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We study the critical behavior of the free energy and the thermodynamic Casimir force in a Lﬁ_l x L block
geometry in 2 < d < 4 dimensions with aspect ratio p = L/L; on the basis of the O(n) symmetric ¢* lattice
model with periodic boundary conditions and with isotropic short-range interactions. Exact results are derived in
the large-n limit describing the geometric crossover from film (p = 0) over cubic (p = 1) to cylindrical (p = o00)
geometries. For n = 1, three perturbation approaches in the minimal renormalization scheme at fixed d are
presented that cover both the central finite-size regime near 7, for 1/4 < p < 3 and the region well above and
below T.. At bulk T, we predict the critical Casimir force in the vertical (L) direction to be negative (attractive)
for a slab (p < 1), positive (repulsive) for a rod (p > 1), and zero for a cube (p = 1). Our results for finite-size
scaling functions agree well with Monte Carlo data for the three-dimensional Ising model by Hasenbusch for
p = 1 and by Vasilyev et al. for p = 1/6 above, at, and below 7.
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I. INTRODUCTION AND OVERVIEW

In the theory of finite-size effects near phase transitions,
the study of critical Casimir forces [1] has remained on a
highly active level over the past two decades [2]. Close to
criticality and for sufficiently large confining lengths, such
forces are predicted to exhibit universal features in the sense
that, for isotropic systems with short-range interactions, their
scaling functions depend only on the geometric shape, on the
boundary conditions (BC), and on the universality class of
the system. For anisotropic systems of the same universality
class (e.g., lattice systems with noncubic symmetry such as
anisotropic superconductors [3]), however, two-scale factor
universality [4] is absent [5—10] and the critical Casimir forces
are nonuniversal as they depend on the lattice structure and
on the microscopic couplings through a matrix of nonuni-
versal anisotropy parameters. This implies that the Casimir
amplitudes at bulk 7, depend, in general, on d(d + 1)/2 — 1
nonuniversal parameters in d-dimensional anisotropic systems
with given shape and given BC [5-9]. This prediction is readily
testable by Monte Carlo (MC) simulations of anisotropic spin
models; it was also noted in [7] that experiments in anisotropic
superconducting films [3] could, in principle, demonstrate
the nonuniversality of the critical Casimir force [11]. A
corresponding nonuniversality of the Binder cumulant [4,17]
has been predicted [5,7] and has been confirmed by MC
simulations for the anisotropic Ising model [18].

In this paper, the focus is on isotropic systems with periodic
BC for the (n = 1) Ising universality class on the basis of the
O(n) symmetric ¢* lattice model.

Theoretical studies (beyond mean-field theory) of the
Casimir force in such systems have been restricted to co?~! x
L (film) geometry within the ¢ = 4 — d expansion above and
at T, [19-21]. The most interesting region, however, is the
region below T, where the scaling function of the Casimir force
displays a characteristic minimum as detected by MC simu-
lations [16,22]. A basic difficulty in treating an infinite film
system (forn = 1) below T is the existence of a film transition
at a separate critical temperature T, fim < 7. just in the region
of the minimum of the Casimir force [23]. A quantitative theory
of the corresponding dimensional crossover between different
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critical behavior of the d-dimensional bulk transition at 7, and
the d — 1 dimensional film transition at 7 g, constitutes an
as yet unsolved problem, except for the case of the Gaussian
model [8].

In this paper, we circumvent the problem of dimensional
crossover by studying a finite L‘Hl_' x L block geometry with
finite aspectratio p = L/L [24]. This geometry includes slab
(0 < p < 1), cubic (p = 1), and rodlike (p > 1) geometries
(Fig. 1). The practical relevance of the slab geometry is based
on the facts (i) that all experiments and all MC simulations
have necessarily been performed at finite p rather than at
p =0, (ii) that the shape of the finite-size scaling function
of the Casimir force depends on the aspect ratio p only weakly
in the regime p < 1 [16,22], and (iii) that the singularity of
the free energy and the Casimir force at 7, gim for p =0 is
only very weak, such that recent MC data [16] could not detect
this singularity. (By contrast, the logarithmic divergence of the
specific heat for p = O near 7T, g1, should be well detectable.)
This justifies the description of the main features of the film
system above and below T, to a good approximation, by a
finite slab geometry with small but finite aspect ratio. As
an interesting by-product of our theory, the dependence on
the aspect ratio for larger p is obtained, which permits us
to describe the geometric crossover from slab (p < 1) over
cubic (p = 1) to rodlike (p > 1) geometries. The geometric
crossover from block to cylindrical (p = o0) geometries has
been studied earlier near first-order transitions by Privman and
Fisher [25]. In this context, we note that systems with p > 1
are of experimental interest in the area of finite-size effects
near the superfluid transition of 4He [26,27]. Furthermore,
finite-size theories for block geometries are directly testable
by MC simulations.

The finite-block system is conceptually simpler than the
infinite film system because of a considerable technical
advantage: For finite 0 < p < oo, the system has a discrete
mode spectrum with only one single lowest mode, in contrast
to the more complicated situation of a lowest-mode continuum
in film (p = 0) or cylinder (p = co) geometry. This opens up
the opportunity of building upon the advances that have been
achieved in the description of finite-size effects in systems that
are finite in all directions [7,28-31]. It is not clear a priori,
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FIG. 1. (Color online) Three-dimensional Lﬁ x L block geome-
tries with aspect ratio p = L/Ly: (a) slab (p < 1), (b) rod (p > 1).
Arrows: critical Casimir force (2.15). Our theory (in Secs. I1II-V)
predicts that, for isotropic systems with periodic BC and short-range
interactions, Fcagmirs at bulk 7, is negative (attractive) for a slab,
positive (repulsive) for a rod, and zero for a cube (p = 1).

however, in what range of p such a theory is reliable since,
ultimately, for sufficiently small p <« 1 or sufficiently large
o > 1, the concept of separating a single lowest mode must
break down. Therefore, as a crucial part of our theory, it is
necessary to provide quantitative evidence for the expected
range of applicability of our theory at finite p. This is
one of the reasons why we also consider (in Sec. III) the
large-n limit, the exact results of which turn out to be helpful
in estimating the range of validity of our approximate results
forn =1.

As we shall present three different perturbation approaches
with different ranges of applicability for the case n = 1, we
give here a brief overview of our strategy. The basic physical
quantity is the singular part of the excess free energy density
f7*. On the basis of previous work [7,32], it is expected that,
for our isotropic system with a finite volume Lﬂl_l x L, there
exist three different regimes (a), (b), and (c) for the finite-size
critical behavior of the excess free energy f*. These different
regimes correspond to the three regions in Fig. 2 that are
separated by the dashed lines:

(a) The regime well above T, that includes an exponential
size dependence f* ~ exp(—L /&) or 7 ~ exp(—L/&es)
for large L/& > 1 and Lj/& > 1, with & being the
exponential (“true”) bulk correlation length [7,33,34] above
T.; in this regime, f is expected to tend to zero in the
high-temperature limit at finite L and Lj or in the limit of
large L and L) at fixed temperature 7 > T¢.

(b) The central finite-size regime near 7, that includes the
power-law behavior f& ~ L™ or f& ~ Lﬁd for large L
at fixed L/, 0 < L/&x < O(1) and for large L at fixed
Ly/&+, 0< Ly/6x < O(1) above, at, and below T, where
&4 is the second-moment bulk correlation length.

(c) The regime well below T, that includes an exponential
size dependence ~exp(—L /&) or ~exp(—L/&.-) for large
L/é— > 1 and L/&— > 1 with &_ being the exponential
(“true”) bulk correlation length [7,33,34] below T; in this
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FIG. 2. Schematic plot of the asymptotic part of the L™V —¢
plane, with t = (T — T.)/T.,, for the ¢* model with n = 1 and with
isotropic interactions on a simple-cubic lattice with lattice spacing
aina L‘"”1 x L block geometry with periodic boundary conditions
and finite aspect ratio p = L/L. In the central finite-size region
(above the dashed lines), the lowest mode must be separated, whereas,
outside this region (below the dashed lines), ordinary perturbation
theory is applicable. Above the shaded region, universal finite-size
scaling is valid for isotropic systems. In the large-L regime at ¢t # 0
(shaded region), the exponential form of the size dependence violates
both finite-size scaling and universality because of a non-negligible
dependence on the lattice spacing é@. An analogous plot applies to the
L‘TI/V -t plane.

regime, f7* is expected to have an exponential decay toward
a finite value —V ' In2 in the low-temperature limit at finite
volume V [32] and to tend to zero in the limit of large volume
at fixed temperature 7 < 7.

For a description of the cases (a) and (c), ordinary
perturbation theory with respect to the four-point coupling
ug of the ¢* theory is sufficient. This ordinary perturbation
approach is applicable to the regions below the dashed lines
in Fig. 2. This approach will be presented in Sec. VI. For the
case (b), a separation of the lowest mode and a perturbation
treatment of the higher modes is necessary [7,28-31]. This
approach is applicable to the region between the dashed lines
in Fig. 2, which we refer to as the central finite-size regime. In
Secs. IV and V, we treat the case (b) in 2 < d < 4 dimensions
on the basis of the ¢* lattice model in the minimal renor-
malization scheme at fixed dimension d [35]. We consider a
simple-cubic lattice with isotropic short-range interactions. We
shall demonstrate that our different perturbation approaches
complement each other and that the corresponding results
match reasonably well at intermediate values of the scaling
variables. As will be shown in Secs. V and VI, these results
agree well with Monte Carlo data for the three-dimensional
Ising model by Hasenbusch for p = 1 [36] and by Vasilyev
et al. for p = 1/6 [16] above, at, and below 7.

We shall see that in all regimes (a)—(c), universal finite-
size scaling [37] of isotropic systems is valid, except for the
regions that are indicated by the shaded areas in Fig. 2, where
the exponential form of the size dependence violates both
finite-size scaling and universality because of a non-negligible
dependence on the lattice spacing d. The boundaries of the
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shaded areas are not sharply defined; they are approximately
determined by L =~ 24&3 /a*. This issue will be discussed in
Sec. VI D.

II. MODEL AND BASIC DEFINITIONS

We start from the O(n) symmetric ¢* lattice Hamiltonian
divided by k5T

N N
. ro 2 K;;
H = ad[z <§§0,2 +M0(§0,’2) ) + Z Tj(@ _(Pj)2:|,
i=1 ij=1
@.1)
ro(T) = roc + aot,

t=T-T)/T., 2.2)

with ag > 0, ug > 0 where T, is the bulk critical temperature.
The variables ¢; = ¢(X;) are n-component vectors that rep-
resent the internal degrees of freedom of N particles on N
lattice points x; of a d-dimensional simple-cubic lattice with
lattice constant @ and with periodic boundary conditions. The
components goi(“), wn=1.2,...,nof ¢;, vary in the continuous
range —o0 < wf“ ) < 0o. We consider a finite rectangular
Lﬁ’l x L block geometry of volume V = L‘HF]L with the
aspect ratio

L

- = (2.3)
Ly

o
This block geometry includes the shape of a cube (p = 1),
of a finite slab (0 < p < 1), and of a finite rod (1 < p < 00)
(Fig. 1).

