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Crossover from tricritical to critical end point behavior in free-standing smectic films
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We study the smectic to nematic (SmA-N ) phase transition taking place at the center of a free-standing film
that exhibits enhanced surface order due to the anchoring promoted by a surrounding gas. The usual McMillan
mean-field approach predicts that the SmA-N transition in bulk samples can be continuous or discontinuous (first
or second order) depending on the molecular geometry, with a tricritical point separating these two regimes. Here
we show that the additional orientational order imposed by the surface anchoring stabilizes the surface-induced
smectic and nematic phases, leading to the breakdown of the tricritical point and to the emergence of a critical
end point. We report the full phase diagram, which depicts four distinct structures as the film thickness is reduced.
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I. INTRODUCTION

Surface effects are particularly important in the study of
phase transitions in liquid crystals. Due to the strong anchoring
of the molecules at the interface, the order near the surface is
usually stronger than in the bulk. Surface-phase transitions
in liquid crystals show a diverse phenomenology, such as
the emergence of a surface-induced smectic phase [1–4],
layer-by-layer thinning [5], and an anomalous nonmonotonic
thickness dependence of the transition temperature [6,7]. The
interplay between field and surface effects has also been
explored in the literature. In particular, it has been shown that
an external electric field can induce layer thinning transitions
in compounds with negative dielectric anisotropy [8], while
it stabilizes a parasmectic surface phase in compounds with
a positive dielectric anisotropy [2]. A magnetic-field-induced
order in a thermotropic liquid crystal has also been exper-
imentally demonstrated [9]. The similarity and dissimilarity
between the influences of anchoring walls and external fields
on nematic and smectic phases has been recently discussed [1].

Free-standing smectic films provide an ideal experimental
setup to study surface-induced ordering effects [5–8,10–14].
In these films, the enhanced order near the surfaces is due
to the surface tension between the film and the surrounding
gas, which controls the nature of a long-ranged fluctuation-
induced force between the film surfaces [15,16]. It has been
recently reported, for example, that the critical exponent of
the biaxiality is smaller for the surface transition than for the
interior transition [12], corroborating the theoretical prediction
of a lower dimensionality of the surface critical behavior. In
addition, a helical smectic phase has been shown to disappear
in a chiral antiferroelectric free-standing thin film as a result of
the joint effects of reduced dimensionality and surface ordering
[17]. However, a complete understanding of the influence of
surface ordering on the phase transition taking place in the
interior of free-standing thin films is still lacking.

A discrete version of the McMillan model including the
surface anchoring at the liquid crystal-gas interface has been
able to reproduce qualitatively as well as quantitatively many
features related to the layer thinning transitions of smectic
liquid crystal films [18–20]. Here we will show that, within
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such a mean-field approach, the phase diagram associated
with the transitions at the film center displays dramatic
changes as the film thickness is reduced. While four phases
(smectic, nematic, and surface-induced smectic and nematic)
can be attained at thick films, only two of them (smectic
and surface-induced nematic) remain stable in thin films.
Further, the tricritical point of bulk samples splits into a critical
point and a more uncommon critical end point. Critical end
point behavior has been shown to appear in other physical
scenarios such as fluid mixtures [21], wetting phenomena [22],
disordered systems [23], magnetic materials [24], metals [25],
superconductors [26], and quantum chromodynamics [27].
Free-standing smectic films then appear as a new experimental
setup to probe the critical end point behavior.

II. DISCRETE MCMILLAN MEAN-FIELD MODEL

The inhomogeneity of the nematic and smectic order
parameter profiles in thin smectic films can be properly
accounted for by the discrete extension of the McMillan
mean-field model [18–20]. In this approach, the system can be
described by a stack of N two-dimensional layers with normal
along the z axis. The layer thickness is taken to be of the same
order of the smectic layer thickness d. Therefore each layer
has its own nematic sn and smectic σn order parameters. The
effective one-body potential felt by a molecule in an interior
layer located at zi and oriented with an azimuthal angle θi can
be written as [19]

