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We present a method for minimizing additive potential-energy functions. Our hidden-force algorithm can be
described as an intricate multiplayer tug-of-war game in which teams try to break an impasse by randomly
assigning some players to drop their ropes while the others are still tugging until a partial impasse is reached,
then, instructing the dropouts to resume tugging, for all teams to come to a new overall impasse. Utilizing our
algorithm in a non-Markovian parallel Monte Carlo search, we found 17 new putative global minima for binary
Lennard-Jones clusters in the size range of 90–100 particles. The method is efficient enough that an unbiased
search was possible; no potential-energy surface symmetries were exploited. All new minima are comprised of
three nested polyicosahedral or polytetrahedral shells when viewed as a nested set of Connolly surfaces
�though the shell structure has previously gone unscrutinized, known minima are often qualitatively similar�.
Unlike known minima, in which the outer and inner shells are comprised of the larger and smaller atoms,
respectively, in 13 of the new minima, the atoms are not as clearly separated by size. Furthermore, while some
known minima have inner shells stabilized by larger atoms, four of the new minima have outer shells stabilized
by smaller atoms.
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I. INTRODUCTION

Binary Lennard-Jones �BLJ� clusters can only be consid-
ered as a crude representation of practical nanoalloys �mostly
metallic with many-body interactions� �1–3�; nevertheless,
they provide a good starting point for studying these materi-
als and are theoretically particularly interesting for the mo-
mentous difficulty required to search their intricate multidi-
mensional configuration space �4,5�. A BLJ cluster consists
of a fixed number of atoms. There are only two atom types
and they differ in size and, in general, in their cohesive en-
ergies; however, in what follows only the size differs for fair
comparison with prior work in this field �4,5�. Minimizing a
BLJ cluster requires searching an exceedingly rugged con-
tinuous potential-energy surface for each discrete cluster
composition. Cluster minimization methods can be split into
two categories: biased and unbiased �6�. Biased methods
were first used for clusters of a single atom type and conduct
a restricted search within an immensely reduced configura-
tion space of some configuration symmetry group assumed a
priori �or in some cases start with an educated guess based
on intuition or prior knowledge�; unfortunately, BLJ clusters
often lack the symmetries required to make biased methods
effective. Unbiased methods start with a random configura-
tion and gradually lower the energy by iterative application
of geometric perturbations and local minimization, usually
with a Monte Carlo scheme. BLJ cluster minimization
method of Doye and Meyer �4,5� is based on the very suc-
cessful basin-hopping method developed by Wales and Doye
�7–9� which, in turn, is based on the Monte Carlo minimiza-

tion method of Li and Scheraga �10�. The method of Doye
and Meyer uses the basin-hopping move set of Wales and
Doye �random atomic displacements and rotation of low-
energy atoms around the center of mass� augmented with
swapping two randomly selected atoms’ types and changing
a single randomly selected atom’s type for numerous Monte
Carlo searches. Each Monte Carlo search has a fixed tem-
perature and is periodically restarted using low-energy inter-
mediate configurations discovered by previous searches
�5,11�. Our approach is built on a novel move set which we
call the hidden-force algorithm �HFA�. We embed this move
set in a scheme that generalizes the Monte Carlo search of
Doye and Meyer to exploit parallel computation effectively.

II. HIDDEN-FORCE MONTE CARLO ALGORITHM

HFA exploits that, for an additive potential, the potential-
energy gradient is also additive. At local minima, the gradi-
ent vanishes �V /�xi=0, ∀ i, where xi is the position of atom
i along axis x �and similarly for the y and z axes�. Concen-
trating on pairwise additive potentials, we have �V /�xi
=� j�Vij /�xi, where Vij is the interaction energy between at-
oms i and j. Though the gradient components sum to zero at
local minima, each term’s magnitude is generally nonzero.
Like a multiteam tug of war at an impasse, significant op-
posing forces �the negative of the gradient� may be exerted
upon cluster atoms. Disrupting this network of opposing
forces will result in the collective rearrangement of cluster
atoms. Using the tug-of-war analogy to describe the basic
HFA move, one such disruption is for some teams �atoms� to
drop simultaneously their ropes �drop their interactions from
the potential-energy function�. The remaining teams then re-
arrange due to their net nonzero tugging and reach a partial
impasse. At this point, the dropouts resume tugging until a
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new overall impasse is achieved. Specifically, given a local
minimum-energy configuration, all of the interactions of a
randomly selected subset of the cluster atoms are temporarily
dropped and the configuration of the remaining atoms is lo-
cally minimized. The original potential-energy function is
then used to reminimize the entire cluster. Because the
dropped atoms remain at their original positions, they may
be brought in close proximity with the remaining atoms.
Much like the tug-of-war players cannot occupy the same
position on the playing field �whether or not they are tug-
ging�, we do not allow dropped atoms to come into close
proximity with other atoms via a simple iterative procedure.
This avoids huge repulsive forces that can adversely affect
the final minimization. There is no guarantee that the result-
ing cluster configuration will be lower in energy than the
starting configuration, but we have found HFA to be an ex-
ceptionally successful move set in a Monte Carlo cluster
minimization. Significantly, the HFA trial configuration is
highly dependent on the starting configuration since the
move is driven by forces already present. Accordingly, the
HFA Monte Carlo search will be non-Markovian and has a
slight hint of a partially genetic algorithm �with no cross-
over� in that low-energy clusters tend to represent tug-of-war
impasse configurations where the internal forces are “advan-
tageous” with respect to the survival, i.e., the gradual lower-
ing of the energy of new generations of configurations as the
search progresses.

