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Global theory of steady deep-cellular growth in directional solidification
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The present paper is concerned with the global asymptotic theory of steady deep-cellular growth in directional
solidification of binary mixtures. We consider the two-dimensional model with nonzero isotropic surface tension
and obtain the global uniformly valid asymptotic solutions for the steady state of the system in the limit of
the Péclet number € — 0; € is defined as the ratio of the radius of the cell’s tip and mass diffussion length.
The whole physical space is divided into the outer region and root region; the solutions in each subregion
are solved, respectively, and matched with each other in the intermediate region. The results show that given
growth conditions and material properties, the global solutions for steady state of the system contain two free
parameters: the Péclet number and asymptotic width parameter X,, which are related to the geometry of cellular
structure: the cell tip radius and primary spacing. One of the most important conclusions drawn from this analysis
is that the steady-state solutions of cellular growth have a complicated structure with three internal layers in the root
region; for given (€,X), there exists a discrete set of the global steady-state solutions subject to the quantization
condition that are profoundly affected by the surface tension. Each eigenvalue calculated from this quantization
condition determines the total length of the finger described by the corresponding global steady-state solution.
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I. INTRODUCTION

Deep-cellular growth in directional solidification is a classic
and fundamental subject in condensed matter physics and
material science (Refs. [1-11]). It has been also a center
of research activities on pattern formation and transition
in the broad areas of nonlinear science as well as applied
mathematics (Refs. [12-29]) for decades.

The typical experimental device used in directional solid-
ification of a supersaturated, binary mixture is a Hele-Shaw
cell. The system consists of a thin sample material and two
uniform temperature zones: a hot zone with a temperature Ty
higher than the melting temperature Ty of a flat interface
and a cold zone with a temperature ¢ lower than the melting
temperature. The sample is pulled at a constant speed V along
the direction from the hot zone to cold zone.

Experimental results show that when the pulling speed V
is sufficiently small, the interface will be flat, located at
somewhere between the two zones. When the pulling speed
increases beyond a critical number V., the flat interface
becomes unstable due to the Mullins—Sekerka instability [2,3].
The studies of pattern formation on a planar interface near the
critical number V, has been an important subject in the material
science community in the past few years [8,11], which is now
well described by the weakly nonlinear theory.

When the pulling speed increases further, the interface
pattern continuously evolves and eventually forms a steady
deep-cellular structure. The fingers are aligned periodically
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with equal primary spacing ¢,, (see Fig. 1). The cellular array
may be transformed to a dendritic array as the pulling speed is
larger than another critical number.

The whole pattern-formation process and its correlation
with the operating conditions are very complicated in the
regime V > V, because the problem becomes strongly non-
linear. One of most important issues for applications in the
industries of material processing is to determine the steady
states of the system at the late stage of growth. There have been
many experimental investigations and numerical simulations
on this subject during the last few decades (readers interested in
those researches are referred to Refs. [11-13] and the literature
quoted therein). The subject has been studied analytically for
decades by a number of researchers in the field, such as Pelcé
and Pumir [4], Weeks and co-workers [5,7], Caroli, Caroli,
and Roulet [8], David [9], Billia and Trivedi [11,12], Karma
[14,15], etc. However, the analytical solutions obtained so far
all failed in the root region. Accordingly, these works cannot
determine the global interface shape of cell, the locations of the
cell’s tip and bottom of the root, the total length of the cell, the
concentrations of the impurity at the cell’s tip and bottom, and,
in particular, the mathematical relationships between all these
important quantities and the operating conditions. There are
also many numerical works (see, for instance, Refs. [16-18])
in the literature in recent years, which may show the global
patterns of cellular array, but they cannot explore the properties
of the singularities of the system at the bottom of the root, nor
provide the mechanisms at work. Most recently, Pocheau and
Georgrli attempted to determine the global shapes of interface
from the tip to deep groove for the two-dimensional (2D)
system of cellular growth under different growth conditions
and materials [19,20]. They conducted a sequence of new
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FIG. 1. Typical experimental photos of cellular and dendritic
array growth in directional solidification with increasing pulling
velocity V: (a) shallow cellular, (b) deep-cellular array, (c) dendritic
array (see Ref. [11]).

careful experimental works and derived several experience
formulas, as no relevant theoretical formula is available. Their
formulas may satisfy some practical needs of determining the
interface shape geometry, but these still cannot be applied all
the way to the bottom of groove to determine the total length of
cell. Moreover, these formulas do not lead to an understanding
of the formation mechanism of global interface shapes. Hence,
the problem remains.

The present paper is devoted to the theoretical investigation
of steady deep-cellular array growth and attempts to determine
the global interface shape from the cell tip to the bottom
of the root. We consider the 2D model with small Péclet
number € defined as the ratio of the cell tip radius and mass
diffusion length and nonzero isotropic surface tension. This
case is quite practical, and the assumption of € < 1 can be
well justified by the experimental data ¢ = 0.02 — 0.14 (refer
to the experiments conducted by Somboonsuk ef al. for the
system succinonitrile-acetone in [12,13]). We obtain the global
uniformly valid asymptotic solution for the steady state in the
limite — O.

Our results yield infinitely many global steady-state so-
lutions of arrayed cellular growth with two free parameters:
the Péclet number and asymptotic width parameter Ay under
given growth conditions and material properties. These two
parameters are related to the geometry of cellular structure,
the tip radius, and primary spacing. It is found that the global
steady-state solutions have a complicated structure of three
internal layers in the root region and are subjected to a
quantization condition substantially affected by the surface
tension. The eigenvalue determined by such quantization
condition yields the cell’s full length of the corresponding
global steady state.

The present paper is arranged as follows. In Sec. II, we
give the mathematical formulation of directional solidification
from a binary mixture; in sec. III, we introduce a curvilinear
coordinate system (£,7) based on the classic steady finger
solution [4,10], and formulate the cellular growth in such a
coordinate system; in Sec. IV, we derive the outer solution
in the region away from the bottom of the root (see Fig. 2),
which is composed of the two parts: the regular perturbation
expansion and the singular perturbation expansion. We further
conduct the numerical calculations for the outer solutions
derived in some typical cases and compare them with the
available experimental results; in Sec. V, we divide the root
region into three subregions and derive the inner solutions
in each. By matching these inner solutions with each other
and with the outer solution in the intermediate regions, we
derive the composite global asymptotic solutions and show
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FIG. 2. (Color online) A sketch of cellular-array interface. (a)
The cell tip; (b) the bottom of the root.

the numerical results of the solution for some typical cases.
Finally in Sec. VI, we give conclusions and discussion.

II. MATHEMATICAL FORMULATION OF
UNIDIRECTIONAL SOLIDIFICATION
FROM A BINARY MIXTURE

We consider 2D dynamics in the Hele-Shaw cell by using
the one-sided model. The temperature field is considered as
prescribed. As usual, for the sake of simplicity we assume
that the temperature in the region where an interfacial
microstructure forms is linear with given gradient (G)p; the
minor species in this binary-mixture system, considered as
an impurity, is dilute; the solute diffusion in the solid phase
is negligible; the thermodynamic properties other than the
diffusivity are the same for both solid and liquid phases, and
there is no convection in the system.

