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Nonlinear propagation characteristics are investigated theoretically in a one-dimensional photonic band-gap
structure doped with a nonlinear indefinite metamaterial defect for five distinct frequency intervals. It is found
from the electric field distribution that there exists the bright gap solitonlike when the nonlinear indefinite
metamaterial defect is a cut-off medium, while the dark gap solitonlike can appear in the nonlinear never
cut-off defect layer. It is also found that there exists corresponding bistable lateral shift the properties of which
are strongly dependent on the permittivity and permeability of nonlinear indefinite metamaterials. Moreover, in
contrast to the switch-down threshold value, the switch-up threshold value is more sensitive to the incident
frequency.
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I. INTRODUCTION

It is well known that the artificial structures demonstrated
by Shelby et al. using a network of thin wires and a periodic
arrangement of split ring resonators �1� has received increas-
ing attention over the past few years. Left-handed materials
�LHMs� with simultaneously negative permittivity and nega-
tive permeability �2�, a kind of artificial materials, have sev-
eral extraordinary electromagnetic characteristics, such as
negative refraction �3�, reversed Cerenkov effect �2�, subdif-
fraction focusing through perfect lens configuration �4�, and
so on. Nevertheless, the metamaterials fabricated in experi-
ment are intrinsically anisotropic on account of the orienta-
tions of the rings and rods in space �5,6�. Indefinite metama-
terial �IMM�, one of the anisotropic metamaterials, in which
not all the principal components of the electric permittivity
and magnetic permeability tensors have the same sign, can
offer four different types of dispersion relations �7� and
therefore owns much more peculiar electromagnetic proper-
ties �8–12�. Recently, with the development of engineered
materials, the metamaterial which possesses nonlinear re-
sponse has been artificially fabricated �13�. Such effects can
also be realized in a structure composed of metal wires and
split ring resonators embedded in the nonlinear medium
�14,15�. Thus, nonlinear indefinite metamaterial can be
achieved by means of a reasonable combination of aniso-
tropy with nonlinearity in the IMM, which is expected to
produce some interesting physical effects in electromagnetic
wave propagation �16–22�.

Stimulated by the prospect of potential applications in op-
tical communications �23,24�, nonlinear Goos-Hänchen
�GH� lateral shift has been extensively studied in different
circumstances, including the bistable lateral shift for one-
dimensional photonic crystals �1DPCs� doped with nonlinear
dielectric �25,26�, and the giant bistable lateral shift due to
the resonant excitation of surface polaritons in Kretschmann
configuration with Kerr nonlinear dielectric �27�, as well as

the tunable GH shift in the two-dimensional photonic crys-
tals �28�. In the recent years, gap soliton, another nonlinear
optical response of photonic crystals, has also inspired con-
siderable interest, such as zero-n gap soliton in the periodic
structure consisting of alternating layers of positive-index
and negative-index materials �29,30�, bright and dark gap
solitons in a negative index Fabry-Pérot et al. �31,32�, as
well as bistability and gap soliton in the defect structure
containing single-negative materials �33�. However, most
work of nonlinear properties above has been carried out in
isotropic materials. In our former paper �26�, we have inves-
tigated the modulation of bistable lateral shifts in the sym-
metry structure �AB�mN�BA�m, where layer A is normal ma-
terial, layer B is indefinite metamaterial without Kerr-type
nonlinearity, and the defect layer N is just a normal Kerr-type
nonlinear layer. Now, in spite of the similar structure, indefi-
nite metamaterial B is replaced by normal material, and nor-
mal Kerr-type nonlinear layer N is replaced by indefinite
metamaterial with Kerr-type nonlinearity. We can obtain
some interesting results by studying the nonlinear character-
istics and the electric field distribution in the composite
structure for five distinct frequency intervals.

The organization of this paper is as follows: in Sec. II, the
theoretical model of 1DPC with a nonlinear indefinite
metamaterial defect layer will be shown. In Sec. III, we will
study the transmission properties and electric field distribu-
tion of the defect structure. Finally, the conclusion is given in
Sec. IV.