The free energy per component and per unit volume divided
by kgT is

f@,L.L)= —(nV)_lan(t,L,LH), (2.4)

where
N
Jd"e;
Z(t.L.Ly) = []‘! “an |SPCH) 25
is the dimensionless partition function. The bulk free energy
density per component divided by kg T is obtained by

() = lim lim f(,L,Ly). (2.6)
L—o00 Lj—00

The film free energy density per component divided by kg T

is obtained by taking the limit L — oo at fixed finite L (i.e.,

o — 0):

Sfam(t,L) = L%iinoo f@,L,Ly), (2.7)

corresponding to an oo?~! x L geometry. Our model also
includes the limit L — oo at fixed finite L (i.e., p — 00)
corresponding to an Lﬁfl X oo geometry, which we shall refer
to as cylinder geometry

fen(@t,Ly) = LILH;O f@,L,Ly. (2.8)

The excess free energy density per component divided by
k BT is

S L Ly) = f@t.L.Ly) — f(0). (2.9)
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For the finite L‘HJ_l x L system, we define the Casimir force
per unit area and per component in the dth (vertical) direction
(Fig. 1) as

O[Lfe (t,L,Ly)]
oL

where the derivative is taken at fixed L. There exist, of
course, also Casimir forces in the d — 1 horizontal directions.
Our approach is well suited to calculate such forces. This will
not be performed in this paper.

An important simplification of our model Hamiltonian (2.1)
is the assumption of a rigid lattice with a rigid rectangular
shape representing an idealized model system with a vanishing
compressibility. The same assumption is made in lattice
models on which previous Monte Carlo simulations of the
Casimir force are based (see [2,12,16]). As a consequence, the
number N of particles and the length L are directly related
by N = L‘lf_lL /@’. Thus, the derivative with respect to L (at
fixed L, fixed &, and at fixed couplings K;; and uo) in (2.10)
is equivalent to a derivative with respect to the number of
horizontal layers of the lattice, i.e., number of particles. Such
a definition of the Casimir force is appropriate when the
ordering degrees of freedom (particles in fluid films [2,12,16]
or Cooper pairs in superconducting films [3]) can move in
and out of the film system without significantly changing the
mean interparticle distance in the system. The definition (2.10)
is, however, not appropriate for systems with a fixed number
of ordering degrees of freedom. It appears that this is the
reason why it was claimed in [12] that the Casimir force “is
not a measurable quantity for magnets.” For similar claims,
see [38]. There exist, however, long-ranged critical fluctuations
of elastic degrees of freedom coupled to the order parameter in
condensed matter systems with a finite compressibility (such as
magnetic materials [13], alloys [15], and solids with structural
phase transitions [14]), which give rise to L-dependent critical
Casimir forces that are not contained in a description based
on rigid-lattice models of the type (2.1). A description of
such thermodynamic Casimir forces is provided by coupling
the variables ¢; in (2.1) to the elastic degrees of freedom
[13,15,39], in which case the free energy density f(¢,L,L;,N)
depends on both the length L and the number N of particles
as independent thermodynamic variables. Such a model
is relevant for the calculation of an L-dependent elastic
response to the critical Casimir force (e.g., an L-dependent
contribution to magnetostriction). In the case of a compressible
system, the number N of particles of which is fixed, the
L-dependent thermodynamic Casimir force is given by

O[Lfe*(t,L,Ly,N)]
oL

where now the derivative is taken at fixed ¢, L, and N.
In such systems, anisotropy effects on the critical Casimir
force are expected to play an important role. Equation (2.11)
complements our arguments presented in [11]. As we consider
the thermodynamic Casimir effect as a finite-size effect,
our definition (2.11) does not include the bulk part of the
total thermodynamic force —d[Lf(¢,L,L;,N)]/0L, which
may give rise to measurable elastic bulk effects (such as a
bulk contribution, e.g., to magnetostriction). Here, we shall
not further discuss this extension to systems with a finite

Feasimin(t, L, L)) = — , (2.10)

Feasimie(t,L,L,N) = — , (21D
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compressibility, which is beyond the scope of this paper, the
focus of which is on isotropic incompressible systems.

For small [¢], the bulk free energy density (2.6) can be
uniquely decomposed into singular and nonsingular parts

To(@) = fos() + fons(0). (2.12)

Forlarge L /d, L /d,and small |¢[, a corresponding assumption
is made [4] for

f@,L.Ly) = fo(t,L, L))+ fus(t,L,Ly) (2.13)
and for the excess free energy
fE@,LLy) = f75@,LLy)+ fi25@,L.Ly, (2.14)

where f,,(¢t,L,L)) and f:X(t,L,L)) are regular functions
of t and where f,(t,L,L) remains regular in the bulk
limit fug(t.L.Ly) = fous(t), Whereas f,(t.L,Ly) — fis(1)
becomes singular in this limit. It has been assumed [37] that,
for periodic BC, f,(¢,L,Ly) is independent of L and L,
i.e., that it is identical with the regular bulk part f, ,,(¢) of
fp(®). We do not know of a general proof of this property;
it appears to be valid for the ¢* theory in the presence
of short-range interactions K; ; but not in the presence of
long-range correlations [7]. The critical behavior of Fcagimir
can be calculated from its singular part

[ Lf(,L,Ly)
FCasimir,s(tsL,LH) = —Q.

- (2.15)

For the ¢* lattice model with the interaction given in (2.19)
below, it is expected that f7(¢t,L,L)) = 0, thus, Fcasimir =
Feasimir.s» Which is consistent with our results in Secs. III-VI
[see also the remark after Eq. (4.36) of [7]].

Our main goal is to study the case n = 1 at fixed finite
aspect ratio 0 < p < oo, including extrapolations to the film
and cylinder geometries. For comparison and as a guide for
our extrapolations, we shall also consider the exactly solvable
limit n — oo.

For periodic boundary conditions, the Fourier representa-
tions are

px) = V1Y Nk (2.16)
k

and
Kij=Kx—x) = N Y KK, (217
k
where the summations ) , run over N discrete vec-

tors k = (ky,kz, ...,kg) with Cartesian components k, =
2nmg /Ly, ¢ =1,2,...,d =1, and kg =2nwmy/L ,mg =

0,£1,%£2,..., in the range -n/d <kg<m/d, B=
1,....,d. Interms of the Fourier components, the Hamiltonian
reads as

1 ~
H=Vv"! Z E[ro + §K (K)]o(k)¢(—k)
k

+ ugV? Z[@(k)tﬁ(p)][sﬁ(q)é(—k -p—ql, (2.13)
kpq
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where §K (k) = 2[[? 0 — K (k)]. We assume a simple ferro-
magnetic nearest-neighbor interaction

d
. 2 ;
SK(K) = = X_; [1 — cos(aky)], (2.19)
which has the isotropic long-wavelength form
SK(k) = k> + O(k*). (2.20)

Thus, it is appropriate to define a single second-moment bulk
correlation length £* above (+) and below (—) 7. [see, e.g.,
Eq. (3.4) of [7]]. As a reference length that is finite for both
n = 1 and oo, we shall use the asymptotic amplitude &y, of
the second-moment bulk correlation length above T,

T =&

For small |t|, the asymptotic bulk power law is f; () =
A*[t|?". Due to two-scale factor universality for isotropic
systems [7], this can be written as

01 (E(Lrlf”)d for T >T,,
(A/ADQ (511" for T < T,

2.21)

fos(®) = (2.22)

with a universal constant Q; and the universal ratio of the
specific-heat amplitudes A= /AT,

The finite-size scaling form of the singular part of the
free energy density is, for isotropic systems in the asymptotic
critical region |t| < 1, L/a > 1, Ly/a > 1[7,37],

ft.L.Ly) = L™ F(3.p), (2.23)

where F(%,p) is a dimensionless scaling function with the
scaling variable

X =1(L/Ep)"". (2.24)

The bulk part Fbi(i) of F(X,p) is obtained from (2.22)
and (2.23) in the limit of large |%| as Ldfs(t,L,L”) — Fhi(fc)
with

Qlid" for T >T,,
Ff@F) = (2.25)
(A=/ANHQ, |X|? for T <T..
This implies the scaling form
5@, L, L)) = L™ F“(%,p), (2.26)
F(%,p) = F(%,p) — F(%). (2.27)

Together with (2.15), this leads to the scaling form of the
critical Casimir force for systems with isotropic interactions:
Feasimins (0,1, L)) = L™ X(%,p) (2.28)

with the scaling function

) oo FOFO(E.p)  IFC(R,p)
X(*,p)=d - DF"(Xx,p) — = —— =P -
v 0x ap

(2.29)

These scaling functions have finite limits for p — 0 at fixed
L and at fixed ¥ corresponding to film geometry

fitm,s(t,L) = L™ (%), (2.30)
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Fiim(¥) = lim F(%, p), (2.31)
pP—>

Fiijn(¥) = lim F(X, p), (2.32)
p—>
~ . ~ ex e X aF?fn()?)
Xfim (%) = [1)1_1)1}) X(&,p) = (d— DF§ (%) — = fgi '

(2.33)

Note that v denotes the bulk critical exponent and X is the
scaling variable with respect to bulk criticality, not with respect
to film criticality.

In a rod-shaped geometry with p > 1, a representation of
the scaling form in terms of the length L and of the scaling
variable

X =t(Ly /&))",

rather than in terms of X, is more appropriate. Because of

(2.34)

F=xp"", (2.35)

we obtain from (2.15), (2.23), (2.24), (2.26), and (2.27)
[, L.Ly) = L ®().p). (2.36)
[P LLLy) = Ly 0% (). p), (2.37)
Feasimir.s(t.L.Ly) = L' E(%).p). (2.38)

with the scaling functions
(&), p) = p F(F1p"",p), (2.39)
DU (E,p) = p T F(Fp', ), (2.40)
E(F).0) = p X &0, p)

= 0%y 0) + (1/p) ST g gy

a(1/p)
It turns out that they have finite limits for p — oo at fixed L
and fixed ¥ corresponding to cylinder geometry

Jen s, L) = Ly @ (%)), (2.42)
Deyi(F)) = lim (%), p), (2.43)
D5 (X)) = plingo O (), p), (2.44)
Be(fy) = lim E(F),p) = —PG(Ep).  (245)

Quantitative results for the various scaling functions will be
presented in Sec. III for n = oo and in Secs. V and VI for
n=1.

We recall that all finite-size scaling forms given in this
and in the subsequent sections are not valid in a small part
of the asymptotic region for large L (or large L) at fixed

t # 0 in the L'/Y-¢ plane (or Llll/ "t plane) above and below
T, (corresponding to the shaded regions in Fig. 2) where
exponential nonscaling terms exist that depend explicitly on
the lattice constant &. This issue will be discussed in Sec. VI.

III. LARGE-n LIMIT

A. Free energy density

By generalizing Eq. (6.30) of Ref. [7] to Lﬁl_] x L
geometry, we obtain, for the free energy density per component

PHYSICAL REVIEW E 84, 021108 (2011)
in the limit n — oo at fixed ugn,
f@,L,Ly) = lim [-(nV) " InZ(t,L,L))]
n—oo

Q@) (o—x7')?
T 2ad 16ugn

1 -1 4 SR K1a2
+2V2k:1n{[x +8K ()@, (3.1)

where Z(t,L,L)) is defined by (2.5) and )((t,L,L”)’1 is

determined implicitly by

dugn
\%

> T +sK®)]

k

x '=ro+ (3.2)

The condition x ' = 0 for bulk (L — oo, L — 00) critical-

ity yields the critical value of r( as

. d w/a dk
Foe = —4uon/31<(k)—‘, / = / -,
Kk k 01[:[1 2

—r/a

(3.3)

Equations (3.1) and (3.2) are valid for T > T, (ro = ro.)
and T < T, (ro <ro;). For T > T., the quantity x(t,L,L)
represents the susceptibility per component.

