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Relativistic laser-plasma interactions in the quantum regime
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We consider nonlinear interactions between a relativistically strong laser beam and a plasma in the quantum
regime. The collective behavior of electrons is modeled by a Klein-Gordon equation, which is nonlinearly
coupled with the electromagnetic wave through the Maxwell and Poisson equations. This allows us to study
nonlinear interactions between arbitrarily large-amplitude electromagnetic waves and a quantum plasma. We have
used our system of nonlinear equations to study theoretically the parametric instabilities involving stimulated
Raman scattering and modulational instabilities. A model for quasi-steady-state propagating electromagnetic
wave packets is also derived, and which shows possibility of localized solitary structures in a quantum
plasma. Numerical simulations demonstrate collapse and acceleration of electrons in the nonlinear stage of
the modulational instability, as well as possibility of the wake-field acceleration of electrons to relativistic speeds
by short laser pulses at nanometer length scales. Our study is relevant for understanding the localization of
intense electromagnetic pulses in a quantum plasma with extremely high electron densities and relatively low

temperature.
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I. INTRODUCTION

With the advent of the x-ray free-electron lasers [1] there
are new possibilities for exploring matter on atomic and
single-molecule levels. On these length scales, of the order
of a few angstroms, quantum effects play an important role in
the dynamics of the electrons. Quantum effects have been
measured experimentally both in the degenerate electron
gas in metals and in warm dense matters [2]. It has also
been found that quantum mechanical effects must be taken
into account in intense laser-solid density plasma interaction
experiments [3—5]. Nonlinear interactions of large-amplitude
electromagnetic (EM) waves with the plasma can lead to
various parametric instabilities [6—8]. At laser intensities
around 10%° W/cm2 and above, nonlinearity associated with
relativistic electron mass increase in short laser pulses plays
a significant role. Furthermore, the relativistic ponderomotive
force [9] of intense laser pulses produces density modifica-
tions. Thus, in a classical plasma, nonlinear effects associ-
ated with relativistic electron mass increase and relativistic
ponderomotive force are very important, since they provide
possibility of the modulational instability [10,11] followed
by a compression and localization of intense EM waves. In
addition to the modulational instability, there are relativistic
Raman forward and backward scattering instabilities [12—15]
and the two-plasmon decay [16] instability that lead to
strong collisionless heating of the plasma in the relativistic
regime. The parametric instabilities of intense EM waves in a
magnetized plasma have also been investigated [17-19].

However, for intense EM waves interacting with the plasma
in the x-ray and y-ray regimes, both relativistic and quantum
effects must be taken into account on an equal footing.
Accordingly, in this paper, we present a simplified nonlinear
model, based on the Klein-Gordon (KG) equation coupled
with the Maxwell equations that are capable of treating both
the relativistic (propagation and mass increase) and quantum
(tunneling or diffraction) effects, but neglects electron spin
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effects. The latter can be motivated by the fact that the
main source of nonlinear interactions between the EM waves
and the plasma is via the ponderomotive force, while the
electron spin-1/2 effect comes in as a perturbation. Similar
models have been discussed in the past by Takabayasi [20]
and, using the Feshbach-Villars Hamiltonian formalism for a
bosonic gas [21], by Hines and Frankel [22] and Kowalenko
et al. [23]. Previous investigations have focused on the general
formulation of quantum mechanics and on linear eigenmodes
in a quantum plasma; here we will use the basic model to
investigate the nonlinear coupling between large-amplitude
EM waves and electrostatic oscillations and structures. Our
work has potential applications in laser-matter experiments
[2,24], quantum free-electron laser systems [25-27], as well
as in astrophysical environments [28-30].

The manuscript is organized as follows. In Sec. II, we
present our mathematical model for the coupled KG and
Maxwell equations, exhibiting nonlinear interactions between
relativistic electrons and EM fields. Linear properties of the
electrostatic waves are discussed in Sec. III. Section IV shows
how our governing equations lead to the wave equation that
reveals the phenomena of relativistic nonlinear propagation
and self-induced transparency of EM waves. Section V is
concerned with the theoretical and numerical investigations of
the relativistic parametric instabilities in the quantum regime.
Section VI deals with relativistic optical solitary waves. The
nonlinear dynamics of interacting intense localized EM pulses,
as well as the new phenomena of the formation of nonlinear
Bernstein-Greene-Krushkal (BGK) -like modes and associated
electron acceleration, are described in Sec. VII. Section VIII
contains a brief summary and conclusions.

II. MATHEMATICAL MODEL

Historically, the Klein-Gordon equation (KGE) for an
electron is obtained from the relativistic relation between the
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energy £ and the momentum p, namely,

& = p202 + m?c“, (D)
where c is the speed of light in vacuum and m, the electron
mass. By the substitution & — ihd/dt and p — —ihV in (1),
where 7 is the Planck constant divided by 2, we obtain the
KGE for a free electron as
0%y

ar?
where i is the electron wavefunction. The free-particle KGE
fulfills the continuity equation

"2 — WAV 4+ micty =0, )

dpe .
V-j=0, 3
o1 +V-] 3
where
ieh oy oy*
e =— — - ’ 4
P 2mecz< ot v at > @
and
. ieh .
Je =73 WV =y VY. &)
M

We have multiplied the right-hand sides of Egs. (4) and (5)
by the electron charge —e, so that p, can be interpreted as the
electric charge density and j as the electric current density.
Since p, is neither positive nor negative definite, it cannot
be interpreted as a probability density; however, it can be
interpreted as a charge density that need not have a definite
sign.

