s relative
dielectric constant εr ; the magnitudes of τ0 for widely different
polar liquids (e.g., water, aniline, anisole, chlorobenzene,
diethyleoxalate) are of the same order; τ0 depends on the
thickness of the liquid film; and τ0 is a strongly decreasing
function of the fraction of glycerin included in the liquid.
These characteristics indicate that τ0 mainly depends on the
properties of the CDs and the supercoherence among them,
with glycerin seemingly reducing the coherence.

In our previous paper on the dc motor [15], we deduced
that the strong dependence of τ0 on the coherence of the
film’s molecules provides additional justification for one of
the central assumptions of our model, i.e., the CDs constitute
a significant component of polar liquid film motors. This
paper’s finding, i.e., in which for the ac motor also the
characteristics of our computed EHD motions agree with the
experimental observed ones, provides additional justification
for this assumption. Our theoretical results thus corroborate the
conjecture, proposed by the experimentalists, that the intrinsic
polarity of the liquid’s molecules is the crucial quality of the
film enabling the creation of the polar liquid film motor. Within
this context, we recall that experiments showed that films

composed of polar liquids wherein no hydrogen bonds exist
can be used to produce a liquid film motor. However, applying
electric fields to films composed of molecules which do not
have a significant asymmetric electric charge distribution, e.g.,
1-dodecene, do not lead to any rotation [11]. The foregoing
suggests that future research projects, directed at studying the
dependence of τ0 on the features of the coherent oscillations
of polar liquid molecules, might enable the derivation of the
value of τ0 from first principles.

(iv) The substrate of the film very likely also affects the CDs
and their organization. However, to the best of our knowledge,
hitherto, neither experimental nor theoretical studies of the
effects of the substrate on τ0 have been undertaken. Until
now, in the liquid film motors, the films have been placed
on ordinary blank printed circuit boards. We expect future
research projects, focusing on the identification of specific
relations between the characteristics of the substrate and the
EHD motions of the film, to shed additional light on the
underlying forces affecting the dynamics in liquid film motors.

We conclude with noting that we expect that all research
directions, noted in Secs. II–V, ultimately will lead to the de-
lineation of those film characteristics required for optimizing
the motors.
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