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Linear fluid equations for relativistic and collisionless plasmas are derived. Closure relations for the fluid
equations are analytically computed from the relativistic Vlasov equation in the Fourier space �� ,k�, where �

and k are the conjugate variables of time t and space x variables, respectively. The mathematical method used
is based on the projection operator techniques and the continued fraction mathematical tools. The generalized
heat flux and stress tensor are calculated for arbitrary parameter � /kc where c is the speed of light, and for
arbitrary relativistic parameter z=mc2 /T, where m is the particle rest mass and T, the plasma temperature in
energy units.
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I. INTRODUCTION

It is well-known, that the dynamic description of plasmas
starting from the hydrodynamic theory has considerable ad-
vantages in comparison with the kinetic theory. Indeed, the
fluid description has the advantage of involving only the
space variables rather than the full phase space ones. It is
equally well known that the hydrodynamic approach is faced
with the closure problem. Starting from the kinetic equation,
one can easily derive a set of exact moment equations. It
then results naturally an infinite hierarchy of coupled hydro-
dynamic equations of order N=0,1. . . etc., which needs to be
closed. Several methods have been reported in the literature
devoted to the problem of truncating this fluid equation hi-
erarchy. We can mention the N-moment models based on the
Grad’s theoretical approach �1� and where the well-known, is
the 13-moments method.

An alternative approach to the N-moment models which
this work is concerned by consists in closing the hierarchy
fluid equations from the kinetic theory by expressing rela-
tionships between the higher moments and lowers-order hy-
drodynamic ones. In practice, the first three hydrodynamic
equations are kept leading to the equation of the evolution of
the density n, the fluid velocity V� and the temperature T. The
associated closure relations correspond to the usual transport
relations that they have to be calculated from the kinetic
theory. The most popular closure relations are valid in the
collisional range defined by a very short mean-free path as
compared to the typical inhomogeneity scale length. Several
works reported in the literature have been devoted to extend
the validity of the closure relations to long mean-free path.

Our aim is to derive from the kinetic theory, a Landau-
fluid model for arbitrary relativistic regime. More precisely,
we study collisionless relativistic plasma by solving exactly
the Vlasov equation for weak thermodynamic forces. Several
works related to the derivation of the fluid models have been
reported in the literature. Hammett and Perkins �2� and
Bendib et al. �3� have established a set of nonrelativistic and
collisionless hydrodynamic equations in one-dimensional

�1D� and three-dimensional �3D� approximations, respec-
tively. Dzhavakhishvili and Tsintadze �4� have computed the
counterpart of Braginskii equations �5� in the ultrarelativistic
regime. Bychenkov et al. �6� have calculated from the
Fokker-Planck equation nonrelativistic transport coefficients
for arbitrary collisionlity. We also pointed out that further
studies devoted to the fluid models were performed by
Schadwick et al. �7,8� in warm collisionless relativistic plas-
mas and by Hazeltine et al. �9,10� in relativistic magnetized
plasmas.

The collisionless relativistic regime is relevant in astro-
physical and laboratory plasmas. The plasma can be consid-
ered as collisionless if the particle mean-free path is greater
than the typical inhomogeneity scale length and, the relativ-
istic effects are significant if the thermal velocity or the fluid
velocity V, approach the speed of light c. In this work we
deal with plasmas defined by arbitrary thermal velocity and
small fluid velocity �V�c�.

The relativistic collisionless fluid equations provide a
convenient reduced description for many physical problems
than the full kinetic equations which are more complicated to
solve. The latter deal with pole integrals in the complex
plane, which are not easy to handle. In particular, they can be
used to compute the dispersion relations of the plasma modes
�the Langmuir waves, acoustic waves, etc.� in astrophysical
plasmas and laser-created plasmas in inertial confinement fu-
sion.

In astrophysical plasmas, we can mention for instance that
the application of main interest is Langmuir wave propaga-
tion and electron Landau damping in the solar wind at 1AU
where spacecraft measurements of the distribution functions
are readily available and wave-particle interactions may play
a role in the formation of the super-halo �see Ref. �11� and
references therein�. On the other hand in laser-created plas-
mas, it is well-known that the stimulated Raman and Bril-
louin scattering �SRS and SBS, respectively� play a crucial
role in inertial confinement fusion. The growth rate and the
nonlinear saturation of these instabilities depend strongly on
the damping of the Langmuir and acoustic waves �12,13�. In
future fusion experiments the plasma temperature could
reach high values, up to 15 keV. In these physical conditions
the dispersion relations of the SRS and SBS have to be re-
visited taking into account the collisionless relativistic ef-*karimabendib@hotmail.com
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fects �14�. In addition, with the recent advances in laser tech-
nology where very short pulses with duration less than 1 ps
have made possible to deliver laser pulses with intensities
exceeding, I�1019 W /cm2, the mechanisms of interaction
laser-plasma access a novel physical regime. In particular, it
has been shown that in fast ignition scheme for inertial con-
finement fusion, as well the electrons as the ions of the
plasma are heated randomly to extremely high temperature
and correlatively their mean-free paths increase significantly
�15,16�. As a consequence, there has been a considerable
interest to study these plasmas in particular the SRS and the
relativistic modulational instabilities, in the framework of the
collisionless relativistic theory �17�.