The HFA Monte Carlo search strategy is outlined as fol-
lows.

Initialize search with a random configuration �and, if ap-
plicable, with a random composition� and minimize it. Add
the structure to a set of low-energy configurations called the
restart pool.

Main iteration loop:
�1� If a binary cluster search �with two atom types� and a

long stretch of the hidden-force Monte Carlo algorithm
�HFA-MC� iterations ��2�–�7� below� with the current com-
position have not produced a new global minimum configu-
ration, apply single or multiple mutations by flipping the
atom type of randomly selected atoms.

�2� Apply an HFA move.
�3� Accept the trial configuration if the trial energy is less

than the minimum of the current configuration energy plus
some user-defined energy window and the best minimum
energy seen plus some other user-defined energy window.
The second energy window is necessary to prevent accepting
a long succession of small uphill energy movements. If re-
jected, revert to current configuration or composition and go
to �6�.

�4� Make the trial configuration and composition the cur-
rent configuration and check if it is structurally unique to
eliminate duplicates. Uniqueness is tested with a simple hash
function including the energy, composition, and cluster ra-
dius of gyration. If a unique structure, add to the restart pool.

�5� If the current configuration is the best minimum seen,
remove restart pool configurations that are outside the new
best minimum-energy window. �Note that the restart pool
typically includes low-energy configurations with different
compositions.�

�6� If, after a user-defined number of iterations, there have
been no improvements to the best minimum seen, set the

current configuration to one selected from the restart pool at
random and go to �1� �Since this HFA Monte Carlo algorithm
is non-Markovian, the search can get stuck in a limited vol-
ume of configuration space from the HFA interdependence of
successive configurations along the search path. We found
the periodic restarts very effective in dealing with this prob-
lem.�

�7� If running in parallel and a user-defined number of
iterations have elapsed, copy the restart pool from the search
with the overall best minimum seen to the local restart pool,
set the current configuration to one selected from the restart
pool at random, and go to �1� �The HFA Monte Carlo search
method is most efficient when using numerous searches run
in parallel seeded with different starting configurations. We
found that a simple winner-takes-all strategy applied to a set
of linked searches can often find the global minimum faster
than an equal number of independent searches.�

�8� If after a user-defined number of iterations the overall
best minimum seen energy has not improved to a user-
defined energy, return the best minimum energy seen. �We
also found that ill-fated searches were likely to get stuck
sooner than later and, therefore, searches not showing suffi-
cient progress will be aborted to free up computational re-
sources for new searches started from scratch.�

