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Gas-driven displacement of a liquid in a partially filled radial Hele-Shaw cell
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The displacement of liquids from confined geometries by using a gas phase is a problem that is relevant to
many technologies. Efficient removal of the liquid phase is achieved when an extremely thin residual fluid film is
produced as it is displaced. Here the dynamics of air, at constant pressure, displacing a glycerol-water drop in a
radial Hele-Shaw cell is studied in this context at low Reynolds numbers. Empirically derived expressions relating
the input parameters (fluid viscosity, pressure, and drop volume) to characteristic gas flow and liquid displacement
rates, and the steady-state film thickness, are proposed and compared with experiments. The experiments consist
of measuring cross-sectional areas of the penetrating gas (air) and displaced liquid using glycerol-water mixtures
with viscosities ranging from 4 to 280 cSt and with inlet pressures ranging from 3.5 to 10.5 kPa at gap spacings
of 50–100 μm. We estimate that the system produces residual film thicknesses in the range of 5–95 μm.
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I. INTRODUCTION

The displacement of a viscous fluid phase by a gas phase has
been of interest to academics and industries for many years.
There are several emerging and existing technologies where
determining operating conditions that result in the efficient
displacement of the more viscous phase is a desired outcome
such as enhanced oil recovery processes that utilize CO2

gas [1]. Other relevant technologies include the evaporation [2]
or cooling [3] of a liquid phase by the penetrating gas phase so
that it may be useful in a microgravity environment where, for
example, processes involving buoyancy driven displacement,
such as boiling, are difficult to engineer [4,5]. In each of
these examples the fundamental question is how to efficiently
displace liquids in small geometries by using a less viscous gas
phase. In this paper a radial Hele-Shaw cell geometry with gap
spacing b less than the capillary length �c = √

γ /ρLg (where
γ is the liquid-solid surface tension in air, ρL is the liquid
phase density, and g is the gravitational acceleration constant)
is used to experimentally study the dynamic penetration of
a gas injected at a constant pressure into a finite volume of
a viscous liquid, and to measure the residual thin film prior
to bursting, that is, breakthough of the gas phase, at time
tend. The usual Saffman-Taylor fingering instability [6] occurs
during the penetration of the gas into the liquid but the details
of the fingering are not studied here. Instead we focus on
the measurement of thin films and penetration rates of a less
viscous fluid into a more viscous one in a radial Hele-Shaw
cell geometry at low Reynolds numbers.

The desired experimental result is the displacement of
a more viscous fluid by a less viscous fluid in a confined
geometry where transport occurs in only the radial direction at
the penetrating gas-liquid interface. But in practice this is never
observed due to the formation of films of the more viscous
fluid. Thick films can result in little radial displacement that
can later develop into large droplets on the substrates where
the maximum drop height is on the order of the capillary
length [7]. In this paper it is assumed that the bursting time tend

is much shorter than the time required to produce a sufficient
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number of drops on the order of the gap spacing b (according
to [7] this can take days for molecular scale films while in
our experiments we typically observed droplet formation after
bursting) and the film that results from the penetrating gas is
assumed to be steady.

There is much literature on the subject of thin film formation
by penetration of a viscous fluid phase with a less viscous
one [8–13] and our discussion of these previous studies
is to point out their similar conclusions. In general, all
theories and experiments suggest that steady film thicknesses
always scale like h∞ = C0Ca∗n, where Ca∗ = UμL/γ (here
and throughout the paper asterisks denote a dimensionless
variable) is the capillary number based on a steady velocity
U and liquid viscosity μL. The steady film thickness is h∞
and the power n and the coefficient C0 are determined for
a systems geometry and range of capillary numbers. For the
film that forms when a bubble penetrates liquid in a tube the
power is n = 2/3 for capillary numbers Ca∗ < 1 × 10−3 [14];
the exponent power is slightly smaller at n = 1/2 for small
capillary numbers 1 × 10−3 < Ca∗ < 1 × 10−2 [15–17] and
for Ca∗ � 1 an asymptotic limit of h∞ is approached [16]. A
power of n = 2/3 was also determined for the problem of thin
film formation due to displacement of a more viscous fluid by
a less viscous fluid in a two-dimensional geometry [18–20].

