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Geometrical interpretation of negative radiation forces of acoustical Bessel beams on spheres
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Various researchers have predicted situations where the acoustical or optical radiation force on a sphere
centered on a Bessel beam is opposite the direction of beam propagation. We develop the analogy between
acoustical and optical radiation forces of arbitrary-order helicoidal and ordinary Bessel beams to gain insight
into negative radiation forces. The radiation force is expressed in terms of the asymmetry of the scattered field,
the scattered power, the absorbed power, and the conic angle of the Bessel beam and is related to the partial-wave
coefficients for the scattering. Negative forces only occur when the scattering into the backward hemisphere is
suppressed relative to the scattering into the forward hemisphere. Absorbed power degrades negative radiation

forces.
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I. INTRODUCTION

Recent predictions that spherical particles placed on the axis
of an electromagnetic Bessel beam (EMBB) may be attracted
to the source of the beam for appropriately selected particle
properties and beam parameters [1,2] make it appropriate
to consider prior results predicting negative radiation forces
on spherical objects placed on the axis of acoustical Bessel
beams [3-6]. Since Bessel beams are translationally invariant,
the force in the EMBB case is not associated with the gradient
force commonly used to trap small objects at the focus of
converging light beams. For situations producing negative
acoustical radiation forces for which the associated scattering
pattern is also evaluated, the scattering into the backward
hemisphere is suppressed relative to the scattering into the
forward hemisphere [3-5]. This result is suggestive of the
correlation between the shape of the scattering pattern, as
characterized by the asymmetry factor, and negative radiation
forces predicted in one of the EMBB investigations [1]. In
the present research we identify the analogy between optical
and acoustical radiation forces by showing the similarity
of the dependence on the asymmetry in the scattering by
spheres illuminated by Bessel beams. The research illustrates
geometrical aspects of the momentum transport associated
with negative forces and the importance of the conic angle
of the beam.

This Rapid Communication shows that the acoustical radia-
tion force can be expressed directly in terms of the asymmetry
of the acoustical scattering pattern and the computed acoustical
extinction. Throughout this analysis the propagation of waves
in the external media is assumed to be free of absorption,
as was also the case in the calculation of radiation forces in
EMBBs. The analysis includes the case of helicoidal acoustical
Bessel beams with an exp(im¢) azimuthal phase dependence
where the beam order m is an arbitrary integer [5—7]. The
nonhelicoidal case is recovered by setting m = 0 [3,4,8].
The notation follows a generalization of the notation used
in the closely related prior work on acoustical beams [3-5,7,8]
and light scattering [9,10]. In addition to considering the
asymmetry in the acoustical scattering it is also necessary
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to consider the scattered power and, when the sphere is
absorptive, absorbed power. The results clarify the degradation
of negative radiation forces introduced by energy absorption
by the sphere.

While the emphasis is on gaining insight into the reason
why negative forces are predicted to be produced in idealized
situations, if such forces can be produced with acoustical
or optical beams there may be diverse applications for the
manipulation of spherical and nearly spherical objects with
beams of traveling waves [1,2,11,12].

II. ACOUSTICAL BESSEL BEAMS AND SCATTERING
BY A SPHERE

The spatial part of the complex velocity potential for a he-
licoidal Bessel beam in an ideal fluid may be expressed as fol-
lows in cylindrical coordinates: v; = Yi™ J,,(up) exp(ikz +
im¢@), where v is a real-valued amplitude constant, z is the
axial coordinate, p is the radial coordinate, J,, is a Bessel
function of order m, k and u denote the axial and radial wave
numbers, and the wave number k = /112 + k2 = w/cp, with
co the speed of sound in the surrounding fluid and @ the
beam’s frequency for the time dependence exp(—iwt). [The
dependence of the pressure and the velocity on the velocity
potential is given in the paragraph following Eq. (4).] The
i"™ is included for convenience and for making the distinction
between positive and negative m primarily the dependence on
¢ since i" J,, = i~™J_,,. The Bessel beam has the geometric
parameter § = arctan(u/x), which is the conic angle of the
beam’s wave-vector components relative to the z axis [3,13].

