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Heat conduction in deformable Frenkel-Kontorova lattices: Thermal conductivity
and negative differential thermal resistance
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Heat conduction through the Frenkel-Kontorova lattices is numerically investigated in the presence of a
deformable substrate potential. It is found that the deformation of the substrate potential has a strong influence
on heat conduction. The thermal conductivity as a function of the shape parameter is nonmonotonic. The
deformation can enhance thermal conductivity greatly, and there exists an optimal deformable value at which
thermal conductivity takes its maximum. Remarkably, we also find that the deformation can facilitate the
appearance of the negative differential thermal resistance.
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I. INTRODUCTION

Heat conduction in low-dimensional lattices is a well
known classical problem related to the microscopic foun-
dation of Fourier’̄s law [1,2]. The theoretical studies have
not only enriched our understanding of the microscopic
physical mechanism of heat conduction but also suggested
some useful thermal devices, such as rectifiers or diodes [3],
thermal transistors [4], thermal logic gates [5], and thermal
memory [6]. Scientists would like to know whether or not
the Fourier law of heat conduction for bulk material is still
valid in low-dimensional systems. This is a fundamental
question in nonequilibrium statistical mechanics. In general,
the one-dimensional models can be classified into three
categories [7]. The first one is an integrable system such as
the harmonic chain, in which no temperature gradient can
form and thermal conductivity is divergent [8]. The second
category includes some nonintegrable systems such as the
diatomic Toda chain [9], the Fermi-Pasta-Ulam chain [10],
the Heisenberg spin chain [11], and so on. In these models, the
temperature gradient can be formed, but thermal conductivity
is divergent at the thermodynamic limit. The third category
contains nonintegrable systems such as the ding-a-ling model
[12], the Lorentz gas model [13], the φ4 model [1], and
the Frenkel-Kontorova (FK) model [14,15]. In this category,
thermal conductivity is finite, and Fourier’s law is justified.

The FK model was first proposed by Frenkel and Kontorova
[14] in 1938 to study surface phenomena. Since then, it has
found application in a wide variety of physics systems [15],
such as adsorbed monolayers, Josephson junctions, and DNA
denaturation. Despite its deceptively simple form, the model
exhibits very rich and complex behaviors in heat conduction.
For example, one can obtain the different frequency bands
for different cases [3]:
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temperature limit and 0 < ω < 2
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for the high-temperature
limit, where V is the height of the substrate potential, m

is the mass of the particle, K is the coupling constant, and
L is the period of the on-site potential. The dependence of
thermal conductivity on the temperature, the strength and
periodicity of the external potential, and the coupling constant

has been extensively studied [7,15]. Shao et al. [16] studied
the dependence of thermal conductivity κ on the strength of
the interparticle potential K and the strength of the external
potential V in the FK model and found the scaling form
κ ∝ K3/2

V 2 . Barik [17] studied the heat conduction of a two-
dimensional FK lattice and found anomalous heat conduction.
Zhong [18] studied a double-stranded system modeled by
a FK lattice and found that the interchain interaction has
a positive effect on the thermal conductivity in the case
of strong nonlinear potential and has a negative effect on
thermal conductivity in the case of weak nonlinear potential.
In our previous work [19], we designed a thermal pumping
by applying an external ac driving force at one boundary
of FK lattice and found that the heat can be pumped from
the low-temperature heat bath to the high-temperature one by
suitably adjusting the frequency of the ac driving force.

The study of heat conduction in low-dimensional systems
also has practical implications. It has recently been found
that nonlinear systems with structural asymmetry can exhibit
thermal rectification, which has triggered model designs of
various types of thermal devices, such as thermal transistors
[4], thermal logic gates [5], and thermal memory [6]. It is
worth pointing out that most of these studies are relevant to
heat conduction in the nonlinear response regime, where the
counterintuitive phenomenon of negative differential thermal
resistance (NDTR) may be observed and plays an important
role in the operation of those devices. NDTR refers to the
phenomenon where the resulting heat flux decreases as the
applied temperature difference (or gradient) increases. It can be
seen that a comprehensive understanding of the phenomenon
of NDTR would be conducive to further developments in
designing and fabricating thermal devices.

