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The determinant representation of the n-fold Darboux transformation of the Hirota equation is given. Based
on our analysis, the 1-soliton, 2-soliton, and breathers solutions are given explicitly. Further, the first order rogue
wave solutions are given by a Taylor expansion of the breather solutions. In particular, the explicit formula of
the rogue wave has several parameters, which is more general than earlier reported results and thus provides a
systematic way to tune experimentally the rogue waves by choosing different values for them.
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I. INTRODUCTION

It is well known that the completely integrable nonlinear
Schrodinger equation (NLSE)

iq +2191°q + gex =0 (1)

plays an important role in many branches of physics and
applied mathematics, such as nonlinear optics [1,2], plasma
physics [3], and nonlinear quantum field theory [4]. Especially
in nonlinear optics, the propagation of a picosecond optical
pulse in an optical fiber is governed by the NLSE. After the
theoretical prediction of the existence of solitary waves [5] and
the experimental demonstration of the optical solitons [6], the
research on optical solitons is more and more fascinating since
it may be applied as bit rates in the next generation of optical
communication systems.

The NLSE has been used successfully to describe
the propagation of a picosecond optical pulse. However,
for the propagation of a subpicosecond or femtosecond pulse,
the higher order effects should be taken into account, and one
version of the higher-order nonlinear Schrodinger equation
(HNLSE) is of the form

iq + o1 qe + 02qlq|® +iosg + idaqees + asq(1g])
+ias(qlgl?)e =0. (2)
This equation was first proposed by Hasegawa and Kodama
[7]. Mathematically, for Eq. (2), many authors have obtained
the following four completely integrable cases:
(1) aq:an:03:04:06:Im(ats) + g = 1.1:0:0:1:1,
(2) aq:an:a3:04:06:Im(as) + g = 5:1:0:0:1:0,
:1:0:1:6:0, which im-

TSR STEN

3) aj:or:az:04:06:Im(as) + o =
plies the Hirota equation [8,9],

4) aj:ar:a3:04:06:Im(as) + ag = %:1:0:1:6:3, which im-
plies the Sasa-Satsuma equation [10,11],
by using different approaches like the Painlevé test [12], the
Galilean transformation [13], and the Wahlquist-Estabrook
prolongation method [14]. There are multicomponent exten-
sions [15—17] of the above NLSE.

In recent years, a new wave called a rogue wave has
attracted much attention. It was observed in many fields, such
as oceanics [18-22] and nonlinear optics [23-25]. Though
rogue waves have caused many marine disasters, fortunately,
there are already some achievements in understanding this
natural phenomenon. In [24], a system with an extremely
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steep and large wave has been studied, and the observation of
a rogue wave has been reported in an optical fiber. In [25],
a mathematical solution called the Peregrine soliton as a
prototype of an ocean rogue wave has been observed in a
physical system. In [26], the authors have used an experi-
mental setup to observe a Peregrine soliton in a water wave
tank.

The rogue wave of the Hirota equation is given by a very
simple and powerful Darboux transformation (DT) with the
help of the authors’ very rich empirical ideas [27]. However,
there are two unusual points in this work, i.e., (1) the Lax
pair does not contain spectral parameters and (2) the seed
solution 1 = e'* is too special, such that its rogue wave
is not universal enough. Considering the wide applicability
of the Hirota equation, we shall try to find a more general
form of the rogue wave of the Hirota equation by the DT
[28-31] from a general seed solution. Specifically, we follow
the Ablowitz-Kaup-Newell-Segur (AKNS) procedure [32] to
construct the Lax pair with spectral parameters, and the
corresponding Hirota equation takes the form

iqr + a2lq1°q + gxx) + iB(Gxxx + 6lg1*q) =0, (3)

with the choice of coefficients oy : o @ a3 : a4 @ ag : Im(as) +
a6=1:2:0:1:6:0. If we let =1, =0, Eq. (3)
reduces to Eq. (1). Note that Eq. (3) is another equivalent form
of the Hirota equation [27]. This Lax pair is more convenient
for constructing the DT due to its parameters. Furthermore,
solitons are derived from zero seed, and breathers are derived
from a periodic seed with a constant amplitude. At last, the
rogue wave of Eq. (3) is given by the Taylor expansion
of the breather, which implies the rogue wave [18,19] of
NLSE (1).