The solute-diffusion length in the system is defined as {p, =
kp/V, where kp is the solute diffusivity. We use the tip radius
£ as the length scale and assume that ¢; < ¢p. The pulling
speed V is used as the velocity scale, and £;/V is used as the
timescale. The scales of the temperature 7' and concentration
C aresetas AH /(cpp) and C, respectively. Herein A H is the
latent heat release per unit of volume of the solid phase, ¢, is the
specific heat, p is the density of the melt, and C, is the impu-
rity concentration in the far field. One may define the following
dimensionless parameters: the Péclet number, € = ¢;/{p; the
morphological parameter, M = —%, wherem < Oisthe
slope of the liquidus in the phase diagram; the surface-tension
parameter, I = % = ‘ZLZZD f—]'), where £. is the capillary length
defined as £. = ycppTmo/(AH )2, and y is the surface-tension
coefficient; the dimensionless gradient of the temperature,
G = #‘@(G)D; the ratio of two length scales, Ag =
Ip/ls = G/M, where £ = —mCys/(G)p; the primary spac-
ing parameter, W = {,,/¢,. In most practical cases, the surface-
tension parameter is very small, I’ < 1. We assume € « 1 and
I' = O(€?) and, accordingly, set I' = €2, where I' = O(1).
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Due to the periodicity of the solution, one may only consider
asingle cell. In this case the problem is equivalent to finger-like
crystal growth in a channel with fixed side walls x = =W . For
the case of arrayed-cellular growth, of course, W is a free
parameter describing half of the primary spacing.

III. MATHEMATICAL FORMULATION OF THE
PROBLEM IN A CURVILINEAR COORDINATE
SYSTEM (&,7)

Assume that the origin of rectangular coordinates (x,y)
is located at the cell tip; the temperature distribution in the
growth zone is given by T = e€G(y — yp). Thus, at y = yy,
one has the melting temperature 7 = 0, whose location in
the device can be measured. With this setting, the value of
parameter yg, which determines the location of the system
origin or cell tip, is a unknown quantity. Other unknowns of the
problem are the concentration field C and the interface shape.
The concentration field is governed by the solute diffusion
equation and coupled with the known temperature field by the
Gibbs-Thomson condition imposed at the interface.

In the present work, we shall utilize a moving frame
fixed at the cell tip and adopt the curvilinear coordinate
system associated with the Saffman-Taylor (ST) solution (see
Refs. [26-31]). The reasoning for doing this is that though
the global shape of cellular array may substantially differ
from the ST finger shape in the physical plane (x,y), as
is well known, the global shape of cellular array, however,
is just a small perturbation near the ST finger shape in the
(§.1) plane.

The stream and potential function of Hele-Shaw flow
are denoted by W(X,Y) and ®(X,Y), respectively. Let & =
—W.n = ®,¢ =& +in. The ST solution can be expressed by
the following mapping function:

Z=X+i¥ =Z(&) = ¢ —l—i@lncos (%) (D

So we have

2(1 — A
X(&n)zs—%@,

2o — D + d=20),, (E>
T 4

where A is the asymptotic width parameter relative to the pri-
mary spacing parameter W, © = tan~'{sin( &) /[cos(w &) +
€™}, and R = (™" — 1)* + 2¢™"[1 + cos(w€)].

The variables {§ = £(X,Y);n = n(X,Y)} constitute a new
orthogonal curvilinear coordinate system on the (X,Y) plane
as shown in Fig. 3, where x = WX (&,n),y = WY (&,n). In
the curvilinear coordinate system (£,7), the linear distribution
of temperature field is described by T = e G[WY (§,n) — yol.
The basic steady state of cellular growth {Cg,ng} is subject to
the governing equation:

92Cp 82CB aCg 0Cp
W (Ye—+Xe— ) =0, 3
282 + —— +¢€ ( 3 + Xe " ) (3)
with the followmg boundary conditions:
(1) In the upstream far field: Away from cell tips, the
effect of microstructure at the interface on the concentration
distribution field is negligible. So the solution should reduce

()
Y&, =
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FIG. 3. The sketch of the orthogonal curvilinear coordinate
system (&,7) based on the ST zero surface tension steady-state
solutions.

to that of a one-dimensional mass diffusion equation without
a mass source in the field. Hence, it is posed that as
n — 00, Cg ~ 1 4+ Qo(e)e™ " where Qq(€) is a constant,
independent of the variables &,7.

(2) At the side walls, & = +1: % =0.

(3) Atthe interface n = ng(&€,¢):

2

r
/C (ms(€.€)].

CB = YV« — E)»GWY(E,U) -

aCs , 9Cs

on /| 0E —eW( —k)Ce(Yeng —

Yn) = O, (5)
where IC {ng(£,€)} is the twice mean curvature operator, and
we designate that /O > 0, when an interfacial finger points to
liquid phase side, and « is the segregation coefficient. We de-
note that y, = €AgYo, and assume that y, = y,o + €y, + - - -,
ase — 0.

(4) Atthe cell tip, & =n = 0: J& 2(0) = 15(0) = 0.

(5) At the bottom of the root, E ==x1, n = ne(x£l) =
mo; FE(E1) =0.

IV. GENERALIZED ASYMPTOTIC SOLUTION IN
THE OUTER REGION

We attempt to solve the system consisting of Eq. (3) and
the boundary conditions (1)—(5) in the whole physical region
|€] < 1, where |ng| < 1. As a consequence, one may make
the Taylor expansion for the interface conditions (4) and (5)
around the interface n = 0 as follows:

0C
Cp(£,0) + nBa—:@,O) oo
= y, —eWAglY (&, 0) + Y, (£,0)ng]

e’r
MW[ &)~ o d§2]+ . ©
K = 7ao(1—Ag) cos(%)
where Ky(§) 2y and
BCB 32CB 3773 9Cp
- 0 ’O _ dnp dCy 0
(5 )+77882(E ) 7 0E (.0)

d
—eW(l — m[cB(s,m + nBa—:@,O)}

5y 2(€,0)=Y,,(&, 0)7]3] + O(h.o.t) = 0.
(7

[Ys(é‘ 0)—— T
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Here it should be remarked that the system has a singularity
at £ = +1,n = 0; as a consequence, the above approximate
boundary conditions are applicable only in the outer region
way from & = +1.

Equation (3) plus the upstream far-field conditions, side-
wall condition, tip smoothness conditions, and interface
conditions (6)—(7) all together give an inhomogeneous system
in the outer region. The general solution of an inhomogeneous
system may include the following two parts:

Cp(§,1,€) = (D) + (D) = C(&,n,8) + Co(§,n.8),
ne(§,€) = (D + (D) = 71s(§,€) + 7is(§,€).

Part I of the solution, Cg(£,n,€), is the particular solution
of the inhomogeneous system, which may be expanded in
the regular perturbation expansion (RPE) form; part II of the
solution, Cg (&,n,€), is the general solution of the associated
homogeneous system, which may be expanded in the singular
perturbation (SPE) form. In next section, we attempt to find
part I of the solution first.

A. Regular perturbation expansion of the solutions
in the outer region

We introduce the slow far-field variable, 7j = €n, consider
the concentration field as the functions of multiple variables
(&,n,7), and solve it with the multiple-variables expansion
method. We set Cg(£,1,€) = C(£,,7j,€). The converted sys-
tem with multiple variables is derived as

6232—C+ ‘wx §+ °C +82—(C 2e 0°C
o7 Ton T 0&> " om? T andi
+6W(Yg£+X§E)=O 9)
0§ an
with the following boundary conditions:
(1) Asn — oo,
C ~ 1+ Qo(e)e™ 7. (10)
(2) Symmetric condition: at the side walls & = +£1,
o _ (11)
3
(3) Interface conditions: at n = #j = 0,
aC aC
C(§,0.0) + ng——(£.0,0) + eng—(£.0,0) + - --
on o)
= y. — eWAg[Y (&, 0) + ¥,(§,0)ns]
er
—MW[ o) = 5 d$2}+ o(é), (12)
aC 92C 92C g aC aC 9%C
(W T T oen ok aé) ( o1 a5
, 9*C aC aC
+e nBE)—nZ) —eW(l —K)<(C + 7738— +€773%)
x [Yg(é,O)a—; — Y,(£,0) — Ynn(E,O)nBi|+0(h.o.t) =0.

13)
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The solution of the above system may be expanded in the
following RPE form:
(C(s’naﬁ’e) = (CO(SJIJI) + ECl(éan’ﬁ) + -

ne(§,€) = €[h1(§) + €ha(§) +---].

By substituting (14) into (9)—(13), one may successively derive
each order approximate solutions.