Most of the studies involved the regular potentials. How-
ever, in real physical systems, the shape of the substrate
potential can deviate from the standard (sinusoidal) one, and
this may strongly affect the transport properties of the system
[20]. The effects of the shape of the substrate potential on
heat conduction are still unknown to date. In the present work,
we study the heat conduction in deformable FK chains by

011131-11539-3755/2011/83(1)/011131(7) ©2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevE.83.011131


BAO-QUAN AI AND BAMBI HU PHYSICAL REVIEW E 83, 011131 (2011)

−2 −1 0 1 2
0

0.5

1

1.5

2

x

U
(x

)

−2 −1 0 1 2
0

0.5

1

1.5

2

x

U
(x

)

−2 −1 0 1 2
−1

−0.5

0

0.5

1

x

F
(x

)

−2 −1 0 1 2
−1

−0.5

0

0.5

1

x

F
(x

)

r=0

r=0 r=0.7

r=0.7

FIG. 1. (Color online) Asymmetric
deformable potential for different values
of the shape parameter r = 0.0 and 0.7.
(top) The potential U (x) described in
Eq. (2) and (bottom) its corresponding
force F (x) = − ∂U (x)

∂x
.

using nonequilibrium molecular dynamics simulations. We
emphasize finding how the deformation of the potential affects
thermal conductivity and NDTR.

II. MODEL AND METHODS

In this paper, we study heat conduction in FK chains with
an asymmetric deformable potential. The Hamiltonian of the
whole system is

H =
N∑

i=1

p2
i

2m
+ 1

2
K(xi − xi+1)2 + U (xi), (1)

where pi is the momentum of the ith particle, xi is its dis-
placement from equilibrium position, m is the mass of the
particles, K is the spring constant, and N is total number of the
particles. In order to investigate the effects of the shape of
the substrate potential on heat conduction, we use the follow-
ing asymmetric deformable potential (shown in Fig. 1) [20]:

U (x) = V

(2π )2

(1 − r2)2[1 − cos(2πx)]

[1 + r2 + 2r cos(πx)]2
, (2)

where V is the height of the potential and r is the shape
parameter. The potential reduces to simply the sinusoidal
potential for r = 0 or |r| → ∞. The degree of the deformation
will increase when |1 − r2| decreases. The potential will dis-
appear for |r| = 1. For convenience of discussion, we take the
parameter range 0 < r < 1, and in this parameter range,
the degree of the deformation increases with r . For 0 < r < 1,
the potential is asymmetric periodic with a constant barrier
height and two inequivalent successive wells with flat and
sharp bottoms, respectively. This potential is considered as
a natural way to describe a lattice with a diatomic basis or
dual lattices by generalizing the standard model that assumes
simple sinusoidal potential.

To obtain a stationary heat flux, the chain is connected
to two heat baths at temperatures T+ and T−, respectively.

Fixed boundary conditions are taken to be x0 = xN+1 = 0.
The equations of motion for the central particles (i = 2,3, . . . ,

N − 1) are

mẍi = −∂U (xi)

∂xi

+ K(xi+1 + xi−1 − 2xi). (3)

The equations of motion for i = 1 and i = N particles are

mẍ1 = −∂U (x1)

∂x1
+ K(x2 − 2x1) − γ ẋ1 + ξ−(t), (4)

mẍN = −∂U (xN )

∂xN

+ K(xN−1 − 2xN ) − γ ẋN + ξ+(t), (5)

where γ is the friction coefficient and the noise terms ξ±(t)
satisfy the fluctuation dissipation relations 〈ξ−(t)ξ−(t ′)〉 =
2γ kBT−δ(t − t ′) and 〈ξ+(t)ξ+(t ′)〉 = 2γ kBT+δ(t − t ′), with

FIG. 2. (Color online) Heat flux J as a function of T− in a
pure harmonic model for different heat baths at T+ = 0.18. For pure
harmonic lattice, U (x) = 0 in Eq. (1) and J ∝ T+ − T−. The other
parameters are N = 64 and K = 1.0.
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kB being Boltzmann’s constant. The dot indicates the deriva-
tive with respect to time t .