The property that the Bessel beam is equivalent to the
superposition of plane-wave components allows the beam
to be expressed as a partial-wave expansion. Following the
approach of Durnin ez al. [13], the Bessel beam is expressed in
spherical coordinates as the superposition (see the Appendix
of Ref. [7]) i = (2) " [ exp(iK - r + im@')d¢', where
K'(k,B,¢") = kn' is the wave-vector component withn’ - n, =
cos B, n, is a unit vector along the z axis, and r(r,0,¢) = rn
is the field point having a polar angle 6 relative to the z
axis. The partial-wave expansion of ; is given by insert-
ing the plane-wave expansion exp(ikrn’-n) =Y - (2n +
Di" j,(kr)P,(n" -n) (see p. 471 of Ref. [14]) into the
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superposition representation of ;. This yields a summation
of terms containing the integration A, = (27)~ 1 P,l(n

n)e'"? d¢', which may be evaluated by using one form of the
spherical harmonic addition theorem [Eq. (3.68) in Ref. [14]]
and by noting that only certain terms survive the integration.
This gives

(n—m)!.

Ui = Yoe™® Z(Zn—i— 1)( ok

n=|m|

i" ju(kr) P (b) P, (w),

(D

where w = cos 6, b = cos B, j, is a spherical Bessel function,
and P is an associated Legendre function. The series
converges with a finite number of terms. With j,(kr) =
hiV(kr)/2 + h@(kr)/2, where h'D and h® are a spherical
Hankel function of the first and second kinds, the incident beam
is a superposition of outgoing and incoming spherical-wave
components ¥;; and ¥;,. Only the far-field form is needed
here; j,(kr) is replaced by the asymptotic form j,(kr) ~
i~V Dky 4 i"Tle™IK 12kr for kr > n.

The analytical solution of the scattering by an isotropic
sphere with a radius a in an inviscid fluid centered on the
beam’s axis can be expressed in terms of a superposition of
the scattering for each plane-wave component [7,8]. The super-
position of the scattering from the plane-wave components of
the beam is ¥, = 27) 'y foh Yl exp(im@')d¢’, where ]
is the scattering for the plane-wave component exp(ikrn’ - n),
givenin the far field as ¥, = (a/2r) f (ka,n’ - n) exp(ikr), with
fka' -m) = —(i/ka)y o2 ,(2n + 1)(s, — 1)P,(n" - n). The
notation is similar to the notation used for quantum mechanical
scattering. The scattering functions s, are functions of ka
determined by the composition of the sphere and the acoustical
properties of the surrounding fluid. These functions are known
from the analysis of plane-wave scattering for a wide variety
of spheres [3-8,15]. Hence the scattering of the beam in
the far field is expressed in the terms of a partial-wave
series as

Ys(r,0,¢) = Yola/2r) exp(ikr) F(w.¢), 2)
2
Fw,¢)=Qn)"" | f(ka.n' -n)exp(im¢)d¢’
_explime) <~
= n—zlml(sn D2n + 1)
(m—m)l o om
x( )‘Pn (b) P (w), 3)

where the integral for F(w,¢) is evaluated like that for the
incident beam with a summation containing terms proportional
to A,n,. The scattered field has the same azimuthal phase
dependence as the incident beam due to the axial symmetry of
the scatterer. The scattering reduces to that for the m = 0 and 1
cases [7,8]. Note that in the case of an ideal sphere causing no
dissipation of energy, the complex functions s, are unimodular:
|s,| = 1; otherwise, |s,| < 1. It is convenient to write the
normalized partial-wave amplitude as (s, — 1)/2 = o, + iB,,
with «, and B, the real and imaginary parts.
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III. AXTAL RADIATION FORCE ON THE SPHERE

Using the far-field scattering, the static radiation force
is evaluated by a surface integration of the time-averaged
radiation stress tensor for the total sound field over a fixed
spherical surface of radius r with kr > 1 [3,5,16], F =
J5(S7) - dA, giving