(14)

B. Zeroth-order approximation O (")
We have the solution
Co(&,n,7) = Bo(i), (15)

where By(7}) is subject to the interface condition By(0) = y.o
and the far-field condition:

Bo(i)) ~ 14 Qoe™ ", (i — o0). (16)
C. First-order approximation O(e!)
We derive the solution
CiE.n.7) = —WigY(&,n) + Bi() + Di(i)n. (17
Noting that as n — oo, Y(§,m) ~n+ By, where By =
— 20220 1n 2, it is obtained that
Ci1&,n.%) ~ Bi({)—WAigPo + [D1(ii) — Wigln, (n — o0).

To ensure the uniformly validity of the multiple variables
expansion (MVE) solution in the limit 7 — oo, one must
eliminate the secular term [D;(7j) — WAg]n on the right-hand
side of the above expression by setting

Di(77) = Whg. (18)
Furthermore, from the interface conditions we derive that
B1(0) = yu1,  Bi(00) = Wagpo, 19
Wie = —By(0) — WA,
where we denote
Ao = 2ol(1 — k) ys0 — Al (20)

The exact form of function B;(#j) remains to be determined.

D. The second-order approximation O (e?)

We have the equation

32C,  33°C, _ A 21
282 o 2
where
dD
—2? + W2AcG*(E,n) — WD (i) Xe(E,m)

d2
[dn + WXe(§, 77) :|

with the far-field condition, C5 ~ const. x e %7 as n — oo;
the side-wall condition, & = 0 at £ = +£1; and the interface

’ "S
conditions, at n = 0,7 = O:
aC,;  AC [
C, = —| — h1—WAgY, hy— Ko(&),
2= Y2 <37) + 377) 1 cYno§)h MW (&)
(22)
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aC , A ,
8_772 + B(0) — WA—O(YE,O(g)hl) + WA = k)Ciho = 0.
0

(23)
To eliminate the secular terms in the solution and ensure the

uniform validity of the MVE solution, in the limit n — oo, it
is necessary for the solution to satisfy the condition

+1
H, () = nlirgo Hy(&1,n,7)dg =0, (24)
- —1
which leads to
d’>By dBy
— tW—]=0, (25)
di? di
and consequently yields
Co = Bo(i) = 1 + (yx0 — De™ . (26)

Furthermore, one may solve the solution C; and /; in terms of
the Fourier series expansion method. To this end, one can verify
that the inhomogeneous Eq. (21) has the particular solution:

Py(&.n.7) = — 12D () + B{(i]n* — WD (#) + B)(#)]
x nY(€,n) + WY (E.n). (27)
At the tip £ = n = 0, we have P»(0,0,0) = %PZ(O,O,O) =0,
while as n — oo,
Py(&,n,71) ~ SPoWI[WAg — Bi(in + W23
We express the solution C,(&,7,7) in the form
(CZ(Sanaﬁ) = Bz(ﬁ) + D2(ﬁ)r) + PZ(Sanaﬁ) + 4)2(57}77)’7)7
(28)

where ¢»(&,n,7]) satisfies the Laplace equation. In order for
the solution C,(&,n,1) to satisfy the far-field condition in the
limit n — o0, one must set

Dy(#i) = =1 BoW[WAg — B{(i)],
By(7)) = — 3 W?Aghs,

and assume that ¢,(&,n,7) ~ const. X e Wi as n — oo.
By applying the interface conditions (22) and (23) to
solution (28), it follows that, at n = 7 = 0,

—3W2haBj + ¢2(6,0,0) + P2(5.0,0)

(29)

A

r
= Ya2 + WAh1(5.0,0) — ——Ko (),

W (30)

and

A

P, ,
8—(5,0,0) + —(£,0,0) + D,(0) + B{(0)
n an

A
+ W1 —)Ci(5,0,0010 = WT;[Yg,o($)h1]'. €29

To solve the above problem, we expand the functions
P>(&,n.7), $2(€,n,7), and k1 (§) in the following Fourier cosine
series over the interval (0 < & < 1):

2,071 = Y _p_o Azm(7]) cOS(mMTE e ™™,
Py(E.0.71) = Yo E2m(1,7]) cos(mm§);
h(£) = 300, By cos(mmE),

(32)
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in which we require that A, o(7j) = A5.0(0)e~"7. Furthermore
let [Ye o(5)h1(6)] = 2310:0 N,, cos(mm&). It is derived that

1 o
Nm2mn/ Z[BL,, cos(nmé)]Ye o(§) sin(mm&)dé
0 n=0

= 2mmw Z Qm,nBl,ru

n=0

(33)

where Q. = Zfol Ye 0(§) cos(nm&) sin(mm§)ds, (m =1,
2,...;n=0,1,2,...). We ﬁﬂd that O, » may be written in
the form, Q. , = —(1 — Xo)Qm.n, Where Q,, , is the lower
triangular matrix [see formula (2.539) in Ref. [29]]:

0 (n > m)
Qm,n = (_1)m+n+12 (n < m) (34)
-1 (n =m).
Moreover, let
Ko(§) =) a cos(mr§),
"0 (35)

Yo(§) =Y B cos(mmé),
m=0

where one may find that «g = 1/Ag, fo = —(21n2)(1 — Ag)/
7T, B =2(=1)""11 — Ap)/(mm), (m =1, 2,...). By sub-
stituting the above Fourier expansions into the interface
conditions (30)—(31), one may derive that B; o = 0 and

8E2() ,
—22(0,0) + Da(0)+B}(0) = =W(1=) a1~ Wic o)
1 (36)

ag — E30(0,0),

A

r ) r
Az 0(0) = EW AcBy + Y2 — MW

where

1 2(n2)?

E0(0,0) = [g+ — }W%Ga—xo)z,
E)Ez,o

1
50,0 = =BoroW2(1 — i) ys0 + Ac].
n 2

One can solve the two sets of constants {A;,(0), By ,}(n =
1,2,...). The interface shape function %;(£¢) is then fully
determined. The values of /;(0) at the tip can be calculated
numerically as 71(0) = > | By -

The numerical computations for the solutions /(&) have
been conducted for various cases. In Fig. 4(a), we show
the variations of the interface shape function n = h((§)
for the typical case: Ao = 0.6. By fitting the numerical data
in the vicinity of £ = —1 on the log-log graphs, it is obtained
thatas & — —1,h1(&) ~ ap(1 + £)*(0 < o < 1), as shown in
Fig. 4(b). It yields that 4} (—1) = oo.

To plot the interface shape in the physical plane (X,Y),
we apply the transformation (2) to calculate X (&,7;s),Y (§,n;).
Therefore, approaching to he root as £§ +1 =38 — 0 and
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FIG. 4. (Color online) The characteristics solution /(&) for the
case € =0.1,M =6.0, ['= 0.3,k = 0.1, and Ag =2.0,19 = 0.6.
(a) The graph of the function A;(£) in the outer region; (b) the
behavior of the function %;(§) near &€ = —1. The black line is
hy = 2.63(1 + £)*%. Due to the unavoidable existence of numerical
truncation error in the computation, the graph of the solution %, (&)
shown in the figure does not vanish as & — —1 as it should,
theoretically speaking.

ns — 0, we have Y (&,n,) — —oo, and the width of the finger
approaches to the following constant:

2(1 — o) sin(r &)
e e e

2(1 = )
~—14 (—O)tan_1 <—>
T s

2(1 — A 1
~ -1+ ( O)tan1|: - i|

Thus, it is concluded that the root of finger always extends
to infinity with Y (&,n5) — —oo, X(§,ns) —> —1.