We now wish to use the charge and current densities as
sources for the self-consistent EM scalar and vector potentials
¢ and A for a quantum plasma [20], so that i represents an
ensemble of charged electrons. Introducing the EM potentials
into the KGE, we make the usual substitutions i#d/dt —
ihd/dt + e and —ihV — —ih'V + €A, and obtain

W — P2y — micty =0, (6)

where we have defined the energy and momentum operators
as

]
W =ih— , 7
i 3t+€¢ (7N
and

P = —ihV + €A, (8)

respectively. The electric charge and current densities are now
obtained as
e

pe = =5 W WY + ¥ Wy)’] ©)
m,c
and
jo=— 26 [Py + Y (PY)*], (10)
me

respectively, and in this form they fulfill the continuity
equation (3).
The self-consistent vector and scalar potentials are obtained
from the EM wave equations
PA op 2
W—}—CVX(VXA)—}—VE:,LL()CJe (11)
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and

s 0A 1
Vo+V.—=——(p.+ pi)s (12)
at €0
where 1 is the magnetic vacuum permeability and &y is the
electric permittivity in a vacuum, and p; is the neutralizing
positive charge density due to the ions. For immobile, singly
charged ions, one can assume that p; = eng, where n is the
equilibrium ion number density. The assumption of immobile
ions is justified because we are studying nonlinear phenomena

on a timescale much shorter than the ion plasma period.
Using the Coulomb gauge V -A =0, we obtain from
Egs. (11) and (12)
9°A 5 a¢
—— — VA + VL = ol 13
a7 € TV =c] (13)
and
s 1
Vip = ——(p. + pi), (14)
€0

respectively. Taking the divergence of both sides of Eq. (13),
we have
a
vza_‘f = 1oc®V - je, (15)
so that Eq. (13) can be written as

2 9°A 22 2 i
\v4 m_CVA = —UoC VX(V X,]e)~ (16)

Equations (6), (14), and (16) are our desired system that
describes nonlinear interactions between intense laser beams
and an unmagnetized plasma in the quantum regime. We note
that the KGE, given by Eq. (6), is valid for relativistic electrons
without the spin-1/2 effect. The latter could be important in
a magnetized quantum plasma where one should also account
for the electron spin-1/2 dynamics [31-33].

The nonrelativistic limit is obtained from Eq. (6) by sub-
stituting ¥ = W exp(—im,c’t/h), and by using the condition
|hoW/dt| < m.c*W, together with the normalization of W
such that WW* = ng is the electron number density at the
equilibrium. In this limit, Eq. (6) yields the Schrodinger
equation

ihE + :
ot 2m,

Here, and in what follows, we have used a simplified model
and neglected the electron degeneracy pressure. The latter is
important in dense matters where the electron degeneracy
pressure appears due to the Pauli exclusion principle. For a
nonrelativistic plasma, the quantum statistical pressure has

been introduced in a nonlinear Schrodinger model [34], but
this has to be investigated for relativistic quantum plasmas.

(—ihV + eAP W + e W = 0. (17)

III. COLLECTIVE ELECTROSTATIC OSCILLATIONS
AND FREE PARTICLES

In the absence of the EM field (namely, A = 0), we still
have electrostatic (ES) waves due to the charge separation
between the electrons and ions. At short wavelengths, the
quantum effects become important and give rise to dispersion
effects in the ES wave. At these wavelengths, there is an
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interplay between collective electron oscillations and free
electron motion. When the wavelength is comparable to the
Compton wavelength, the electrons become relativistic, and
there are relativistic corrections to the dispersion relation for
the electrostatic wave.

In the derivation of the dispersion relation for relativistic
electrons, it is convenlent to first make the transformation
Y= w exp(—im,c’t /h), where the wavefunction w obeys the
wave equation

3 2 ~ ~
(ih5 +mc? + e¢> U+ 12V —micty =0, (18)

and the electron charge density is

(1+ e )€|I//| (19)

We next linearize the system (15), (19), and (20) by
setting ¢ = ¢1 and ¢ = Yo + Y1, where ¢; = ¢ exp(iK
r — i€2t) + complex conjugate, 1ﬁ1 W+ exp(iK-r —iQr) +
1// exp(—iK - r+iQt), and where |1,ho|2 = ng. Separating
different Fourier modes, we obtain from (18) the dispersion
relation for the ES oscillations as £ = 1 4+ x. = 0, where £ is
the dielectric constant and the electron susceptibility is

w2 [4mlct — ¥ (Q2 — 2 K?)]
RH(Q2 — 2K2)? — dm2c4Q2

Xe = , (20)

where w,. = (nge*/eom,)'/? is the electron plasma frequency.
We note that in the classical limit # — 0, we have x, =
—wie /Qz, while in the nonrelativistic limit ¢ — oo, we

have x, = —w?,/(Q* —h*k* /4m?). After some reordering of
terms, the dispersion relation can be written as

(@ — K (Q?
— 4m§c4(92 —

) 2
—c° K — a)pe)
2
a)pe) =0. (21)
Similar results have been obtained previously for a relativistic
bosonic gas [22,23]. It is interesting to investigate some

limiting cases of Eq. (21). For w,, — 0, we obtain the four
solutions

mec? m2c* .

Choosing the upper sign (—) in front of the first term in the
right-hand side of Eq. (22), we obtain the free particle solutions
of the Klein-Gordon equation, where the upper sign (+) in the
second term corresponds to the motion of a free electron and
the negative sign (—) corresponds to a negative energy state
solution, which can be interpreted as the motion of a free
positron. The other two solutions (with a plus sign in front
of the first term) are connected to plasma modes, which are
not easy to interpret in terms of free particle solutions. In the
classical limit # — 0, we obtain from Eq. (21) the Langmuir
oscillations £ = w,, while in the limit ¢ — oo, we have the
nonrelativistic result

nlK*

Q=
a) et 4m?