For simplicity, we set the mass of the particles and the
friction coefficient m = γ = 1. The local heat flux is defined
by Ji = k〈ẋi(xi − xi−1)〉, and the local temperature is defined
as Ti = 〈mẋi

2〉. Here 〈·〉 denotes an ensemble average over
time. After the system reaches a stationary state, Ji is
independent of site position i, so the flux can be denoted as J .
Thermal conductivity is evaluated as

κ = NJ

T+ − T−
. (6)

Thermal conductivity represents an effective transport coeffi-
cient that includes both boundary and bulk resistances.

In our simulations, the equations of motion are integrated
by using a second-order stochastic Runge-Kutta algorithm [21]
with a small time step. Due to the deformation of the potential,
the time step must be less than 10−4 for large values of r . The
simulations are performed long enough to allow the system
to reach a nonequilibrium steady state in which the local heat
flux is constant along the chain. To obtain a steady state, the
total integration is typically 108 time units. We have checked
that this is sufficient for the system to reach a steady state since

FIG. 3. (Color online) The dependence of thermal conductivity κ on the shape parameter r for different cases: (a) V = 1.0 and K = 1.0;
(b) V = 5.0 and K = 1.0; (c) V = 10.0 and K = 1.0; (d) V = 5.0 and K = 4.0; (e) V = 5.0 and K = 0.5; (f) for different sizes N = 32,
128, 512, and 1024 at V = 5.0, K = 1.0. In (a)–(e) N = 32, and the other parameters are T+ = 0.2 and T− = 0.1.
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the temperature profile in the central region is linear and the
local heat flux is independent of the site.

We use Langevin heat baths instead of Nose-Hoover heat
baths for the simulations because using Nose-Hoover heat
baths might lead to unreliable results in the nonlinear response
regime, particularly at very low or very high temperatures. The
unreliable results are caused by either insufficient equilibration
times or an artifact of using Nose-Hoover thermostats [22]. The
pure harmonic lattice is a good model to check the validity
of the thermostats. As we know, the heat flux in harmonic
model increases linearly with the temperature difference, J ∝
T+ − T−. However, from Fig. 2 we can see that the heat flux
J as a function of temperature difference is nonmonotonic for
Nose-Hoover heat baths, and NDTR even occurs for a large
temperature difference. Obviously, this is not true. Therefore,
we must be careful of using Nose-Hoover heat baths. For
Langevin heat baths, the heat flux increases linearly with the
temperature difference. The Langevin heat baths may be more
reliable than Nose-Hoover heat baths.

III. NUMERICAL RESULTS AND DISCUSSION

Figure 3 shows thermal conductivity κ as a function of the
shape parameter r for different cases. From Fig. 3 we can see
some interesting and surprising phenomena. The numerical
results show that the deformation can enhance the thermal
conductivity greatly. For example, for the case of V = 10
and K = 1.0 [shown in Fig. 3(c)], thermal conductivity can
be increased by about 27 times (κ = 0.113 and 3.21 for
r = 0.0 and 0.80, respectively). The thermal conductivity κ

first increases and then decreases as the shape parameter r

increases. There exists a value of r at which κ takes its
maximum. Now we will give a physical interpretation for the
phenomenon. From Fig. 1, we can see that the deformable
potential has two inequivalent successive wells with flat and
sharp bottoms, respectively. When the particles stay in the
flat well, the force acting on the particle is very small, and
the heat is easy to transfer from the high-temperature heat
bath to the low-temperature one, resulting in a large thermal
conductivity. On the other hand, the acting force is very large
and the heat conductivity is small when the particles stay in
the sharp well. When r increases from zero, the probability of
the particles in the flat well is larger than that in the sharp one,
and the flat well dominated the heat conduction, so thermal
conductivity increases. On further increasing r , the force acting
on the particles in the sharp well increases drastically, and
thermal conductivity is dominated by the sharp well, so thermal
conductivity decreases. Therefore, there is a peak in the curves.
Due to the universe finite-size effect in low-dimensional
systems, we consider more system sizes N = 128, 512, and
1024; as shown in Fig. 3(f), thermal conductivity as a function
of the shape parameter mentioned above is still invariant.
Thermal conductivity increases to a saturation value when
the system size increases since thermal conductivity of the FK
model is finite in the thermodynamic limit. This indicates that
these behaviors induced by the deformation of the potential are
not a small-size effect. If the phenomenon disappears as the
system size increases, the phenomenon is a small-size effect.