III. RESULTS AND DISCUSSION

Search particulars are as follows. The potential is the stan-
dard BLJ potential, VBLJ=4�i�j�AB���AB /rij�12− ��AB /rij�6�,
where A and B are the atom types, i and j are atom indices,
�AB�1 is the uniform well depth, �AB= ��AA+�BB� /2 and
multiplied by 21/6 gives the equilibrium pair separation be-
tween atoms i and j �with �AA�1 set to be the unit of
length�, and rij is the distance. The size ratio of atom types A
and B is �AA /�BB�1, with A always referring to the smaller
atom. The HFA move in �2� above involved 10–25 % of the
cluster atoms. The energy windows in �3� were set to
0.15�AB and 0.25�AB, respectively, and the latter window
was also used for updating the restart pool in �5�. Searches
were initiated with an approximately half-and-half A/B com-
position and run for 1�106 iterations unless aborted in �8�,
which took approximately six CPU hours each for clusters in
the size range of 90–100 particles on a standard 2.4 GHz
Intel processor utilizing single instruction, multiple data
�SIMD� vector acceleration in all force computations and
linear algebra operations. The iteration intervals referred to
in �1�, �6�, and �7� were set, respectively, to 10 000, 1000,
and 100 000. We wrote a customized version of the limited-
memory Broyden-Fletcher-Goldfarb-Shanno �LBFGS� pre-
conditioned truncated Newton conjugate gradient method for
local minimizations �12� utilizing analytical second deriva-
tives in a sparse Hessian representation. In our preliminary
tests we reproduced all global minima previously found for
LJ clusters of up to 150 particles �13�, including the hard to
find tetrahedral global minimum of LJ98 �14�, and also suc-
cessfully located the putative global minima of the much
larger LJ342 and LJ347 clusters �15�. The focus of our present
work was revisiting the largest BLJ clusters reported in the
Cambridge Cluster Database �CCDB� �16� in the size range
of 90–100 particles �17,18�.
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We conducted a total of 66 searches on BLJ90 to BLJ100
varying the size of the type B atoms �BB between 1.05 and
1.3 keeping �AA=1. The energies of the 17 new putative
global minima are listed in Table I in � units, relative to the
previous best energies in the CCDB �17� �as of July 2010�.
The remaining 49 searches furnished the same global
minima already found. �An additional 36 unique clusters
were found during these searches that had energies lower
than these known minima, in most cases with different A/B
compositions.� We then used the Maestro molecular model-
ing environment �19� to analyze the structures as a set of
nested shells. We first constructed the convex hull of the
entire cluster using the Connolly surface �20� with a 2.5�AA
probe radius �21�. At this probe radius, atoms on the Con-
nolly surface empirically either occupied a vertex on the con-
vex hull or were positioned just within the convex hull. We
removed these atoms and repeated the above until no atoms
remained. The first set of atoms removed constituted the
outer shell, the second set constituted the middle shell, and
so forth.

We found that all 17 new global minima were made of
three shells. In some cases the shells were homogenous with
the outer shell exclusively made of the larger �type B� atoms
and the inner shells made of smaller �type A� atoms �clusters
13, 14, 16, and 17, all with CS symmetry belong to this
class�. Figure 1 shows such a separation: Fig. 1�a� shows the
nested shells and Figs. 1�b�–1�d�, respectively, the outer,
middle, or inner shells �type A in dark gray/maroon and type
B in light gray/green�. The cluster shown in Fig. 1 is the
putative global minimum of BLJ98 /�BB=1.25 reported in
�11� with E=−584.930 661 in � units and CS symmetry,
comprised of 42 type A atoms packed inside the shell of 56
type B atoms. Cluster 11 found by our HFA search shown in
Fig. 2 has, in fact, slightly lower energy �−584.953 979��
and only 39 type A atoms, but more importantly the new
putative global minimum configuration of BLJ98 /�BB=1.25
has an entirely different structure with no symmetry. Our
unexpected finding demonstrates that, unlike previous BLJ

minima in this size range, this cluster has a type A atom in
the outer shell �22�. Figure 2�b� shows a single type A atom
�dark gray/maroon� touching the surface of the outer shell,
but not lodged in a vertex position, and Fig. 2�c� shows two
explicitly plotted B type atoms �light gray/green� in the
middle shell; one surfacing in a similar fashion and the other
occupying a lattice point. Figure 2�d� displays an additional
type B atom occupying a vertex of the inner shell.

Similar to cluster 11 every other new minimum with the
exception of the aforementioned pure-shell clusters has a few

TABLE I. Energies of the 17 new putative global minima listed in � units, relative to the previous best
energies in the CCDB �17�. The numbers in parentheses in the “Energy” columns show the number of
additional unique clusters found with the same number of particles �but in most cases with different A/B
compositions� that had energies still lower than the base energy. The “Cluster” columns identify the clusters
and the “No.” columns list the labels used in the text. Clusters 4 and 11 shown in bold have lower energies
than those reported in �11� and their structures are also significantly different �see text�. The coordinates of
the new putative global minima have been deposited in the CCDB �23�.