It is more difficult to develop similar expressions relating
the capillary number and film thickness for the problem of film
formation due to fluid displacement in a radial Hele-Shaw
geometry because the definition for a steady velocity is not
easily accessible. Therefore, most previous Hele-Shaw studies
in radial geometries focused on the Saffman-Taylor instability
since a radial geometry allowed analysis of the moving front
without interference from sidewalls [6,21–25].

In 1999 Carrillo et al. [26], through a combination of
analysis and experimentation, studied fluid displacement
driven by axial rotation in a radial Hele-Shaw geometry in
the limit of low Reynolds and Rossby numbers. A study
combining experiments and analysis of a similar system and
for a wide range of rotation rates was performed in 2006
by Álvarez-Lacalle et al. [27]. In the inaugural studies of
the axial rotation of a radial Hele-Shaw cell performed by
Carillo et al. there were two conditions proposed: (1) a prewet
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Hele-Shaw cell with a drop placed in the center and (2) a
dry Hele-Shaw cell with all other conditions the same as the
first. Their problem was unique because the authors were able
to avoid the usual fingering instability by using rotation to
generate centrifugal acceleration to displace the liquid phase,
which subsequently syphoned the less viscous phase fluid (air)
into the Hele-Shaw cell in their experiments. The ability to
measure film thickness was possible in their system because
the authors considered the displacement of a finite volume
of liquid, denoted here as Vliq. The experimental analysis of
a finite-liquid volume allows tracking of the outer and inner
annular liquid radii, then with knowledge of the initial radius
the authors determine a steady film thickness where they show
that the residual film was less than 10% of the gap spacing.
Note that in Carrillo et al. [26] an empirical capillary number
was developed and we seek to do the same. We also form
transport equations and develop expressions for displacements
rates and film thickness based on the cross-sectional areas
(penetrating gas and total) for the problem of a viscous
fluid being displaced by a pressure driven less viscous one
by developing empirical correlations based, in part, on the
analysis of [26].

In the next section the problem description and cross-
sectional area evolution equations are discussed. This is
followed by an explanation of the experiments and details of
the procedure. Then the experiments and results are analyzed
qualitatively and quantitatively to describe data trends. In the
last section we conclude with some remarks on the results and
possible future experiments.

II. ANALYSIS

The purpose of this section is to develop an expression for
the film thickness resulting from gas-driven displacement of
a partially liquid-filled region in a radial Hele-Shaw cell by
considering average displacements. To develop this equation
we assume that the conserved volume of liquid forms a steady
thin film as it is displaced liquid and gas phase liquid forms a
steady thin film as it is displaced for the conserved volumes.
Empirical correlations for the rate of displacement of the
inner and outer cross-sectional areas are also introduced in
the subsections that follow.

We begin with a discussion on the relative inner and outer
annular radii a1 and a2, respectively, where the inner gas phase
displaces the outer liquid phase fluid. We assume that the
annular outer radius is simply a function of time a2(t) since
the annular liquid is bounded by air. The inner gas creates
a Saffman-Taylor instability as it penetrates the liquid phase,
and for large amplitude instabilities, where a1 is on the order
of a2, the approximation that a2 is only a function of time
will not hold. But it is observed to be accurate for the range
of parameters presented in this study. We also only consider
an average gas phase radius ā1(t) in the analysis by assuming
that it is the sum of a uniform-average radius and a linear
azimuthal disturbance a1(θ,t) = ā1(t) + ε(θ,t) [22], where the
disturbance is periodic in θ and possess azimuthal symmetry
such that ε(+θ,t) = ε(−θ,t) on some domain θ ∈ [−π,π ].