Figure 4 shows the temperature profiles for points a, b, and c
shown in Fig. 3(b). From the transition of the thermal transport

FIG. 4. (Color online) Temperature profiles for different values
of r described in Fig. 3(b).

mode we can also interpret the different thermal transport
properties. Diffusive and ballistic regions corresponding to
large and small temperature differences in the middle of the
chain, respectively. The thermal conductivity can also be given
by the Debye formula [1]:

κ = c

2π

∫ 2π

0
υ(k)l(k)dk, (7)

where c is the specific heat, υ(k) is the velocity of the
effective phonon, and l(k) is the mean-free path of the effective
phonon. For the ballistic region, both the velocity υ(k) and the
mean-free path l(k) are large, so the thermal conductivity is
large. When the system goes into the diffusive region, both the
velocity υ(k) and the mean-free path l(k) decrease; therefore,
the thermal conductivity becomes small. It is easy to see that
the flat well induces ballistic transport, whereas the sharp well
contributes to diffusive transport. When the shape parameter r

increases from r = 0, the temperature difference in the middle
of the chain decreases (from point a to point b), which indicates
that thermal transport mode exhibits a transition from the
diffusive to the ballistic transport. Ballistic transport means
less collision of phonons, and then the thermal current will
increase. On further increasing r , the temperature difference
increases (from point b to point c), the system tends to diffusive
transport, and the thermal current decreases. The competition
between the flat well (positive effect) and the sharp well
(negative effect) determines thermal conductivity.

Figure 5 depicts the dependence of thermal conductivity on
temperature for different values of r . Similar to the case when
r = 0, thermal conductivity in deformable potential has a min-
imum at Tc. Thermal conductivity κ decreases monotonically
with T0 for T0 < Tc and increases monotonically with T0 for
T0 > Tc. In FK model, there exist low- and high-temperature
limits. For the high-temperature limit, kBT 	 V

(2π)2 ≈ 0.13,
where the substrate potential is irrelevant, kinks do not play
a role, and the FK chain behaves as a weakly interacting
phonon gas. For the low-temperature limit, kBT � V

(2π)2 ,
where the substrate potential is relevant and kinks play a
role. For low temperatures, the deformation of the potential
affects thermal conductivity drastically. However, the thermal
conductivity becomes independent of the deformation for very
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.

FIG. 5. (Color online) Temperature dependence of thermal con-
ductivity κ for different values of r = 0.0, 0.3, 0.5, and 0.7. Here
V = 5.0, K = 1.0, �T = 0.02, and N = 32. T0 = T++T−

2 , �T =
T+ − T−.

high temperatures. This is because the effect of the substrate
potential disappears for high temperatures, and each particle
can jump freely between the minima of the substrate potential.
The critical temperature Tc is dominated by the sharp well of
the potential. The maximal force from the deformable potential

is larger than that from the standard potential. The maximal
force from the substrate potential increases with r . It needs
a higher temperature for all particles jumping freely between
the two wells. Therefore, the critical temperature Tc shifts to
the high temperatures with increasing r .

Now, we return to the phenomenon of NDTR, which refers
to the phenomenon where the resulting heat flux decreases
as the applied temperature difference (or gradient) increases.
Figure 6(a) shows the total heat flux NJ as a function of T+ for
regular (r = 0.0) and deformable (r = 0.3, 0.5, 0.7) FK chains
at V = 5.0, K = 0.5, T− = 0.01, and N = 32. In our previous
work [23], for a regular FK chain, NDTR can occur for
very low temperature T− = 0.001. However, for T− = 0.01,
NJ increases with T+ monotonically, and no NDTR occurs.
Interestingly, on increasing the shape parameter r , the system
enters a nonlinear response regime where NDTR occurs.
Therefore, the deformation of the potential can facilitate the
appearance of NDTR. Figure 6(b) shows the size effects on
NDTR. The numerical simulations show the exhibition of
NDTR for a system size of N = 32 and 128 but not for the case
of N = 1024. This indicates that the regime of NDTR becomes
smaller as the system size increases, and it eventually vanishes
in the thermodynamic limit. From Fig. 6(c), we can see that
the NDTR will disappear for decreasing V or increasing K .
It becomes easier for the particles to overcome the on-site
potential via their thermal energy when V decreases or