(23)
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On the other hand, in the limit K — 0, Eq. (21) yields the
Langmuir (plasmon) oscillations at the plasma frequency, 2 =
@ e, and the pair branch with the frequency = 2m,c? /i [23].

We note that there is a nondimensional quantum parameter

H = hwpe/m,c? (24)

in Eq. (21) that determines the relative importance of the
quantum effect. Typical Values are H = 10~ for the electron
number density 7, ~ 103° m~3 in solid density laser-plasma
experiments, and H = 0.007 may be representative of modern
laser-compressed matter experiments with n, ~ 10°** m™3,
This corresponds to wp, = 8 X 10'°s~landr, =4 x 10°m
for H=10"* and w, =54 x 10'® s7! and A, =5.5 x
107" m for H = 0.007, where A, = c/w,, is the electron
skin depth. The nonrelativistic result (23) is valid for the ES
waves with wavenumbers in the range 1 < KA, < 1/H. For
KA, < 1, the quantum corrections to @ ~ w,, are different
from (23) and turn the wave frequency slightly lower than
wpe [22]. However, this effect is negligible for small values of
H and may be smaller than the degeneracy electron pressure
effect, which has been neglected here. On the other hand,
the limit KX, > 1/H corresponds to relativistic particles
with K > 1/A¢, where Ac =h/m.c ~ 3.9 x 107!3 m is the
reduced Compton wavelength.

In Fig. 1 we have plotted the solutions of the dispersion
relation (21) for H = 10~*and 0.007. Both the electron plasma
oscillations and the pair branches (positronic states) are shown.
The electron plasma oscillations have a cutoff frequency w —
wp. when K — 0, while the positronic states have a cutoff
frequency @ — 2m,c?/h, corresponding to w/wy, — 1/H
at K — 0 in Fig. 1. For the electron plasma oscillations,
the increase in the wave frequency due to the quantum
effect becomes noticeable when KX, =1 /\/ﬁ , or K~
(4mng/ap)'’*, where ap = dmwegh®/mee®* ~53 x 1071 m
is the Bohr radius. This corresponds to a wavelength of

Pair branches 4

FIG. 1. (Color online) Dispersion curves (2 vs. K) for the ES
oscillations for H = 107* (solid curves) and H = 0.007 (dashed
curves), where H = hwl,e/mecz. For KX, > 1/H,the particle motion
turns from weakly relativistic to ultrarelativistic.
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27 /K ~2.8 x 1071 m for H =10"* and 27/K ~ 5 x
10~ m for H = 0.007.

The pair branches are associated with, for example, the
Zitterbewegung effect [35,36], in which the interference
between the positive and negative energy states are predicted
to give oscillations on Compton wavelength scales. The
Zitterbewegung effect was originally predicted for Dirac
particles with spin-1/2, but is also predicted in the framework
of the Klein-Gordon equation for spinless particles [35].
It shall be noted that the Zitterbewegung disappears if the
negative energy states are neglected, and thus it is not
supported in the nonrelativistic models, such as the standard
Schrodinger equation and Pauli equation for nonrelativistic
quantum particles. The Zitterbewegung effect is still debated
and has not yet been observed in experiments.

IV. NONLINEAR ELECTROMAGNETIC WAVE
PROPAGATION AND SELF-INDUCED
TRANSPARENCY

It is well known [37] that a large-amplitude EM wave
propagating in a classical plasma changes the dispersion
properties of the plasma due to the relativistic mass increase
of the electrons. We show here that the same effect occurs in
our Klein-Gordon-Maxwell system.

We consider for simplicity the propagation of a circularly
polarized electromagnetic (CPEM) wave of the form A =
Ag[X cos(koz — wot) — ¥ sin(kgz — wot)], where wy is the wave
frequency and k( the wavenumber. Due to the circular polar-
ization, the oscillatory parts in the nonlinear term proportional
to A% in the Klein-Gordon equation vanish. Assuming that
depends only on time and not on space, and that ¢ = 0, we
obtain from Eq. (6)

%Y micty?

WS+ mlctyiy =0, (25)

where y4 = /1 + €2A3/m2c? can be interpreted as the rela-
tivistic gamma factor due to the electron mass increase in the

CPEM wave field. Equation (25) has the solution

¥ = Yo exp(—imec*yat /), (26)
where the constant 1 is determined by assuming the constant
density p, = —eng in Eq. (9).

Inserting (26) into (9) with p, = —en(, we obtain

no
[Yol* = —. Q7
YA
On the other hand, inserting (26) into (10) we have
20012 2
jo= ¢ Wol” , _ _ €0 A, 28)
me Yam,

which can be inserted into (13) to obtain
13*°A  _,
-V
2 92

2
A= _HoeTo, (29)

yame

Equation (29) admits the nonlinear dispersion relation

w2
W= R+ (30)
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which predicts a relativistic downshift of the CPEM wave
frequency due to relativistic electron mass increase in the
CPEM wave field. Since the effective plasma frequency is
decreased by a factor 1/,/ya, the model predicts the well-
known self-induced transparency where the CPEM wave can
propagate at frequencies below the electron plasma frequency.
This is identical to the case of classical plasmas [37].