II. LAX PAIR OF THE HIROTA EQUATION

The Lax pair assures the complete integrability of a
nonlinear system and is often used to obtain explicit solutions
by the DT. In this section, we use the AKNS procedure [32]
to get the Lax pair with the spectral parameters of the Hirota
equation (3).

By a similar way to the AKNS system, the Lax pair for
Eq. (3) can be expressed as follows:

ox = Mo, = No, 4
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where ¢ = (¢1,¢2)", and

—ir g s(—4Bi 0 )
M= , N=2x )+
(G ) v=r (0 )+

N <i0t|q|2 + Baq; — q%qx)

—2ai  4Bq
—48q* 2ai> +2 (2,81'%’; —2aq*
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2Bilg|? 2Biq, + 2aq
—2Bilg |

g, — B(gxx +21q1*q) )

iag? + Blqr, +2lq1*q*) —ialq* — Blaq; — q*qx)

A is a complex spectral parameter, and “*”” denotes the complex
conjugate. One can verify that the compatibility condition
M; — N, + [M,N] = 0O givesrise to Eq. (3), where the bracket
represents the usual matrix commutator.

III. DARBOUX TRANSFORMATION

The DT [28-31] is an effective method to construct
solutions, including the n-soliton and breather solutions. In
this section, we would like to introduce a simple gauge
transformation of spectral problems (4) as follows:

!l =To. (5)

It can transform linear problems (4) into new one possessing
the same matrix form, namely,

[ = gl Gl — NI, 6)

X

where MU' NI have the same forms with M, N except that

of the ¢,g* in the matrices M, N are replaced with ¢!'!,¢!"1* in

the matrices M, NI It is easy to obtain the equations
MUIT =T, +TM, (7)
NUT =T, + TN. (8)

In general, if the transformation 7 is a polynomial of the
parameter A, according to the Hirota equation (3), we can start

from
(" P\ (t ©)
T \a d c d)’

where ay,by,c1,d;,a,b,c,d are all functions of the variables x
and 7.
From Egs. (7) and (9), it is easy to have

aix blx P Ay bX
Clx dlx Cx dx
Clq[]])n — ialkz dlq[l])n — ibl)nz
iciA? —aig"n idiA* — big"a

cqM —iar  dg™M —iba
* ich —aq'*

idh — bg!'*
—ia M2 —big*h  aigh + ibiA?
N\ —iciA? —dig*h cigh +idiA?

B (—iak —q*b aq+ ibk) ’ (10)

—ick —q*d qc+idxr

and comparing the coefficients of Ak = 0,1,2) of the above
formula gives

by=c;=0 for k=2, (11)

Ay :du:O, —21b+q[1]d1 —qa =O, (12
)
2ic —gMa +g*d; =0 for k=1,
ay = q"e +q*b, by = q"d — qa,
(13)

Cx = —q“]*a +q*d, d.= —q[l]*b —qcfork =0.

By using the calculation above, it is obvious that a;,d; can
be made into constants and allowed to equal 1 without loss of
generality, so the DT for Eq. (3) could be in the form of

oM =Ty = I - Sy, (14)

where A is a complex spectral parameter, / is a 2x2 identity
matrix, and S is a nonsingular matrix.

Substituting the expressions of M, M!"! and T into Eq. (7),
the coefficients of A become

0 ¢ 0 q)\ .

where 0 = (¢} %) ,S = (8 $2). Therefore, the new solu-
tions are given by
g =g = 2isin, — ¢ = —¢* + 2isn, (15)
under a constraint
Sikz = —521. (16)

Similar to the case of the NLSE [28,29], to obtain the
explicit formula of S by the solutions of the Lax pair, we
introduce

S=HAH™', (17)

A O
(D))
f & 0 A
where (fi, f»)T is a solution of the eigenvalue equation of the
Lax pair (4) when A = A;. It is useful to know that (g; ,gz)T =
=1, fl*)T is a solution of (4) when A = A}. In order to satisfy

the constraint of S, let A, = A} and (g1,82)" = (— £, f)Ts
then

with

:l<M|f1I2+?»T|fzI2 ()»1—)»T)f1f2*) (18)
AN Gu=Mff MlAP 1A

where A = | f|> + | f2/>. By a direct calculation, constraint
(16) of the S can be verified. So from (15) and (18), the DT

026601-2



MULTISOLITONS, BREATHERS, AND ROGUE WAVES FOR . ..