II. THEORETICAL MODEL

We consider a symmetric multilayer stack �34,35� in the
background material C��C ,�C� as shown in Fig. 1. The stack
�AB�mANA�BA�m consists of alternating linear layers of nor-
mal materials A��A ,�A� and B��B ,�B�, with a single nonlin-
ear indefinite metamaterial layer N in the middle, where m is*cyyuan@staff.shu.edu.cn

PHYSICAL REVIEW E 82, 066601 �2010�

1539-3755/2010/82�6�/066601�7� ©2010 The American Physical Society066601-1

http://dx.doi.org/10.1103/PhysRevE.82.066601


the period number. The thicknesses of layers A, B, and N are
dA, dB, and dN, respectively.

The anisotropic permittivity and permeability tensors of
IMM with Kerr-type nonlinearity are defined as follows �9�:

�̂N = ��xx 0 0

0 1 0

0 0 1
�, �̂N = �1 0 0

0 �yy �zy

0 �yz �zz
� . �1�

The diagonal term �xx of �̂N is given by �xx=�x+�3�E�z��2,
where �3 and �x are the Kerr nonlinear coefficient and the
diagonal term of the permittivity tensor of IMM without non-
linearity, respectively. Without loss of generality, the diago-
nal terms �x, �yy and �zz are usually characterized by the
frequency-dependent Drude forms �36–38�, namely,

�x = 1 −
1

�2 , �yy = 1 −
Fy�

2

�2 − �ry
2 , �zz = 1 −

Fz�
2

�2 − �rz
2 ,

�2�

where �=� /�p is the normalized frequency, �ry =�ry /�p
and �rz=�rz /�p are the normalized magnetic resonant fre-
quencies, �p is the electric plasma frequency, and Fy and Fz
are the constants between zero and unity. These physical pa-
rameters are all structure dependent �39–42�. Note that the
off-diagonal terms �zy and �yz would not alter the results in
our paper.

In our analysis, consider a wave beam of angular fre-
quency � incident from the background upon this 1DPC at
an angle �0. In the absence of losses, we assume that the
wave vector locates at the y-z plane and the incident electric
field is E� = x̂E0 exp�i��y+kCzz−�t��, where � and kCz are y
and z components of the incident wave vector, where �
=kC sin �0=k0

��C�C sin �0, k0=� /c, and kCz=kC cos �0.
Here we only concentrate on the TE mode �s-polarized light�
and the treatment for the TM mode �p-polarized light� is
similar.

Generally, the electric and magnetic fields at two sides of
some layer can be related via transfer matrix �43�. For the
indefinite metamaterial layer N with Kerr-type nonlinearity,
the transfer matrix should be modified in the form �44,45�

MN =
k0

kz+ + kz−�
kz−

k0
exp�− ikz+dN� +

kz+

k0
exp�ikz−dN� �yy�exp�− ikz+dN� − exp�ikz−dN��

kz−kz+

k0
2�yy

�exp�− ikz+dN� − exp�ikz−dN��
kz+

k0
exp�− ikz+dN� +

kz−

k0
exp�ikz−dN� � , �3�

where kz+ and kz− are the z components of wave vector for
the forward and backward propagating waves, which are
given by

kz	 = kNz�1 + U	 + 2U
�1/2, �4�

with U	=�3k0
2�A	�2 /kNz

2 . Here A+ and A− are the amplitudes
of the forward and backward waves and kNz is the z compo-
nent of wave vector for IMM without nonlinearity, which is
shown as

kNz
2 =

�yy

�zz
	�2

c2 �x�zz − �2
 . �5�

It is noted that the choice of the sign of the wave vector kNz
must ensure the Poynting vector inside the indefinite medium
to point away from the interface separating the incident and
indefinite medium. Thus, according to Refs. �46,47�, kNz and
�yy must keep the same sign.

By using fixed point iteration �48�, we solve a set of
coupled nonlinear equations with respect U	 and obtain the

explicit form of MN. Then the transmission coefficient can be
expressed by

t =
2p

�M11 + M12p�p + �M21 + M22p�
, �6�

where p=��C�C cos �0 and Mij are the elements of 2�2
matrix M for the composite medium. The power transmit-
tance T is identified as T= t · t�=Ut /Uin, where Uin and Ut are
the incident and transmitted intensity, respectively. Accord-
ing to the stationary phase method �49�, the lateral shift of
the beam through the composite structure is obtained as fol-
lows:

s = −�d�t

d�
�

�=�0

= −
1

��C�Ck0 cos �
�d�t

d�
�

�=�0

, �7�

where �t is the phase shift of transmitted beam and �t
=arctan�Im�t� /Re�t��.