B. Exact scaling functions

In the following, we present exact results for the finite-size
scaling functions F, &, F*, ®*, X, and E in 2 <d <4
dimensions. We rewrite (3.1) and (3.2) in terms of ry — ro. =
aot and assume large L/a, large L /a, small [ry — rocla® <« 1,
and |rg — roc|L? < 0(1), |ro — r0C|Lﬁ < O(1). Evaluation of
the sums in (3.1) and (3.2) (see the Appendix) leads to the
scaling form of fy(t,L,Ly) [Eqs. (2.23) and (2.24)], where
v=(d—2)""and

4ugnAg\ 4>
Eor = ( 2 ") (3.4)
eay
with the geometric factor
ra-dj2
Ay = ( /2) (3.5)

24-27d/2(d — 2)’

For an arbitrary finite shape factor 0 < p < oo, we find the
finite-size scaling function

A 2 1
F(x,p)=2—;’ [iP(x,p)z—g P(x,p)d]+§go[13(x,p)2,p1,

3.6)
. o0 . Pzz
(P2 — 2\—j j-1 __ -
Gi(P*,p) = @4n") /0 dzz exp< 47r2)
(/)" = [pK (P’ ' K@)}, (B.7)
where P(X,p) is determined implicitly by
P = - 2 Gi(Pp) (3.8)
Ag
with
K@= Y exp(—zm?). (3.9)

The earlier result of Eqs. (6.32)—(6.34) of [7] for cubic
geometry is obtained from Egs. (3.6)—(3.8) by setting p = 1.
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In the film limit p — 0 at finite L, we obtain pK(p%z) —
(/)2

A 2 1
Fiiim(%) = 2—5 [mez -2 P(i)"] +3 Go fim[ P(®)*1,

(3.10)
o , p2 7\ @-D/2

Gy iim(PY) = (4m%)~ / dze - ep (~ 22 (2

0 4r z
x (/)" — K@)}, (3.11)

where P(X) is determined implicitly by
I G1.im(P?). (3.12)
Ag

For n — o0, a finite film-critical temperature 0 < T fm(L) <
T, exists only in d > 3 dimensions, whereas T, gim(L) = 0 in
d < 3 dimensions. Equations (3.10)—(3.12) are valid in the
asymptotic region near bulk 7.

In the cylinder limit p — oo at finite L, we obtain
K(Pzz) - 1, P(X,p)/p — Pcyl(xu),

A 2
De(X)) = 2—; [fnl”cyl()?)2 g cyl(fn)d]

1
+ Ego,cyl[Pcyl(xll)z]» (313)

o[ . zP2,
Gjeyt(Piy) = (4*)™ / dzz/ " exp ( - 473)(”/2)”2
0

x (e/2) "2 — (K @11, (3.14)
where Pcy1(%)) is determined implicitly by
_ - €
szl 2= X = A_d gl,cyl(Pczyl)- (3.15)

In this cylinder limit, the system has an infinite extension
only in the dth direction, i.e., it is essentially one dimensional,
thus, no finite critical temperature exists in the cylinder case at
finite L. Equations (3.13)—(3.15) are valid in the asymptotic
region near bulk 7.

The bulk part F, bi (%) of F(%,p) in the large-n limit is given
by (2.25) with Q| = (d — 2)A4/[2d(4 —d)] and A= /AT =
0. Correspondingly, the bulk part of ®(%,p) is Cbzt()ZH) =
Fbi(i”). From (2.27) and (2.40), we then obtain the scaling
functions F** and ®¢* of the excess free energy density.

The scaling functions X and E of the Casimir force are
obtained from F** and ®°* according to (2.29), (2.33), (2.41),
and (2.45). All scaling functions are shown in Figs. 3 and 4
for several values of p in three dimensions, illustrating the
crossover from film geometry (p = 0, dotted lines in Fig. 3)
over cubic geometry (double-dotted-dashed lines) to cylinder
geometry (1/p =0, dotted lines in Fig. 4). We see that,
for O(—-10) < ¥ < 00 and O(—10) < X < oo, the scaling
functions for slab (p < 1) and rod (1/p < 1) geometries,
respectively, provide a reasonable approximation for the
scaling functions (i) for film geometry if the shape factor
p is sufficiently small, and (ii) for cylinder geometry if the
inverse shape factor 1/p is sufficiently small. This is not
true, however, in the low-temperature limit ¥ — —oo and
X — —oo, respectively (see the following section).
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FIG. 3. (Color online) Scaling functions (a) F** (%, p) [Egs. (2.27)
and (3.6)—(3.8)] and (b) X(%,p) [Eq. (2.29)] as a function of
% =1t(L/£.)"" in the large-n limit in three dimensions for film
geometry (p = 0, dotted lines), for slab geometry (solid lines: p =
1/4, dashed lines: p = 1/2, dotted-dashed lines: p = 3/4), and for
cubic geometry (p = 1, double-dotted-dashed lines). For ¥ — —oo,
the curves in (a) with p > 0 diverge logarithmically toward —oo,
whereas the p = 0 curve in (a) has a finite low-temperature limit
—0.191. All curves in (b) have finite limits for ¥ — —oo as given
by (3.21) and (3.23).

C. Monotonicity properties at fixed p

For fixed p, F*(X,p) and ®**(%},p) are monotonically
increasing functions of ¥ and %, respectively [see Figs. 3(a)
and 4(a)]. They vanish exponentially fast for ¥ — ooand ¥ —
oo and have logarithmic divergencies toward —oo for ¥ —
—o0 and X — —oo, respectively, for finite 0 < p < oo.

To derive the latter property, consider the quantity P as
determined by (3.8). It is finite and positive for —oco < ¥ < 00
and vanishes for ¥ — —oo. More specifically, the function G,
has the divergent small- P> behavior G;(P2,p) ~ —p?~! P72
[see (A8) in the Appendix]. According to (3.8), this implies
that P2 vanishes as P>~ eA;' p?~!(=%)"! for ¥ — —oo0.
Thus, the behavior of F(X,p) [Eq. (3.6)] for large negative ¥
is given by

F(X,p) = F*(&,0) ~ =507 + 3Go[P(%,0)%,p]  (3.16)
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FIG. 4. (Color online) Scaling functions (a) ®“(%,p)
[Eq. (2.40)] and (b) E(¥,p) [Eq. (2.41)] as a function of ¥ =
t(Ly/&+)"" in the large-n limit in three dimensions for cylinder
geometry (1/p =0, dotted lines), for rod geometry (solid lines:
1/p = 1/4,dashedlines: 1/p = 1/2), and for cubic geometry (1/p =
1, double-dotted-dashed lines). For X, — —oo, the curves in (a) with
1/p > 0 diverge logarithmically toward —oo, whereas the 1/p =0
curve in (a) has a finite low-temperature limit —0.719. All curves in
(b) have finite limits for ¥, — —oo as given by (3.22) and (3.24).

for —% > 1. The function G, has a divergent small-P?
behavior as given by (A4) in the Appendix. The resulting
logarithmic divergency is

1
—=p + 7Co(p)

4l A %\ 1
2

- Ve
F(%,p) ~ == ‘1n( porE

(3.17)

with Cy(p) given by (A6). For finite 0 < p < oo, Egs. (2.35)
and (2.40) imply a corresponding logarithmic divergency of
D (X}, p) for X — —oo0.

By contrast, we shall find a nonmonotonic dependence of
the scaling functions F** and ®** on % and % for the n =1
universality class for finite 0 < p < oo in the central finite-size
scaling regime described in Sec. V below.

For the film system in the large-n limit, we confine ourselves
to the case d = 3. We find from (3.11) that Gy im(P?) ~

PHYSICAL REVIEW E 84, 021108 (2011)

(47)~"'In P? for small P? and that P? vanishes as P?  e*
for ¥ — —oo. This implies that Fg; (¥) has a finite value in
the low-temperature limit [40] [compare Fig. 3(a)]
im Fii(®) = $Goim(0) = —0.191 for d =3. (3.18)

In the cylinder system in the large-n limit, we find
from (3.14) thatgl,cyl(Pczyl) ~ —( Pc;ll for small Py withc| =
@m)~12 [ dyy 2e™ > 0 and Py ~ cieA;' (—%)) 7! for
X — —oo. This implies that, for 2 < d < 4, (X)) has a
finite value in the low-temperature limit

lim &, (F)) = 3 Go.ey1(0) (3.19)

XH‘)*
with % Go,cy1(0) = —0.719 for d = 3 [compare Fig. 4(a)].

In contrast to F** and ®¢*, the scaling functions X and E
turn out to be nonmonotonic functions of their scaling variables
X and X, respectively, in an intermediate range of o where
p ~ O(1) [see Figs. 3(b) and 4(b)]. In this range, X exhibits
a change of sign near ¥ = 0: The Casimir force changes from
a repulsive force below T, to an attractive force above T..
Especially for p = 1, d = 3, this change of sign occurs exactly
at T, where X(0,1) =0, E(0,1) = 0. In the range p < 1/2,
X < 0isamonotonically increasing function of ¥. In the range
p 2 3/2, E > 0is a monotonically decreasing function of ¥|.

Above T, X and E have an exponential decay toward zero
as functions of ¥ > 1 and ¥ > 1, respectively, as follows
from the exponential decay of F** and ®*. Below T, the
scaling functions X and E have finite values in the low-
temperature limits ¥ — —oo and X¥; — —o0, respectively, for
all —oo < p < oo, unlike the divergent behavior of F** and
@¢* for finite p. To derive the low-temperature limit of X, we
use Egs. (2.27) and (3.6) to rewrite (2.29) as

AT d—1
X(%,p) = Fi (%) + ?d[E)ZPz _ TPd]
3Go(P%,p)

1 2
+ §|:(d — DGo(P~,p) — p o

] (3.20)
with P(%,p)? determined by (3.8). For P> — 0, the divergent
parts of the last two terms cancel each other, which leads to a
finite limit

N Loy 1
Jim X(Fp) = = Zp"! 4 2 lim [(d — DGo(P2.p)
9Go(P%,p)
- 3.21
P o (3.21)

with a nontrivial p dependence. Similarly, we obtain a finite
limit

lim E(F,p)=p ¢ lim X(&,p). (3.22)
X——00

X|—>—00
This is in contrast to the exponential decay of X and E toward
zero for ¥ — —oo and ¥ — —oo, respectively, for the n = 1
universality class that we shall find in Sec. VI below.
For film and cylinder geometries in the large-n limit, the
low-temperature limits are

),CEIPOO Xim (%) = 2F},,(—00) = Go. aim(0) = —0.383  (3.23)
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FIG. 5. (Color online) Critical amplitudes (a) (0, p) [Eq. (2.27)]
and (b) X(0,p) [Eq. (5.10)] at T, in three dimensions as a function
of the aspect ratio p in the large-n limit [thin lines, from (3.6)]
and for n =1 [thick lines, from (5.1)]. For n = 0o, Fjn(0) =
F(0,0) = —0.153 and Xg,(0) = X(0,0) = 2F5im(0) = —0.306. At
p =1, X(0,1) vanishes for both n = co and 1. Monte Carlo data of
the d = 3 Ising model for p = 1 by Mon [41] [full circle in (a)] and
for p = 0 by Vasilyev ef al. [16] [triangle in (b)]. See also Fig. 7.

for d = 3 [see Fig. 3(b)], in agreement with the earlier result
for the spherical model [22,40], and

lim Ecyl()zll) = _cbcyl(_oo) = _% gO,cyl(O) (3.24)

X|—>—00

for 2 <d < 4, with
Fig. 4(b)].