V. STIMULATED RAMAN SCATTERING AND
MODULATIONAL INSTABILITIES

We now consider the instability of an intense CPEM wave
in the quantum regime. In the presence of intense EM waves,
we have the relativistic downshift in the EM wave frequency,
given in (30), as well as possibility of exciting electrostatic
oscillations via the parametric instabilities. As an example,
we will here consider stimulated Raman scattering instability,
in which an intense EM wave decays into a daughter EM
wave and an electron plasma wave. The two-plasmon decay
instability, in which the CPEM wave decays into two ES waves,
will be treated elsewhere.

It is convenient to first introduce the transformation ¥ =
¥ exp(—iyam,c*t/h), where y, = /1 + ¢2A2/m2c? and A,
is the amplitude of the EM carrier wave A. The wavefunction
Y obeys the modified KGE

3 2

(iha— + )/Amec2 + e¢> v

— X(—ihV + eA) Y —m2c*y =0, (31)
and the electron charge density is given by

ihe [~ 0y Y+ ep \ ~,
2m,c? <‘ﬁ ot ot > Bl (VA + mec2>e|w| '
(32)

Pe = —

Let us now linearize our system of equations by introducing
w(r 1) = WO + 1//1(r t) (where Wo is assumed to be constant),
A = Ay(r,t) + Ai(r,1), and ¢(r,t) = ¢:(r,t). By using p; =
eny into Eq. (14), we note that the equilibrium (Easmeutrahty
requires that 1//0 is normalized such that [y|> = no/ya.
Supposing that A fulfills the plane wave equation (29), the
linearized KGE (31), Poisson’s equation (14), and the EM
wave equation (16) then become, respectively,

3 , 0
h2< a‘g‘ +c2v2¢1> + 2ifyamyc a%ﬁ

+2ihc%eAo - Vi + <2yAm ey + zhe§>¢o

A =0, (33)

e J*a{/h ~ Y
T 2egm,c2\ "0 9t O a1

+—(wowl+x/fol/f1>+ ’”dn, (34)

— 2czezA0 .

Vi,
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and

%A w?,
V2< L _ C2V2A1 + —pA1>

a1 17
w? o~~~
= nzeV x AV x [Ao(Yr5 Y1 + Yoy} (35)

We note that the term proportional to Ay - V% in Eq. (33)
gives rise to the two-plasmon decay, which we, however, do
not consider here.

_ We  now introduce the Fourier representations
Y =y exp(—it +iK-r)+ ¢y_exp(iQr — iK-r), ¢ =
pexp(—iQt +iK-r) + cc, AAO = (1/2)A¢ exp(—wot +
ko-r)+ cc., and A;=[A;exp(—iwit +iky-T)+
A_exp(—iw_t +ik_-r)] + c.c., where we introduced
w+r =wox 2 and ki =Kko £ K, and c.c. stands for the
complex conjugate. In one of the steps, we take the
scalar product of both sides of the EM wave equation
by Aj and use the fact that Af-[ki x (ki X Ap)] =
(ke x Ag) - (A% x k) = —|ks x Ag|% Separating different
Fourier modes and eliminating the Fourier coefficients, we
readily obtain the nonlinear dispersion relation

PR S Gt Sl e 20 2

~

Xe  [4yim2c* —nX(Q? — 2K?)]
[c2e2|k+ x Aol? 2Pk x A2
K2 Da(ws k) K2 Da(w-k-)
where the EM sidebands are governed by Du(wi,ki) =

¢’k — @3 + @3, /ya. The electric susceptibility in the pres-
ence of the EM field is given by
N a)ie [4y§mzc4 — 7’L2(§22 — c2K2)]

.= ) 37
X ya[R*(Q2 — 2K2)? — 4yim2c* Q2] 37)

], (36)

After reordering of terms, the nonlinear dispersion relation
(36) can be written as

w? (czK2 - Q%+ a)ie/yA)

4yim2e? D;(22,K)
2k K 2 2k K 2
[82|+>< ol €2| X 0|]=07 (38)
kiDa(wi,ky)  kZDa(w- k)

where the electron plasma oscillations in the presence of the
EM field are represented by

~ wp, 5 BAQ? - PK?)
Di(QK)=—-Q + —————
YA dyimic
2
w
x <s22 —?K? - ’”). (39)
YA

We note that D; = 0 gives the dispersion relation for pure ES
oscillations in the presence of a large-amplitude EM wave.
In the classical limit # — 0, we have ¥, = —a)f,e/szA,
and the nonlinear dispersion relation takes the form
L _ (ORIt /va)
> 4y3im2c?

pe
elk_ x ZA\()|2

[ ?|ky x Aol
K Da(wr k) k2 Da(w_k-)

} . (40
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which can be written in a more familiar form as

1 <CZK2 1) wfze
- +
D; 4yj’m§c2

ks x Al e?k_ x Ag?
kiDs(wiky) k2 Da(w_ k)

=0, (41)

with D = wf,e/ ¥4 — Q7. These results can be compared with,
for example, the dispersion relations obtained in Refs. [13,14,
16] for the relativistic classical case and in Ref. [6] for the
nonrelativistic classical case.

To proceed with the numerical evaluation of the nonlinear
dispersion relation, we choose a coordinate system such that
the CPEM takes the form Ay = X+ iy)Ao and Ko = koZ.
Without loss of generality, we choose K = K|Z+ K | y. Then
we have K* = Kj+ K7, ya =,/1 + 2| Ag2/m2c2, [k x
Aol? = [2(ko £ K\)*+ Ki]|20|2, and k3 = (ko £ K))* +
K?. We also use the fact that the carrier wave A obeys the
nonlinear dispersion relation wy = /c%k§ + @2, /ya.