E. The third-order approximation O(e%)

Similar to what have been done for the system of second-
order approximation, to eliminate the secular terms in the
limit n — oo, one must apply the necessary condition to the
inhomogeneous term Hz(&,7,7):

+1
H;(7) = nlim Hs(§1,n.7)d§; = 0. (37
—oo [ 4

By using the far-field conditions of the first-order ap-
proximation, it is then derived that Bi(7j) = y,e "7 +
WigBo(1 — e"7), and we eventually obtain C; = Wign —
WigY(E.m) + [WhicBo + (ys1 — WigBo)e W], where the
constant y,; can be derived from (36) as follows:

YIzL (yx0 — 1 — Ag) + Aorg
T2l =g — 1177

X |:(1 — K)<2 — iy*o> - 1]} (38)
AG

Moreover, we obtain

y«0 — 1 —Ag

A= ——"—".
(I =K)y«0 — Ac

(39)

For the special isothermal case Ag = 0, the above formula
reduces to that obtained by Pelcé and Pumir [4].
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We do not attempt to proceed any further for higher-order
approximate solutions. Here we point out only that the RPE
solution obtained possesses the following characteristics.

(1) It is a uniquely determined particular solution in the
outer region without any arbitrary constant.

(2) Its mass balance condition at the interface, in any kth-
order approximation, always contains the following two terms:

9Cy Ay /
o w o [Ye(5,0)he] 4 ---=0.

Since the function Y (§,0) has the simple pole singularity at
& = +1, to guarantee the regularity of concentration function
Cr(&,n) atthe points & = +1,n = 0, we must have the solution
hi(£1) = 0. Therefore, it is deduced that the interface shape
given by the Nth-order (RPE) approximate solution, n =
ig(€,€) = Z,ILV:O €"th,(€), will always not have a closure
at £ = £1, no matter how many terms are included.

(3) The value of the above (RPE) solution at the tip does
not vanish, namely, 2;(0) # 0, which is inconsistent with the
tip condition 7g(0) = 0. Therefore, the RPE solution obtained
is not valid in the region near the cell tip. In other words, it
cannot be considered as the outer solution yet.

To obtain the outer solution, one must include the
general solution of the associated homogeneous system,

{Cp(&,n.8); ip(€,€)}.

F. Singular perturbation expansion part of the solution
in the outer region

The general solution of the associated homogeneous system
may have multiple length scales and can be expanded in
the SPE form with multiple variables: {£,n,&,,n,}, defined
as & = 1/Vel [[ k€ mdes ny = 1/Vel [k n)dn,
where k(§,n) = ko(§,m) + €ki(§,m) + - -- [30,31].

The system for the leading-order approximation,

Cy(&,n,8) ~ Co(€,n,&4,n+), and 7ip(&,€) ~ ho(§,&4) is de-
rived as

3*Cy  9*Cy

5z T o7

iFnd ony

with the following boundary conditions:
(1) Attheside wall, & =1

dCo
— =0. 41
9.
(2) On the interface n = 4 = 0: Let ko(£,0) = ko(€), we
have

-0, (40)

k3 8%h

Co= Wagho 1+ K0 9o
0 o0+ MWGo(&.0) 922

(42)

— 3@0 - 8EO
ko—— + WY¢ 0(§,00ko[Ac — (1 — k) yw0l — =0. (43)
01+ 954
3) Atthetip,& =&, =0,
dho
— =0. (44)

o+
We consider the mode solutions for the above system:

Co = Ao(5,m) exp(i&y — ny), g = Do exp(i&y),  (45)
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ng(€)

FIG. 5. (Color online) (a) The graph of the outer solution for the
case € = 0.1, k = 0.1, A\g = 0.8, Ao = 0.4, M = 1.0, [' = 2. The
top on the left is the graph of the outer solution ng(&)(with inclusion
of the SPE part) over (—1 < & < 0); the bottom on the right is the
graph of the RPE part of outer solution €/;(§). (b) The graphs of the
full solutions ng(£) in the (§,n) plane for the typical cases: € = 0.1,
k=01, =2.0, 1 = 0.6, M = 1.0, and " = 1.0, 1.5, 2.0 from
bottom to top on the right-hand side of the figure.

where the coefficient Dy is a constant. With the notation
Ao(€,0) = Ap(&), it is derived from the interface conditions
(42) and (43) that

_ _ &2
Ay = DO[WAO - W‘M]

and
k= EOszAoQo(E,O)[l + %OYg,o(S,O)]-
There are three roots for ko:
k(&) = k(). k€)= —k(®), K '€) =0, (46)

where k(&) = W/MA(Gy(€,0)[1 + ;—OYg,o@,O)]%, (-1<
& < 0). Here we have chosen that Re[k(£)] > 0. In accor-
dance with the above, we obtain three fundamental solutions:

Hy(E) = e7*© HyE) = e 77 Hy&) =1, (47)

where we have defined

3

x(&) =f0 ky(&1)dé1 = xr(§) +ix1(8). (48)
Note that Im{k,(£)} > 0, (—1 < & < 0). The solution H,(£)
should be ruled out, because away from the interface, as
n increases, the corresponding concentration field tends to
infinity exponentially, violating the far-field condition. As a
consequence, the physically acceptable solution is a linear
combination of two fundamental solutions {H,(&),H3(&)}.
Note also that as £ — —1, we have

Gol£,0) ~ —(1 — Ag)tan <§)

Yg,o(f,O) = —(1 — Ap)tan (%), 49)

i 1 . MA() 7'[5;'
B0 ~ ==+ W =) [ tan(7>.

Consequently Re[k,(£)] — 400, Im[k(§)] — 400, as § —
—1. This implies that as § — —1, the solution |H,(§)| — 0

PHYSICAL REVIEW E 83, 041601 (2011)

exponentially, which is subdominant compared with the
solution H3(¢§) = 1.

In terms of the tip condition ng(0,€) = 0, one may finally
derive the outer solution for the interface shape as

ne(§.€) = 6{h1(§) — h1(0)e ¥ cos [%@ﬁ)“ + - (50)

The graph of the outer solution for interface shape function
ns(€) and the corresponding RPE part of the solution is shown
in Fig. 5(a) for some typical case, whereas the variation of
the interface shape function of the outer solution with the
parameter " is shown in Fig. 5(b).

In Fig. 6, we show the interface shapes on (X,Y) plane for
some typical cases (a)—(c) and compare the theoretical results
with the experimental photos (a)—(c) given by Georgelin and
Pocheau for the same cases with no adjustable parameter [20].
In Fig. 7, we show the comparison of interface shape between
the theoretical result and the experimental data for the typical
case: the pulling velocity V = 12 um/s, the temperature
gradient Gp = 140 K/cm, and the primary spacing £, =
90 um and the tip radius ¢; = 22.4 um. It is seen that the
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FIG. 6. (Color online) The interface shapes in (X,Y) plane
described by the outer solutions for the typical cases ex-
perimentally observed by Georgelin and Pocheau [20], which
yield the dimensionless parameters: x = 0.29, M = 0.084 32, and
(@) €=0.1280, W, =1.725; Ay =0.6020, Ag=0.7826, [' =
0.01164, « =0.88, ag =1.9054; (b) € =0.1991, W, =2.007;
Xo = 0.5760, Ag = 0.7826, ' = 0.003 157, & = 0.88, a, = 2.2387;
(c) €=0.2667, Wy =23.000; Ay =0.5077, rg=0.3913, ['=
0.002629, o =0.88, ap = 1.7782. The photos (a)-(c) are the
interface shapes observed in the experiments by Georgelin and
Pocheau in the same cases corresponding to (a)—(c), respectively. The
dimensional experimental data for these cases are (a) Pulling velocity:
V =12.0 um/s, primary spacing 2¢,, = 50.0 um, gradient of tem-
perature Gp = 140.0 x 10~ K/(4m), and tip radius ¢, = 14.5 pum;
(b) Pulling velocity: V = 12.0 um/s, primary spacing 2¢{, =
90.0 pm, gradient of temperature Gp = 140.0 x 10~ K/(um), and
tip radius ¢, = 22.4 um; (c) Pulling velocity: V = 24.0 um/s,
primary spacing 2¢,, = 90.0 um, gradient of temperature Gp =
140.0 x 10~*K/(um), and tip radius £, = 15.0 pum.
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-1 0 1 2 3

FIG. 7. (Color online) The interface shape in the (X,Y) plane
for the typical case: ¥k = 0.29, ¢, = 1.2mol%, and the pulling
velocity V = 12um/s, the temperature gradient Gp = 140.0 x
10~ K/(um), primary spacing ¢, =90 um, and the tip radius
¢, = 22.4 pm. In the figures, circles represent are experimental data
obtained by Pocheau et al. [20].

theoretical results are in very good quantitative agreement
with the experimental observation. Note that the theoretical
model is 2D with no anisotropy of surface tension, while the
experimental samples given by Georgelin and Pocheau are not
perfectly 2D and have a small amount of anisotropy. The results
show that the effects of three dimensionality and anisotropy
of surface tension on the interface shapes in the region not
close to the bottom of the root are insignificant at least in
the cases under study, in spite that these physical properties
may have a noticeable quantitative effects on the selection
of cellular growth, as revealed by the most recent numerical
simulations [17,18].