—3 Go.eyi(0) = 0.719 for d =3 [see

D. Monotonicity properties at fixed temperature

From Figs. 3 and 4, we also infer monotonicity properties
at fixed ¥ and ¥, respectively, i.e., at fixed temperature. For
fixed ¥, F**(X,p) is monotonically decreasing with increasing
p,whereas X (¥, p) is monotonically increasing with increasing
p. For fixed %, both ®** (%), 0) and E** (%}, ) are monoton-
ically decreasing with increasing 1/p. This monotonicity is
demonstrated by the thin lines in Figs. 5 and 6 at bulk 7,
(¥ =0, X = 0). These lines also exhibit a monotonic change
of the curvature toward zero for p — 0 and for 1/p — 0,
respectively. For comparison, corresponding curves are also
shown for the n = 1 universality class (thick lines in Figs. 5
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FIG. 6. (Color online) Critical amplitudes (a) ®(0, p) [Eq. (2.39)]
and (b) E(0,p) [Eq. (5.11)] at T, in three dimensions as a function of
the inverse aspect ratio 1/p in the large-n limit [thin lines, from (3.6)]
and for n =1 [thick lines, from (5.1)]. For n = oo, ®.,(0) =
®(0,00) = —0.329 = —E,(0) = —E(0,00). At 1/p =1, E(0,1)
vanishes for both n = oo and 1. Monte Carlo data of the d = 3 Ising
model for p = 1 by Mon [41] [full circle in (a)]. See also Fig. 8.

and 6) that will be derived in the subsequent sections. On the
basis of these results, we are led to our hypothesis that the
monotonicity properties mentioned above are valid not only
for n = oo but are general features of the free energy and the
Casimir force (for periodic BC) that are valid for all # in the
whole range 1 < n < oo.

IV. PERTURBATION THEORY FOR n =1
IN THE CENTRAL FINITE-SIZE REGIME

In this and the subsequent sections, we confine ourselves to
the case of a one-component order parameter.

A. Perturbation approach for the free energy density

The basic ingredients of our perturbation approach for
Lﬁ_l x L geometry are similar to those developed previously
for cubic geometry [7]. The starting point is a decomposition
of the variables ¢; = ® + o; into the lowest (homogeneous)
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mode amplitude ¢ and higher-mode contributions o,

e=V"'p0)=N") g, (4.1)
J
1 e
oj = VE (k). 4.2)

Kk£0

Correspondingly, the Hamiltonian H and the partition function
Z are decomposed as

H = Hy+ H(®,0), (4.3)

1
Ho(rg ,up ,V ,®) =V <§r0<1>2 + uod>4> . (44

N
ﬁ(Qo) = sz{ Z |:<%O + 6ugd>2>oj2 + 4uod>a; + uoo;{|

j=1

N oK.
+,-,,X::1 %(o,' - o,»)z}, (4.5)
Vl/z 00 R
zZ= Z / d® exp{—[Ho + ['(®)]}, (4.6)

o 1 ~
r(®* =—1In [ I1 m/ d&(k):| exp[—H(®,0)],
K7 .7

where 6 (k) = ¢(k) for k # 0. We shall calculate the partition
function and the free energy by first determining '°(®?) by
means of perturbation theory at given ® and subsequently
performing the integration over ®. Since exp[—I"°(®?)] is pro-
portional to the order-parameter distribution function, which
is a physical quantity in its own right, we shall maintain the
exponential form of exp[—F°(<I>2)] without further expansion.

The decompositions (4.3)—(4.7) and the perturbative treat-
ment of the higher modes are reasonable as long as there
exists a single lowest mode that is well separated from the
higher modes. This is, of course, not the case in the film limit
p — 0and in the cylinder limit p — oo, where the system has
a lowest-mode continuum and where a revised perturbation
approach would be necessary. In Sec. V below, a quantitative
estimate will be given as to in which range of 0 < p < oo our
perturbation approach is expected to be applicable.

Since the details of the perturbation approach for f(¢,L,L))
are parallel to those presented in [7] for cubic geometry, we
directly turn to the result. Our perturbation expression for the
bare free energy density reads as

1
f=- o 111(27T)+§SO(VOL,L,,0)

1 > loeiro 4
——1In dsexp|—=zyg s —5
V) s 2

1 V12t )
= | 6uo My Si(roL,L,p)

—5yIn
—36ulMy Sy(ror, L, p) (4.8)
with
¥ = V12ug 2 {roll + 18ueSa(roL. L. p)]
+ 12u0 S\ (ror, L, p) + 144ui M Sa(ror, L.p)},  (4.9)
we = ug 114 18uSa(roL, L, p)] - (4.10)
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Here, S;(roL,L,p) denote the sums over the higher modes

1 -
SotroLL,p) = 33 Inflron + 8K (%), (4.11)
k£0

1 ~
Swlro,Lp) = 3 3 Hlro + 8K (W1}~
k£0

4.12)

for m = 1,2. The temperature dependence enters through the
parameter

roL(ro,ug, V) = ro + 12ugM3(ro,uo, V) (4.13)
as well as through the lowest-mode average
o0 2
d® O~ exp[—Hy(rg,ug,V
M2(ro 0,V = /o pl—Ho(ro,uo0, V)] 4.14)

f;o d® exp[— Hy(ro,ug, V)]

The positivity of ror, > O for all ry permits us to apply the
theory to the region below 7.. For finite V, Mg and rop
interpolate smoothly between the mean-field bulk limits above
and below T:

) ) ) 0 for ro >0,
lim My =M,,, = (4.15)
Voo —ro/(4ug) for ro <O,
and
. 0 for rg >0,
lim rop = ryy = (4.16)
V—o0 —2rg for rop <0,

respectively. In the bulk limit, Eq. (4.8) correctly contains the
bare bulk free energy density in one-loop order [i.e., up to
o(D)]

In(27) 1 ~

+ _ 2
I L /kln{[ro +oRMO),  (@17)

B 1 In(27)

fb = Er()Mif + M()M;tf — de
1 —
+ 5/1n{[—2r0 + 8K (k))a*} (4.18)
Kk

above and below T, respectively. [For the symbol fk, see
Eq. (3.3).] In the derivation of (4.8), I"°(®?) has been expanded
around Mg in powers of P2 — Mg up to o[(d?* — Mg)z].
Furthermore, an expansion with respect to u at fixed ro_ has
been made and has been truncated such that terms of 0(u(3)/ 2)
are neglected. For a discussion of the order of the neglected

terms, see [7,31,42].

B. Dependence on the aspect ratio p

Equations (4.8)—(4.10) are identical in structure with
Egs. (4.26)—(4.28) of [7], where a cubic geometry was
considered. The new point of interest here is the dependence
of the bare free energy density f(¢,L,L) on the aspect
ratio p = L/Ly. The p dependence enters (i) through the
volume

V=L{""L="L"" (4.19)

021108-9



VOLKER DOHM

(ii) through the lowest-mode average

M (ro,uo, V) = (L'~ ug)™"2 9a(y0),  (4.20)
Yo =ro(Lp" Jug)'?, (4.21)
00 2 1, 2 4
dss exp(— 5y05” — 8
pa = LT (Z 0 =) o
Jo~ ds exp (— 3yos? — s%)
and (iii) through the higher-mode sums S;(roL,L,p)

[Egs. (4.11) and (4.12)]. In the regime of large L /d, large L /a,
small 0 < (rop)"/%@ <« 1, and fixed 0 < L(rop)"/? < O(1),
0< LH(rOL)l/ 2 < 0(1), these sums are evaluated for finite
0<p<ooin2<d <4 dimensions as (see Appendix B
of [7] and our Appendix)

So(roL,Lop) = f In{[s K (K)1a} + row / R
k k

2Ad(VOL)d/2 + 1 1 L2
de " a’4n?
1 —p! . 1
+ —7a In(rord?) + ﬁfo("OLLZ,P),
(4.23)
22 -1 Ay (d—2)/2
Si(roL,L,p) = | [6K(K)] — ?("OL)
k
1— pdfl 7 (L)Zfd
+ T("OL) T Wll(TOLLZ,P),
(4.24)
A B 1— pd—] B
Sa(row.L.p) = Td = o)™ 4+ —— (o)
(L 4—d 5
+ mlz(rOLL ,0) (4.25)

with
Jo(x?,0) = f dy y~'(exp [—x?y /() (w /y)/?
0

—[pK(E*NITTK(y) + 1} —e™),  (4.26)

Ly(x*,p) = / dy y" ' exp[—x’y/(@4n?)]
0

x {[oK(P*I" K(y) — (w/y)* — 1} (4.27)
form = 1,2. [For K(y), see Eq. (3.9).]

C. Bare perturbation result

It is appropriate to rewrite the free energy density f
[Eq. (4.8)] in terms of ry — rg., where
roe = —12ug / 6K (k)] (4.28)
k
is the critical value of ry up to O(ug). The resulting function

is denoted as f(r() — roe,to,L,p,K; j,a). As we are interested
only in the singular part, we subtract the nonsingular bulk part
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up to linear order in ro — ro,:

i Q) 1 L
F0 = roe Koo = =5+ 2 /k In{[8 K ()12}
ro — roc

/ BK®)]™'. (429
2 Uk

The remaining function

Sf(ro - rOCsu()yL’paKi,jvd)
= f(ro — rocstto,L,p,K; j,a) — fP(ro — roc, Ki j,d)
(4.30)

has a finite limit for @ — O at fixed ro —ro. in 2 <d < 4
dimensions,

llr% (Sf(rO - rOcs”OvLsvai,jaa) = (Sf(ro - rOC’MOstO)»
(4.31)

where we have assumed the interaction (2.19). (For the
justification of taking the limit @ — 0, see the remarks after
Eq. (4.36) of [7].) The function (4.31) still contains a non-
singular bulk part frfsz)(rg — Foc,Up) proportional to (ry — Foc)?.
It is convenient to subtract this nonsingular bulk part later
within the renormalized theory in the asymptotic critical region
as described in Sec. IV E. Our perturbation result for the
function &f(ro — roc,uo,L,p), as derived from (4.8)—(4.14)
and (4.19)—(4.31), reads as

5.f(r() - rO(‘v”OaL’p)

Ay V§L (ro _"Oc)2 2214
=— — 4 ——"——18usM,
[4d 4¢ *o™o

&/2

FoL,

1 d—1 oo 1 eff 2 4
+ﬁ —p“ ' In dzexp 5% (07" —z

o0
1 2w (p) 1
|: 0 i| + EJ()("OLLZ’[))

—_— n —
2 LE/2pd=D)2
SugMZL? ) QuiMiL* )
- Tll(FOLL p) — —gge Lol .P)
1— d—1 1 eff L2
+ P L (P)roL
Ld 2 La/zp(d—l)/zzn
6uoM?  36uiM;
— Uuo 0o _ u(z) 0 }’ (432)
roL oL

Ld/Zp(lfd)/2 Ad(d _ 2)
3§70) = =L o — ro) | 1+ 18up | “5
u, 2¢

FoL
e L it
r 9
izt Tem Rrolhe

Ay 1— pd_l
+ 12u0| —
0|: erg % Ll
L>d ) 2 5| Aald —2)
+——L(roL",p) | + 144ugMy| ———»—
4r 2¢ ré{

1 — pdfl LE 5
L4 r2 + 1674 IQ(VOLL ap) , (433)
OL
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_ Agd—-2) _,
wgff(p) = u, 1/2{1 + 18u0|:Mr0L/2

2¢e
1— pdfl 5 LE
+ Trol + WIZ(YOLLZJ){H , (4.34)
where now ror. and Mg are abbreviations for

roL(ro — Foe,uo, L,p) = ro — roc + 12ugMg  (4.35)
and

M5 (ro — roe o, L, p) = (L p'~"ug)™"? 92(50),  (4.36)
with

S0 = (ro = roe)(L! "~ Jug)'/? . (4.37)

Our Eqs. (4.32)—(4.37) are applicable to some finite range of
0 < p < oo and contain Eqs. (4.37)—(4.42) of [7] as a special
case for p = 1. They are not applicable to the film (p — 0)
and cylinder (p — o0) limits below bulk 7.