FIG. 1. Schematic of a 1DPC with a nonlinear indefinite
metamaterial defect.
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III. COMPUTATION RESULTS AND DISCUSSION

Since the components of the anisotropic permittivity and
permeability tensors in the IMM without nonlinearity can be
either positive or negative by changing corresponding struc-
ture parameters and incident frequencies according to Eq.
�2�, the dispersion relation of such medium, given by Eq. �6�,
can be elliptic or hyperbolic depending on the signs of the
parameters �x, �yy, and �zz. Therefore different types of non-
linear indefinite metamaterials will lead to different proper-
ties of one-dimensional nonlinear photonic crystals. To nu-
merically analyze the features of electromagnetic wave
propagating 1DPC under consideration, the parameters are
taken in our calculation as follows: Fy =0.56, Fz=0.78,
�p /2=18.4 GHz, �ry /2=�rz /2=15.3 GHz, �3=0.01
�25,50–53� for nonlinear indefinite metamaterial N, �A
=5.29, �B=1.71, �C=6.25, �A=�B=�C=1.00 �45� for nor-
mal materials A, B, and C, and m=3. The parameters �x, �yy,
and �zz of nonlinear indefinite metamaterial are all frequency
dependent, and thus they have different signs in different
frequency ranges. For clarity, we consider five distinct fre-
quency intervals, specified in the following, respectively.

�i� 0���0.8315, where �x�0, �yy �0, and �zz�0. The
dispersion relation of such type which is called always cut-
off medium is that kNz

2 is always negative, and the transverse
wave vector kNz is always imaginary. Because of this, any
propagating or evanescent waves cannot propagate into the
always cut-off medium and all incident beams are totally
reflected, i.e., the IMM here behaves like an electric or mag-
netic plasma. Hence there will be no transmitted beam shift
at any condition.

�ii� 0.8315���1, in which �x�0, �yy �0 and �zz�0.
In such a case, when �x�yy ��C�C from Eq. �6�, the trans-
mitted beam shift always exists no matter how the incident
angle changes; however, when �x�yy ��C�C, there exists a
critical angle �c=arcsin��x�yy /�C�C which is shown in Fig.
2�a�. If the incident angle �0��c, the transverse wave vector
kNz becomes real and the electromagnetic wave can propa-
gate in the composite structure containing such material
which is named as cut-off medium. Note that the incident
angle �0 should also be selected smaller than the critical
angle of total reflection in the surface between the back-
ground material C and normal material A. In this case, the
IMM without nonlinearity has negative refraction properties.

�iii� 1���1.2536, where �x�0, �yy �0, and �zz�0.
This is another case of always cut-off medium and the be-
havior of propagation is similar with �i�.

�iv� 1.2536���1.7728, where �x�0, �yy �0, and �zz
�0. It can be found from Eq. �6� that the transverse wave

vector kNz is always real. Any incident waves impinging the
1DPC containing this never cut-off medium with Kerr-type
nonlinearity will be changed into propagating waves no mat-
ter whether the incident waves are propagating or evanes-
cent. Therefore the lateral shift of the transmitted wave al-
ways exists for all incident angles.

�v� 1.7728��, in which �x�0, �yy �0, and �zz�0. For
this material, another case of cut-off medium, if the incident
angle satisfies the same condition �0��c

=arcsin��x�yy /�C�C shown in Fig. 2�b�, we can also get the
transmitted beam shift. In this interval, the IMM can be re-
garded as a conventional anisotropic material.

Below, we will focus on cases �ii�, �iv�, and �v� to discuss
the nonlinear propagation properties in detail.

A. Case A: 0.8315�Ω�1 (εx�0, �yy�0, and �zz�0)

It is known that when a defect without nonlinearity is
introduced in the photonic band-gap structures, the corre-
sponding linear defect mode will appear in the forbidden
band �54�. An incident wave which is tuned at the linear
defect mode frequency can pass through this structure with
almost no reflection. But the incident light frequency is tuned
in the forbidden band �not at the linear defect mode fre-
quency�, the electric field will decrease exponentially in the
structure. In the following calculations, we take �0=23°,
� /2=16.123 GHz, dA=