This work is devoted to compute the closure relations for
relativistic and collisionless hydrodynamic equations. It is an
extension to the nonstationary approximation of our previous
work presented in Ref. �18�, and it is organized as follows. In
Sec. II, we present the equations of the model and the ana-
lytical solution of the problem. In Sec. III, we establish a set
of closed collisionless relativistic hydrodynamic equations
by computing the generalized transport coefficients. An ap-
plication of the fluid model to calculate the plasma response
function is also performed. We give a summary of the results
in Sec. IV.

II. EQUATIONS OF THE MODEL

As usual, to obtain the hydrodynamic equations, one must
proceed from the plasma kinetic equation for the particle
distribution function fp�t ,r� , p�� defined in the phase space
�r� , p�� at time t. In this work, the plasmas of interest are
relativistic and collisionless, so the starting kinetic equation

is the relativistic Vlasov equation. In the laboratory frame it
reads

� fP

�t
+

c2

�
p� ·

� fP

�r�
+ q�E� +

c2

�
p� � B�� ·

� fP

�p�
= 0, �1�

where �=�mc2, is the total energy of a particle with mass m
and charge q, p� =�mv� , is the relativistic momentum vector, v�
is the velocity vector, c is the speed of light in vacuum and
�=1 /�1− �v2 /c2� is the relativistic factor. E� and B� are, re-
spectively, the electric and the magnetic field. Before deriv-
ing the fluid equations, let us introduce the definition of the
hydrodynamic variables, n, V� and T, i.e.,

n�r�,t� =� fP�r�,p� ,t�dp� , V� �r�,t� =
1

n�r�,t�� p�

m�
fP�r�,p� ,t�dp� ,

� �� − mc2�fP�r�,p,t�dp� = n�r�,t��mc2�G�z� − 1� − T�r�,t�� ,

�2�

where G�z�=K3�z� /K2�z�, Kn�z� being the modified Bessel
function of the nth order and the argument is z=mc2 /T.
Here, the temperature is expressed in energy units, used
throughout this work. Multiplying Eq. �1� by 1, p� and ��
−mc2�, and integrating upon the momentum space, the re-
sulting moment equations are, respectively, the continuity
equation and the momentum and energy balance equations

�

�t
��Vn� + �� · ��VnV� � = 0 �3�

�Vn
d

dt
��VmGVi� = −

�P

�xi
−

�

�xk
�SimSkn�mn� + �Vnq�E� + �V� ∧ B� ��i −

1

c2

�

�t
	�VSikVm�km + �V�Sik +

1

c2�VViVk�qk

−

1

c2

�

�xk
��V�SimVk + SkmVi�qm� �4�

n
d

dt
�mc2G − T� − T

dn

dt
= −

�

�xk
��V

−1Skmqm� − SimSkn�mn
�Vi

�xk
−

1

c2	�VSikVm�km + �V�Sik +
1

c2�VViVk�qk
 �Vi

�t

−
1

c2�V�SimVk + SkmVi�qm
�Vi

�xk
−

1

c2

�

�t
�qiVi� �5�

where Sik=�ik+ ��V−1�
ViVk

V2 , �V=1 /�1− �V2 /c2� and �ik is the
Kronecker symbol. In these equations, P=nT is the scalar
pressure, �ij is the viscous tensor and q� is the heat flux,
defined in the rest system of the plasma, by the following
expressions:

P =
c2

3
� p�2

��
fPdp�� , �6�

�ij = c2� 1

��
�pi�pj� −

p�2

3
�ij� fPdp��, �7�

and

q� = c2� p��fPdp��, �8�
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the notation “prime” denotes the rest system of the plasma.
Note here, that in comparison with Refs. �4,19�, Eqs. �3�–�5�
do not involve collisional terms. The computation of �ij and
q� from the kinetic theory in terms of lower moments consti-
tutes the closure relation for these fluid equations.

In the following it is more convenient to rewrite Eq. �1�
using the random momentum p�� and the corresponding total
energy ��=��mc2. This, can be done from the computation
of the total time derivative of fP�p�� ,r� , t�. The transition from
the laboratory frame to the rest system of the plasma, for the
momentum and the energy of the particle can be made via
the Lorentz transformations �20�, pi= pi�Sik+c−2�V��Vi and
�=�V���+ pi�Vi�. On the other hand, as we confine ourselves
to unmagnetized plasmas �B� =0� with nonrelativistic flow ve-
locities �V�c�, Eq. �1� expressed with the random variables
takes the following form:

� fP

�t
+ � c2

�
p� + V�� ·

� fP

�r�
+ �qE� −

�

c2

dV�

dt
� ·

� fP

�p�
− pk

�Vi

�xk

� fP

�pi

= 0, �9�

where for the sake of clarity, the notation “prime” is re-
moved.