FIG. 6. (Color online) Total heat flux J as a function of T+ while fixing T− = 0.01. (a) For different values of r at V = 5.0, K = 0.5, and
N = 32; (b) size effects on NDTR at V = 5.0, K = 0.5, and r = 0.5; (c) for the cases of V = 5.0, K = 1.0 and V = 1.0, K = 0.5 at N = 32
and r = 0.5.
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FIG. 7. (Color online) (a) Total heat flux NJ and the corresponding boundary temperature jump δT as a function of T+ at r = 0.5. (a) K =
0.5 and N = 32; (b)K = 0.5 and N = 128; (c) K = 1.0 and N = 32. The other parameters are V = 5.0, T− = 0.01, and δT ≡ T (N ) − T−.

K increases. Therefore, the system is approaching the har-
monic limit where NDTR cannot occur. In general, it was
found that NDTR may occur if there is nonlinearity in the
on-site potential of the lattice model. However, in a deformable
on-site potential, NDTR will occur in the larger range of the
parameters.

As we know, thermal boundary resistance is more important
in small-size systems. From the above results, we can find
that NDTR also occur in small-size systems. Therefore, one
can speculate that NDTR may be the result of some kind
of boundary mechanisms. Figure 7 shows how the total heat
flux NJ and the boundary temperature jump [24] δT ≡
T (N ) − T− vary with T+. From Fig. 7, we can see that total
heat flux NJ exhibits the same relation with the boundary
temperature jump δT for different cases. Therefore, NDTR
may be caused by some boundary effects, for example, the
phonon-boundary scattering or thermal boundary resistance.
However, the general physical mechanism of NDTR for both
the two-segment asymmetric FK chain [4] and the single
chain described in this paper is not available. Especially, the
necessary and sufficient conditions for NDTR are still lacking.

For convenience of numerical calculations, all physical
quantities are dimensionless. However, it is necessary to give
units of measurement for the potential experiments. First, it
can give us very useful information about the true temperature
corresponding to that one we used and enable us to gain
some physical insights. The real temperature Tr is related to T

through the relation [7,25]

Tr = mω2
0L

2

kB

T , (8)

where m is mass of the particle, ω0 = √
K/m is the oscillating

frequency, L is the period of external potential, and kB is the
Boltzmann constant. For the typical values of atoms, we have

m ∼ 10−26 − 10−27 kg, kB = 1.38 × 10−23 J K−1,
(9)

L ∼ 10−10 m, ω0 ∼ 1013 s−1.

From Eqs. (8) and (9), we can find that Tr ∼ (102 − 103)T ,
which means that the room temperature corresponds to the
dimensionless temperature T at the order of 0.1 − 1.0.

IV. CONCLUDING REMARKS

In summary, heat conduction through the deformable
FK lattices is extensively studied by using nonequilibrium
molecular dynamics simulations. It is found that the deforma-
tion of the substrate potential induces the important effects
on thermal conductivity and NDTR. Thermal conductivity
can be enhanced greatly by changing the shape parameter.
Due to the competition between the sharp well and the flat
well of the substrate potential, there exists an optimized
value of r at which the thermal conductivity κ takes its
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maximal value. This behavior does not disappear as the
system size varies. This means that the phenomenon is not
a small-size effect, which is crucial for possible practical
applications to control the heat flux. Thermal conductivity is
drastically affected by the deformation for low temperatures,
whereas the effect of the deformation will disappear for high
temperatures. Interestingly, NDTR will appear when the shape
parameter is increased, which may be observed and plays an
important role in the operation of thermal devices [4–6]. It is
easier to obtain the phenomenon of NDTR in the deformable
FK lattices. The range of NDTR becomes smaller for increas-
ing K or decreasing V . The phenomenon of NDTR will disap-
pear in the thermodynamic limit (N → ∞), and it is a small-
size effect. We believe that the introduction of a deformable

FK model for heat conduction leads to many interesting possi-
ble features for physical applications, such as heat conduction
in a lattice with a diatomic basis, dual lattices, or crystals with
dislocations.
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