We now assume that the wave frequency is complex
valued, Q2 = Qg + i2;, where Qp is the real frequency and
2; the growth rate, and solve numerically the dispersion
relation (38) for Q2. In Fig. 2 we have plotted the growth
rate for stimulated Raman scattering instability as a function
of the wavenumbers K| and K, for a few values of ag =
e|Agl/mec and H = hw,e/m.c*. For all cases in Fig. 2,
we used koc/w,, = 20, which corresponds to a wavelength
of 1.25 x 107° m for H = 10~* and to 1.7 x 10~"" m for
H = 0.007, which is in the x-ray regime. We observe that for
H = 10~*, there is a broad spectrum of unstable waves, in
particular for ayp = 5 and 10. For H = 0.007, we observe a
reduction in the spectrum of unstable waves and the growth
rate (relative to the electron plasma frequency) is slightly
reduced. This is due to the fact that the wavelength of unstable
ES oscillations approaches the critical wavelength, where
quantum dispersion effects become important compared to the
plasma frequency. For H = 107*, this wavelength is Agj =
27 /(4mng/ag)'/* ~ 5 x 10719 m, corresponding to a critical
wavenumber K i = 1.25 x 10" m~!, and for H = 0.007, we
have Agit = 2/ (4mngag) ~ 2.8 x 10711 m, corresponding

a,=1, H=10% a5, H=10" 2,720, H=10*
20 15 4 12
7 1
< 0 ) 0 8% 05
x |C|.5 0.4
-20 g 0 0.2
0 50 0 50 ) 50 2
Kite Kt Kie
a,=1, H=0.007 a,=5, H=0.007 2,=20, H=0.007
S 1 £
. 20 20 1 20
Lo ) ‘0.5 0 ) 05 Ol ) 05
20— | 5 5
0 50 0 50 0o 50 :
K% K KA

e e

FIG. 2. (Color online) Growth rate (2;/wp, vs. K, and K )
for stimulated Raman scattering in the presence of a large-amplitude
CPEM wave, for the amplitudes ap = 1, ap = 5, and ap = 20 (left to
right panels) where ay = e|XO| /mec for H = 10~ (top panels) and
H = 0.007 (bottom panels).
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to Kaie = 2.25 x 10! m~!. Hence, for H = 0.007 we have
ko ~ K.it, which leads to the reduction of the growth rate due
to the quantum dispersion effect.

Furthermore, it should be mentioned that we do not find
Raman-type instabilities involving the pair branches in Fig. 1.
This is consistent from the point of view of the conservation
of charges, since the production of positrons would violate the
conservation of electric charges.

In addition to stimulated Raman scattering instabilities,
we also have the modulational instability that dominates for
pump frequencies wy < 2wp./,/ya and the corresponding
wavenumbers kg < (wpe/c)/3/ya. The modulational insta-
bility usually occurs for small modulation wavenumbers and
saturates nonlinearly by the formation of relatively small
localized structures and solitary waves. In the past, such
nonlinear structures have been studied for classical plasmas
in one [38] and three dimensions [39]. We have investigated
the modulational instability for the CPEM dipole field with
ko = 0 and have plotted the results in Fig. 3 for different
amplitudes :ap = 1, ap = 5, and ayp = 20. We find that the
growth rate is relatively insensitive to the quantum parameter
H. We have used H = 0.007 in Fig. 3, but H =0 gives
almost identical results. This is understandable since the
modulational instability takes place on relatively large scales,
and the quantum effect is thus negligible. However, we will
investigate the quantum effect on the relatively small-scale
nonlinear structures below.

VI. RELATIVISTIC OPTICAL SOLITARY WAVES

Here we illustrate the existence of large-amplitude localized
CPEM wave excitations at the quantum scale in our system.
We restrict our investigation to one-space dimension, which
has also been studied for classical plasmas [38].

Far from the local excitation, one can assume that the
dynamics of the plasma is nonrelativistic. To shorten the
algebraic steps, it is convenient first to introduce a new wave-
function w(z t) and the potentlal @ via the transformations
v(r,t) = W(Z t)exp(—im,c*t/h) and ¢ = ® — m,c?/e, and
which satisfy the KGE

3%y

7 —y2mlcty =0, (42

9
ih— + e® R2cr——
<l 8t+e >1ﬁ+

where y4 = (1 + e?A?/m2c?)'/2 In this gauge, the wavefunc-
tion ¥ is nonoscillatory in time, and the new potential takes

ao=1 an=5 au=20
1 1I— 1 0.1
[ 01
< P ol N o1 o) 005
X 0.05
1 =
o 1 2 ° g3 27° o 1 2 °
Kiite K% Kite

FIG. 3. (Color online) The growth rate (22; /wp, vs. K} and K )
for the modulational instability in the presence of a large-amplitude
CPEM wave, for the amplitudes ay = 1 (left panel), ap = 5 (middle
panel), and ag = 20 (right panel) where ay = elgol/mec. H = 0.007
for all cases.