Vi(zi,θi) = −V0 [s̄i + ασ̄i cos(2πzi/d)] P2 (cos θi) , (1)

where V0 is a typical interaction energy that determines the
scale of the nematic-isotropic transition temperature in bulk
samples and α is a geometric parameter related to the ratio
between the rigid length r0 of calamitic molecules and the
layer thickness d. In fact, the values for the α parameter
can be directly associated with the length of alkyl tails in
different compounds of a homologous series. P2(cos θi) is the
second-order Legendre polynomial. In this approach, the local
one-body potential is given in terms of the average nematic
s̄i and smectic σ̄i order parameters on the ith layer and its
two neighboring layers. At each surface layer, the anchoring
and the missing volume effects are effectively taken into
account by a homeotropic surface orientational field of strength
W0 [19,28]. The effective one-body potential at the top surface
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layer retains the general form of Eq. (1) but with the order
parameter averages replaced by s̄1 = (s1 + s2 + 3W0/V0)/3
and σ̄1 = (σ1 + σ2)/3, with similar equations holding at the
bottom layer. It has been shown that the above model
reproduces quantitatively well the layer thinning transitions
[20] that take place for W0 > V0/4. In what follows, we will
consider a strong anchoring W0/V0 = 3, at which the surface
ordering effects are prominent. At the end of next section, we
provide a discussion on the influence of the relative surface
anchoring strength on the phase diagram.

The local order parameters si and σi satisfy the set
of self-consistent equations si = 〈P2(cos θi)〉i and σi =
〈P2(cos θi) cos(2πzi/d)〉i (i = 1,2, . . . N). Thermodynamic
averages are computed from the one particle distribution
function in the ith smectic layer fi(zi,θi) ∝ exp [−Vi/kBT ].
In the cases for which the self-consistent equations provide
multiple solutions for the order parameter profiles (near
first-order transitions), the thermodynamically stable solution
corresponds to the global minimum of the Helmholtz free
energy [20,29]. This model predicts a similar McMillan’s
phase diagram at the central layer when the film thickness is
much larger than the surface penetration length [30]. However,
a distinct scenario takes place at the center of thin films due to
the strong influence of surface ordering, as we detail below.

III. LIQUID-CRYSTALLINE ORDER IN THIN FILMS

We start by reporting the temperature dependence of the
nematic (Fig. 1) and smectic (Fig. 2) order parameters at the
central layer for a series of values of the geometrical parameter
α and four representative film thicknesses, N = 5,9,15, and
41. For the thicker film [N = 41, Figs. 1(a) and 2(a)], the
sequence of transitions is similar to the one predicted by
the McMillan theory for bulk samples. At small values of
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FIG. 1. (Color online) Temperature dependence of the nematic
order parameter at the central layer for several values of the geometric
parameter α and four representative film thicknesses: (a) N = 41,
(b) N = 15, (c) N = 9, and (d) N = 5. In each plot, the geometric
parameter α increases from the left (α = 0.6) to the right (α = 1.6).
For very thin films there is no discontinuity of the nematic order
irrespective of the value of α. Two discontinuous transitions set up at
some specific range of α values for thick films. The surface-induced
nematic order at the central layer vanishes as N → ∞.
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FIG. 2. (Color online) Temperature dependence of the smectic
order parameter at the central layer for several values of the geometric
parameter α and four representative film thicknesses: (a) N = 41,
(b) N = 15, (c) N = 9, and (d) N = 5. In each plot, the geometric
parameter α increases from the left (α = 0.6) to the right (α = 1.6).
For very thin films there is only a continuous transition where
the smectic order vanishes continuously. At larger thicknesses,
there appears a jump on the smectic order to a small finite value
(surface-induced smectic order) for a range of α values. For large α

the smectic order jumps directly to zero. The surface-induced smectic
phase shrinks as N increases.

α the smectic order parameter decays continuously, while
the nematic order remains finite, a signature of the second-
order smectic-nematic transition. At a higher temperature, the
nematic order displays a discontinuity at the nematic-isotropic
first-order transition. In practice, the transition to the nematic
phase leads to the film thinning or to the film rupture. As α

increases, the smectic order parameter develops a discontinuity
at the transition, resulting also in a jump on the nematic
order to a smaller finite value (first-order smectic-nematic
transition) prior to the ultimate nematic-isotropic transition.
At large values of α, only a direct first-order smectic-isotropic
transition is observed.