D. Minimal renormalization at fixed dimension

As is well known, the bare perturbation form of §f requires
additive and multiplicative renormalizations. As the ultraviolet
behavior of 6f does not depend on the aspect ratio p, the
renormalizations are the same as those described in [7] in terms
of the minimal renormalization at fixed dimension 2 < d < 4
[35]. The adequacy of this method in combination with the
geometric factor A, [Eq. (3.5)] has been demonstrated in [7]
for the case of cubic geometry. Since the aspect ratio p is
not renormalized, we apply the same renormalizations to the
present bare expression for §f [Eq. (4.32)]. The details are
parallel to those in [7], which justifies us to turn directly to the
renormalized form of &f. It is defined as

_ 3 -2 4—1
- rts £l L) k)
fr(r,u,L,p,1) 8f(Z W ZyZ, Ay u,L,p )

— Tt AgAu,e), (4.38)

where r and u are the renormalized counterparts of ry — ro. and
ug. For the Z factors Z;(u,¢) and the additive renormalization
constant A(u,¢), we refer to [7]. The inverse reference length u
is chosen as 1! = &, where &y, is the asymptotic amplitude
of the second-moment bulk correlation length above 7.

The critical behavior is expressed in terms of a flow
parameter [(¢,L,p), which is determined implicitly by

ru(l) = W’
The reason for this choice of the flow parameter is given
after (4.45) below. The dependence of [ on ¢, L, and p

enters through the function ry (/), which is the renormalized
counterpart of rgp. It is given by

r) = rou[r().0° n A7 (), L, p]

(4.39)

= r() + 12[(ul) A7 uL™ p =] 20y 1)
(4.40)
with
YO = rOu 2 LuD e P A w2, @4

where 9,(y) is defined by (4.22). The effective renormalized
quantities (/) and u(/) are defined as usual [35]. Both (/) and
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y(l) depend on ¢, L, and p. The t dependence originates from
r(l), which depends on ¢ through its initial value (1) = r = at
witha = Z,(u,e) " a.

The effective renormalized counterparts of ygff(,o) and of
wgff(p) are given by

Y1 (p) = AuL)yp =2 A Pu) 1

r(l) rL(l)
x {W[l + 18u(l)R2<ﬁ,l,uL,p>i|

!
T 12u()R, (;LT(lz),luL,p>

+ 144(1 L)~ p@=D2 A2y (1329, [y (1))

l
x R2<2“2(12),Z;LL,/)>} (4.42)
and
" l
w(l.p) = u(z)—w[l + 18u(l>R2<rLT(),mL,p)},
w2
(4.43)
where

Ri(q,p.p) = e 'q[l — g1+ A7 (1 — p"Hg ™' p™?
+ p*2@4n*A.) " Ii(g pPp), (4.44)

Rig.p.p)=—¢e'[1—q 1= 1=+ A7 (1 — p71)

xq2p~ "+ pf(167* A (g p*.p) ,
(4.45)

with [, defined by (4.27). The dependence of the functions R;
on the ratio rL(l)/(p.zlz) is the reason for the choice (4.39) of
the flow parameter. It ensures the standard choice in the bulk
limit both above and below T, [35]:

T >T,,
T <T,,
(4.46)

/L2li =r(y) for

lim lim wp?? =
’ wl? = —2r(_) for

L—oo Lj—o0

and implies ul o« L™ p@=D/4 for large finite V at T = T,.

After integration of the renormalization-group equation
[see Egs. (5.6) and (5.7) of [7]], the renormalized free energy
density attains the structure

A l 2 1
Frrat, Loy = falr@u) i, L, p] + 2 / Blu(l)]
1

2(Ipy
4 B VIKaW: 14
X CXP_/I (2¢ [u(™)] —8)1—,, 7

(4.47)

where B(u) and ¢, (u) are well-known field-theoretic functions
of bulk theory [7,35]. From (4.32) and (4.38), we derive the
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first term on the right-hand side of (4.47) as

frlr@.u),lp,L,p]
= — Ay /(4d) + 18u() L™ p~ {9, [y(D])?
+ %{_pd—l In /:: dzexp [_%yeff(l,p)zz_z4]
1 [27A 2wl p)
2" [W]
3(luL)5/2p(d_1)/2u(l)1/2
2m2A
9Ly p* M u(l)
44 Ay
1— pd—l {11 [A;/zweﬁ(l,p)lzusz}
Ld (L) pd=DI2)y

1
+ Elo(lzﬂsz,p)

HlyO] LII* L2, p)
{02[y<l)1}212(12u2L2,p)}

+

n
2
— 6ul) 2Ly p D2 AT g, [y (1)]

=36u)InL) ™ p? A (92 [y (D] } (4.48)

E. Finite-size scaling function of the free energy density

It is straightforward to show that the asymptotic form (2.23)
of the singular part f; of the free energy density is obtained
from fg [Eq. (4.47)] in the limit of small / << 1 or/ — 0 as

fr = fi(t,L,L})) = L™"F(%,p)

with the scaling variable ¥ [Eq. (2.24)]. In this limit, we have
u(l) = u(0) =u*, r()/(u?) — Q* 171/,

(4.49)

W) = § = FQ*(ulL) /@ p1=D2 Al2=12 (4 50)

and pulL — =1, p), where the function I(%, p) is deter-
mined implicitly by

4+ 120,(5) = pU=DR2[A2 A2 <12 (4.51)

5]' - i Q* l~—at/(2v)p(l—d)/ZAL/Zu*fl/Z' (452)

These two equations also determine 7 = y(¥,p). In
Egs. (4.50)—(4.52), we have used the hyperscaling relation 2 —
o = dv. The factor Q* = Q(1,u*,d) is the fixed point value
of the amplitude function Q(1,u,d) of the bulk correlation
length above T, [7,31,35,43]. Furthermore, we have, in the
small-/ limit,

wh(lp) = W(Ep) = u ™[I+ 180" Ry (1L )], (4.53)

yeff(l,p) — Y&, p) = [d/zp(l—d)/zAcll/zu*fl/z{Q*)ﬁ_l/v
x [14+18u*Ro(1,7,p)1+12u* Ri (1,1, p)
+ 144[u*3ifdp(d71>A;1]1/2
X 92(7)Ra(1,1, )}

For ! « 1, the last integral term in (4.47) contains both a con-
tribution o r21=%/" to the singular finite-size part fi(¢#,L,L)

(4.54)

and a contribution o 7% to the nonsingular bulk part frfsz )b of
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8f mentioned after (4.31) [see also the comment on Eq. (6.8)

of [7]]. This nonsingular part will be neglected in the following.
Equations (4.47), (4.48), and (4.49)—(4.54) lead to the finite-

size scaling function

_Ad|:i_d vQ*ZﬁZi—a/v

F(x,p) =

T B(”*)}

1 <2nAj/2W()z,p))

% _d—1 N .
+ 18u™p“ ™ [$h(3)]° — 2“‘ Je/2 pd—1)/2

o0 1
—pd-! 1n/ dz exp [ — Y&, p)Z — z4]
oo 2
3l~8/2u*1/2p(d—l)/2

1
+ EJO(F,p) - (LT, p)

1/2
2m2A,
9 u* pe-! ~ B
O L@+ 1= ph
d
1/2 N7
X lln M _6u*1/2[—d/2p(d—1)/2
2 27 pd=D/2

x Ay P02(3) = 36u T pt A [zwnz}

(4.55)

with Ay, Jo, I,, and ¥, defined in (3.5), (4.26), (4.27),
and (4.22), respectively. Equation (4.55) is the central analytic
result of this paper for the case n = 1. Itis valid for2 < d < 4
in the central finite-size regime (between the dashed lines of
Fig.2),i.e.,intherange L > a, L) > d,and 0 < [X| S O(1)
above, at, and below T, for finite p. For the special case
p =1, Eq. (4.55) is identical with Eq. (6.10) of [7]. For
d =3, Eq. (4.55) reduces to Eq. (9) presented in [24]. It
incorporates the correct bulk critical exponents « and v and
the complete bulk function B(u*) (not only in one-loop order).
The Borel resummed values of the fixed point value u* [44], of
B(u*)[44], and of Q* [31,35,43] in three dimensions are given
after Eq. (5.5) below. There is only one adjustable parameter
that is contained in the nonuniversal bulk amplitude &y, of
the scaling variable %. For finite L and L), fi(¢,L,L)) is an
analytic function of ¢ near t = 0, i.e., F(¥,p) is an analytic
function of ¥ near ¥ = 0 at finite p, in agreement with general
analyticity requirements.

The bulk part Fbi(i) of F(X,p) is obtained from (4.55) in
the large-|X| limit. It is represented by (2.25), with the universal
bulk amplitude ratios

01 = —A,0 [i + B(u*)],

4.56
4d 2a ( )

A™ pdv 1/(64u*) +1/(4d) + 81u* /64 4+ vB(u™)/(8a)

A* 1/(4d) + vB(u*)/(2)

(4.57)

given by Egs. (6.19) and (6.20) of [7]. We then obtain
from (4.55) the scaling function F**(¥,p) [Eq. (2.27)] of
the excess free energy density, which determines the scaling
function X (X, ) of the Casimir force according to (2.29). By
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definition, the functions F¢*(%,p) and X(X,p) have a weak
singularity at ¥ = 0 arising from the subtraction of the bulk
term F, hi(i).

V. QUANTITATIVE RESULTS IN THREE DIMENSIONS
IN THE CENTRAL FINITE-SIZE REGIME

A. Amplitudes at 7, and monotonicity hypothesis

Of particular interest is the finite-size amplitude at 7:

F(0,p)

36
= (18— ) *pd=1 [9,(0)]?
L A Wo) [
_E ( w2 I —p ln/;oodz

1
X exp [——Y(p)z ~z } +50(.p) -

2
8772 (IC"O)

12(z2,p) +(1—p'h

64
N VA s
12" " zmpe2 | Taf e-b
where [¢/2 = 12u*'/2 p@=D12 A7 219,(0) and
W(0.p) = We(p) = u* " *[1 + 18 w*Ry(LI..p)].  (5.2)
Y(0,p) = Ye(p) = 144 ,(0)(Ry (1L, p) + Rao(1.1e.p)}
(5.3)
with 9,(0) = I'(3/4)/T'(1/4) and
~ ~2 d ~
Ri(Llep) = oo L(Z.p)+ Az (1= p™HIT4, (54
Ry(1,I.,p) = — 1+ l L(2p) + A7 (1 = p?Hid
1644, ¢ <
(5.5)

For the application to three dimensions, we shall employ
the following numerical values [7,31,45]: A3 = @n)~', v =
0.6335, u* =0.0412, O* =0.945, B(u*) = 0.50, and o =
2 —3v = 0.0995. At T, in three dimensions, the p dependence
of the flow parameter is given by

= [12(47u®)’T'(3/4)) T(1 /4?3 p*? = 2.042 p*/?
(5.6)

The p dependence of the integrals Jo(lz.z, p) [Eq. (4.26)] and
I, (l?, p) [Eq. (4.27)] needs to be computed numerically. The
resulting amplitudes F(0,p), X(0,p), ®(0,p), and E(0,p)
as determined by (5.1), (5.10), (2.39), and (5.11) are shown
by the thick lines in Figs. 5 and 6, respectively, in a finite
range of p and 1/p. At p = 1, perfect agreement with the
MC data by Mon [41] [full circle in Figs. 5(a) and 6(a)] is
found.