PHYSICAL REVIEW E 83, 046407 (2011)

the value ® = ¢/ m,c?, far from the solitary wave where the
plasma is at rest. The electron charge density is expressed as

- [ﬁ<$*a—‘”—$8‘”*>+e®|$|2]. 3)

mec?| 2 ot at

Pe = —

We now study quasi-steady-state structures propagating
with a constant speed vy, so that ¢ = ¢(§) and A% = A%(%),
where & = 7z — vyt and A? = |A|?>. The CPEM wavevector po-
tential is of the form A = A(&)[X cos(kgz — wgt) — y sin(kgz —
wot)]. It is convenient to introduce the eikonal representation
Y = P(§)explif(§)], where P and 6 are real valued. Then the
KGE (42) takes the form

da’p do\? dPdo  d%
e ”")[déz _P(ﬁ) T2 dE lpd_ﬁ}

do dP do
—ihevg— P — 2ihe®vy| — +iP—
dg dg

d§
+ (eZCID2 m2c4yj) =0. (44)
Setting the imaginary part of Eq. (44) to zero, we obtain
2Ud—P+Pd—U:0, (45)
dé§ dé§
where
U= h2(02 — UO)Z_E —heduy. 46)

The solution of Eq. (45) is P?U = D = const. Using the
boundary conditions P? = ng, ¢ =0 (hence ® = m,c?/e),

andd/dé = 0at|£| = oo, we have D = —nghm,c*v,. Hence,
we obtain
6 _ vomey ((e® _m\ “
d& h m.c? P2

where we have denoted
1

Yo = ———. (48)
J1—vg/c?
The electron charge density (43) now takes the form
h a6 +ed | P? (49)
e = — Vo— e )
p mec? Odé
which, by using Eq. (47), can be written as
2 2
2 Vg ed P
e = — - = — 50
P enoy; ( 2 e n0> (50)
and hence Poisson’s equation (14), with p; = eng, becomes
d*® P ed P?
T (222 ). (51)
dg? g0 \mec? ng

On the other hand, by setting the real part of Eq. (44) to zero,
we have

22 [d®P do\?
—prl=
[déz <d$> ]

do
+2hed>v0P§+(ez¢2 mZcy;)P =0, (52)
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which, by using Eq. (47), can be written as

d2P 2<D2 2 .2 2
—d$2+m§c2ya‘[6 —”—“ﬂ—y—/*]ho. (53)

mict 2 Py

Finally, inserting the ansatz A = A(&)[X cos(koz — wot) —
¥ sin(koz — wot)] for the vector potential, together with the
current

h2

. &2 &2
je=——IyPA=——PA, (54)

e

into Eq. (16), we obtain the EM wave equation

d2A+wie rHvi1 P’ A=0 (55)
dg? 2 % no -

where we have used ko = wovo/c?, and where A =
(cz/a)?)e)(a)% - wf, — k) (c* —v3) = w(z)/a)f,e —y¢ is a
nonlinear eigenvalue of the system that determines the wave
frequency wy.

The coupled system (51), (53), and (55) describes the profile
of EM solitary waves in a quantum plasma. It has the conserved

quantity ‘H = 0, where

e c2<d e<I>>2+ 1’ (dP>2+ ¢
w?, \d& m,c? yém2cing \ d§ w%eyoz

d eA\* [ P\ ea Ll P
x <d§ mec> + (y02 + n0>m2c2 LRC m2c* ng
ed no P?
-2 (ﬁ—1>—n—0+1+yg. (56)
The conserved quantity H can be used to check that the
numerical scheme used to solve the nonlinear system of
Egs. (51), (53), and (55) produces correct results.

In Fig. 4 we have compared the present model with our
previous results in Ref. [40] where we used a simplified model
to describe nonlinear interactions between intense CPEM wave
and a quantum plasma. We used the same parameters as in
Fig. 2 of Ref. [40], to produce the profiles of the CPEM wave
potential, the electron charge density, and the ES potential.
We observe that the present results are almost identical to our
previous work [40]. For our sets of parameters, the quantum
effect on the profiles of the EM solitary waves are small, and
there is only a slight difference in the profiles of the electron
density for the two values H = 0.002 and 0.007. For standing
EM solitary waves, such as the ones in Figs. 4(a) and 4(b),
the solutions are localized with exponentially decaying tails.
By linearizing the system of Eqs. (51), (53), and (55), one can
show that far from the EM soliton, A decays as exp(v/—A&),
while P and ¢ are proportional to exp(K &), where K is found
from the dispersion relation

2.2
Yo Yo
m,c? c?

hcsz(csz + yowie) — 4yém3c4(v§K2 — a)ie) =0. (57)

For v9 =0 (and yp = 1), we see immediately that there
exist only complex-valued K, which means that the quasi-
stationary-wave solutions decay exponentially far away from
the EM solitary wave. However, in the classical limit z — 0,
we instead have the plasma wake oscillations given by real-
valued K = w),/vo. Hence, a localized EM pulse will create
an oscillatory wake that extends far from the EM pulse. In one-
space dimension, there also exist special classes of propagating

PHYSICAL REVIEW E 83, 046407 (2011)

(a) (b) ()
2 2 2
oﬂ)
Ey 1 1/\
<<
()
0 0 0
5 o0 5 5 o0 5 5 o0 5
15 15 15
o
s 1 1 1 /¥
<05 05 0.5
0 0 0
5 0 5 5 0 5 5 o0 5
15 15 15
o
;m 1 1 1
2 05 0.5 0.5
()
0 0 0
5 0 5 0 5 o0 5
&/h, g/h, g/n,

FIG. 4. (Color online) The spatial profiles of the vector potential,
the electron charge density, and the electrostatic potential (top to
bottom panels), for standing solitary waves (vp = 0) for (a) H =
0.007 and A = —0.34, (b) H = 0.002 and » = —0.34, and (c) for
a moving solitary wave with vy = 0.0059¢ for H = 0.002 and A =
—0.30.

localized EM envelope solutions [41,42]. In addition to the
wake oscillations, we also have quantum oscillations in
quantum plasmas. In Fig. 4(c), we show an example of a slowly
moving envelope EM soliton, where small-scale oscillations
in the charge density are clearly visible.