generates a new solution of the Hirota equation as

[1] 2i * *
9 =q- X(kl —ADAS.
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19)

In fact, as in the case of the NLSE [28,29,33], the DT of the Hirota equation also has determinant representation, which is
convenient for getting the solutions generated by the higher order transformation. Here we rewrite the one-fold DT (19) in the

form of a determinant as

fi Mh
S A
gV =g — 222 =g 18 281 (20)
W, i f
81 &
under the reductions g1 = — 5,8 = fi*,A2 = A]. For the two-fold DT, we obtain
S4
Rl _ 92t 21
q q W, (21)
where
fi o Mfi AA i h MfA Mf
S| & R 2581 W81 & hg dag
fi fo Aafs Afs] i fo Mfs Asfa)’
g g Mg Mg 83 84 Mg Mg

and under the reductions g1 = — £, 82 = fi".83 = — f;,84 = f3', A2 = A],A4 = A3. Similarly, the n-fold DT could be written in

determinant form as

S
[Vl] _ . n
q" =q —2i , (22)
W2n
where
fi biS ALfi A2 MR M A
81 ) A2gi Ao Al AL g
6 i fa A3 f3 A383 )»g_ifs A f3
m =\ g3 g4 rag3 Aaga A8 Mg |
8nm—1 & Am&um—1 A& Mg 1 ML gt
fi f A fi At fa A A P
g & hg hg Mla o M
W — i 4 A3 f3 A383 )»g_ifs A’;‘iﬁ‘
= gy g Aag3 Aaga Ay gy Ay g
82n—1 82n )"anZn—l )"2118211 )‘;n_ngn—l )‘-gn_ngn
[
It is convenient to calculate the multisolitons, multi- (1) Now let the seed ¢ = 0 and A = & + in; then
breathers, and higher order rogue waves of the Hirota equation. o o
This result under « =1 and B8 = 0 is consistent with the fi = e (EHMx—@RIE I +20iE D!
corresponding determinant representation of Refs. [28,29,33]. (23)

IV. SOLITON AND BREATHER SOLUTIONS

In this section, we start from a zero seed solution and a
periodic seed solution to construct new solutions (including
soliton and breather solutions) by the DT obtained above;
then the first order rogue wave could be obtained by a Taylor
expansion from the breather solution.

fy = I EHTHABIEH +2ai i)

Taking fi, f> given by Eq. (23) back into the DT (20), we can
get 1-soliton solution (see Fig. 1)

(1]

2i(—Ex—4BE3 t—20E2t+12BEn* t+2an°t)
9 soliton

= 2ne
x sec h(—2nx — 24BnE%t + 8Bn°t — 8ankr). (24)

(2) Letthe seed g =0and Ay =& +in, A3 =60 +i0, by
solving linear problems (4); the eigenfunctions can be obtained
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f i "l'l
l;,?l:,’ i
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FIG. 1. (Color online) (Left panel) The 1-soliton solution of the Hirota equation with n = 0.1, £ = 0.05, « = 1, B = 1 and (Right panel)
its profiles at different times = 1(red/right), = 30(green/middle), t = 100 (yellow/left).

as follows: The corresponding solutions of the eigenvalue equations of the
fi = o~ EHIMX—(@Bi(E+in) +20i +in))t Lax pair are given by

= ei(SJrin)x+(4ﬁi($+in)3+2zxi($+in)z)t’
fy = e ORI+ 20O 40 fi = cellaatenxtzbidaen
£y = O EBIE+D) 4 20i O+ fr=i(a+r+e) il 3ateDrH(=zb+2eie (25)
According to the reductions g; = —f),g = f.8 =
—fi.84 = f3 A2 = A],Ay = A}, the 2-soliton solution is where

given explicitly by the DT (21), which is plotted in
Fig. 2.

(3) In order t(? get non-trivial periodic solutions, we set _ % \/402 + 4)\% +4ha + a2,
seed g = ce'” with p = ax + bt, where a,b,c are all real
constants under a condition b = a(2c? — a?) + B(a® — 6ac?). e = (ahy + 2827 — faa — Bc® + 1 Ba® — 11aB).