No. Cluster Energy, ��� No. Cluster Energy, ���

1 BLJ92, NA=28, �BB=1.15 −0.014670 �0� 10 BLJ97, NA=41, �BB=1.30 −1.500728 �3�
2 BLJ93, NA=31, �BB=1.15 −0.156480 �0� 11 BLJ98, NA=39, �BB=1 .25 −0 .295878 (1)

3 BLJ94, NA=31, �BB=1.15 −0.766377 �3� 12 BLJ98, NA=41, �BB=1.30 −1.428041 �4�
4 BLJ95, NA=34, �BB=1 .20 −0 .440722 (1) 13 BLJ99, NA=42, �BB=1.25 −1.082912 �7�
5 BLJ96, NA=33, �BB=1.20 −0.957821 �4� 14 BLJ99, NA=42, �BB=1.30 −1.248290 �2�
6 BLJ96, NA=39, �BB=1.25 −0.203123 �0� 15 BLJ100, NA=35, �BB=1.20 −0.024301 �0�
7 BLJ96, NA=41, �BB=1.30 −0.606835 �1� 16 BLJ100, NA=42, �BB=1.25 −1.202295 �7�
8 BLJ97, NA=33, �BB=1.20 −0.495369 �0� 17 BLJ100, NA=42, �BB=1.30 −1.424056 �3�
9 BLJ97, NA=39, �BB=1.25 −0.252938 �0�

(d)(c)

(b)(a)

FIG. 1. �Color online� Cluster BLJ98 /�BB=1.25 �11� shown in
the nested convex hull representation: �a� nested shells, �b� outer
shell, �c� middle shell, and �d� inner shell. Type A atoms in dark
gray/maroon; type B atoms in light gray/green. Atoms are located at
vertices; they are not shown explicitly.
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cuckoo’s egg atoms alloyed with the dominant atom type of
some or all of the three shells. In clusters 1–3, 5, 7, 8, 10, 12,
and 15, the B atoms inside the outer shell occupy convex
hull vertices of a mixed type middle and/or inner cage. In
addition to such B atoms, clusters 4 and 11 have a single A
atom and clusters 6 and 9 have two A atoms lodged in the
outer shell. The minimum-energy configuration of cluster
BLJ95 /�BB=1.2 �with 33 type A atoms and E=
−557.690 639�� �11� shown in Fig. 3 exemplifies a pure B
type outer shell and mixed type middle and inner shells oc-
cupying vertices in predominantly A type shells. Type B at-
oms lodged at type A lattice vertices are displayed explicitly
�type B light gray/green; type A dark gray/maroon�. Our new
putative global minimum in Fig. 4 has slightly lower energy
�−557.785 217�� and its structure is virtually identical to that
of Fig. 3 with one additional type A atom, which appears in
the middle of a pentagonal pane in the outer convex hull.
Figures 3 and 4 are oriented the same way to highlight the
difference in local structure around the type A atom in the
outer shell �cf. Figs. 3�b� and 4�b��. Type B atoms inside the
outer shell have been previously found in some polytetrahe-
dral clusters and were characterized in the framework of the
so-called “disclination” network �4,5�. Our nested shell view
reveals that these B atoms are integral to a predominantly A
type cage structure. We further conclude that there are two
types of “impurities” in BLJ clusters: a common case where
a type B atom substitutes for a type A atom vertex in an inner
shell �and potentially vice versa though we have not yet
found an example� and an exceptional case in which either
atom type appears as a “pockmark” on the shell surface.

Besides structural features of the new minima we also
looked at overall cluster stability in this size range. Follow-
ing the analysis of Doye and Meyer �4,5� we were looking

for “magic numbers” in terms of particularly stable cluster
sizes for a given B/A particle size ratio. Figure 5 shows six
stability curves of the six size ratios that were considered in
this work. Cluster stability is measured by Eglb�N�−Efit�N� in
� units as a function of cluster size N. Eglb is the global
minimum energy found for a particular cluster size with a
fixed size ratio and Efit is the fitted energy value of the func-
tion a+bN1/3+cN2/3+dN, where the parameters a, b, c, and d
were obtained by least-squares fit to the same Eglb values �5�.
Local minima on the stability curves represent magic num-
bers corresponding to cluster sizes that give rise to structures
with extra stability relative to neighboring sizes. Magic num-
bers are particularly sensitive to the size ratio. Figure 5
clearly identifies BLJ95 as magic number cluster for size ra-
tios of 1.05 and 1.1, BLJ94 at 1.15, and BLJ93 and BLJ97 at
1.3, whereas it is not clear whether size ratios 1.2 and 1.25
provide genuine magic numbers even though both have mul-
tiple local minima on their respective stability curves.