In terms of the above composite solution and the formulas
Z,=1=K{ns}(0,6)/W, one may finally derive that the

primary spacing W = Wy 4+ e W; + - - -, where
(1 — o)
Wy = Ko(0) = ————,
0 0(0) 22
(5D
Wi =Ki(0) = —_'713(0)

The outer solution obtained may also yield the concentration
of impurity along the interface in the outer region:

C = yu0 + €C(£,0,0) + €2C»(£,0,0)
k3 (&) }
MWGy(&,0)

1) XR(&))
X e Vef cos = | +--- 52)
¢ ( Vel (

as well as the location of the cell tip in the experimental system
via the solution:

- 62h1(0)|:WA0 -

Ve = Y50 T €Ys1 + -+,
where
I+ Ag(l — A9)

PO T T —k)
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Y

00204 06 08
Ao

(a)

FIG. 8. (Color online) The variation of y, with Ay for the cases
€ =0.1and (a) A¢g = 0.1, and ¥ = 0.1, 0.4, 0.7 from top to bottom;
(b) k = 0.1, and A = 0.1, 2.0, 4.0 from bottom to top.

Vil = —Ag) + Aorg

2[(1 — K)o —

o-nfe- ) )

By neglecting the higher-order terms O(€?), one may approxi-
mately write the impurity concentration at the tip as Cy, & y,.
The variation of y, with Ay under different growth conditions
and material properties are shown in Fig. 8(a)-8(b).

Moreover, the parameter y, determines the tip undercooling
temperature, as the function

Tip(Ag,€) =

depending on the parameters 1g,x,Ag, and €.

Recall the constitutional instability criterion that given the
gradient of temperature G, when V = V,, Ag = Ag = 1= ")
the flat interface becomes unstable. It is then deduced that as a
necessary condition, 0 < Ag < AG = (IK—") must hold for the

BoW
1] {(y*() -1

13(0,0) = €Gyo = My, ~ M(y«0 + €ys1),

system of cellular growth. Recall that Ag = —JTDOO(G% and
g = —m"c" ((‘;,)D, we may write Ag = Ag—
1
0.15F F
o8f o
[ )
o odf _ 06} i
& < %
< 04f
0.05} b
02f o ¥
0~z 04 06 08 0 02 04 06 08
A Ve
\%

(a) (b)

FIG. 9. (Color online) (a) The variation of ATy, with Ag for
the cases € = 0.1, « = 0.3, M = 0.084 32, and 1, = 0.3,0.4, 0.5,
0.6, 0.7 (or Wy = 12.2173,5.8905,3.1415,1.7453,0.9617) from top
to bottom. (b) The universal scaling law for system of arrayed
cellular growth. The experimental data are from Pocheau et al. for
the directional solidification system of impure SCN [21]. The solid
full squares are for the case Gp = 78.0 x 10~* K/(um), and the full
circles are for the case Gp = 140.0 x 10~ K/(um).
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Now let us take limit V — oo, or Ag — 0 with
fixed Co and temperature gradient (G)p and denote the
limit as

lim Ttip()xg,é) = = TL(Coo)‘
Ag—0

1 —2o(1 —k)
Thus, the difference of temperature ATy, = |Tiip(Ag,€) —
T.(Coo)| can be derived as

ATip = |Tip(rg,€) — TL(Coo)l

=MdArg = MAV,/V, (53)

where

(=2
T 1= a0l — k)

are the functions of the parameters (e,x,M) and Xy (or Wp).
In Fig. 9(a), we show the variations of ATy, with parameter
V./V under different growth conditions and given material
properties. It is seen that the graph of AT, is a set of
straight lines passing through the origin with different slopes.
Furthermore, we take the limit V. — V, or Ag — Ag with fixed
C and (G)p and denote

lim Tip(hg.€) = Ts(Coo).

AG—AG

A [1—e1n2@], A=igA

0

Assume that the formula (53) can be approximately applied to
the regime V &~ V, or Ag & Ag. In terms of the formula (53),
one derives

|Ts(Coo) — TL(Coo)| = AcMLA.

Following the notations used by Pocheau er al [21], we
define the normalized tip temperature as A; = |Tiip(Ag,€) —
T1.(Coo)l/1Ts(00) — T1.(Cxo)| and the reduced pulling speed as
V= % Then we derive that

A =Ag/hg = V)V = % or Aw =1, (54)
which yields a straight line with the unit slope on the
(A,1/v) plane and is a universal scaling law applicable
for any arrayed-cellular growth system under any growth
conditions.

It is known that under given control parameters V,(G)p, M,
the primary spacing Wy (or A) varies in different experiments
depending on the history of growth, so does the tip location
parameter y,. However, as indicated by Pocheau ef al. [21]:
“in practice, the variation of A; with Wy stands beyond our
accuracy”; such a variation of primary spacing, practically,
does not noticeably affect the value of A; in the whole
extent of W,. Moreover, Pocheau et al. argued that the
limit value of tip temperature 71 (Coo) is very close to the
liquidus, while the limit value 75(Cx) is close to the solidus
temperature. Both temperatures are measurable with the flat
interface.

Thus, the scaling law (54) can be examined by their
experimental data. In Fig. 9(b) we show the comparison of
the scaling law (54) with the experimental data under various
growth conditions given by Pocheau et al. [21]. The best fitting
line to the experimental data claimed by Pocheau et al. has the
slope 0.998. It is seen that our theoretical result is in a very
good agreement with their experimental observations.
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The solution (50) obtained, however, is still not applicable
in the region near the root. It fails to satisfy the root smooth-
ness conditions: ng(—1,€) = np(—1,€) > 0 and ny(—1,€) =
0, yielding the interface shape not closed at £ = 1. Hence,
it provides no information on the location of the bottom of
the root, the total length of the cells, and the concentration of
impurity at the bottom of the root. In order to find the global
solution of the cellular growth, we need to derive its inner
solution in the root region.

V. GENERALIZED ASYMPTOTIC SOLUTION
IN THE ROOT REGION

The root region can be specified as |£ + 1| < 1;|n —
nt(€)| < 1. The central line of the root region is given by the
function n = nr(€), which is assumed to be an approximation
of the interface shape function in the root region. We introduce
the root variables & and # as follows:

14+¢
8(e) ’

n—nt(é)

5= 5(¢)

= (55)

From the asymptotic behavior of the outer solution 4;(§) ~
ap(l + &)%, as (¢ — —1), that was derived in the last section,
we deduce that in the far field of the root region ng(§) =~
e aop(l + £)*. To match the outer solution, we derive that in
the far field of the root region, nr(§) = s(e)ir(€) = ape(l +
£)* = aye8%(¢)E”. Thus, one must set 8(¢) = €8%(¢) or §(¢) =
eﬁ, and write Air(§) = agé”.