In the linear theory, the distribution function is assumed to
be close to the equilibrium distribution function f �0�, i.e., fp
= f �0�+ f where f � f �0�. In this paper, we consider that the
equilibrium distribution function is the global Maxwell-
Boltzmann-Jüttner function �21� called MBJ hereafter,

f �0� = FMBJ =
n0z0

4	m3c3K2�z0�
exp�− z0�� �10�

where the subscript “0,” stands for the equilibrium state, de-
fined by the density n0, the temperature T0, �the correspond-
ing relativistic parameter is z0=mc2 /T0�, and zero mean ve-
locity and electric field �V� 0=0 , E� 0=0�. The perturbed state
is described by the distribution f , the density n, the tempera-
ture T, the fluid velocity V� and the electric field E� . Further-
more, we consider that the inhomogeneity is along the
x-direction with longitudinal fluid velocity and electric field
i.e., f = f�x , p� , t�, n=n�x , t�, T=T�x , t�, V� =V�x , t�x�, and E�
=E�x , t�x�.

Using these assumptions and taking the spatial �x↔k�
and the temporal �t↔�� Fourier transforms of the linearized
form of Eq. �9�, we obtain the following equation:

− i� f̃ + ikc2 px

�
f̃ − qẼ

px

m�
z0FMBJ − i�

px

mc2z0FMBJṼ

+
px

2

m�
z0FMBJikṼ = lim


→0

� f̃MBJ − f̃� , �11�

where

f̃MBJ = � ñ

n0
+ �1 − z0G�z0��

T̃

T0
��0 exp�− z0��

+
T̃

T0
z0��0 exp�− z0�� �12�

is the perturbed MBJ, �0=
n0z0

4	m3c3K2�z0� and the notation “�”
means that the corresponding quantities are written in the
Fourier space. Following the method developed in Ref. �18�,
to solve the Vlasov equation, we have added formally in Eq.
�11� a Krook collision term in the limit of a vanishing colli-
sion frequency 
→0. This method is equivalent to the one
used by Landau �22� to calculate the dispersion relation of
plasma waves in collisionless plasmas. Indeed, Landau was
the first who predicted that the nonrelativistic plasma waves
are damped even in the absence of collisions. At this end, he
solved the Vlasov-Poisson set of equations as an initial value
problem. To account for the initial value of the plasma wave
field, he added an infinitesimal positive imaginary part to the
real frequency, i.e., �→�+ i0+. The corresponding path of
integration of the integral containing the collisionless propa-
gator �kpx /m−��−1 is detoured around the singularity

px

m = �
k .

This rule is known as the Landau prescription. The damping
coefficient of the waves �the so-called Landau damping� can
be found also with an alternative approach which consists to
add formally in the Vlasov equation a small dissipative term,

 f̃�p� ,k� ,�� in the limit 
→0+ �see Ref. �23��. This dissipa-
tion is not similar to the classical one due to the collisions
between particles �finite value of 
�, since it is not associated
with the entropy increase. Therefore the Krook collision op-
erator in the right hand side of Eq. �11� does not describe
physical collisions rather, it describes purely collisionless
dissipation.

On the other hand, as usual in the transport theory one
expand the distribution function in the orthogonal polynomi-
als basis. Due to the axial symmetry of the problem along the
x axis, the Legendre polynomial basis �Pn���� where �

= px / p, is the most appropriate. The expansion of f̃ and Eq.
�11� on this basis gives

f̃��,k,p�� = 
n=0

�

Pn��� f̃ n��,k,p� �13�

− i� f̃0 + ikc
��2 − 1�1/2

�

f̃1

�3
+

z0�0

3
��2 − 1

�
�exp�− z0��ikṼ = lim


→0

� f̃MBJ − f̃0� �14�

− i� f̃1 + ikc
��2 − 1�1/2

�
� 2

�15
f̃2 +

1
�3

f̃0� =
z0�0q
�3mc

��2 − 1�1/2

�
exp�− z0��Ẽ + +

z0�0

�3
i���2 − 1�1/2exp�− z0��

Ṽ

c
�15�
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− i� f̃2 + ikc
��2 − 1�1/2

�
� 3

�35
f̃3 +

2
�15

f̃1� = −
2

3�5
��2 − 1

�
�z0�0 exp�− z0��ikṼ �16�

− i� f̃ n + ikc
��2 − 1�1/2

�
� n + 1

�2n + 3

f̃ n+1

�2n + 1
+

n
�2n − 1

f̃ n−1

�2n + 1
� = 0 n � 3, �17�

where the relation p=mc��2−1�1/2 and the recursive formula
�24�

�Pn��� =
n + 1

�2n + 1

Pn+1���
�2n + 3

+
n

�2n + 1

Pn−1���
�2n − 1

�18�

were used. Equations �14�–�17� correspond to a set of infinite
algebraic equations. We will now proceed to their analytical
solution. First, we introduce the projection operator P asso-
ciated to the Krook collision operator, and its complement
orthogonal Q, such as Q=1− P and PQ=0. The operator P is
defined by

P�
� f̃MBJ − f̃0�� = 0 �19�

and its calculation is widely presented in Refs. �18,25�. We
just give here its expression