�p

4��A�A
, dB=

�p

4��B�B
, and dN=

�p

2 ,

where �p= 2c
�p

is plasma wavelength. It is noted that the
above physical parameters should be correctly chosen in or-
der to obtain defect mode and corresponding bistable lateral
shift at the same time. Here negative �x and positive �3 cor-
respond to defocusing effects in the beam propagation. We
tune the incident light frequency � near but bigger than the
linear defect mode �0 ��0 /2=16.01 GHz� without nonlin-
earity, and when the incident light intensity increases, the
magnitude of �xx decreases with the local light intensity in
such a defect layer, and hence the corresponding defect mode
frequency increases toward the incident wave frequency �
�55�. This means that the composite structure containing this
type of nonlinear indefinite metamaterial can produce a
negative feedback on the incident light �56�. Therefore, op-
tical bistability will occur when the defect mode frequency
almost equals to the incident light frequency �. Figure 3�a�
shows a typical S-shape bistability curve, where points 1 and
2 represent the switch-down and switch-up threshold values,
respectively. The threshold of optical bistability is dependent
on how far away the incident wave frequency � deviates
from the linear defect mode �0 �56�. Now, we investigate
variation in the switch-down I1 and switch-up I2 threshold
values with �. It can be seen from Fig. 3�b� that as � moves
far from �0, the switch-down threshold value I1 increases
slightly, but the switch-up threshold value I2 increases evi-
dently. However, when � comes very close to or even ex-
ceeds �0, the bistable behavior will disappear.

And we also plot the variation in the corresponding lateral
shift S with the incident intensity Iin in Fig. 4�a�. It can be
shown that when the incident intensity Iin is smaller than
point 2, the lateral shift is positive originally. But the lateral
shift suddenly jumps to a negative value when Iin arrives to
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FIG. 2. The relationship between the critical angle �c �deg� and
the normalized frequency �. �a� 0.8315���1; �b� 1.7728��.
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point 2. On the other hand, with the decreasing in Iin from a
higher value, the negative lateral shift increases in the begin-
ning. However, the lateral shift drops to a positive value
suddenly when Iin decreases to point 1. To understand it
more clearly, we have investigated �t as a function of � with
various Iin as shown in Fig. 4�b�. It can be found that when
the incident intensity increases between 1.368 00 and
1.534 00 near point 2, there is an abrupt change in the phase
shift �t. This means that the lateral shift changes quickly
with the incident intensity increasing up to point 2. On the
contrary, when the incident intensity decreases between
0.152 60 and 0.085 09 near point 1, there also exits an abrupt
change in �t which cause the lateral shift to jump to a
smaller value. Note that the positive slope of �t leads to the
negative lateral shift and that the phase shift �t is plotted
between − /2 and  /2 which can produce a sudden change
at some fixed �. In one word, the hysteretic behavior of S
with the variation in Iin is closely related to the phase shift,
which is explained by the reshaping effect, that is, the con-
structive and destructive interference between each plane
wave components, due to the different phase shifts of each
transmitted plane wave components transmitted the 1DPC
structure.

In addition, we have also investigated the electric field
distribution in the system corresponding to the high-
transmission state �point 1 in Fig. 3�a��. It is found from Fig.
5�a� that the bright gap solitonlike can be formed in the

nonlinear indefinite metamaterial defect layer N and the elec-
tric field reaches the peak at the center of the defect layer. It
is noted that to realize the bright gap solitonlike, one should
apply a larger pump field intensity than the switch-up thresh-
old value I2, then decrease it to the intensity corresponding to
the switch-down threshold value I1. With the increasing of
the thicknesses dN of layer N, the electric field is periodic
with the distance in the defect layer by changing some cor-
responding physical parameters. From Fig. 5�b�, we can ob-
serve that there exists a double bright gap solitonlike distri-
bution owing to the occurrence of optical oscillation in the
nonlinear indefinite metamaterial defect layer N.

B. Case B: 1.2536�Ω�1.7728 (εx�0, �yy�0, and �zz�0)

As we all know, both positive �x and �3 characterizes
self-focusing effects in the beam propagation. Here, we
choose the incident light frequency � near but smaller than
the linear defect mode �0 without nonlinearity, and the mag-
nitude of �xx increases in the defect layer as the incident light
intensity increases, and therefore the corresponding defect
mode frequency decreases toward �. In this case, the doped
structure can produce a positive feedback on the incident
light which is opposite to above case. Thus, optical bistabil-
ity will appear in the optical system with a positive feedback.
Next, tuning the incident light frequency, we study the varia-
tion in threshold values with the incident light frequency. It
can also be observed from Fig. 6 that the switch-up threshold
value I2 increases rapidly when � is tuned away from �0,
while the switch-down threshold value I1 remains almost un-
changed.