Using this information we now consider an initially
cylindrical-viscous Newtonian droplet of radius a2(0)

concentrically confined between two parallel circular plates
at a distance b apart where b � �c (see Fig. 1 for problem
illustration) or equivalently the Bond number Bo∗ =
(b/�c)2 � 1. At time t > 0 a gas is injected into the center
of the parallel plates at a constant pressure Pgas where the
gage pressure is written as �P = Pgas − Patm with Patm equal
to ambient atmospheric pressure. The injection pressure is
assumed low, that is, �P/Patm � 1 so that the gas density
and temperature are both considered constant throughout the
displacement process [28]. It is also assumed that surface
tension is negligible where �P > γ/b. At time tend the drop
bursts resulting in rupture of the gas-liquid interface. The
liquid properties of viscosity μL, density ρL, and subsequently
the kinematic viscosity denoted νL = μL/ρL, along with the
surface tension at the gas-liquid interface γ , are used for
normalization throughout the manuscript and their values
are assumed to remain constant for a given experimental
setup.

A. Volume conservation

The gas phase average radius ā1(t) is difficult to estimate
from experimental data because of the Saffman-Taylor in-
stability [6]. So we instead rely on volume conservation to
develop expressions for the transient cross-sectional area of
the gas Agas = ∫

Agas
dA (with dA = r dr dθ a differential area

element), which will allow for direct comparison between
theory and experiments where in the experiments Agas =∑

i Agasi
and Agasi

is an area element based on an image pixel i.
In general, values for the transient gas phase volume Vgas

depend on the film that is deposited on the top and bottom
walls as the liquid is displaced, where the distance measured
from the bottom wall to the lower and upper portion of the
gas phase are denoted as ht and hb, respectively (see Fig. 1
for description), and may not be spatially uniform. But the
Bond number is considered small in the problem statement so
the variations in the top and bottom films are negligible in this
limit and ht = hb. Dividing the gas volume Vgas by the gas area

Agas yields an average gas layer thickness Vgas

Agas
= b − h̄, where

h̄ is the (top and bottom) average-radial liquid film thickness
spanning the gas region. The liquid volume Vliq = πa2

2(0)b is
constant with no simple expression for the area Aliq = ∫

Aliq
dA.

The total volume Vtot = Vgas + Vliq is equal to Atot(t)b where
we define the change in total volume as being equal to the
gas volume �Vtot(t) = Vtot − Vliq = Atotb − πa2

2(0)b = Vgas

where we consider all cross-sectional areas to be uniform in
the z direction, and also assume a similar relationship between
differential and image pixel based expressions for the total
area as there is for the gas area Agas. Note that the gas area
and change in total area also share the same initial condition
Agas(0) = �Atot(0) = 0.

The expression relating the change in total volume with the
gas volume may be rewritten as �Atotb = Agas(b − h̄) where
�Atot and Agas differ by a constant b−h̄

b
when considering

steady-average films, that is, dh̄
dt

= 0. A steady film assumption
is not physically possible at early times since the total film
thickness value is initially equivalent to the plate separation
distance. But after a sufficient amount of elapsed time the
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FIG. 1. Top and side view of problem schematic and experimental setup. The top view shows the initial drop configuration at time t = 0 and
the proposed configuration at later times where a typical fingering instability develops in the azimuthal direction. The radial distance measured
from the center to the inner air gas interface a1 is assumed to be the sum of an average component that is independent of the azimuthal direction
and an azimuthally symmetric disturbance radius, i.e., a1(θ,t) = ā1(t) + ε(θ,t). The side view shows the proposed configuration for the top
and bottom films.

average film thickness in the region spanning the gas phase is
given by

h̄

b
= 1 − �Atot

Agas
, (1)

where h̄ is analogous to 2h∞, the value used in the more
traditional liquid film measurement problems. Also, this
particular result is analogous to the one derived in [26] for
a finite volume of fluid displaced in an initially dry rotating
Hele-Shaw cell.