Figures 5 and 6 demonstrate the weakness of the n
dependence at T,. On the basis of the monotonicity of the
curves for the case n = oo (thin curves in Figs. 5 and 6), we
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FIG. 7. (Color online) Critical amplitudes (a) (0, p) [Eq. (2.27)]
and (b) X(0,p) [Eq. (5.10)] at T, in three dimensions as a function of
the aspect ratio p for n = 1 [thick lines, from (5.1)] and in the large-n
limit [thin lines, from (3.6)]. The maximum —0.1636 of the n =1
line in (a) is at pma = 0.2470. The dashed lines are the extrapolations
of the n =1 lines from p = pyax to p = 0 corresponding to film
geometry. The dotted lines represent (5.1) in the regime p < Pmax,
where our perturbation theory is not applicable. The MC estimate for
the d = 3 Ising model from [16] (triangles), & expansion results for
n = 1 from [19] (squares), and from [20] (diamonds). See also Fig. 5.

expect monotonicity also for the n = 1 curves. As shown in
the magnified plots of Figs. 7(a) and 8(a), F(0,p) and ®(0,p)
indeed have the expected monotonic behavior, but only in the
restricted range p = pmax = 0.2470 and 1/p = (1/0)max =
0.3223, respectively. As expected on general grounds, the
lowest-mode separation approach should fail for sufficiently
small p < pmax 0or 1/p0 < (1/p)max, respectively, near the film
and the cylinder limit (dotted lines in Figs. 7 and 8), where
the higher modes are no longer well separated from the single
lowest mode. Thus, our hypothesis of monotonicity provides
the following quantitative estimate for the range of the aspect
ratio p within which our lowest-mode separation approach for
the free energy is expected to be reliable:

1/4 <5 p $3. (5.7)

Furthermore, we expect a negligible dependence on p and
1/p in the range p < Pmax OF 1/p0 < (1/0)max, respectively,
corresponding to the extrapolations (dashed lines) in Figs. 7(a)
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FIG. 8. (Color online) Critical amplitudes (a) ®(0, p) [Eq. (2.39)]
and (b) E(0,p) [Eq. (5.11)] at T, in three dimensions as a function
of the inverse aspect ratio 1/p for n = 1 [thick lines, from (5.1)] and
in the large-n limit [thin lines, from (3.6)]. The maximum —0.3658
of the n =1 line in (a) is at (1/p)max = 0.3223. The dashed lines
are the extrapolations of the n = 1 lines from (1/0)m. to 1/p =0
corresponding to cylinder geometry. The dotted lines represent (5.1)
in the regime of small 1/p < (1/0)max, Where our perturbation theory
is not applicable. See also Fig. 6.

and 8(a). This leads to our prediction of the n =1 am-
plitudes of the scaling functions of the excess free energy
density at bulk 7, for the film and for the cylinder in three
dimensions:

Fam(0) ~ F(0,p = 1/4) = —0.164, (5.8)

@¢y1(0) ~ @(0,p = 3) = —0.366. (5.9)

The corresponding results for the Casimir amplitudes X (0, p)
and E(0, p) are shown in Figs. 7(b) and 8(b); they follow from
those of F(0,p) and ®(0,p) by means of the exact relations
[compare (2.29) and (2.41)]

JF (0,
X(0.0) = (d — DF(0,p) — pg—p"), (5.10)
50(0,0)
2(0,p) = —d(0, 1 _ 5.11
0,p) 0,0) + (1/p) 31/ p) (5.11)

PHYSICAL REVIEW E 84, 021108 (2011)

From (5.8) and (5.9), we obtain our prediction of the n = 1
amplitudes of the Casimir force scaling functions at bulk 7,
for the film and for the cylinder in three dimensions [dashed
lines in Figs. 7(b) and 8(b)]:

Xeim(0) = X(0,0) = 2Fum(0) = —0.328,
Eey1(0) = E(0,00) = —Py1(0) = 0.366.

(5.12)
(5.13)

Our results for Fg,(0) and Xgm(0) are in good agreement
with the MC estimates [16] Ap = —0.152and2Ap = —0.304
[triangles in Fig. 7] for the three-dimensional Ising model in
film geometry at bulk 7,. The previous ¢ expansion results
up to O(e) [19] [squares in Fig. 7], and up to 0(e¥%) [20]
[diamonds in Fig. 7], are in less good agreement with the MC
estimates.

It would be interesting to test our predictions for ®.;(0)
[Eq. (5.9)] and Ey1(0) [Eq. (5.13)] by MC simulations for the
three-dimensional Ising model in cylinder geometry.

B. Finite-size scaling functions

Now we turn to a discussion of the temperature dependence.
In Figs. 9 and 10, we show the scaling functions F¢(%,p),
X(x,p), ®*(¥,p), and E(X,p) for n =1 in three dimen-
sions for slab, cube, and rod geometries, respectively, with
finite aspect ratios in the range 1/4 < p < 5/2, as derived
from (4.55), (2.27), (2.29), (2.40), and (2.41). It is expected
that these curves are applicable to the central finite-size regime
|%] < O(1) and |%;] < O(1) but not to |¥] > 1 and || > 1.
(For a more precise estimate, see below.) Figures 9 and 10
should be compared with the corresponding Figs. 3 and 4 for
the case n = oo.

We see that there are significant differences between
the cases n =1 and oco. Figures 9(a) and 10(a) exhibit a
nonmonotonicity of F**(%,p) and ®**(%),p) for n = 1 with
minima slightly below T for all p. Such minima should also
persist in the n = 1 film (p = 0) system and in the n = 1
cylinder (1/p = 0) system, the scaling functions of which
should be close to our curves for p = 1/4 and 1/p = 2/5,
respectively. There is no good agreement at 7, between our
p = 1/4 curve in Fig. 9(a) and the ¢ expansion results (thin
lines) of [19,21] for p = 0. The latter exhibit an unphysical
singularity at ¥ = 0 (i.e., at bulk 7,) that arises from the ¢
expansion results [19,21] for the term F (%, p) in (2.27), which
should be an analytic function of ¥ near ¥ = 0 since the
film transition occurs at a distinct temperature 7T, 5, below
bulk 7.. Our curves contain a different type of singularity at
X = O that arises from subtracting the singular bulk part F, bi X)
in (2.27); this singularity is very weak and not visible in Figs. 9
and 10.

In Fig. 9(b), our results show an unexpected structure of
the Casimir force scaling function X near bulk 7, where local
maxima occur with increasing p > 1/4. The small shoulder for
p = 1/4 was already noticed previously [24]. This structure
with local maxima does not exist for n = co. Such maxima
also persist in the regime of p > 1 as shown in Fig. 10(b). As
a special feature of the case p = 1, X and E vanish at bulk T,
in three dimensions, as shown by double-dotted-dashed curves
in Figs. 9(b) and 10(b) (see also Figs. 5 and 6). In addition, the
Casimir force for n = 1 in a cube changes sign at ¥ = —0.884
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FIG. 9. (Color online) Scaling function (a) F**(%,p) [Egs. (2.27)
and (4.55)] and (b) X(%,p) [Egs. (2.29), (2.27), and (4.55)] as a
function of ¥ = #(L/&y,)"" for n = 1 in three dimensions for slab
geometry with finite aspect ratio p = 1/4 (solid lines), p = 1/3
(dotted lines), p = 1/2 (dashed lines), p = 2/3 (dotted-dashed line),
p = 1 (double-dotted-dashed line). Thin lines in (a): ¢ expansion
results for p = 0 from [19,21].

and is negative for ¥ < —0.884, contrary to the case n = 0o
below T, [Figs. 3(b) and 4(b) for p = 1]. Thus, our theory
predicts that, in a cube, there is only a small positive region
between ¥ = —0.884 and ¥ = 0.

On purely theoretical grounds, it is difficult to provide a
precise quantitative estimate for the range of validity of our
perturbation approach with regard to the dependence on the
scaling variable %. Valuable information, however, has been
made available to us by Hasenbusch [36], who performed
MC simulations for the free energy density of the three-
dimensional Ising model in a cubic geometry. These data are
shown in Fig. 11, together with our theoretical curve derived
from (2.27) and (4.55). We see that there is good agreement
in the range —0.05 < ¥ < 3, but significant deviations exist
well below T; small but systematic deviations exist also well
above T.. In particular, our perturbation result for F** has
an algebraic approach to a finite limit F**(co,p) for ¥ — oo,
whereas there should be an exponential decay toward zero
(see Sec. VI). From this comparison, it is obvious that the
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FIG. 10. (Color online) (a) Scaling function (a) P (%),p)
[Egs. (2.40), (2.27), and (4.55)] and (b) E(X},p) [Eq. (2.41)] as
a function of X = #(L/&4)"" for n =1 in three dimensions for
rod geometry with finite aspect ratio 1/p = 1 (double-dotted-dashed
lines), 1/p =2/3 (dotted lines), 1/p = 1/2 (dashed lines), and
1/p = 2/5 (solid lines).

lowest-mode separation approach needs to be complemented
by a perturbation approach that is valid outside the central
finite-size regime. Such an approach will be presented in the
subsequent section.

Additional valuable information comes from a comparison
of our Casimir force scaling function with earlier MC data
for periodic BC in the small-p regime [16]. We recall that
the lower limit of applicability of our calculation is p = 1/4
and that the Casimir forces should depend only weakly
on p for p < 1/4, thus, it is reasonable to compare our
result for p = 1/4 with MC data for p = 1/6 [16]. This
comparison is shown in Fig. 12. Also shown are the previous
& expansion results for p =0 from [19,21], which exhibit
the same kind of singularity at ¥ = 0 as in Fig. 9(a). We see
good agreement of the MC data with our fixed d perturbation
theory in the whole range —2 < % < 20. There are systematic
deviations only for ¥ < —2, which are less pronounced
than those for F¢* in the same region. In the subsequent
section, we shall explain this different degree of agreement
between our theory and the MC data shown in Figs. 11
and 12.
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FIG. 11. (Color online) Scaling function F**(x,1) [Eqgs. (2.27)
and (4.55)] for n =1 as a function of ¥ = #(L/&,)"" in three
dimensions for cubic geometry (solid line) and MC data for the d = 3
Ising model by Hasenbusch [36]. See also Fig. 13(c).

VI. PERTURBATION THEORY OUTSIDE
THE CENTRAL FINITE-SIZE REGIME

Outside the central finite-size regime, there is no need
for separating the lowest mode, thus, ordinary perturbation
theory with respect to uo should be appropriate. By “outside
the central finite-size regime” we mean the regions below the
dashed lines in Fig. 2. Within these regions, it is necessary to
further distinguish between scaling and nonscaling regions (the
nonscaling regions correspond to the shaded regions in Fig. 2;
see also Fig. 1 of [7]). The central parts of both the scaling and
the nonscaling regions still belong to the asymptotic critical
region |t| € land L > a, L > a.