_ PO, 2y 1 2 _/ )
F—/;(z (la]?) —2'00(%(17 >> dA SPO(““) dA,

“4)

where the area differential dA is directed radially outward, pg
is the density of the surrounding fluid, and () denotes a time
average of the quantity in the angular brackets. The real-valued
time-varying first-order pressure and velocity are expressed
in terms of velocity potential as p = Re(iwpoyre "), and
u = Re(Vye~'®"). By writing the fields as the superposition
of the incident beam and the scattering field using Eq. (2),
the axial radiation force on the sphere becomes [3,5,16] F, =
nazloco Y,, where Y, = Y; + Y, — Y3 is the dimensionless
radiation force and

2 1
Y) = —@n)™! / f |F(w,¢)*w dwd¢, 5
0 -1

2
Y, = —r(2m//0a)_lRe/ / Vi F(w,p)e’ wdwdg,
0 —1

(6)
-1 ot 81//1 : ikr
Ys=—rQ2noka) Im/ / (8_2) F(w,p)e'"" dwde,
0o J-1

)

where Iy = (09co/2)(kvrp)? characterizes the beam’s intensity,
Re and Im designate real and imaginary parts of a complex
quantity, and % denotes complex conjugation. The integral
in Eq. (4) containing only the incident wave vanishes since
the radiation force vanishes in the absence of a sphere. The
integrals are then evaluated using the far-field partial-wave
representations of i; in Eq. (1) and of the scattering F
in Eq. (3). Both Y, and Y3 have two summations, letting
Y, = Y51 4 Yy and Y3 = Y31 + Y3, which are associated with
the outgoing and incoming components v;; and v;, of the
incident beam. For Y3 the first step is to set 01 ;2/0z = Z -
Vit = woyn/0r and 01 :2/0r = (+,—)ikyiy,2 for
kr > 1.Thenitis trivial toidentify Y3; = —Y»; and Y3, = V>,
and hence Y, — Y3 = 2Y3;. The task then reduces to evaluating
Y, and Y,; only. Their integration over ¢ yields a factor of
27 by noticing that the integrands are independent of ¢. The
remaining double summation contains an integration over w:
I,;’ZI = f_ll wP,;”(w)P,;”(w)dw, which is evaluated by using the
relations

Cn+DHwP"(w)=m—m+1)P, H(w)—i—(n—}—m) o (w),
(3)

2 (n+m)! ©)

4+ 1m—m! "7

1
/ P,f”(w)P(;"(w)dw =
-1
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where 8, ;, = 1if n = g and §, ;, = 0if n # q. The results for
Yl and Y23 = Y2 — Y3 are

2\ &
m=—<ﬁﬁ I IR AN )

() £
i

(),

Simplifying Eq. (11) by using the recurrence relation given in
Eq. (8) with w being read as b gives

(n—m+1)!
X—

(n+ ), Pl (D)P (), (10)

! )' Pl (b)(n—m+ 1P (b)]

Pm(b)[(n +m)P" (b)].

(1)

(n —m)!

P"(b 12
n )[ ()] 12)

Y3 =

(k Tar n%‘( 4a,)(2n + 1)
which is used below in the geometrical interpretation of the
radiation force.

One may rewrite the second summation in Eq. (11) by
discarding the vanishing term n = |m|, reindexing with n =
n’ 4+ 1, and replacing n’ by n such that

1
YZSZ_( > Z(an +an+1)(_,:_17+);)Pm(b) ’+1(b)

n=|m|

13)

Then the result for Y, with Y} in Eq. (10) and Y>3 in Eq. (13)
agrees with the results for the cases m = 0 and 1 in Refs. [3,5]
and with the result of a different approach given in Ref. [6]
(Yy, p therein).