P� f̃0� = �I3M0
1,0,1/2 − I2M0

1,1,1/2�
exp�− z0��
I1I3 − I2I4

+ �− I4M0
1,0,1/2

+ I1M0
1,1,1/2�

� exp�− z0��
I1I3 − I2I4

. �20�

In Eq. �20�, I1=K2�z0� /z0, I2=K2�z0��−1+z0G�z0�� /z0
2,

I3=K2�z0��1+z0+ �3−z0�G�z0�� /z0
2, I4=K2�z0��−1−z0

+z0G�z0�� /z0
2 and we have used the notation for the moments

Mn
i,j,k = �

1

�

�i�� − 1� j��2 − 1�k f̃nd� . �21�

Multiplying Eq. �14� by the operator Q, we obtain the iso-
tropic part of the Vlasov equation which takes into account
the conservative properties of the kinetic equation �see Eqs.
�A4� and �A5��,

− i� f̃0 +
ikc
�3

��2 − 1�1/2

�
f̃1

= − i� f̃MBJ −
z0

3
��2 − 1

�
��0e−z0�ikṼ

+
ikc
�3

� I3 − �I4

I1I3 − I2I4
�M1

0,0,1 −
ikc
�3

� I2 − �I1

I1I3 − I2I4
�M1

0,1,1

+ � I3 − �I4 + �1 − G�z0���I2 − �I1�
I1I3 − I2I4

�I1�0e−z0�ikṼ .

�22�

The next step consists to solve the set of infinite Eqs. �17�
which correspond to a recursive relation between the com-

ponents f̃ n−1, f̃ n, and f̃ n+1, for n�3. To do so, we use the
continued fraction to invert the operator �−i�+ ikc ��2−1�1/2

� � in
the Pn���-basis. It results after some algebra

f̃3 = −
3

�35
ikc

��2 − 1�1/2

�
F3 f̃2, �23�

where here, F3 is the infinite continued fraction of order 3,
defined by the following recursive formula:

Fn = �− i� + k2c2�2 − 1

�2

�n + 1�2

4�n + 1�2 − 1
Fn+1�−1

. �24�

We should remark that Eq. �23� is the exact solution of the
set of infinite Eqs. �17�. It gives a relation between the com-

ponents f̃3 and f̃2 that incorporates the contribution of all the

components f̃ n with n3.
The expansion of a distribution function into orthogonal

polynomial basis is frequently used in the transport theory to
solve kinetic equations. In the classical transport theory it
consists to keep only the two first polynomials. This trunca-
tion is fully justified in this limit. Indeed, the ratio of the first

anisotropic component f̃1 to the isotropic component f̃0, is of
the order of the Knudsen number �the ratio of the mean-free-
path to the gradient inhomogeneity scale length� which is
very small in the collisional limit. By increasing the Knudsen
number, the kinetic effects are more efficient, and one must
keep more terms in the polynomial expansion. In this work
we deal with the collisionless limit and we have kept the
entire infinite series of the Legendre polynomials. The sum-
mation procedure of this polynomial expansion is performed
with the use of infinite continued fractions through Eq. �23�.
We have checked numerically that the infinite continued
fractions �Eq. �24�� are always convergent whatever the val-
ues of the phase velocity � /k and the relativistic factor �,
and that the convergence is very fast.

Equations �15�, �16�, �22�, and �23� represent the basic
equations of our model. They constitute a set of linear equa-

tions for the function f̃0− f̃3 in terms of the electric field Ẽ
and the generalized forces, i.e., the gradients of the density ñ,

the temperature T̃ and the flow velocity Ṽ. Their solution is
straightforward but particularly lengthy; so for clarity we
have relegated their computation in Appendix A.

If we solve the linearized Vlasov equation as an initial
value-problem �22�, we must rewrite it in the Laplace-
Fourier space �x↔k , t↔s� and the counterpart equation of
Eq. �11� reads
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s f̃�p� ,k,s� − f̃�p� ,k,t = 0� + ikc2 px

�
f̃�p� ,k,s� − qẼ�k,s�

px

m�
z0FMBJ

+ s
px

mc2z0FMBJṼ�k,s� −
px

mc2z0FMBJṼ�k,t = 0�

+
px

2

m�
z0FMBJikṼ�k,s� = 0 �25�

In Ref. �6�, Eq. �25� was solved by Bychenkov et al. in
the non relativistic regime, and for arbitrary collisionality.
Following their method we assume that the initial perturba-
tion of the distribution function corresponds to the perturbed

MBJ, i.e., f̃�p� ,k , t=0�= f̃MBJ�p� ,k , t=0� and that the distribu-
tion function has the same density and energy that the per-
turbed MBJ �Eqs. �A6� and �A7��. Expanding Eq. �25� on the
Legendre polynomials basis and keeping only its isotropic
part, we readily obtain

s f̃0�p� ,k,s� − � ñ�t = 0�
n0

+ �1 + z0� − z0G�z0��
T̃�t = 0�

T0
�FMBJ

+ ikc2 p
�3�

f̃1�p� ,k,s� +
p2

3m�
z0FMBJikṼ�k,s� = 0. �26�

The next step is the computation of the initial hydrodynamic

variables ñ�t=0� and T̃�t=0�. At this end, Eq. �26� is multi-
plied by ���2−1 and ���−1���2−1 and is integrated upon
the variable �, obtaining two algebraic equations for the vari-

ables ñ�t=0� and T̃�t=0� that we can easily calculate. Insert-
ing back these expressions into Eq. �26�, we recover exactly
Eq. �22�, derived above with the use of, the collision operator
in the limit 
→0 and its associated projection operators.