We note that the cold fluid results can be retained in the
classical limit iz — 0. Then Eq. (53) can be written as

2H2 2,2 2
e _wm | va

= . 58
mict 2 Pt y2 (58)
By setting p, = —en,, where n, is the electron number density,
in Eq. (50) and solving for P, we obtain
P2 T 1 /n, m,c?
—=|1+=|—-1 , (59)
no L Yo \ 1o ed
which can be inserted into (58) to obtain
[L”_e N v_ﬁ}/ﬁ _ ”_3<”_ _ lﬂ”z _ v
2 2 2 2 - 2’
Yoo ¢ | ng  c*\no YAM,C
(60)

which relates n, to ® and y4 at a given speed vgy. The relation
(60) can also be obtained from the cold electron fluid model
[41] and hence confirms the classical limit of the quantum
model used here. If, furthermore, we assume standing waves
such that vg = 0, then we have from (60)

ed

mec?

= Va- (61)

Solving for ® and inserting the result into Poisson’s equa-
tion (51), we have
d*ya p?

22 =y,— — 1. 62
g2 =V (62)
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Finally, solving for P? and inserting the result into Eq. (55),
we obtain

A
+ 1)—, (63)
YA

where we have used vy = 0 and, therefore, ky = 0. Equa-
tion (63) is identical to the model of Marburger and Tooper [38]
for the nonlinear optical standing wave in a classical cold fluid
electron plasma. The relativistic mass increase is reflected by
the ratio A/y, in the right-hand side of Eq. (63). The nonlinear
electron density fluctuations, which are reflected in the term
proportional to d’y, /d&? in the right-hand side of Eq. (63)
can often be neglected in the weakly relativistic case [43].
We note that our previous model [40] can be recovered
in the weakly relativistic limit, in the following manner.
Assuming that, to first order, we have a balance between
the ponderomotive and electrostatic pressures, so that 1 +

ep/m.c* ~ y, and that y4 ~ 1, with vg & 2. Accordingly,
we have
d*p e¢
n*ct—— +2m*ct( 1 —ya|P =0, 64
dsz + + eC YA ( )
Poisson’s equation
d? P
Lo _emo(yaP |\ 65)
d&? g \ no
and the CPEM wave equation
d*A P?
— + 1A= — —1])A. 66
d&? c? (no ) (66)

We now make a simple change of variables y, P = P.Then
we have, by neglecting terms containing dy,/d&, the model
(40]

25

d-P ~
Wy +amic (1+ e¢2—yA>P:0, (67)
e
d*¢  eng P
2o _dofZ 4 68
d&* & <n0 ) ©%

and

d2A+AA wr, (P2
d&? 2 \yang

where the relativistic mass increase appears explicitly in the
CPEM wave equation.

- 1>A, (69)

VII. DYNAMICS OF NONLINEARLY INTERACTING EM
WAVES IN A QUANTUM PLASMA

In order to study the dynamics of nonlinear interactions
between intense CPEM waves and a quantum plasma, we
have carried out numerical simulations of the Klein-Gordon-
Maxwell system of equations. We have here restricted our
study to one-space dimension, along the z direction in space,
and written our governing equations in the form

(m_ e¢)¢ W, (70)

8210

Bz yAmc =0, (71

<zha— + eq))W +h2c?
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18°A  9°A /Loe

e WA (72)

and

¢ _ W+ W) — 0 73
92 2mc2 — " YW — 8—0 (73)

We have used a periodic simulation box in space, of length
L, = 63 X, and used of the order 10* grid points to resolve
the solution in space. It is important to resolve the relatively
long electron skin depth scale as well as the shorter length scale
associated with accelerated electrons with the momentum p =
hk and the associated wavelength A = 27 /k = 2wh/p. Since
we need at least two grid points per wavelength to represent
the solution, the required grid size is Ax < wh/p, which can
be written Ax/X, < wHm,c/p. For example, to represent
the wavefunction of relativistic electrons with the momentum
p = m.c, we need a spatial grid with Ax/x, < T H = 0.022
to represent the wavefunction for H = 0.007. The solution was
advanced in time with the standard fourth-order Runge-Kutta
scheme, using a time step of order At = 107 w,,,.

We first numerically study the growth and nonlinear
saturation of the modulational instability, which is relevant
for dense matters where the plasma is overdense or close to
overdense. As initial conditions, we used a CPEM pump wave
of the form A = Ag[X cos(koz) — ¥ sin(kgz)] with kg = 0 and
Ag/m.c = 1. A small amplitude noise (random numbers) was
added to A in order to seed any instability in the system. As
initial conditions for the wavefunction, we used ¥ = \/ng/y4
and W = m,c? /MoYa, corresponding to a pure electronic state
atequilibrium. The initially homogeneous electron density was
set to n, = ng = 10°° m=3, corresponding to H = 0.007 [cf.
Eq. (24)]. In this situation, the EM wave is unstable due to
the modulational instability, which has instability for small
wavenumbers, as shown in Fig. 3. In the nonlinear stage,
we see in Fig. 5 that the CEPM wave envelope has been
focused into localized wavepackets similar to the ones in
Fig. 4, associated with depletions in the electron density and
positive electrostatic potentials. The collapse of the CPEM
wave packet leads to relativistically strong ponderomotive
potentials that accelerate electrons to relativistic speeds. The
relativistic electrons are associated with small-scale spatial
oscillations in the wavefunction, where the wavelength is
comparable to or even smaller than the Compton wavelength.
In order to study the distribution of electrons both in space and
momentum space, we have performed a Fourier transform of
the wavefunction v using a moving window technique (using
a Hann window) in space. The width of the window has been
tuned so that it provides a good resolution both in space and
in momentum space. The resulting spatial spectrogram gives
a representation of the distribution of the electrons both in
space and in momentum space; see Fig. 5(d), where the color
indicates the density of electrons in phase space. In Fig. 6(d) the
horizontal axis shows the spatial dependence, and the vertical
axis shows the momentum dependence via the relation p = ik
between the momentum p and the wavenumber k. In this figure
it is clear that in the collapse stage of the solitary waves,
bunches of electrons are accelerated to relativistic speeds
and form self-trapped, Bernstein-Greene-Kruskal (BGK) -like
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FIG. 5. (Color online) The nonlinear stage of a modulational
instability, showing localized EM wave-packets associated with
depletions in the electron charge density, and positive ES potentials.
The electron pseudodistribution function shows that the electrons
have been accelerated and form BGK-like modes that travel away
from the collapsed wave packets. Parameters are H = 0.007 and
initially a dipole field ap = 1 with ky = 0.