B. Displacement rates

For the gas phase area we assume an empirical relationship
for the expansion rate of the form Ȧgas = ωAgas (dots denote
derivatives with respect to time) and subsequently �Ȧtot =
ω�Atot due to volume conservation. These expressions are
based on experimental observations and [26]. Integration
of these equations, with the initial conditions Agas(0) =
�Atot(0) = 0 and Ȧgas

Agas
= �Ȧtot

�Atot
= ω, for t > 0, results in

expressions for the transient cross-sectional areas,

Agas(t) = Cgas(eωt − 1) and (2a)

�Atot(t) = Ctot(eωt − 1). (2b)

To determine an expression for ω we analyze the di-
mensionless momentum conservation equation Re∗(u∗

t∗ + u∗ ·
∇∗u∗) = ∇∗ · σ ∗ using 1/ω, b, and ωb for the time, length,
and velocity scales, respectively, and μLω for the stress
scale σ with σ = −P I + τ where τ = μL[∇v + ∇vT ] is
the viscous stress tensor and I is the identity tensor. In the
limit Re∗ = ωb2

νL
� 1 we propose that ω ∝ �P/μL based on

dimensional analysis and taking into consideration that the
fluid is driven by a gas at constant pressure.

Developing empirical relationships for the coefficients Cgas

and Ctot and ω are not straightforward since each depends
on the variables μL and �P and possibly b. Therefore, the
main focus on the gas area and the total area rate equations
is to determine if the relationship for the characteristic rate
ω ∝ �P/μL is accurate within our range of experimental
parameters. A more general empirical relationship for ω will
be used for comparison with experiments and is a power law
of the form

ω = Cω

(
Nω

�P

μL

)m

, (3)
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where m is to be experimentally determined. Values of m in
the vicinity of unity would reinforce the validity of the main
assumptions in this radial flow model.

For the total film thickness an empirical relationship is
derived by considering the generic capillary number Ca∗ =
vcharμL/γ . Using this definition with characteristic velocity
vchar = ωb would yield a dimensionless group that is inde-
pendent of viscosity for m = 1. A more precise velocity for
the inner annular region is derived by considering the first
two nonzero terms in the Taylor expansion of the average gas
displacement written in terms of the transient area [Eq. (2a)]
yielding the expression ā1(t)

√
π = √

Agas ≈
√

ωt + O(ωt)2.
Ignoring higher order terms O(ωt)2 in the expansion suggests
that the coefficient for the average velocity and average
acceleration are both proportional to

√
ω at early elapsed time.

Inserting this expression into the capillary number suggests a
numerator that scales like Ca∗ ∝ μL

√
ω = √

μL�P . We use
this result to propose an empirical relationship for the film
thickness in terms of the viscosity and pressure of the form

h̄

b
= Ch̄ (Nh̄μL�P )n , (4)

where the normalization constant is proportional to the surface
tension, that is, Nh̄ ∝ γ . The power n is to be determined
experimentally where measured values of 2n in the range
0 < 2n < 2/3 would suggest the reasoning used to develop
the empirical correlation is valid based on previous studies
measuring film thickness as a function of the capillary number.
A two term power law, in μ and �P , would be a much better
choice but determining the separate powers from experimental
data would be difficult given that we can essentially only
measure the cross-sectional areas Agas and Atot.

The functional dependence with �P and μL that has
been proposed for ω and h̄/b are each normalized by Nω =√

ρLb3

γ
and Nh̄ =

√
b

ρLγ 3 , respectively, determined by using

dimensional analysis. Experiments are performed to determine
the constants and the exponential powers for these expressions.

III. EXPERIMENTS: MATERIALS AND PROCEDURE

A Hele-Shaw cell was created using two circular acrylic
plates with a diameter of 100 mm (4 in.) and uniform thickness
of approximately 3.2 mm (1/8 in.) set 50, 75, or 100 μm apart
on an acrylic stand. Plastic shims (AccuTrex) were placed
between the plates to provide the desired gap spacing. In order
to insert air into the cell a standard 8-32NC thread was tapped
in the center of one plate and a plastic pipe fitting (Cole Parmer)
with an inner diameter of 2.4 mm (3/32 in.) was inserted. Air
pressure was controlled using a pressure transducer (Marsh
Bellofram) and a function generator (Agilent) to provide a
step function. Current I from the function generator in the
range of 4.8 < I < 10.4 mA was supplied to the transducer to
yield pressure outputs of �P = 3.5,7.0 or 10.5 kPa (0.5, 1.0,
or 1.5 psig). There was no observable flexing of the plates
used to form the Hele-Shaw cell when tested at these low
pressures (less than 15% of 1 atm). An air compressor
was used to fill a storage tank to provide pressurized air
for the experiments when necessary, and was connected to
the transducer with tubing that had an inner diameter of