III. CLOSED RELATIVISTIC HYDRODYNAMIC
EQUATIONS

This section is devoted to the computation of the gener-
alized transport coefficients with the use of the model equa-
tion derived in Sec. II. These coefficients constitute the clo-
sure relations of the linear collisionless and relativistic fluid
equations.

A. Generalized relativistic transport coefficients

We remind that in collisionless momentum and energy
balance fluid equations, the transport coefficients are the
stress tensor �Eq. �7�� and the heat flux �Eq. �8��. For the
axial symmetry considered in this work, there are only two
nonzero components, i.e., the x component for the heat flux
and the x-x component for the stress tensor,

q̃x =
4	

�3
m4c6M1

1,0,1, �27�

�̃xx =
8	

3�5
m4c5M2

0,0,3/2. �28�

Note here, that these coefficients depend on the first and the
second anisotropic distribution function. Substituting the ex-

pression of f̃1 �Eq. �A11�� into Eq. �27� and the expression of

f̃2 �Eq. �A12�� into Eq. �28�, we obtain

q̃x��,z0� = QE��,z0�n0cT0� ik

�k�
ñ

n0
+

q

�k�
Ẽ

T0
�

+ QT��,z0�n0cT0
ik

�k�
T̃

T0
+ QV��,z0�n0cT0

Ṽ

c
,

�29�

�̃xx��,z0� = �E��,z0�n0T0� ñ

n0
− q

ik

k2

Ẽ

T0
� + �T��,z0�n0T0

T̃

T0

+ �V��,z0�n0T0
ik

�k�
Ṽ

c
, �30�

where �=� /kc is the normalized phase velocity. In Eqs. �29�
and �30�, we have introduced the dimensionless transport
coefficients QE, QT QV, �E, �T, and �V. For the sake of
clarity, their explicit expressions are given in Appendix B.

0 1 2 3 4 5 6
10-8

10-6

10-4

10-2

100

Re(KT)

�

a

0 1 2 3 4 5 6
10-3

10-2

10-1

100
Im(KT)

�

b

FIG. 1. Real part �panel a� and imaginary part �panel b� of the
dimensionless thermal conductivity KT as a function of the normal-
ized phase velocity �= �

kc for different values of the relativistic pa-
rameter z0=mc2 /T0, z0=10−2 �solid line�, z0=10 �dashed line�, and
z0=100 �dotted line�
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To establish the closure relations, a further step is needed
which consists to eliminate the electric field in expressions
�29� and �30�, by using the condition that the mean random
velocity is zero, i.e.,

�vx� =
4	

n0
�3

m3c4�
1

�

��2 − 1� f̃1d� =
4	

n0
�3

m3c4M1
0,0,1 = 0.

�31�

Using Eq. �A11�, Eq. �31� can be rewritten as

�vx� = �E��,z0�c�−
ik

�k�
ñ

n0
+

qẼ

�k�T0
� + �T��,z0�c

ik

�k�
� T̃

T0
�

+ �V��,z0�c
Ṽ

c
= 0, �32�

where the coefficients �E, �T, and �V are given in Appendix
B �see Eqs. �B7�–�B9��. As a result, the heat flux and the

stress tensor depend only on the temperature and the flow
velocity,

q̃x��,z0� = − KT��,z0�n0c
ik

�k�
T̃ + �V��,z0�n0T0Ṽ , �33�

�̃xx��,z0� = − ���,z0�n0mc
ik

�k�
Ṽ + �T��,z0�n0T̃ , �34�

where

KT = QT −
QE�T

�E
�35�

is the thermal conductivity,

�V = QV −
�VQE

�E
�36�

is the convective heat flux coefficient,
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FIG. 2. Real part �panel a� and imaginary part �panel b� of the
dimensionless convective heat flux coefficient �V as a function of
the normalized phase velocity �= �

kc for different values of the rela-
tivistic parameter z0=mc2 /T0, z0=10−2 �solid line�, z0=10 �dashed
line�, and z0=100 �dotted line�.
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FIG. 3. Real part �panel a� and imaginary part �panel b� of the
dimensionless viscosity coefficient � as a function of the normal-
ized phase velocity �= �

kc for different values of the relativistic pa-
rameter z0=mc2 /T0, z0=10−2 �solid line�, z0=1 �dashed line�, and
z0=100 �dotted line�.
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� = �V − �E
�V

�E
�37�

is the viscosity coefficient and

�T = �T + �E
�T

�E
�38�

is the temperature anisotropy coefficient. We should note
that for numerical purposes, in the Onsager relations �33�
and �34�, the transport coefficients are defined as dimen-
sionless quantities. Their standard definitions should
be, KTs�k ,� ,z0�=

n0c

�k� KT�� ,z0�, �Vs�� ,z0�=n0T0�V�� ,z0�,
�s�k ,� ,z0�=

n0mc

�k� ��� ,z0�, and �Ts�� ,z0�=n0�T�� ,z0� where
the subscript “s” stands for the standard definitions.