Here, we perform the corresponding analysis at the one-
loop level. In Secs. VIA-VIC, we shall consider the scaling
region outside the central finite-size regime. The total scaling

p=1/4
L * p=1/6 MC Ising model | -
------ p=0 eexpans. KD
04+ | p=0 ¢€expans. GD T
T R B B B
10 5 0 5 10 15 20

FIG. 12. (Color online) Scaling function X(%,p) [Eqs (2.29),
(2.27), and (4.55)] for n =1 as a function of ¥ = #(L/£,,)"" in
three dimensions for slab geometry with p = 1/4 (solid line) and MC
data for the d = 3 Ising model with p = 1/6 by Vasilyev et al. [16].
Thin lines: & expansion results for p = 0 from [19,21]. See also
Fig. 14(a).
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region can be roughly characterized by L/a > 1, Ly/a >
I, &x/a> 1, and L/&x $24(5/a) Ly/6x S 24(8x/a),
where & is the second-moment bulk correlation length above
and below T, respectively. (Note that this characterization
also includes the central finite-size regime, which is part of
the total scaling region.) The latter restrictions follow from the
conditions (6.18) for the nonscaling regions that will be studied
in Sec. VI D below. In order to distinguish the perturbation
results of this section from those of Secs. IV and V, we use the

. + —_—
notation f’,.0. fi00p» €tC-

A. Perturbation theory well above T,

Ordinary perturbation theory for the excess free energy
density (2.9) for n = 1 above T, yields in one-loop order

ex,+ __
fl-loop -

— > In{[ro — roc + SK(K)]@2)

- %/m{[m —roe + 8K}, (6.1)
k

Here, we have already replaced ry by ry — ro., which s justified
since ro. ~ O(ug) [see (4.28)]. Because of the k = 0 term, the
sum exists only for vy — ro. > 0. The evaluation of the excess
free energy density is outlined in the Appendix.

In the scaling region in 2 < d < 4 dimensions, the large-
k dependence of SK (k) does not matter and the leading
contribution is obtained by taking the continuum limit & —
0 at fixed ro — rg. > 0. For a renormalization-group (RG)
treatment in the scaling region, see (10.5)-(10.13) of [7].
Neglecting nonasymptotic corrections to scaling, we obtain
the scaling function

Fiut (%,0) =

1-loop % go(fzv,p) + 0Ow™),

where Gy is given by (3.7) and X" = L /:§+, &L = &yt [for
&0+ see (5.16) of [7]]. For large X, F|) ]Oo decays exponentially
to zero according to the asymptotic behav10r

6.2)

d—1

ex,+ iv : ~V
Fasymp(x’p) = _<E) exp(—x")

d—1

Cotd— () epes
pld=D(ZL)  exp=E  (63)

apart from corrections of O(e ", ’ZXH) with xH =Xx"/p.

Equation (6.3) follows from (A16) in the Appendix for &, /a >
1. We see that the scaling variable % appears in a natural way
in the second term of (6.3). For p = 1, (6.2) and (6.3) agree
with Eqgs. (10.10)—(10.12) of [7].

The corresponding scahng functions d>1 Toop» X f'loop, :Tloop
and CI>§§ $ s Xagymp, uaqymp follow from (6.2), (6.3), (2.29),

(2.40), and (2.41), respectively.

B. Perturbation theory well below T,

Perturbation theory for bulk quantities below T, within the
¢* model for n =1 at vanishing external field 4 may be
formulated by first starting with the perturbation expression
at finite external field 7 > O (or A < 0) and at finite volume
V= L‘H’_IL, then performing the thermodynamic limit V —
oo at finite & > 0 (or & < 0), and subsequently performing
the zero-field limit A~ — 0, (or h — 0_). Applying this
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procedure to the free energy density f(t,L,L,h) implies that
only the contributions of a single bulk phase with a positive
(or negative) spontaneous bulk magnetization are taken into
account in the calculation of

f = lim lim L,Ly,h) = lim lim L,Ly,h).
r b(t) hl 0 1 f(tv s |y ) hl 0. 1 f(t’ s s )
(5' )

In MC simulations of finite Ising models at vanishing external
field, however, all configurations of both phases with positive
and negative magnetization do contribute. In this case, the
order-parameter distribution function has two finite peaks
with equal heights in the positive and negative ranges of the
magnetization [17,25,48,49]. For T — 0, these two peaks are
well separated. In order to account for this fact in an analytic
treatment of the ¢* model well below T, it is appropriate
to formulate perturbation theory such that an expansion is
made around the two separate peaks of the order-parameter
distribution function that exist at # = 0.

In the following, we perform this approach at the one-loop
level in order to calculate f;” ’f(;;p(t,L,L” ,h = 0) well below T..
First, we decompose the lattice variable ¢; of the Hamiltonian
H [Eq. 2.1)] as ¢; = M. ,,r + d¢; with the positive mean-
field order parameter M- ,,; = [—ro/(4uo)]"/? > 0. Keeping
only the Gaussian terms of H up to O[(8¢;)*] corresponding to
a one-loop approximation leads to the dimensionless partition
function [compare (B1) of [7]]

rg 2 172
Z. = _ G
P [V 16uo} 1:[ ([—2r0 + 8K(k)]&2) ©>

It can be rewritten as

Z. =exp(=Vf, ) ZZ,

(6.6)

where f, is the bare bulk free energy density (4.18) in one-
loop order below T, and

Z% = exp{V £} (6.7)
is the finite-size part of Z. with the contribution
Fex 1 % ~2
=5 ;111{[—2”0 + 8Kk’
1 ~
-3 / In{[—2ro + 8K (k)]a"} (6.8)
k

to the excess free energy density below T,. The partition func-
tion Z., however, is incomplete with regard to the finite-size
contributions as it does not take into account the fluctuations
around the negative mean-field order parameter M_ ,,; =
—[—ro/(Gu)]/? < 0. A decomposition of ¢; as ¢; =
M_ ,,y + d¢; and an expansion of H up to O[(8¢:)?] leads to
the one-loop partition function Z _, which is of course the same
as Z... Thus, the total finite-size part Z¢* 4 Z¢* of the partition
function in one-loop order is then given by 2 exp{V f¢*}. The
corresponding total excess free energy density is

In2

1 —~
fliow ==+ 5y 210200 — ro0) + 8K ()la?)
k

- % /ln{[—Z(ro — roc) + 8K (K)1a’). (6.9)
k
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Here, we have again replaced —2ry by —2(rg — ro.) in the spirit
of perturbation theory up to O(1). The result (6.9) is identical
in form with the (corrected [32]) result derived previously
for cubic geometry [7]. The nonexponential finite-size term
—V~'1In2 is known from previous work on finite-size effects
in Ising models in a block geometry of volume V [25]. Thus,
this term is not specific for the n = 1 ¢* theory, but rather gen-
eral for systems with a twofold degeneracy of the ground state.
According to the definition of the Casimir force (2.10), the
constant term —(In 2)/ V in (6.9) does not contribute to Fasimir-

The derivation presented above is, of course, not exact but
is valid only well below T, where the two peaks of the order-
parameter distribution function at 2 = 0 are well separated and
where their wings do not overlap significantly.

The evaluation of (6.9) as well as the RG treatment are par-
allel to that for fﬁ’f(’):p above T,. By neglecting nonasymptotic
corrections to scaling, we obtain the scaling function in the
scaling region well below T:

Fhop@0) = —p ' In2+ 1 Go(12%.p)  (6.10)
with L/&_ = |2X|", where
E =E&_|t]™", &-/&+r=2""+0w") (6.11)

is the bulk second-moment correlation length below 7, and
where Gy is given by (3.7). In contrast to the vanishing of
Foa, for & — oo, F{3: 0 approaches a finite value —p?~" In 2
for ¥ — —o0, as noted already in [32]. According to (6.10)
and (6.3), this approach has an exponential form described by

the asymptotic behavior

ex,— (= - |2x"
Fasthp(X,,O) = _Pd 'In2 — ( 7

) exp(—[2%[")
) exp(—[2%["),
6.12)

[2%)]"

— od(d —
p(d 1)( ot

apart from corrections of O (e~ 2> ", ¢=212%11"),

The corresponding scaling functions @ . X{ 000,
Elioop and @i, Ximps Sagymp follow from (6.10),
(6.12), (2.29), (2.40), and (2.41), respectively.

As noted above, the constant term — ,0”"1 In2 does not
contribute to X. This explains why the perturbation result for
X of Sec. V (as shown in Fig. 12) is in better agreement with
the MC data below T, than the corresponding result for F¢*
shown in Fig. 11. Thus, in contrast to F**~ which has a finite
low-temperature limit —p?~! In2, our theory predicts that the
Casimir force scaling function has an exponential decay toward
zero for ¥ — —o0. From (6.12) and (2.29), we obtain

- d—1 __ N\[/12F"\7 .
Xsymp(X,0) = — 5 + [2%] o exp(—|2%|")

[2%]"
2

) exp(—[2%)").
(6.13)

+ p(d — 1)(
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FIG. 13. (Color online) Scaling functions F**(%,p) (a)—-(c) and ®**(%},p) (d) as a function of & = t(L/Ey)"” and X = t(L||/Eo+)'/",
respectively, for n = 1 in three dimensions for several values of the aspect ratio p. Thick lines: improved perturbation theory according to (4.55)
and (2.40). Thin lines: one-loop perturbation theory according to (6.2) and (6.10). The thin lines diverge for t+ — 0. The asymptotic value
of the thin lines is —p?In2 for ¥ — —oo in (a)-(c) and —(1/2)In2 for X — —oo in (d). MC data in (c) for the d = 3 Ising model by

Hasenbusch [36].

It is suggestive to expect that the formulas (6.3), (6.12),
and (6.13) are applicable even to (d = 2)-dimensional systems.
It would be interesting to check this point for the example of the
two-dimensional Ising model with periodic BC in rectangular
geometry.

C. Predictions for the whole scaling region

On the basis of the three perturbation results (4.55), (6.2),
and (6.10), we are now in the position to present quantitative
predictions for the various scaling functions over the whole
range of the scaling variables —15 <X <20 and —15 <
%y < 20. These scaling functions are shown in Figs. 13
and 14 for various values of the aspect ratio p in three
dimensions.

The thin lines are based on one-loop perturbation the-
ory (6.2) and (6.10) and are applicable only away from T,
outside the central finite-size regime. For T — T, one-loop
perturbation theory breaks down, which implies that the thin
lines diverge for + — 0. The thick lines are based on our

lowest-mode separation approach presented in Secs. IV and V,
which is applicable to the central finite-size regime including
T = T,. This improved perturbation approach provides a
bridge through T = T, between the simple finite-size critical
behavior represented by the thin lines well away from
T.. The lowest-mode separation approach is not applicable,
however, to the regions |X| > 1 and |X;| > 1. Our Figs. 13
and 14 demonstrate that one-loop perturbation theory and
improved perturbation theory complement each other and
match reasonably well at intermediate values of the scaling
variables. No perfect matching can be expected because of
missing O (u*) terms in the one-loop results. Comparison with
the MC data in Figs. 13 and 14 shows that the improvement
achieved by the one-loop results is clearly visible in the
range ¥ > 4 and ¥ < —1 [in Fig. 13(c)] and in the range
X < —2 [in Fig. 14(a)]. On the whole, we consider the good
agreement of our theory with the MC data over the entire
scaling regime —15 <% <20 as a major success of our
strategy employing three different perturbation approaches.
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FIG. 14. (Color online) Scaling functions X(%,p) (a)-(c) and E(¥,p) (d) as a function of ¥ = t(L/&)"" and ¥ = t(L;/&)"",
respectively, for n = 1 in three dimensions for several values of the aspect ratio p. Thick lines: improved perturbation theory according
to (4.55), (2.29), and (2.41). Thin lines: one-loop perturbation theory according to (6.2) and (6.10). The thin lines diverge for + — 0. MC data

in (a) for the d = 3 Ising model with p = 1/6 by Vasilyev et al. [16].