FIG. 2. (Color online) (Left panel) The 2-soliton solution of the Hirota equation withn = 0.1, £ =0.8,0 =0, 9 =1, a =1, B =1and
(Right panel) its trajectory lines.
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By the principle of the superposition of the linear differential
equation, the new eigenfunctions associated with A; can be
expressed by

Fi=fi—f, F=fAH+f;

then we use them to get following breather solution
(1 2 S
q zq_Z()\l_)\l)Flev (26)

and A = |F{|* + | F,|? by the DT (20). By a tedious calcula-
tion, we finally get the breather solution under a = —2Re(})
(see Fig. 3):

[1]
breather

ip 2n[n cosh(2d,) — io sinh(2d;) — c cos(2d;)]
= C — ,
€ ¢ cosh(2dy) — ncos(2dy)

(27
where
M=E+in, a=-2§ p=ax+bt=-28x+bt,
dy = ox + (doak + 120pE> — dopn® — 20° B — 2080,
d, = Qoan+ 120B&En)t,

_[—b—dar2—8pE
VT 2a—12pe

V. ROGUE WAVE SOLUTIONS

There are at least two examples—the NLSE [18] and the
derivative NLSE [34] to get a rogue wave by the Taylor
expansion of the breather solutions. Here we shall use this
approach again to get the rogue wave of the Hirota equation
from the breather solution (27).

PHYSICAL REVIEW E 85, 026601 (2012)

The Taylor expansion at 5 =,/ =% of the breather
solution (27) implies a general form of the first order rogue

wave of the Hirota equation:
i(—2x 2k + 2k + ikst
roguewave = ke (—28x+br) <1 - > (28)

ki — ky
where
k= \/b + 4aE? + 8BE3
20 + 128¢
k= v1t2 + voxt + v3x2,
ky = o + 18 BE + 108aB2E% + 2168383,
ks = 32&%a* + 864aB%E%b + 144’ BED + 13824a B3E°
+13824B8%° + 17288°6°b + 8a°b + 46080 p2£*
+ 6400 BE3,
v = —798728%¢ 70 — 13824836 ba — 8328&30D
—4a’b* — 225288707 — 921608°8° — 2168%bat?
— 13824B%E% — 4328363 b* — 3200850
—1382408%8« — 64ba*E2 — 240EBb* — 192074
— 18820 — 4992824,
vy = —92168%7 — 1440’ BE%D — 64a*E> — 57683 %D
—384aB%E%h + 12aBb> — 107528360« — 8964
— 1603£b — 4608a>B2E° + T2B%ED,
vy = —8a°E? — 576B°E° — T2B%E%b — 20°b — 24aBED
—480aB2E* — 112a%BE°>.

)

It is not difficult to verify the validity of this solution.
Obviously, this form of the rogue wave groguewave iS more
general than the known result [27] because of the appearance
of several parameters related to the background and the
eigenvalue of the Lax pair; and thus it also provides a possible

FIG. 3. (Color online) (Left panel) Breather solution (27) of the Hirota equation withe = 1, 8 = 1, § = —0.5, n = 0.1, b = 1 and (Right

panel) its density plot.
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FIG. 4. (Color online) (Left panel) Rogue wave (29) of the Hirota equation with = 1, 8 = 1, b = 0.08 and (Right panel) its density plot.

way to tune experimentally the rogue wave by choosing
different values of them. Moreover, this controllability of the

[1] _ eibt

rogue wave highly improves the possibility of observing it in
a laboratory. Set £ = 0 in (28), then a simple rogue wave

L (—2ba’x? + 120%afxt — 18b°B21? — 4b%a®t? + 8iba’t + 3a)

qro guewave ~

is obtained, which is plotted in Fig. 4. Furthermore, the above
rogue wave (29) reduces to the known result given by Ref. [27].
Moreover, setting @ = 1, § = 0, our rogue wave (29) reduces
to the simplest form

, \/g(—zbﬁ — 4% 4 8ibt + 3)
— elbt , (30)
A7 4 2bx2 + 1

[11]

qroguewave

4b%a3t2 + 2ba?x? — 12b%aBxt + 18038212 + o

(29)

which is an equivalent formula of the rogue wave [18] of the
NLSE (1) as expected and plotted in Fig. 5. As a final remark
of this paper, we would like to stress that the higher order
rogue wave of the Hirota equation can be calculated from the
determinant representation (22) of the DT, which will be done
in a separate paper soon.

FIG. 5. (Color online) (Left panel) Rogue wave (30) of the NLSE (1) with » = 0.2 and (Right panel) its density plot.
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