6.4 mm (1/4 in.). Glycerol-water mixtures were used as
the experimental liquid. Kinematic viscosities of roughly 4,
37, and 280 cSt were made using mixtures of 50%, 80%,
and 95% glycerol-water (by weight), respectively [29,30].
Based on these viscosities and our other parameters we
determine the Reynolds number to be in the range of
10−5 < Re∗ < 10−1. Surface tension for pure glycerol on
acrylic is approximately 60 mN/m, yielding values of γ /b ≈
1.2 kPa for the smallest gap spacing. Therefore �P > γ/b

for our range of pressures although the ratio γ /(b�P ) is
approximately one-third for the smallest pressure of 3.5 kPa.
Bond numbers are in the range 0.01 < Bo∗ < 0.1, based
on capillary lengths in the range of 1–2 mm where the
value varies due to the density difference between the fluid
mixtures. The range of normalized correlation parameters are
1 < Nω

�P
μL

< 500 and 0.1 < Nh̄μL�P < 100 for ω and h̄/b,
respectively.

Drops with volumes of either 13, 30, or 50 μl were
placed at the center of the Hele-Shaw cell by using an
Eppendorf syringe. The supply valve from the storage tank
to the transducer was opened prior to the signal generator
supplying the transducer with a current. As the signal generator
began to supply the transducer with a current the transducer
allowed the pressurized air to enter the cell through the tapped
hole. A CCD camera (PixeLINK) looking normal to the cell
from above was used to capture video of the experiment
at a minimum of 30 fps at the maximum resolution of
1280 × 1024 pixels and at a maximum of 100 fps at a reduced
resolution of 640 × 480. The video captured an experiment
from just before the initial injection of the air until a few
seconds after the drop burst. Run times for the experiments
ranged from less than 0.1 to over 102 s depending on viscosity,
providing a minimum of approximately 10 experimental
images for analyzing each experiment. The combination of
volumes, viscosities, pressures, and gap spacings yielded 51
experiments. Several experiments at small gap spacings, b <

75 μm, with the lowest viscosity fluid of 4 cSt were difficult
to perform as the drops were susceptible to meandering or
to an instability that occurs along the interface as they are
squeezed between the plates [31]. After each experiment the
Hele-Shaw cell was disassembled. Water with a small amount
of soap was applied to each side of both acrylic plates followed
by a thorough rinse with water. A soft towel was used to dry
the plates to avoid scratching and the Hele-Shaw cell was
reassembled for a new experiment.

A MATLAB program was used to precisely analyze the
images. For each image frame the gas area and the total
area were measured by calculating and summing local pixel
intensities Agasi

= ∑
i Agasi

and Atoti = ∑
i Atoti , respectively.

There were some initial pixels that were always present due to
the pixel intensity of the gas phase inlet and therefore produced
a nonzero initial area for the gas phase. Only the frames from
the initial injection of air until the first burst were analyzed
with the bursting time recorded as tend for these experiments.
The area data was used to produce an average film thickness
estimate using Eq. (1). A steady-state film value for the average
film thickness measurements is defined as the final two to three
values for the film thickness being within 10% of one another.
No error bars are plotted in the following graphs because none
of the data is averaged.
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IV. EXPERIMENTS: RESULTS AND DISCUSSION

A. Qualitative results

Figure 2 shows images of drops prior to bursting for a
range of pressures and viscosities. The set of top and bottom
images represents results of experiments with two different
initial volumes of 13 and 50 μl, respectively, with the pressures
listed in the left-hand column. In general the Saffman-Taylor
instability is always present [6,21]. The amplitude of the
fingers appear less pronounced at the lower pressures, for
a given volume and viscosity, and tend to become more
pronounced through branching and tip splitting events at
higher pressures according to the images. Also, the fingering
pattern appear to be symmetric for most of the experimental
images shown.