IV. GEOMETRICAL INTERPRETATION OF THE
RADIATION FORCE

We can connect the radiation force to the asymmetry of
the scattering and the scattered and absorbed power. Using
the far field scattering, the absorbed power is evaluated by
the surface integral of the time-averaged energy flux of the
total field over a fixed spherical surface of radius r with
kr > 1: Py = — f s{pu) - dA. We could write the total field
as a superposition of the incident wave and the scattering field.
The term containing only the incident wave may be omitted
since the absorption vanishes in the absence of the sphere.
The two terms crossing the beam and the scattering are the
extinction power Pex = — f S( pilg + psu;) - dA, that is, the
power extracted from the beam. The term containing only
the scattering is associated with the scattered power Py, =
Js(psus) - dA. Tt has Py = Peyg — Pica. Then it follows from
a procedure analogous to the evaluation of Eq. (4) that
Pycaext.abs = wa*ly Qscaext.abs> Where the Q’s denote acoustical

RAPID COMMUNICATIONS

PHYSICAL REVIEW E 84, 035601(R) (2011)

counterparts of optical efficiency factors [9,10]:

2 1
Qm=mm”f f|nmmWww, (14)
0 —1

Qext:Qis+Qsz
3 5
v 1//)

2
=—r’(nd® w k)~ 1Im/ / (8@0,
(15)

xdwdg,

and Qups = Qext — Osca- Again, the integrals are evaluated
using the far-field partial-wave representations of ; in
Eq. (1) and of the scattering F in Eq. (3). With ; =
¥i1 + Vi, each term in Qg involves two summations, letting
Qis = Qis1 + Qis2 and Qg = Oyit1 + Oyin. By recognizing
Ovi1/0r >~ ik, 0vVin/0r >~ —ikyp, and 0, /0r >~ ik
for kr > 1, it is straightforward to identify Q;;; = Qg1 and
Qis» = —Qyin, and hence Qe = 20;,1. Now the task reduces
to evaluating Qg., and Q;,; only. Again, their integration over
¢ yields a factor of 27 by noticing the independence of the
integrands on ¢. The remaining double summation contains
an integration over w given in Eq. (9). The results in terms of
partial-wave coefficients are

(n —m)!
= —— 2: 1P+ 1 P"(b
0. a )2,1 |m|(|S )2n + )( oy [ ( )]
(16)
* (n _m)‘ m 2
Qext = (k Gar n§‘m‘(2 — 57 (2n + 1)—(n+m)![1>n ]
(17)
(n —m)!
e = § 1= sa®)2n + 1 P"(b
Qap a )2n|m|( lsn|*)(2n + )( )[ ()]
(18)

The sign of m does not affect Qgcas Qexts Qabs, Y1, and Yo3.
Notice that each term in Qg, and Qcx is positive, which is
consistent with Py, > 0 and Py > 0. The expression Q,ps
indicates that if |s,| =1 for the ideal case of no energy
dissipation, all terms vanish so that P, = 0. To have energy
absorption, there must be terms with |s,| < 1.

The first part of the force Y; is associated with only the
scattering. From Y} in Eq. (5) and Qg in Eq. (14) we have

T IFw.g)Pwdwd
ho_ ke LFeereded
Qsca _/;1 |F(w,¢>)|2dw d¢

that is, Y| = —Qca(w), where the asymmetry (w) means the
average of w = cos 8 over the angle distribution of scattered
power. The rest of the force Y3 is associated with the
interference of the incident beam and the scattered field. The
extinction power Q.. is also associated with such interference.
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By recognizing —4a,, =2 — s, — s;;, it follows immediately
from Y3 in Eq. (12) and Qex in Eq. (17) that Yo3 = Qexb =
(Qsca + Qans)b. [This relation is also obtained by recognizing
—4a, = |5, — 11> + (1 — |s,]%) and using Egs. (12), (16), and
(18).] Together we have

Yp = Qexth — Osca(w)

= Qga(b — (w)) + Qupsh, (20)
F, = exlc(;lb - Pecacal (w)
= Puacy (b= (w)) + Punscy ' b, 1)

which are expressions for the radiation force in terms of
the scattered power, absorption, and asymmetry of the scat-
tering; Eq. (21) may be interpreted using the conservation
of momentum. The factor (w) gives the axial projection
of momentum transport associated with the scattering field.
This is analogous to the dependence of the optical radiation
force on the asymmetry of the scattering [1,9]. The rate at
which momentum is removed from the incident Bessel beam
as a consequence of scattering and absorption is explicitly
proportional to the projection factor b = cos 8, where B is
the beam’s conic angle. The part of the force associated with
the interference of the incident beam and scattered field is
proportional to the extinction power with a projection factor b.
There is also an implicit dependence on § in Egs. (16)—(18).
The angle B also affects the asymmetry factor (w) through F
in Eq. (3) and the expression for Y| in Eq. (10). In the limit
B = 0Eq. (21) agrees with standard acoustical results [17] (see
also references cited in Ref. [3]). In an analysis of the radiation
force from an EMBB, the term proportional to P,,s was not
included [1].