We now present the numerical results for the transport
coefficients on Figs. 1–4 where we give their real and imagi-
nary parts as a function of the normalized phase velocity �,
for different values of the relativistic parameter, �z0=10−2,
z0=10, and z0=100, corresponding to the ultrarelativistic,

mildly relativistic and non relativistic ranges, respectively�.
The analysis of these results shows that the stationary trans-
port coefficients �18�, i.e., KT��=0,z0�, �V��=0,z0�, �T��
=0,z0� and � ��=0,z0� are recovered and this whatever the
value of the parameter z0. Furthermore, we note that the co-
efficients KT�� ,z0�, �V�� ,z0�, �T�� ,z0�, and ��� ,z0� are com-
plex quantities in contrast to those established in the station-
ary approximation �18�, which are real coefficients. We recall
that these coefficients are calculated in the Fourier space
�� ,k� and their imaginary parts introduce a phase shift be-
tween the transport terms and the thermodynamic forces. We
can observe that the imaginary parts are comparable in mag-
nitude to the real parts into the intermediate phase velocity
range. We have also checked that for ��10−3, the transport
coefficients are very close to the stationary coefficients cal-
culated in Ref. �18�.

In plasmas, the dissipative effects are described by the
real part of the thermal conductivity and the viscosity coef-
ficient. We have shown above that these two coefficients are
proportional to the factor 1

�k� which represents the collision-
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FIG. 5. Real part �panel a� and imaginary part �panel b� of the

response function R= ikT0ñ /qn0Ẽ as a function of the normalized
phase velocity �= �

kc for different values of the relativistic parameter
z0=mc2 /T0. The solid lines correspond to the kinetic response func-
tion Rkin��� and, the dark squares correspond to the fluid response
function Rf���.
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FIG. 4. Real part �panel a� and imaginary part �panel b� of the
dimensionless temperature anisotropy �T as a function of the nor-
malized phase velocity �= �

kc for different values of the relativistic
parameter z0=mc2 /T0, z0=10−2 �solid line�, z0=10 �dashed line�,
and z0=100 �dotted line�.
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less dissipative effects as pointed out by Hammett and Per-
kins in Ref. �2�. Let us recall, that in collisionless plasmas,
the dissipation mechanisms are due to the resonant wave-
particle interactions. From Figs. 1�a� and 3�a�, it appears that
Re�KT� and Re��� decrease as � increases. This can be ex-
plained by the number of resonant particles, which depends
on the distribution function of the background plasma given
here by the global MBJ distribution function. Indeed, for a
given value of z0, the number of the resonant particles de-
creases when � increases. Thus, the energy transfer from
waves to plasma particles is less efficient and the dissipative
effects are therefore less important. On the other hand, these
dissipative coefficients increase continuously with the rela-
tivistic effects. This can be explained by the modification of
the MBJ distribution function with respect to the tempera-
ture. The number of resonant particles is strongly affected by
the change of the distribution function. In particular, in the
ultrarelativistic limit �z0�1�, the plasma particles have ve-
locities that are close to the speed of light. As a consequence
the number of resonant particles is particularly important.

For the off-diagonal coefficients, �V and �T, �Figs. 2 and
4�, we also note that the Onsager symmetry verified in the
stationary case �18� is no longer valid in the nonstationary
case. This can be explained by the fact that the fluid velocity
that defines the coefficient of convective flow is not a ther-
modynamic force. In addition, both the real and the imagi-
nary parts of the transport coefficients vanish for large �
values, except Re��V� which tends to a constant negative
value when the relativistic effects are not negligible.

B. Collisionless hydrodynamic equations

The transport coefficients given by Eqs. �33� and �34�
constitute the closure relations for the linear fluid equations.
Considering the same assumptions �B� =0 and V�c� and the
same geometry of the problem �the plasma inhomogeneity is
along the x axis, V� =V�x , t�x� and E� =E�x , t�x�� as in Sec. II, the
linear forms of the hydrodynamic Eqs. �3�–�5� in the Fourier
space �� ,k� read,

− i�ñ + n0ikṼ = 0, �39�

− i�n0mG�z0�Ṽ = − n0ikT̃ − T0ikñ − ik�̃xx + n0qẼ +
i�

c2 q̃x,

�40�

− i��z0
2�1 − G2�z0�� + 5z0G�z0� − 1�n0T̃ + n0T0ikṼ = ikq̃x,

�41�

where we recall that the equilibrium state is defined by the
density n0, the temperature T0, a plasma at rest �V� 0=0�, and
a zero electric field �E� 0=0�. In Eqs. �40� and �41� the mo-

ments q̃x and �̃xx are given by Eqs. �33� and �34�. To be
self-consistent, the set of Eqs. �39�–�41� have to be coupled
with the Maxwell equations which provide the wave equa-

tion for the electric field Ẽ.
Benchmarking the model against linear kinetic theory is

an important step in verifying the accuracy and reliability of
the closure relations for the hydrodynamic equations. At this

end, we use the plasma response function R= ikT0ñ /qn0Ẽ.
We compare the response function obtained from the relativ-
istic Vlasov equation with that obtained from the hydrody-
namic Eqs. �39�–�41�.