The first and second columns of the 13 μl volume
experiments show fingering patterns that are qualitatively
similar at each pressure. The total cross-sectional area at
bursting though does not appear similar with a much larger
area in the 4 cSt viscosity and 3.5 kPa experiment versus the

cSt 4 cSt 73 cSt802

psig 5.0

psig .01

psig 5.1

L13 μ

interfaceliquid gas gpenetratin
cm 1

psig 5.0

psig .01

psig 5.1

L 05 μ cSt 4 cSt 73 cSt802

FIG. 2. Images of bursting event for drops in a Hele-Shaw cell.
The volume for the upper portion of the figure and lower portion,
separated by the line, are 13 and 50 μl, respectively. The viscosity is
listed at the top and the pressure in the left-hand column.

37 cSt and 3.5 kPa one. The remainder of the experiments
in the first and second column do appear to have similar
total expanded volumes at bursting. A comparison of the
first and second column for the 50 μl experiments reveals
similar patterns to those seen in the 13 μl experiments, that
is, similar fingering patterns at each pressure. Comparing
experiments with different volumes and for fixed viscosity,
there is qualitatively similar fingering behavior at equivalent
pressure values. Also, Comparing the two drop volumes for
fixed pressure with varying viscosity shows similar trends of
a decrease in the total and gas cross-sectional areas at the
bursting event.

B. Quantitative results

Figures 3(a) and 3(b) show semilog plots of the measured
gas and the total cross-sectional areas made dimensionless
using the constants Cgas and Ctot, respectively, as functions
of elapsed time. The values for the constants are generated
from a fit to the equation Agas = Cgas(eωt − 1) and �Atot =
Ctot(eωt − 1) using the experimental data. The dotted lines are
the plots of the function eωt for each of the corresponding
experiments. The viscosity is 280 cSt in all of the data
shown in these two plots with the other operating parameters
described in the legend. At early elapsed times there are
errors in the image analysis that are displayed by several
values of the dimensionless areas being less than unity
for a few sets of experimental results shown in Fig. 3(a).
Comparing the two sets of data [Figs. 3(a) and 3(b)] it appears
that the dimensionless gas area has a slightly larger range
(1 � Agas/Cgas + 1 � 103) than the change in the total area
(1 � �Atot/Ctot + 1 � 20). The largest elapsed times occur
for a combination of larger fluid volumes and smaller gap
spacing.

Figure 3(c) shows the data for the normalized average-total
film thickness h̄/b versus elapsed time �t . The film thickness
values, each denoted by a symbol described in the legend,
correspond to experiments shown in the previous graph where
the viscosity is constant in each at 280 cSt. Most of the data
for the average film thicknesses reach a steady value prior
to bursting. Some of the points exhibit oscillatory behavior
partially due to viscous fingering. But some experiments do
appear to show liquid displacements where the ratio of the
transient area measurements are indeed oscillatory. All of the
data points corresponding to experiments with inlet pressures
of 7.0 kPa reach an equilibrium in a much shorter time than
the 3.5 kPa inlet pressure experiments, while the data points
corresponding to the low-pressure experiments (3.5 kPa) all
seem to reach an equilibrium value after approximately 1 s.

Figure 4 displays a summary of the total area and gas area
measurements in the form of two plots. Figures 4(a) and 4(b)
are log-log plots of normalized �P/μL versus Re∗ = ωb2/νL

where the Reynolds numbers are determined by using ω

derived from the gas and total area data, respectively. Each
data set consists of approximately three decades of data with
a best fit line also drawn. There is little scatter in the data with
a monotonic trend for increasing normalized �P/μL versus
Re∗ = ωb2/μL.