Near the bottom of the root & = 0, the approximation
ne(&) ~ ape(1 + £)* is no longer valid, as it violates the
root smoothness condition #7(0) = 0. Instead, one may write
ne(€) = 8(e)ir(€) and Ar(€) = [A + a2€? + a38°]. Thus, to
describe the interface shape function #jg (¢ ), one needs to divide
the root region into three subregions with an internal transition
point 0 < & < oo and express the interface shape function
Ait(€) with different forms in different subregions, such that

(1) In subregion (D): as (¢r < & < 00), Ar(€) = iy'(€) =
aoéa 4 ...

(2) Tn subregion (ID): as (0 < & < &), fr(§) =iy (&) =
8y + @26% + ()@ &’ +---.

(3) In subregion (III) centered at & = & and between
subregion (I) and (II): fir(€) transits from ﬁ(TI)(é ) to ﬁ(TH)(é).

To satisfy the matching conditions, we require that at £ —
&, aPép =af"¢n and Girén = Hiréo. k=
1,2,...), where & may depend on the parameter € and is
expected to have the asymptotic expansion

Ere) = £ +dis(€)+--], (as € — 0).

So, in the leading-order approximation, we may write

M : ¢ <& <00,
I :(0 < & <&,).

ap&”,

. . . (56)
o + 8282 + 2367,

ir(€) = {
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FIG. 10. (Color online) The sketch of the function #t in the root
region.

The parameters fj,, 7y, and a, are the functions of §* as given
here:

_ aB -
267

)

6

a(2 B a)ﬁ*
az = B S—
3¢;

a5 — a)i| R
- |1

and &, is the eigenvalue to be determined. The graph of
function 77(£) is sketched in Fig. 10. The above-defined central
line function #(£) is smooth with a continuous second-order
derivative in the entire root region (0 < E < oo) but it has
the discontinuity in the third-order derivative at E=E£. Asa
consequence, the inner system has singularity at the point &,.

We express the interface shape function in the following
form:

ns(§.€) = 8(e)[Ar&) + Ap(€.€) + -], (57)

and further assume that in the root region the interface shape
function |A(€,€)| <« 1. Thus the interface condition may be
linearized around the interface fir(£).

In the root region, the concentration field with inner
variables {£,7)} is expressed as C = CE . h,e). Letting e — 0
with fixed €,7), we expand the coordinate functions in the
following asymptotic forms, respectively [26-31]:

Y(€.7,€) = Y[—1 4 8(€)&;8(e)(A + fir)]

oA R (58)
~In 8(6)Y* + Yo(&.9) + 8(e)Y1(E,7) + - -,
1
Y,é.n) = 5( )Y(E J,€) ~ 3© Vi0,0)
Vit +---,
Ye(§,m) = 5( ) Ye(6.7,€) ~ 5 )Yg o)+ -
where
_ _ 2r0a 1 a2 o £2
P = 2(1 )»0)’ Py = (1 Ao)lnn (G + A1) +& ]’
T T 4
Y1 = ro(d + 1), 5
fooa o 2(0=2o) AT+ A o9
Yio&.) = —— STl Y51(6.9) = Ao
T
L. 2(1= 1) £
Y: ) = — ;
B = T S e
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the Lamé coefficient function,

gé.m= mg(é J1,€) ~ 5 )Qo(%‘ )+ “
A A 2(1 — ) 1 (60)
Go€.h) = —;
VE2 4 (i + 0)?
and the curvature function,
8%hp PR
K{d(e)fig} = —— —— 4+ Ko(£,0) + O(hR),
(3(n} = 757+ Ka.0)+ 0 (in)
P 7 i
’CO(%-»O) = - ) (61)
=20 i
N . T
Ko(0) = Ko(0,0) = T30 =)

With the root variables, the inner equation is derived as follows:
2¢ 2 102C

A12
) + [l + T}T(‘f;‘)]w

208 ¢, .09C
nT 8ﬁ8§ 77 a,\

. .0C
gﬁ%(é)]a—ﬁ}=0. (62)

A A

[Xe -

. aC
+eW {1 ¥ —
Gl3

The corresponding boundary conditionsAare the following:
(1) Matching condition: as j — oo, C <= C.

(2) Side-wall condition: at £ = 0, gg =0.

(3) Interface conditions: with the assumption 7jp < 1, one
may make the asymptotic expansions for all the functions in
the limit # — 0. As a result we derive that, at j = 0,

PN

Te
¢
+ %7

iz = vi — € In8(€)WPeAs Y,

— eWPeAg[Yo + 8(€)Y) + -]

—eWPengnB-i- enl fir
an IMW(L—%o) 52y 2
R | BT (63)
MWG(&,0) 9&2
and
aC N a2éﬁB 0 aC W —4)
an a2 € of
(C-I—E?]B-i- )(Yé()@_?ﬁ())
Eh) V9 ’

+eW(l —«k) (c

+O(A§) = 0. (64)

The above inhomogeneous system may have the following
general form of asymptotic expansions:

CE.n.e)=D+aD =0+ Cu o), (g5
ipE.€) = () + D) = 0+ hu (€ e).

Part I, {C,(§,7,€),h.(£,€) = 0}, is a particular solution of the
inhomogeneous system, which may be expanded in the RPE
form. Part II, {C,(€,7,€),h(§,€)}, is the general solution of
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the associated homogeneous system, which may be expanded
in the SPE form.

A. The regular perturbed expansion of the solution
in the root region

We find that the RPE part of the solution can be written
in the form of multiple variables, C.(§,7,€) = C.(§,7,7+,€),
with the fast variable defined as 77, = #/€ as follows:

Cy ~ Coo6.1,6) + €Coa (§.10) + €Coa(§. 7, 714) + (h.0.1),
(66)
where
Cuo = yio — € ln5(e)WkGY*,
Cit =y — Wig Yo, ), (67)
Ci2 = yaoz + bao€.A) + b2 1 (6. 774, - -

The above RPE solution in the root region is fully determined.
The solution for C*(é,ﬁ,m,e) matches well with the RPE
part of the outer solution in the limit of & — oo along the
paths 7} = Aé“, (agp < A < 00). This RPE solution, however,
gives no information on the interface shape function nor the
parameter &, .

In order to determine the parameter é*, we need to derive the
SPE part of the solution in the root region from the associated
homogeneous system.

B. The singular perturbation expansion of the solution
in the root region

The SPE part of the inner solution in the root region also has
multiple length scales. To solve the associated homogeneous
system of (62)—(64), we introduce the following fast inner
variables:

e Y LGLY )

= % fo k(é,m)dm,

and assume that ¢; = JU+ 020, =kE.R), Y=
—m ¢y = g(é,ﬁ). In terms of these multiple variables
(€.,7,€,,7), we write the SPE solution as

CS*(é’ﬁ’E) = C*(é,ﬁyg-hﬁ-hf)y fZS*(é,G) = ﬁ*(§,§+,6),

As a consequence, the complete inner solution is expressed as

CE ne) = CuE i, i1y €) + Cué, 1,61 T4 €).  (69)

The system (62)—(64) can b~e converted into the system with
the multiple variables (¢,7,&4,7j+) as follows:

24 a2 32
(k= + )<8§ )(C + O[B(e)] = 0. (70)
+ Ut

The boundary conditions are the following;
(1) Matching condition: as 7j — oo and § — 00,
Col€ 1€ 11,€) = Cul€0.E 4 714,€) + Cul6 0,714 06),
$ ) (71
CB(é:vnVE) = Cx — EW}"GYO + Ez(Cz(EVﬁ’E) + e
+@(§»77’§+,77+,5) +---
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(2) The interface conditions: with the multiple variables
defined above and the formula (69), the interface conditions
(63) and (64) are converted in the following forms: at the
interface ) = 7j4 = 0,

. 19C, aC, aY

Cot |-+ by = oh
eodny 97 a1
21k? 9%h,

+ = - . (72)
B2MW Go(£,0) &7
and
(a@* N k a(:*) N (32(:* 2 92C,
A ,-4— ~ /\2 - - A
m g h + 72 07+ o1 € 97401
N 1 82@*)1} <k oh, N ah\ aC,
e 92 )" \BoE. ~ 9f ) 8k
eW(l —«)C,¥: (k oh, + 85*)
_ —x '
“O\Bo& ' o
aC* .
+eW(1 —i)Co¥ho+ W — k)Y 072 —h,
7
+eW(1 — k)C, ¥y .00 + O(h.o.t.) = 0. (73)

Make the following asymptotic expansion (SPE) in the limit
ofe — 0:

C..nEs fiso(€)Cro(€,1,E4,711)
+ a1 (€)Cor 6,7, E4,714) + -+ -
ho(€,E 4 €) = buo(€)huo(€,E4) + bur ()R (B ,EL)

+o (74)

7ﬁ+76) =

where the asymptotic factors 1 3> fL.o(€) 3> fL1(€) > ---and
1> byo(€) > byi(€) > --- are to be determined. Further-
more, let

k h,€) = ko, 7) + ek (6, 0) + - -,
gE.ne) =koE,0) +egi i)+ -+

By substituting the above to the system (70)-(73), one can de-
rive each order approximation, successively. We are interested
only in the leading-order approximation solution, so we may
take C, ~ y,0 — Wige Ind(e)¥, + €[y — WagYo(€, 7).