Comparison with MC data for other values of p would be
interesting.

D. Exponential nonscaling region

So far, we have eliminated the dependence on the lattice
spacing a by taking the continuum limit. In earlier work, it was
pointed out for confined systems in an L¢ geometry [7,46] and
in film geometry [8] that the finite lattice constant @ becomes
non-negligible in the limit of large L/a at fixed T # T in the
regime where the finite-size scaling function has an exponen-
tial form. The same arguments apply to the present system in
a finite-block geometry. As shown in the Appendix, the excess
free energy density in one-loop order attains the following form
in the limit of large L/d, large L/a, large L /&, and large
Ly/8+:

':s);}:p = A (&, L,Ly,a), (6.14)
In2 _
faymp = == +A-G-.L.Ly,), (6.15)

with the nonuniversal function

| A\ 17/ L
AsEs,L,Ly,a) = _ﬁ[l + (25_) ] <

2méy

d—1
) )

d—1

L] d-1 a\’1+
“"P{‘a}n—ﬁ[“(a) ]
(ze) ewlog) e
where
Eer = %[arcsmh <%>i| 1 (6.17)

are the exponential (“true’) bulk correlation lengths [7,33,34]
above (+) and below (—) T, respectively. This result applies
to the regions well below the dashed lines in Fig. 2, including
the shaded regions. Note that no condition is imposed on the
value of 0 < @/&. < oo other than that L/, and L /& are
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large. For L = Ly, (6.16) reduces to the previous result for
cubic geometry [7,50]. As a nontrivial relation between bulk
properties and finite-size effects [33], the lengths &, describe
the exponential part of the bulk order-parameter correlation
function [34] in the large-distance limit in the direction of one
of the cubic axes at arbitrary fixed T # T, above and below T,
(for n = 1), respectively. This relation is exact in the large-n
limit above T, [33].

It has been shown [7,46] that, because of the exponential
structure of the function 4., the d dependence of & can not
be neglected even for small @/, < 1 if

L > 248} /@, Ly 2248} /a’ (6.18)
are sufficiently large. The conditions (6.18) follow from the

second term in the expansion of the function (6.17) for small

ajés:
o[ t(ay
e = -5(g) -]

appearing in the exponential parts of the function
As(Ex,L,Ly,a)(see also[33,46]). The second termin (6.19) is
not negligible even for small @/£1 < 1 if the conditions (6.18)
are satisfied. This implies that finite-size scaling and universal-
ity are violated in the large-|¥| and large-|%| tail of LY f¢* at
any d /&1 > 0 even arbitrarily close to T, because, ultimately,
for [%| — oo and |¥)| — oo (i.e., for large L and L at fixed
|t| > 0), the tail of L¢ f7F becomes explicitly dependent on
a. As shown in Sec. X of [7], the tail depends even on the
bare four-point coupling u( through &4; strictly speaking,
it is even necessary to keep the complete nonasymptotic
(uo-dependent) form of & at finite @. Thus, no a-independent
finite-scaling form with a single scaling argument o< 7L'/" can
be defined in this exponential large-|%| and large-| | regions.
Higher-loop contributions can not remedy this violation. The
same reservations apply, of course, to the critical Casimir force
and its scaling form.

Note added in proof. The predictions of this paper and of
Refs. [7,32] are in good agreement with recent Monte Carlo
data for the three-dimensional Ising model by Hucht et al. [51].

(6.19)
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APPENDIX: GAUSSIAN FREE ENERGY

We consider the Gaussian model, i.e., the Hamiltonian (2.1)
for up = 0, and calculate the excess free energy density in
a rectangularL“‘l_1 x L geometry. This calculation will lead
to the evaluation of the sums in (3.1) and (3.2) as well as
to the derivation of (4.23)-(4.27), (6.2), (6.3), (6.10), (6.12),
and (6.16). Since the calculation is largely parallel to that of [7],
we skip some of the details of the derivation.

PHYSICAL REVIEW E 84, 021108 (2011)

The Gaussian excess free energy density per component
divided by kg T is & = SAGro,Ly,L.K; ;.,a),

A(ro.Ly.L.K; ;j.a) = V™' " In{lro + 8K (k))a}
k

- / In{[ro + 8K (K)1a%}), (A1)
k

where the sum )", and the integral f, have finite cutoffs +7 /a
for each k,. Using the Poisson identity [33,47], we obtain the
exact representation

A(ro,Ly,L,K; j,a)

0 | o ,
== [ “ayyreny [ f
0 m,n qJp

x exp{—8K(q,p)a’y +iq-mL; +ipnL} (A2)

with q-m = Y"_} gym,, where Y/ means summation
over all integers m = (m,mo, ... ,md_’l) and n without the
single term with m = 0, n = 0. In the following, we evaluate
A for L > d and Lj > @ in two regimes.

1. Central finite-size regime

We assume large L/a, large L /a, small 0 < ré/ziz <1,
and fixed 0 < Lry/> < 0(1), 0 < Lyry/> < 0(1), which we
refer to as the central finite-size regime. In this regime,
the large-(q,p) dependence of §K(q,p) does not matter.
Therefore, we may replace §K(q, p) by its long-wavelength
form (2.20) and let the integration limits of fq and of fp goto
oo. This leads to the scaling form of the Gaussian excess free
energy

Sauss = 3800, Ly, L) = 3 L7Go(ro L2, p),

Gauss

(A3)

where G j(rng, p) is defined in (3.7). Interpreting (A3)
as a one-loop contribution of the ¢* model and applying
the renormalization procedure parallel to that described in
Sec. X A of [7], we arrive at the one-loop scaling function
presented in (6.2).

The function Gy(roL?,p) diverges for roL?> — 0, which
comes from the large-z behavior of K(z) & 1 in the last term
[pK (p*2)]9" 'K (z) ~ p?~! of the integrand of (3.7). We find

roLz

LZ’ ~ d—ll
Go(roL”,p) =~ p n<4n2

) + Co(p) (A4)

for roL? < 1. In order to determine the constant Cy(p), we
add and subtract the divergent term p?~!In[(roL?/(47?)] by
rewriting Go(roL?, p) in the form

I’()L2

Go(roL*,p) = p*'In (—)

472

oog < r0L22> (£>d/2
+/0 - |:exp a2 { .
—[pK (P’ 'K (2) + p*! } — ,Od_le_zi|.

(AS5)
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The integral in (AS5) has a finite limit for roL?> — 0, which
yields the constant

*® dz T d/2
Co(p) = f —[(—) — [pK(p*) 'K (2)
0 Z Z

+ 04711 — e‘z)] (A6)

Equation (A4) implies that the function
_3Go(roL?,p)

L*p) = A7
Gi(roL?.p) T (A7)
has the divergent behavior
s pd=1
L=, p)~ — A8
Gi(roL.p) ~ = (A8)

for roL?> <« 1. The asymptotic behavior (A4) and (AS8) is
needed in the discussion of the low-temperature limit in
Sec. III C.

The function Gy(roL?,p) decays exponentially for large
roL?> > 1. From (Al6), we obtain, for rya*> <« 1 and
roL? > 1,

rOLZ (d=1)/4 "
Go(roL?,p) ~ —2 <H> exp (—Lry")

2

ro (@b 1/2
—2(d—1)p? (4n2p2) exp (—Lry'*/p).

(A9)

For p = 1, Eq. (A9) agrees with Eq. (10.12) of [7].

The result (A3) is sufficient to derive the higher-mode sums
Si(roL,L,p), (4.11), and (4.12) in the central finite-size regime.
We obtain

1 “
2 Inllro + 8K (la’)

k20
/ In{lro+ R ()Ja%) 4+ - 1n (=L
= ny|r a — N\ ———=
o 1 "\ 22an2
d—1
P ed + S dteLte)  (ALO)
1 0 7a/ooLl%p

with Jo(x2,p) defined by (4.26). By means of differentiation
with respect to r(y, we obtain, from (A10) form = 1,2,

VY o+ 8K (k)"

k=0
R 1— pd—l
- /k o+ 8RGO1 " + 12 ry)
2m—d 5
—1] L-, All
+ ey L) (A1)

with 1,,(roL?,p) defined by (4.27). For the bulk integrals,
see [7].

2. Exponential regime above 7,

Now we assume Lré/2 > 1 and LHr(;/z > 1 at finite p =

L/L for fixed r& & > 0, which we refer to as the exponential
regime since A(ro,L),L,K; ;,a) will attain an exponential
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L and L; dependence in this regime. In this regime, the
complete k dependence of the microscopic interaction §K k)
does matter. We use the nearest-neighbor interaction (2.19) in
the form

QU

-1

~ 2
§K(q,p) = [1 = cos(@ge)] + —5 [1 — cos(@p)l.

Q,\I,ll\)

1

]
Il

(A12)
By generalizing the derivation of [7] to block geometry, we
obtain, for large L/a and Lj/a but arbitrary 7y = roa’> > 0
(compatible with Lré/2 > 1 and LHr(;/2 > 1),

A(ro,Ly,L,K; j,a)
exp[P(z,7p)L/ad]

2 o0
= _dd(an/a)d/Z /0 Z[@d+D/241/2

2(d - 1) *  exp[®(z,7) L) /d]
alQnLy/ay'? /0 4z @22 (A13)

where q = (1 + Z2)1/2 with
D(z,7) = —(1+7/2)z+¢q —i—ln(liq). (A14)

The maximum of the function ®(z,7) in the exponential parts
of the integrand of (A13) is at z = Z, where

)]

By expanding ®(z,7) around z = Z up to O[(z — Z)*] and
performing the integration over z, we finally obtain the
Gaussian excess free energy density, for large L/a and large
Ly /a at arbitrary fixed ryp > 0,

(A15)

~\ (d—1)/2
ex _ L (LT e
Gauss,asymp — Ld 277 €
d—1) (Ly/a\“"""? ;
_ ¢ T )<22T/Za> e~ LI/E (A16)
I

with the exponential (“true”) bulk correlation length of the
Gaussian model

a re?a\ 7"
EeG = E[arcsinh( 02 >] .

We recall that ry /% = £9 is the second-moment bulk corre-
lation length of the Gaussian model above T,.. For L = L
(cube), (A16) yields the previous result of Eq. (B24) of [7].
No universal finite-size scaling function of the Gaussian
model can be defined in the region L 2> 24(55)3 Ja*and Ly 2,
24(£9)° /a* because of the explicit @ dependence of (A16)
and (A17).

Within a RG treatment of the ¢* lattice model, the Gaussian
results (A3) and (A16) can be considered as the bare one-loop
contributions to the excess free energy density. By means of
such a RG treatment at finite lattice constant & parallel to
Sec. 2 and Appendix of [46], these results acquire the correct
critical exponents of the n = 1 universality class, including
corrections to scaling. This leads to the one-loop results at
finite @ in Sec. VI D.

(A17)
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