Figure 5(a) shows a log-log plot of normalized �P/μL

versus the bursting time, normalized by a combination of the
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FIG. 3. Semilog plot of (a) Agas

Cgas
+ 1 and (b) �Atot

Ctot
+ 1 vs elapsed time for inlet pressures, fluid volumes, and gap spacings as listed in the

legend. The viscosity is 280 cSt in each experiment. Lines are drawn through the data representing the best fit curves eωt . (c) Plot of normalized
total average film thickness h̄/b vs elapsed time for inlet pressures, fluid volumes, and gap spacings as listed in the legend. The viscosity is
280 cSt in each experiment. Several experiment do not reach an equilibrium while others display small amplitude oscillatory behavior.

kinematic viscosity, gap spacing, and liquid volume. The data
range is fairly robust with the bursting time plotted for over
three decades of values. The general trend is a monotonic
decrease in the bursting time as either the pressure or gap
spacing is increased or by a decrease in the liquid viscosity.
The best fit line appears to fit the general trend with several data
points from different experiments lying directly on the line.

Figure 5(b) shows the log-log plot of normalized μL�P

versus film height calculated using Eq. (1), normalized
by the plate separation distance. The range of normalized
μL�P spans three decades but the average film thick-
ness only spans one, that is, the minimum average film
thickness is approximately one-tenth of the gap spacing
suggesting that the films span the range of 5–95 μm.
The dotted line is the best fit for all of the data with
several data points from different experiments lying on the
line. The dispersion in the data is fairly uniform at small
and large values of the normalized μL�P parameter with
an equal number of points above and below the best fit
line.

C. Discussion

In Figs. 3(a) and 3(b) the lines representing the best fits
eωt appear to fit the data very well for the elapsed time range
shown. At early times there is clearly some deviation possibly
due to errors in the algorithm used to measure the areas but
taken as a whole it appears that the plots are linear suggesting
that the radial expansion empirical correlations Eqs. (2a) and
(2b) are accurate for the range of parameters tested. The results
seem to correspond to the prewet cell experiments of Carrillo
et al. [26] since these clearly show exponential behavior. The
discrepancy between our results and theirs may be due to the
fact that the authors plot their data versus a nondimensionalized
function f (t), which is used to capture the transient behavior
of the rotating motor, instead of the actual elapsed time as we
have done. Another possible reason for the discrepancy is the
notion that a prewet and dry cell possess different dynamics.
Since the less viscous phase fluid displaces the more viscous
one then there is some dynamic wetting of the dry-wet region
where the liquid and the plates meet. This would suggest that
surface tension may in fact be relevant in the results presented

046316-6



GAS-DRIVEN DISPLACEMENT OF A LIQUID IN A . . . PHYSICAL REVIEW E 83, 046316 (2011)

FIG. 4. Log-log plots of Reynolds number Re∗ = ωb2/νL vs
normalized �P/μL where the characteristic rate ω is measured using
either the transient (a) gas or (b) total cross-sectional area fit to the
expression Ci(eωt − 1) where the i represents either the gas or total
area. A best fit line is drawn in each graph.

here. But since the surface tension does not vary much from
one experiment to another then its precise relevance cannot
be accurately determined. But the reader should note that
Carrillo et al. studied a different problem, that is, the stable
displacement of a liquid annulus, for which a nearly exact
analytical formulation can be drawn. The study presented here
reduces to the Carrillo et al. result when the Saffman-Taylor
instability is ignored and average quantities are considered.
Although the average fronts are circular and hence the average
fluid domain is indeed annular, it is not at all certain that
the dynamics of these average magnitudes in actual viscous
fingering flows should coincide with the dynamics of the liquid
annulus studied in [26].

We continue the discussion with results related to the
characteristic rate ω. The values for the exponent m used
in the expression for ω [Eq. (4)] based on the gas and total
area data are 1.19 and 1.28 and for Cω are 1.7 × 10−5 and
3.1 × 10−5, respectively, for the data shown in Figs. 4(a) and
4(b). Therefore our assumption of constant and equivalent
characteristic rate ω for the measurements of Agas(t) and
Atot(t) appears to be accurate. Also the values for each ω

FIG. 5. (a) Log-log plot of tendνLb/Vliq vs normalized �P/μL.
(b) Log-log plot of h̄/b vs normalized μL�P . A best fit line is drawn
in each graph.