(75)

C. The zeroth-order approximation O[i.o(€)]
To balance the leading terms in (73), it is derived that

B=0(), fiol€) = ebu(e). (76)
Let 8 = vel'. As a consequence, we have the equation:
3*C,  9°C,
e ) (77)
&% oy

and the following boundary conditions:

(1) Matching condition: as 4 — oo and § — —1, n — 0,
C.o = Co.

(2) Symmetry condition about & = 0:

Cro 1,64 ,14) = Coo(—E 1, — E4,714).
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(3) The interface conditions at the interface, § = 7j;. = 0:
With the notation ko(&,0) = ko(§),

~ k2 3%h.0
(C*O: A A 2
MWgO(S,O) 8§+
k 0C0  »
— v U BoWIA =)y — A6l (78)
J1+ 72 2

3/’1*0
X YE 0(5 0)— =0.
&,

The system allows the normal modes solutions:

Cio = Aso(&,n) exp(i&y — fiy),

N (719)
h*O =

Do exp(ié).

where D,y is a constant. In order to satisfy the interface
conditions (78) the function k(&) is subjected to the formula:

i3 D
— —ikoW ¥ (5,0)
MW Go(€,0),/1 + 77
x [(1 = K)yw0 — Ag] = 0. (80)

Similar to the SPE solution in the outer region, there are three
roots for kg:
k& = k@), k@) = k@), k'@ =0, @D

where £,(£) = 1, /Co(E, 0)Y; (€,0)(1 + 72)i, and 1 =
W./MI(1 — k)y.« — Agl- With the formulas

0 2(1 r) i ®)
gO(S )= £2 +ﬁ2(§) (82)
. _ 2(0=20)
Teo(@,0) = 220 b 0,0 < £ < o0),

one may write three fundamental solutions in the form
€)= e M) = e 77O I =1, (83)
where
X&) =ﬁ ks(1)d§1 = Xr(§) +11(8)
&
a 1 1
V2 = ro) [ OET(1+72) .
1-i0) (F B0 e,
L&+ @)

<& < 00), Re[ky(£)] >

=(4+i)
It is seen that in the region (é*
0, Im[4,(£)] > 0, so that

Re[k)(®)] > 0,
Re[£k(©)] <0,

Im[k{"(&)] > 0;
m[lz(()z)(é‘)] < 0.
It is deduced tl}at the solution I-B is domingnt, increasing ex-
ponentially as & — oo; while the solution H; is subdominant,

deceasing exponentially as £ — 0o, The general inner solution
can be written in the form

hao.E0) = diHi(E) + daHa(§) + d3 H3(8).  (85)
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D. Root solution in subregion I and the match
condition with the outer solution

To match the root solution in the section of (§ > £,) with
the outer solution in the limits £ — oo and &€ — —1, one must
set the constants d; = d3 = 0, and d» = A(e)h;(0) in (85),

where
AE) = exp{ _a _f) V21i(1 — Ag)
el T

S

D aRE] }
. —% q
& [& +mén]

is a transcendentally small factor. As a result, the SPE part of
the root solution in subsection (I) is obtained as

8(€)uo = € A€ (0)Ha () + - - - (86)

E. Root solution in subregion II and quantization condition

The SPE part of the root solutions in subregion I, (0 < & <
&4), may be expressed as

ho(€) = di Hi(E) + da Ha(6), (87)

which are subjected to the following conditions:
(1) The root smoothness conditions at (¢ = 0,7 = #jp):

hy0(0) =0, hl,(0)=0. (88)

(2) The match condition with the solution in sub-inner
region I:

8()ho ~ A0 Ha(E). (89)

The problem under study is similar to the problem of
Schrodinger waves trapped in a finite potential well over the
interval (0 < £ < &,) in the quantum mechanics as sketched
in Fig. 11. Here, with the general form of the solution (87), the
problem for us is to determine the connection condition of the
pair of coefficients {d,d>} with the coefficient € A(€)h(0).
The root system, as indicated before, has singularity at
£ = £,, as the functions Ar(£) and &(§) have a hlgher order
discontinuity there. It can be further proven that £ = &, is a
simple turning point of the system in the root region, and there
is a transition region with the thickness €'/ in the vicinity of &,
between root subregion I and II. This region is root subregion
III. In the leading-order approximation the governing equation
for the interface shape in this transition region can be reduced

FIG. 11. (Color online) The sketch of wave diagram with W-wave
representation in the root region.
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to the Airy equation. The inner solution in the transition region
must match with the inner solution in the subregion (I) on the
right side, while match the inner solution in subregion (II)
on the left hand side. These matching conditions lead to the
connection condition:

d~] = —id~2;

dy = e A(e)h(0), (90)

~

gonsequently, the inner solution (87) in subregion II, (0 < & <

£4):

hao(E) = e A(e)h (O)Re[Ha(E) — iH; ()] 1)

One may now apply the root smoothness conditions (88) to
the solution (91). Due to H{(0) = H,;(0) = 0, the smooth-
ness condition /2/,(0) = 0 is always satisfied. The condition
1.0(0) = Re[H»(0) — iH,(0)] = 0 results in the quantization
condition:

0.6 _
AVel

where 0 < gp < q1 < g2 < - - - are solutions of the equation:
e*? = cot O, and

(n=0,12,...), (92)

s oAl .4l
e[+ ARED]
- N
&7 + mrn]*
The numerical computations show that gy = 0.4128,q, =
3.1434,q, = 6.2832, -- -, and g, ~ nmw as n > 1. From the

quantization condition (92) one obtains a discrete set of
eigenvalues &, with indexn =0,1,2, ...:

£ £(0 £(1 £(12
E, =0 <& <ED ..y,

as the function of € and other parameters of the system.
The calculations show that for a large n, the corresponding
eigenvalue éi") will be very large, so that it should be ruled
out. The variations of the smallest eigenvalue é* = ALO) with
€ are shown in Fig. 12 for I' = 1.0,1.5,2.0, and other typical
parameters: Ag = 2.0,k = 0.1, 19 = 0.6, Wy = 1.7453, Ml =
1.0. From the outer solutions in these cases, we calculated that

T ~ ~
A=——-—— 06)= dsi.
N ISR Q. () | §1

015 02 025 03
€

0 "0.05 0.1

FIG. 12. (Color online) The variations of £, with the parameter
€ for the cases: A\g =2.0, «k =0.1, 1y = 0.6, Wy = 1.7453, M =
1.0, and [ = 1.0,1.5,2.0 and n = 0. It is calculated from the outer
solutions for these cases that « = 0.88 and a, = 2.63.
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FIG. 13. (Color online) The graph of composite solution 7g(£) in
.H) plane for the typical case: € = 0.1,k = 0.1,Ag = 2.0, 1y = 0.6,
M = 1.0. (a) The graphs of the solutions ng(£) near & = —1 for
" =1.0,1.5,2.0 from bottom to top on the left-hand side of the
figure. The bullets show the transition points in the root region.
(b) The graphs of solutions ng(&) over (—1 < & < 0) for =
1.0,1.5,2.0 from bottom to top on the right-hand side of the figure. It
is calculated from the outer solutions for these cases that o« = 0.88,
ap = 2.63, and 8(¢) = 0.4642 x 1078,

o = 0.88 and ap = 2.63 and found that the numerical values
of « and a are rather insensitive to the variation of parameter
. It is seen from the figure that £, increases with creasing
surface tension parameter [" and Péclet number €.