In the vicinity of the crossover from the first- to second-
order smectic-nematic transition, the smectic order parameter
rounds, pointing out to a residual smectic order. This region
is better identified at thinner films. In Figs. 1(b) and 2(b) we
show the nematic and smectic order parameters at the center
of a film with N = 15 layers. The rounding of the smectic
order parameter is quite evident at α = 0.80 and 0.95. In the
first case, the transition is still continuous, differing from the
discontinuous transition predicted by McMillan’s theory for
bulk samples. However, a residual smectic order parameter
persists after the jump in the latter case. Further, the nematic
order vanishes smoothly as the temperature is raised, signaling
the absence of the nematic-isotropic transition. The strong
surface anchoring is responsible for such residual order at
the film center. A residual nematic order shall persist even at
thicker films, but it is too small at the film center to be noticed
at the scale shown. Therefore the isotropic phase is actually
replaced by a surface-induced nematic phase (si-N ). Similarly,
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the nematic phase with a residual smectic order can be termed
a surface-induced smectic phase (si-SmA).

In Figs. 1(c) and 2(c) the order parameters at the center of
a film with N = 9 layers are shown. In this case, there is no
direct discontinuous transition from the smectic to the surface-
induced nematic phase. There is always an intermediate
surface-induced smectic phase. The direct transition is always
second order, taking place at small values of α. Finally, at
very thin films (see Figs. 1(d) and 2(d) for a film with N = 5
layers), only a single continuous transition from the smectic
to the surface-induced nematic phase persists.

The trends discussed above can be summarized in four
distinct structures for the phase diagram, as shown in Fig. 3.
For thick films, the phase diagram is quite similar to that
depicted by bulk samples. However, there is a very prominent
change concerning the tricritical point that delimits the second-
and first-order smectic-nematic transitions in bulk samples.
In particular, the tricritical point splits into a critical point
and a critical end point. In this case, the critical point
corresponds to the end of the coexistence line between the
smectic and surface-induced smectic. On the other hand,
the critical end point represents the position at which the
line of continuous transitions between the surface-induced
smectic and surface-induced nematic phases encounters the
coexistence lines between the smectic and the nematic and
surface-induced smectic phases. The critical end point moves
toward the triple point (the coexistence of the smectic, nematic,
and surface-induced nematic phases). When it reaches the
triple point, the discontinuous transition between the nematic
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FIG. 3. The phase diagram in the T vs α parameter space for
representative film thicknesses: (a) N = 41, (b) N = 15, (c) N = 9,
and (d) N = 5. Solid (dotted) lines correspond to second-order
(first-order) transitions. For thick films, the phase diagram is similar
to the one of bulk systems. However, the isotropic phase is replaced
by a surface-induced nematic phase, and the tricritical point splits
into a critical point and a critical end point. A small surface-induced
smectic phase appears (see insets). As the film thickness decreases,
the discontinuous transition between the nematic and surface-induced
nematic phase disappears, followed by the disappearance of the
critical end point. A single continuous transition between the smectic
and the surface-induced nematic phases remains for very thin
films.
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FIG. 4. Thickness dependence of the value of the geometric
parameter α at the triple point αt , at the critical end point αce, and at the
critical point αc. As 1/N → 0, αc and αce merge at the bulk tricritical
point. For N < 20 the triple point disappears with the nematic phase
[see Fig. 3(b)] . For N < 15 the critical end point disappears because
the first- and second-order transition lines split [see Fig. 3(c)]. There
is no critical point for N < 9 as the transition between the smectic
and surface-induced nematic phases becomes always continuous.

and surface-induced nematic disappears, as shown in Fig. 3(b)
for N = 15. In this case, the nematic order smoothly decays
with increasing temperatures. At thinner films, the second-
and first-order transition lines do not meet each other [see
Fig. 3(c)]. The phase-diagram has a single critical point at
the end of the coexistence line between the smectic and
surface-induced smectic phases. For very thin films, only
the smectic to surface-induced nematic continuous transition
persists, as represented in Fig. 3(d) for N = 5 layers.