appears to be within 20%–30% of unity. The fact that the
values are larger than unity suggest that an additional pressure
may need to be included in future studies such as capillary
pressure γ /b. Also, a more detailed explanation of the behavior
near the penetrating gas-displaced liquid region that includes
the curvature of the interface in the plane of the plates may
provide more accurate results (Ref. [24] provides a review of
relevant studies). This would require more detailed analysis
of the fingering wavelength since the curvature is directly
related to its value, but this is outside the scope of the
present study. The range for the constants, normalized by
the gap spacing, are 10 000 < Cgas/b

2 < 40 000 and 2000 <

Ctot/b
2 < 10 000. The constants do not change by one order

of magnitude and therefore we believe it would be difficult
to determine an accurate correlation between them and the
variables �P and μL.

The data for the burst time [shown in Fig. 5(a)] follows the
best fit line fairly well. The bursting time tend is the only
empirical expression that appears to involve fluid volume.
According to the best fit line, the bursting time tend is
proportional to (�P

μL
)−1.38. The absolute value of the exponent

is similar to the one determined for the characteristic rate ω

suggesting that the product of ωtend is weakly dependent on
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�P/μL according to the experiments and therefore mostly
depends on the volume and b, that is, ωtend ∼ Vliq

b3 . Given
that ω ∝ �P

μL
then the time to burst is approximately tend ∼

O(μLVliq

b3�P
) where we have assumed a power of unity for the

empirical relationship between ω and �P
μL

. This relationship
though may fail to capture precise bursting times because the
velocity of the leading-penetrating interface may dominate,
particularly in the deeply nonlinear regime of the Saffman-
Taylor instability.

The final set of data to discuss are the average film thickness
results. The main result is that the film does appear to reach
a steady-state thickness for our range of parameters according
to the data presented in Fig. 3(c). In Fig. 5(b) the plots for the
normalized average film thickness follow the monotonic trend
shown by the best fit curve. Given the slope and intercept, the
best fit curve yields the expression

h̄

b
= 0.15

(
μL�P

ρ
1/2
L γ 3/2

b1/2

)0.27

(5)

for the average film thickness as a function of μL�P . Note
that the gap spacing appears on both sides of the equation
for convenience. Twice the exponent 2n = 0.54 is lower than
what has been predicted for and observed in other systems
using similar measurement technique [26] but is relatively
close in value to other general studies. The film measurement
data, as a whole, also does not show asymptotic behavior
as the h̄/b reaches a maximum value of unity. But individually
the data does appear to show asymptotic behavior, in particular
the 100 μm gap spacing with 13 and 50 μl drop experiments.
Overall, it requires about three orders of magnitude change
in the normalized μL�P to yield one order of magnitude
change in average film thickness for 0.1 < Nh̄μL�P < 100
according to Fig. 5(b). The measurement of thin films of gas
(thick liquid films) are a surprising result of the experiments.
The results for tend when combined with Eqs. (2a) and (5) are
useful for determining the volume of gas Vgas = Agas(b − h̄)

that penetrates the liquid droplet as it expands in a radial Hele-
Shaw cell prior to bursting.

V. CONCLUSION

In this paper the displacement of a more viscous phase
fluid by a less viscous phase is studied in a radial Hele-
Shaw geometry. The less viscous phase fluid is air and the
more viscous phase is a mixture of glycerol-water at various
concentrations. The air is injected into the liquid phase at
constant pressure for three different volumes of liquid and
the experiment continues until the gas breaks through the
interface. The average film thickness, gas phase and total areas,
and bursting time are measured by analyzing images of the
experiments.

The experimental results suggest the gas phase and liq-
uid phase areas expand exponentially with respect to time,
analogous to [26] for the problem of a fluid displaced in a
rotating Hele-Shaw cell. The measured film thicknesses span
5% –95% of the the gap spacing over the range of pressures and
viscosities. The bursting times appear to follow a monotonic
trend and scale with the fluid volume.

In the future it will be beneficial to perform additional
experiments varying the surface tension either by using
surfactants or other fluids. It also may be useful to perform
experiments under nonisothermal conditions to understand
more details of the finger formation and fluid displacement
in nonideal systems.
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