Once £, is determined, the parameters 7}, and Ay, as well as
the inner solution in the whole root region (0 < é < 00) are
determined, which may be written as

. . ® TR
i d.0) = 3E)n) + eA©m e cos[ L] + ..
€
93)
Combining with the outer solution
X&)
ne(§.€) = e{hl(é) — I (0)e T cos [XR(? “ +e
€
(94)
of a2y
- 1'/—\‘t :‘/\“‘ /] |“, / \
PN " ' ) —2-—,‘: : : I“I ," "‘I
F! N . R i
SPEL ool
SHe O
>~ -3 | 1 > | |
| | | |
-64
aff : o
| | | |
s | | B
:n ! PRI B ! I T S S T N S S 1 C .| 1 |. L L 1
-1 0 1 2 3 0
X X

FIG. 14. (Color online) The interface shapes described on (X,Y)
plane for the typical case: k = 0.1, Ml = 1.0, and (a) Ao = 0.6, Ag =
2.0, ' =1.0,1.5,2.0 for the mode n = 0; the solid line is given by
the root solution from bottom to top. (b) Ao = 0.4, A = 0.8, [ =
2.0,3.0,4.0 for the mode n = 0 from bottom to top. In the figures, the
black dashed line is given by the ST solution.
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Ky (€)

[ )] A L

o1 0z 03 0

(a)

0.05 0.1 0.156 02 025 03

- S B K - -
€

(b) (c)

FIG. 15. (Color online) The properties of cellular growth at the bottom of the root for the typical case: xk = 0.1, Ag = 2.0, 4y = 0.6,
M = 1.0, and cases " = 1.0,1.5,2.0: (a) The total lengths of finger from top to bottom; (b) the mean curvature of the bottom of the root for
from bottom to top; (c) the difference of the concentrations of impurity at the bottom from that at the tip, from top to bottom. It has a maximum

value as € = 0.1565,0.1776,0.2020 correspondingly.

one may write the composite solution as

ne(€,€) = 8(e)ir(€) — eap(l + &)*
+€{h1(§) - hl(O)é%? cos |:XR($ i“ 4o,

x

el
95)

The composite solutions for the interface shape function
ng (&) for the cases I' = 0.5, 1.5, 2.0 are shown in Fig. 13(a)—
13(b), respectively. The global interface shape on the (X,Y)
plane for the cases of Ay = 0.6 and Ay = 0.4 and different
values of parameter [* are shown in Fig. 14(a) and 14(b),
respectively. In the figure, for the comparisons we have also
shown the ST solution with a black dashed line and the outer
solution with a solid red line. It is seen that the feature of the
global interface shape of cell in the physical plane (x,y) is
quite different from the shape of the ST finger. Nevertheless,
the global interface shape of the cell and the interface shape of
the ST finger are very close to each other in the (&,7) plane as
€ — 0, as is pointed out at the beginning of the paper. It is also
seen that in the physical (x,y) plane, away from the bottom of
the root, the global solution is very close to the outer solution,
while in the root region the global solution modifies the feature
of outer solution significantly, due to the effect of the isotropic
surface tension.

Moreover, in terms of the above root solution, we may
derive the total length of the finger:

Yo = [Y(—=1,8()n)| ~ |In8(e) Y. + Yo(0, 7))

2(1 — A f)
I ) R (%) ; (96)
the mean curvature of the bottom of the root:
Kp =~ (1 4 2a,1p); G

T 2(1 = o)

the concentration of impurity at the bottom of the root (§ =
0,7 = fp):

Croot = {[yx0 + €ys1 — Wige lnS(G)?*]
— eWAGTYo(0, /) + -} + -+, (98)

where Y(0.7) = (1 — Ao)/m In(r 247 /4), ¥, = 2(1 — Ao)/7.
Thus, we derive the difference of concentrations of impurity
at the bottom of the root from that at the cell tip:

2(1 — Ag)
G
T

x |:ln8(e) +1n (%)] (99)

In Fig. 15(a)-15(c), we show the variations of Yy, Kp, and
AC with € and I" for the typical cases: k = 0.1, Ag = 2.0,
2 =0.6, M = 1.0, and [' = 1.0,1.5,2.0. It is seen that as
€ decreases, the total length of finger increases, while the
curvature of the bottom of the root |/C,| increases, while AC
decreases after passing its maximum value. On the other hand,
as surface-tension parameter I increases, the total length of
the finger decreases, and the curvature of the bottom of the root
|KCp| decreases, or, say, the radius of curvature at the bottom
of the root increases, while AC decreases.

A(C == Croot - Clip == _GW)\.

VI. CONCLUSIONS AND DISCUSSION

In the present paper, we develop a global asymptotic
theory for 2D steady deep-cellular growth in solidification
with isotropic surface tension. The results obtained show that
the system allows a family of steady solutions with two free
parameters: the Péclet number ¢, which depends on the product
of tip radius ¢; and pulling speed V, and the asymptotic
width A, which is relative to the primary spacing Wy. One
of the most important results drawn in the present paper is
that the global steady-state solutions of cellular growth have
a complicated structure with three internal layers in the root
region; for given (€,Aq), there exists a discrete set of the global
steady-state solutions subject to the quantization condition
(92). Each eigenvalue &, calculated from the quantization
condition determines the total length of cell. The effect of
the surface tension parameter on the steady-state solutions in
the outer region is minor with the magnitude O(e?). However,
it plays a crucial role in the region of the root through the
quantization condition. It is shown that the arrayed-cellular
growth with a finite closure of the root cannot exist without
the isotropic surface tension.
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The theoretical predictions for the global interface shapes
have been compared quantitatively with the experimental
observations made by Georgelin and Pocheau [20,21] under
various growth conditions without any adjustable parameter.
The agreements between both are very satisfactory. It is seen
that the effects of three dimensionality and anisotropy of
interface energy, which are neglected in the present model,
are insignificant on the interface shapes in the region not close
to the bottom of the cell’s root.

So far, the experimental data of total length of cell and
concentration of impurity at the bottom of the root are not
available. Hence, at this moment the quantitative comparisons
between the theoretical predictions for these quantities and the
corresponding experimental data cannot be further conducted.
We anticipate that more complete experimental data for global
interface shapes of steady cellular growth will be available in
the near future.

Our results based on 2D Hele-Shaw model do not show the
formation of liquid droplets in the solid phase near the bottom
of the root, which has been observed in the experiments as
reported by Kurowski et al. [32]. Brattkus [33] proposed a
simplified model by considering the groove as an axisymmetric
liquid threat. He then found that the groove may break into

PHYSICAL REVIEW E 83, 041601 (2011)

liquid droplets due to the Rayleigh instability. Our solutions
of steady deep-cellular growth for some cases show a long
and thin groove, whose width in the root region is compatible
with the thickness of the Hele-Shaw cell. As a consequence,
the effect of three dimensionality of the Hele-Shaw cell
indeed needs to be taken into account. Furthermore, the solute
diffusivity in the solid phase, as well as the anisotropy of
surface tension, may also play a significant role. Therefore,
the liquid-droplet formation and other related phenomena
near the bottom of the root cannot be investigated under the
current model. In order to explore the mechanism of droplet
formation, some additional physical effects need to be taken
into account, and a more sophisticated model needs to be
established.
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