IV. SUMMARY

In this paper we present our HFA-MC for global optimi-
zation of additive objective functions. HFA is based on the
simple idea of a multiplayer tug-of-war game where teams
interact by tugging on their ropes. The teams can represent
physical particles such as Lennard-Jones particles in our case
study interacting via a simple LJ potential or any other types
of particles including ions and molecules forming nanoclus-
ters. Moreover, the teams can also represent entities from
other disciplines such as social sciences or economics when
an optimal solution is sought in an abstract configuration

(a) (b)

(c) (d)

FIG. 2. �Color online� Our new putative global minimum con-
figuration of cluster BLJ98 /�BB=1.25 �cluster 11� shown in the
nested convex hull representation: �a� nested shells, �b� outer shell,
�c� middle shell, and �d� inner shell. Atoms not positioned at lattice
points of their own type are displayed explicitly �type A dark gray/
maroon; type B light gray/green� �see text for details�.

(d)(c)

(b)(a)

FIG. 3. �Color online� Cluster BLJ95 /�BB=1.2 �11� shown in
the nested convex hull representation: �a� nested shells, �b� outer
shell, �c� middle shell, and �d� inner shell. Type B atoms �light
gray/green� lodged at type A lattice vertices �dark gray/maroon� are
displayed explicitly.

ISTVÁN KOLOSSVÁRY AND KEVIN J. BOWERS PHYSICAL REVIEW E 82, 056711 �2010�

056711-4



space of interacting people or groups of people or some eco-
nomic units such as interacting banks or companies �pro-
vided that an appropriate model interaction-potential func-
tion is defined�. Our study on binary Lennard-Jones clusters

has not only found numerous new putative global minima,
but utilizing our visual inspection method of convex hulls
has revealed that while some known minima have inner
shells stabilized by larger atoms, four of the new minima
have outer shells stabilized by smaller atoms �at the occa-
sional expense of breaking symmetry�. We also identified a
few particularly stable, so-called, magic number clusters.
Our current research is aimed at clusters subject to implicit
geometric constraints arising from multibody potentials.
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the text.

GLOBAL OPTIMIZATION OF ADDITIVE POTENTIAL … PHYSICAL REVIEW E 82, 056711 �2010�

056711-5

http://dx.doi.org/10.1103/PhysRevLett.95.063401
http://dx.doi.org/10.1103/PhysRevLett.95.063401
http://arXiv.org/abs/arXiv:cond-mat/0604250
http://dx.doi.org/10.1002/jcc.20938
http://dx.doi.org/10.1002/jcc.20938
http://dx.doi.org/10.1021/jp970984n
http://dx.doi.org/10.1021/jp970984n
http://dx.doi.org/10.1103/PhysRevLett.80.1357
http://dx.doi.org/10.1103/PhysRevLett.80.1357
http://dx.doi.org/10.1063/1.477477
http://dx.doi.org/10.1063/1.477477
http://dx.doi.org/10.1073/pnas.84.19.6611
http://dx.doi.org/10.1073/pnas.84.19.6611
http://arXiv.org/abs/arXiv:1006.5675
http://dx.doi.org/10.1137/S1052623497327854
http://dx.doi.org/10.1137/S1052623497327854
http://physchem.ox.ac.uk/~doye/jon/structures/LJ/tables.150.html
http://physchem.ox.ac.uk/~doye/jon/structures/LJ/tables.150.html
http://dx.doi.org/10.1103/PhysRevE.60.R6320
http://dx.doi.org/10.1021/jp037780t
http://dx.doi.org/10.1021/jp037780t
http://www-wales.ch.cam.ac.uk/CCD.html
http://physchem.ox.ac.uk/~doye/jon/structures/BLJ/table.html
http://www-wales.ch.cam.ac.uk/~wales/CCD/NEW_BINARY_LJ_MINIMA/
http://www-wales.ch.cam.ac.uk/~wales/CCD/NEW_BINARY_LJ_MINIMA/
http://www.schrodinger.com/products/14/12/
http://dx.doi.org/10.1107/S0021889883010985


�21� We found the 2.5�AA probe radius empirically. A radius much
smaller than the equilibrium particle separation fails to form a
shell. A radius much larger asymptotically becomes the convex
hull. We found the intermediate value helpful to identify both
atoms on the convex hull and atoms interior to but near the
convex hull.

�22� The presence of type A atom�s� in the outer shell has been
overlooked. For example, the previous best BLJ99 /�BB=1.25
minimum seen in the CCDB �17� also features a single type A
atom in the outer shell.

�23� http://www-wales.ch.cam.ac.uk/~wales/CCD/
Istvan_kolossvary_new_BLJ_ minima.tgz/
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