Figure 7�a� shows that the bistable lateral shift can be
switched from positive to negative at the switch-up threshold
I2 and from negative to positive at the switch-down threshold
I1, which exists in above case. But the negative peak can
reach a much great value. Meanwhile, we have also investi-
gated the phase shift �t for different Iin as shown in Fig. 7�b�.
We can observe that around some fixed � �e.g., � /k0
=1.0763� the phase shift �t also experiences abrupt changes
near the switch-up and switch-down thresholds, which re-
sults in the bistable lateral shift.

In Fig. 8�a�, we see that the normalized light intensity
�E�z��2 near the defect layer reaches about 18 much larger
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FIG. 5. �Color online� �a� The electric field distribution in the
defect structure containing nonlinear cut-off metamaterial corre-
sponding to the high-transmission state �point 1�. �b� The double
bright gap solitonlike distribution in the nonlinear cut-off metama-

terial defect layer, where dA=1.05
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2 , and the corre-
sponding incident light frequency is � /2=15.966 GHz. Other
physical parameters are all the same with Fig. 3�a�.

ZHANG et al. PHYSICAL REVIEW E 82, 066601 �2010�

066601-4



than the incident intensity, but the field intensity in the defect
layer is smaller than that in the surrounding layers. Then the
electric field corresponding to the high-transmission state
forms a dark gap solitonlike in the nonlinear never cut-off
medium layer N with the bottom locating at the center of
layer N. In Ref. �7�, never cut-off medium can exhibit some
anomalous dispersion relation not readily observed in the
ordinary material. When a wave beam propagates through a
1DPC containing this type of nonlinear indefinite metamate-
rial, multiple transmissions occur due to multiple reflections
between layers. The whole field intensity distribution in the
structure is the coherent superposition between reflected
fields from boundaries of different layers. Owing to the spe-
cial relations of �x, �yy, and �zz with the incident light fre-
quency �, the variation in incident intensity changes the
equivalent refractive index of the nonlinearity, which affects
each reflected fields. Thus, this causes the anomalous electric
field distribution in the structure shown in Fig. 8�a�. We can
also observe from Fig. 8�b� that there exists a double dark
gap solitonlike distribution in the nonlinear indefinite
metamaterial defect layer N with the increasing of the thick-
nesses dN.

C. Case C: 1.7728�Ω (εx�0, �yy�0, and �zz�0)

Optical bistability is obtained in the doped structure con-
taining such type of nonlinear indefinite metamaterial which

can also produce a positive feedback. Figure 9 gives the
variation in the threshold values I1 and I2 with the incident
light frequency �.

There exists positive bistable lateral shift shown in Fig.
10�a� in this condition and the phase shift �t in Fig. 10�b�
can account for the hysteretic behavior of S. Figure 11�a�
gives the electric field distribution corresponding to the high-
transmission state in 1DPC containing such metamaterial,
another case of nonlinear cut-off metamaterial. The bright
gap solitonlike can also be found in the defect layer N which
exists in case A. Meanwhile, the double bright gap soliton-
like distribution shown in Fig. 11�b� can be realized in the
nonlinear cut-off metamaterial defect layer N with the in-
creasing of dN.

IV. CONCLUSION

In summary, we have investigated the nonlinear responses
in a 1DPC with a nonlinear indefinite metamaterial defect
layer centered in the structure for five distinct frequency in-
tervals. The electric field distribution in the defect structure
is studied in detail. It is found that the bright gap solitonlike
is found when the nonlinear indefinite metamaterial defect is
a cut-off medium, while the dark gap solitonlike is found in
the nonlinear never cut-off defect layer. This is the most
important and most interesting discovery which is distinct
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from the results obtained and reported in Ref. �26�. The
transformation between the bright and dark solitons cannot
be realized in the normal Kerr-type nonlinear layer in our
former paper �26�. In the current paper, there also exists the
hysteresis response between the incident light intensity and
the lateral shift of the transmitted beam which can be ex-
plained by the phase shift for different incident intensities. In
addition, the variation in the switch-up and switch-down
threshold values with the frequency offset between the inci-
dent light frequency and the linear defect mode is further
discussed in this paper. All these phenomena will lead to
potential applications in integrated optics and optical
switches.
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