modes that propagate away from the collapsed EM wave
packets.

Next, we investigate a scenario of the short EM pulse prop-
agation and the wake-field generation in a quantum plasma.
This concept is traditionally used for electron acceleration in
classical plasmas [44,45]. The numerical results are displayed
in Figs. 6 and 7. Here two attosecond pulses are injected from
each side of a plasma slab and are allowed to collide at the
center of the slab. As initial conditions, we used a CPEM
pump wave of the form A = Ay(z)[Xcos(koz) — ¥ sin(koz)]
with kg = 20 A;' and envelopes of the form Ay(z)/m.c =
exp(—(z/A. & 30)?) propagating into the plasma slab. The
plasma slab is initially centered between z = £15A, with equal
electrons with the number densities ny, where the electron
wavefunction was set to Y = /ng and W = mec2\/n_0. After
atime t = 28.125 w;el, we see in Fig. 6(b) and 6(c) that the
large-amplitude CPEM pulses excite plasma wake oscillations
associated with large-amplitude positive potentials, and with
an approximate wavelength of 2w c/w,., corresponding to a
leading wavenumber of w,./c. The positive potentials of the
plasma wake oscillations are starting to capture populations
of the electrons at edges of the plasma slab, at x =~ £15A,.
A high-frequency diffraction pattern is formed in the electron
density, as faster electrons overtake slower electrons. Later, at
t =375 a);gl, the two EM pulses have collided and passed
through each other. Trapped electrons have been further
accelerated to ultrarelativistic speeds, as seen in Fig. 7(d)
at x ~ £5),., where the fastest electrons have reached a
momentum of ~ 5 m,c.

VIII. SUMMARY AND CONCLUSIONS

In this paper, we have developed a relativistic model for
treating nonlinear interactions between intense EM waves
and a quantum plasma. Our nonlinear model is based on the
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FIG. 6. (Coloronline) Attosecond laser pulse propagation into an
underdense quantum plasma, at time ¢ = 28.125 a);el. Top to bottom
panels show (a) the vector potential of the EM pulse (the arrows
show the propagation directions of the pulses), (b) the electron charge
density, (c) the ES potential, and (d) the distribution of electrons in
phase space in a 10-logarithmic color scale. Parameters are H =
0.007, amplitude ap = 1 and wavenumber ko = 20 A;!. Localized
EM pulses excite large-amplitude oscillatory potential wakes behind
them, as they penetrate the plasma slab.

coupled Klein-Gordon and Maxwell equations for the relativis-
tic electron momentum and the EM fields. In our fully relativis-
tic nonlinear model, the electron current and charge densities
are calculated self-consistently from the KGE, and they enter
as sources for the nonlinear EM and ES waves in the Maxwell
equation. The KG-Maxwell system of equations has been used
to derive the linear dispersion relation for the ES and EM
waves, as well as for investigating stimulated Raman scattering
and modulational instabilities in the presence of relativistically
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FIG. 7. (Color online) The same as in Fig. 6 attime ¢ = 37.5 a);e'.
Groups of electrons are accelerated to ultrarelativistic speeds by the
large-amplitude ES wake field.
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intense CPEM waves. In the linear regime, the general
dispersion relation for the ES waves exhibits the quantum
effect associated with the overlapping electron wavefunction.
Atlong-wavelengths, we have the dispersive Langmuir oscilla-
tions with frequencies close to the electron plasma frequency,
while at shorter wavelengths we have the oscillation frequency
of free electrons. At wavelengths comparable to or larger
than the Compton wavelength, the electron motion is fully
relativistic. In the nonlinear regime, we have demonstrated
the existence of fully relativistic stimulated Raman scattering
and modulational instabilities. While the Raman amplification
is of much interest for generating a coherent EM radiation,
the modulational instability gives rise to the localization and
collapse of the CPEM waves into localized solitary EM
wave packets. Indeed, numerical simulations of the coupled

PHYSICAL REVIEW E 83, 046407 (2011)

KG-Maxwell equations reveal the collapse and acceleration of
electrons in the nonlinear stage of the modulational instability,
as well as possibility of wake-field acceleration of electrons to
relativistic speeds by short EM pulses at nanometer scales. In
conclusion, we stress that the present investigation of nonlinear
effects dealing with intense EM wave interactions with a
quantum plasma is relevant for the compression of x-ray free-
electron EM pulses to attosecond duration [46,47], as well as to
the understanding of localized intense x-ray and y-ray bursts
that emanate from compact astrophysical objects [29,30].
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