Therefore, the phase diagram of free-standing smectic films
may display up to three special points: a triple point, a critical
point, and a critical end point. The last two merge in a tricritical
point as the film thickness increases. On the other hand, all of
them disappear in the limit of very thin films because surface
orientational ordering plays a predominant role. The thickness
dependence of the value of the geometric factor α for each
special point is shown in Fig. 4. For thick films the phase
diagram has all three special points once all four possible
phases can be reached, namely, smectic, surface-induced
smectic, nematic, and surface-induced nematic. There is a
first intermediate regime, for 15 < N < 20, in which the
triple point is absent. In a second intermediate regime, with
thickness ranging from 9 < N < 15, the critical end point
also disappears. In these intermediate thickness regimes, only
three phases are stable: smectic, surface-induced smectic, and
surface-induced nematic. At the end, the phase diagram has
no special point for N < 9 and only two phases (smectic and
surface-induced nematic) persist.

The exact range of thicknesses for each regime depends
on the strength of the surface anchoring. In particular, the
characteristic penetration length of the surface-induced order
becomes smaller when the ratio between the anchoring energy
and the typical intermolecular interaction potential decreases.
Therefore, some features of the phase diagram are shifted
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toward thinner films such as the coalescence of the triple
and critical end points, the ultimate disappearance of the
critical end point, and the total fade off of the surface-induced
smectic phase. Actually, within the present discrete mean-
field approach, surface enhancement only surpasses finite-size
effects when the anchoring energy is above a characteristic
value [8,20]. In fact, surface-induced effects are continuously
reduced when the surface energy decreases. In this way, the
last stages of the phase diagram, here reported to hold for
strongly anchored thin films, may not be reachable at weak
surface energies. A detailed study of the anchoring strength
influence on the phase diagram is out of the main focus of
the present work, which is to reveal the breakdown of the
tricritical point and the emergence of a critical end point. A
complete analysis of the dependence of the phase diagram on
the anchoring energy will be presented in a future contribution.

We would like to call attention to the fact that strongly
anchored free-standing smectic films usually depict layer
thinning transitions as the temperature is raised [5]. The
melting of the smectic order at the central layer is followed by
the expulsion of the melted material to the meniscus, resulting
in a thinner smectic film. Therefore, the transitions from the
smectic to the nematic phases may only be probed when
approaching the transition from low temperatures. As a final
remark, the residual order in the surface-induced smectic phase
is usually small, which may make its experimental observation
difficult because fluctuations may lead to the film rupturing.
However, experiments on free-standing films as thin as two
layers [31–33] and measurements of anchoring energies strong
enough to support surface-enhanced order [28] point toward
the feasibility of experimental tests of the predicted phase
diagrams.

IV. SUMMARY AND CONCLUSIONS

In summary, we provided a detailed picture of the phase
transitions taking place at the interior of free-standing smectic
films. Within the scope of a mean-field-like discrete McMillan
theory, we showed that the inner layers of free-standing films
may exhibit a thickness dependent sequence of phase transi-

tions due to the surface ordering imposed by the anchoring
at the interfaces of the film with the surrounding gas. In
particular, we reported that the central layer may display a
discontinuous transition from the usual smectic to a surface-
induced smectic phase, which becomes more prominent in
an intermediate regime of film thicknesses. At very thin
films, there is only a direct transition between the smectic
and a surface-induced nematic phase. Associated with the
emergence of such an intermediate surface-induced smectic
phase, there appear special points in the phase diagram.
The well-known tricritical point separating the continuous
from the discontinuous smectic-nematic phase transition in
bulk samples splits into a critical point and a critical end
point. Therefore, the original discontinuous smectic-nematic
bulk transition is strongly affected as the film thickness is
reduced. In fact, such a bulk transition splits at a critical end
point into a discontinuous smectic to surface-induced smectic
transition, followed by a continuous surface-induced smectic
to surface-induced nematic transition. Further thinning leads
to the disappearance of the surface-induced smectic phase,
and a single continuous transition from the smectic to the
surface-induced nematic takes place. It is important to stress
that the range of the geometric parameter α used to compute
the present results is compatible with some homologous series,
such as n-cyanobiphenyl (nCB) and N -alkylpyridinium dode-
cylsulphates (nPySO4m) series [34]. Because experimental
techniques to study phase transitions in free-standing smectic
films have been well developed over the last decades, the
presently proposed scenario suggests this single component
physical system as a potential candidate to probe the critical
end point behavior without the need of controlling external
fields or mixture concentrations.
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