V. NEGATIVE RADIATION FORCES ON SPHERES

In the absence of absorption F, is negative when (w) >
cos B for both acoustical and optical beams. The recasting of
the acoustical radiation force into Eqgs. (20) and (21) explains
the correlation between the shape of the scattering pattern
and the existence of negative forces [3—5]: When the scattering
into the backward hemisphere is suppressed relative to scatter-
ing into the forward hemisphere, the asymmetry factor (w) is
positive and relatively large in magnitude. Figure 1 shows the
example of an empty aluminum shell in water where the ratio
of the inner to the outer radius of the shell is 0.96. Absorption is
negligible for aluminum and the shear and longitudinal wave
velocities used were 3160 and 6370 m/s, respectively. The
other parameters used in the evaluation of the s, [15] were the
density ratio 2.712 and the velocity of sound in water, 1479
m/s. Other situations computed to give negative forces include
various liquid drops and solid spheres in water [3—6]. The
results suggest that, even in the favorable case of no absorption,
it appears to be necessary for 8 to exceed approximately
40°: increasing B decreases the factor b in the positive force
term.

In the absence of absorption the parameter space to be
explored associated with negative forces corresponds to the
selection of the unimodular s, = exp(2i4,). The §, are partial-
wave phase shifts having the property that the partial-wave
amplitude vanishes if §, vanishes. (It becomes a separate
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Yp Y23 <W>/2

FIG. 1. Radiation force function Y, Y23 = Q. cos 8, and nor-
malized asymmetry function (w) /2 evaluated for an empty aluminum
shell in water in an acoustical Bessel beam with = 45° and m = 0.
The radiation force F, is negative in the region near ka = 1.53, where
Y, = —0.02545. In that region (w) is maximized and is greater than
cos B as required by Eq. (20).

question as to the kind of sphere associated with a given set of
38,,. In the EMBB case there are separate 3, for the electric and
magnetic multipoles [10].) The number of significant partial
waves grows with increasing ka. If an acoustical beam has
m =0 and ka is sufficiently small that only the monopole
and dipole terms are significant, Y| is minimized by taking
80 = §; = m/2, which follows analytically from the form of
Y1 in Eq. (10). The case of negative forces associated with
low ka scattering by small fluid spheres previously discussed
[G =0 in Eq. (15) of Ref. [3]] corresponds to going part
of the way down a valley in Y; having §y = §;. Near the
origin in the (8y,8;) domain a valley in Y, is present when
B > 55° having Y, < 0. The valley lies close to the valley
in Y; since Y3 given in Eq. (13) or (12) does not depend on
Im(s,).

The practicality of using acoustical Bessel beams to attract
spheres will also depend on the transverse stability of the
sphere and complications associated with thermal viscous
dissipation. The finite-element method has been used to
compute the scattering with the sphere slightly displaced from
the axis of the beam and to compute the associated radiation
force by evaluating Eq. (4) [18]. It is not difficult to find stable
situations where F is predicted by Eq. (21) to be negative. The
influence of the thermal viscous response of fluids has been
analyzed in the case of acoustical plane waves with the result
that the influence on the radiation force may be significant if the
radius a of the sphere is not much greater than the thickness
of the oscillating thermal viscous boundary layer [19]. It is
usually possible to measure the radiation force on a sphere
in water in such a way that forces associated with acoustical
streaming induced by the incident wave and other effects of
viscosity and the nonlinearity of the acoustical medium may be
neglected [20,21]. Acoustic radiation pressure and streaming
forces are expressed using phonon concepts in Ref. [22].
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