Calculating the linearized form of Eq. �1� with respect to
the global equilibrium, performing the Fourier transforms
�x↔k , t↔�� and integrating upon the momentum space, we
readily deduce the kinetic response function,

Rkin��,z0� = 1 −
z0�2

K2�z0�
�2

�z0
2

1

z0
Ikin��,z0� .

where Ikin��,z0� = �
1

� exp�− z0��d�

��2 − 1�1/2�1 + �2��2 − 1��
. �42�

Following the Landau prescription �22�, the integral
Ikin�� ,z0� must be continued analytically by considering
�= �

kc as a complex variable with a complex frequency �.
The path of integration along the real � axis must be de-
formed around the pole by passing below. For ��1, the
integrand exhibits a simple pole and applying the Plemelj
integrals, it results

Ikin��,z0� =
1

�1 − �2�1/2 PP�
1

� exp�− z0��d�

��2 − 1�1/2�1 + ��1 − �2�1/2��� − 1/�1 − �2�1/2�
− i

	

2�
exp�− z0/�1 − �2�1/2� , �43�

where PP means the Cauchy principal value. On the other
hand, from Eqs. �33�, �34�, and �39�–�41�, we calculate the
following expression for the fluid response function:

Rf��,z0� = �KT + i��1 − z0G�z0���/��KT + i��1 − z0G�z0���

��1 − �2�z0G�z0� + �V� + i�z0��

− i��1 + �V��1 + �T + i�KT�� . �44�

We note that expression �44� should be a mathematical re-
writing of expression �42�. To check this, in Fig. 5, we dis-
play the real and the imaginary parts of Rkin�� ,z0� and
Rf�� ,z0� as a function of � for three values of the relativistic
parameter z0. It appears that the two functions coincide very
accurately in the whole �-range and this whatever the value
of z0. To our knowledge the relativistic collisionless fluid
response function �44� is a new result in the literature. It is
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important to note that Eq. �44� does not involve integrals
with poles, as it is the case in the kinetic response function
�42�, which are not easy to calculate numerically.

IV. SUMMARY

In this work the linear fluid transport equations for rela-
tivistic and collisionless plasmas are exactly derived. At this
end, the relativistic Vlasov equation perturbed with respect
to the global equilibrium has been analytically solved. The
mathematical method for solving the Vlasov equation is
based on the expansion of the distribution function on the
Legendre polynomial basis and on the use of the continued
fractions to incorporate the contributions from all the Leg-
endre modes. In addition, the invariance properties of the
Vlasov equation have been ensured by the use of the projec-
tion operators. The nonstationary distribution function has
been explicitly computed in the Fourier space. The transport
coefficients corresponding to the generalized heat flux and
stress tensor have been deduced. These coefficients consti-
tute exact closure relations for the fluid transport equations to

describe small perturbation in relativistic and collisionless
plasmas. In addition the fluid response function was calcu-
lated and it is shown that it corresponds exactly to the kinetic
one. The computation of the fluid response function is an
application of the present theory to the dielectric properties
of the relativistic plasmas and it can be used to calculate the
dispersion relations of eigenmodes in relativistic plasmas
�see, e.g., Refs. �14,26��. This application will be the subject
of a future work.

APPENDIX A: COMPUTATION OF THE ISOTROPIC,
THE FIRST AND THE SECOND ANISTROPIC

DISTRIUBUTION FUNCTIONS

This appendix is devoted to the computation of the com-

ponents f̃0, f̃1, and f̃2 in terms of the electric field Ẽ, the

gradients of the density ñ, the temperature T̃ and the flow

velocity Ṽ. The first step is to express f̃1 and f̃2 with respect

to f̃0 and to the source terms Ẽ, ñ, T̃, and Ṽ. From Eqs. �15�,
�16�, �23�, and �24� we deduce

f̃1 = −
ikc
�3

��2 − 1�1/2

�
F1 f̃0 +

1
�3

q

m
z0�0

��2 − 1�1/2

�
F1 exp�− z0��

Ẽ

c
−

4

15�3
z0�0k2c2 ��2 − 1�3/2

�2 F1F2 exp�− z0��
Ṽ

c

+
i�
�3

z0�0��2 − 1�1/2F1 exp�− z0��
Ṽ

c
�A1�

and

f̃2 = −
2

3�5
k2c2 ��2 − 1�

�2 F1F2 f̃0 −
2

3�5

q

m
z0�0

��2 − 1�
�2 F1F2 exp�− z0��ikẼ . �A2�

In addition, from Eqs. �22�, �24�, �A1�, and �A2�, we obtain the following expression for f̃0:

f̃0 = − i�F0 f̃MBJ −
1

3

q

m
z0�0

��2 − 1�
�2 F0F1 exp�− z0��ikẼ −

i�

3
z0�0

��2 − 1�
�

F0F1 exp�− z0��ikṼ −
z0�0

3

��2 − 1�
�

F0 exp�− z0��ikṼ

+
4

45
z0�0k2c2 ��2 − 1�2

�3 F0F1F2 exp�− z0��ikṼ +
F0

I1I3 − I2I4
��I3 − �I4� + �1 − G�z0���I2 − �I1��I1�0 exp�− z0��ikṼ

−
ikc
�3

F0

I1I3 − I2I4
�I2 − �I1�exp�− z0��M1

0,1,1 +
ikc
�3

F0

I1I3 − I2I4
�I3 − �I4�exp�− z0��M1

0,0,1. �A3�

The solution of Eq. �A3� needs to compute the moments M1
0,0,1 and M1

0,1,1 as a functions of Ẽ, ñ, T̃, and Ṽ. At this end, we
consider the conservative properties of the collision Krook operator, i.e., the conservation of the number of particles and the
energy given respectively by the following relations:

� 
� f̃MBJ − f̃�dp� = 0 �A4�

and

� mc2�� − 1�
� f̃MBJ − f̃�dp� = 0. �A5�

These conditions impose to the distribution function f̃ to have the same density and the same kinetic energy, as the perturbed

MBJ distribution function. Using the expansion �Eq. �13�� for f̃ , the conservative laws �Eqs. �A4� and �A5�� can be rewritten
as
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M0
1,0,1/2 = MMBJ

1,0,1/2 �A6�

and

M0
1,1,1/2 = MMBJ

1,1,1/2. �A7�

Multiplying Eq. �A3� by ���2−1� and ���−1���2−1�, respectively, integrating over � and using the relations �A6� and �A7�
we obtain after some algebra,

M1
0,0,1 =

− 3i
�3kcD

�0�i�D + 2I1I2I2,1/2 − �I1�2I3,1/2 − �I2�2I1,1/2�
ñ

n0
−

3i
�3kcD

�0�i���1 − z0G�z0��I1 − z0I2�D + �I4�1 − z0G�z0��

− z0I3��I1I2,1/2 − I2I1,1/2��
T̃

T0
+

z0�0q
�3mD

�I1�I2,1/2J0,3/2 − I3,1/2J−1,3/2� + I2�I2,1/2J−1,3/2 − I1,1/2J0,3/2��
Ẽ

c

−
iz0�0

�3kcD
�3I1D + i��I1�I2,1/2J1,3/2 − I3,1/2J0,3/2� + I2�I2,1/2J0,3/2 − I1,1/2J1,3/2�� + I1�I2,1/2I1,3/2 − I3,1/2I0,3/2� + I2�I2,1/2I0,3/2

− I1,1/2I1,3/2� −
4

15
kc2�I1�I2,1/2L−1,5/2 − I3,1/2L−2,5/2� + I2�− I2,1/2L−2,5/2 + I1,1/2L−1,5/2���ikṼ �A8�

and

M1
0,1,1 =

3i
�3kcD

�0�I3�I2I1,1/2 − I1I2,1/2� + I4�I1I3,1/2 − I2I2,1/2� − i�I4D�
ñ

n0
+

3i�0

�3kcD
��I4�1 − z0G�z0�� + z0I3��I3I1,1/2 − I4I2,1/2�

− i��I4�1 − z0G�z0�� + z0I3�D�
T̃

T0
+

q

m

z0�0

�3D
�I3�I2,1/2J−1,3/2 − I1,1/2J0,3/2� + I4�I2,1/2J0,3/2 − I3,1/2J−1,3/2��

Ẽ

c

+
z0�0i
�3kcD

�− �3/z0�I1�1 − G�z0��D + I3�I1,1/2I1,3/2 − I2,1/2I0,3/2� + I4�I3,1/2I0,3/2 − I2,1/2I1,3/2� + i��J1,3/2�I3I1,1/2 − I4I2,1/2�

− J0,3/2�I3I2,1/2 − I4I3,1/2�� −
4

15
kc2�I3�I1,1/2L−1,5/2 − I2,1/2L−2,5/2� + I4�I3,1/2L−2,5/2 − I2,1/2L−1,5/2���ikṼ �A9�

where we used the notation:D= ��I2,1/2�2− I3,1/2I1,1/2�, Ii,j =�1
�F0�i��2−1� jexp�−z0��d�, Ji,j =�1

�F0F1�i��2−1� jexp�−z0��d� and

Li,j =�1
�F0F1F2�i��2−1� jexp�−z0��d�. Substituting Eqs. �A8� and �A9� into Eq. �A3� we find the desired expression for f̃0 in

terms of, ñ, T̃, Ẽ and Ṽ,

f̃0 =
F0�0 exp�− z0��

D
��I2I2,1/2 − I1I3,1/2� + ��I1I2,1/2 − I2I1,1/2��

ñ

n0
+

F0�0 exp�− z0��
D

���1 − z0G�z0��I4 + z0I3��I2,1/2 − �I1,1/2��
T̃

T0

+
q

m

z0�0

3

F0 exp�− z0��
D

	− ��2 − 1

�2 �F1D + �I2,1/2J0,3/2 − I3,1/2J−1,3/2� + ��I2,1/2J−1,3/2 − I1,1/2J0,3/2�
ikẼ

+
i�z0�0

3

F0 exp�− z0��
D

	− ��2 − 1

�
�F1D + �I2,1/2J1,3/2 − I3,1/2J0,3/2� + ��I2,1/2J0,3/2 − I1,1/2J1,3/2�
ikṼ

+
z0�0

3

F0 exp�− z0��
D

	− ��2 − 1

�
�D + �I2,1/2I1,3/2 − I3,1/2I0,3/2� + ��I2,1/2I0,3/2 − I1,1/2I1,3/2�
ikṼ

+
4k2c2z0�0

45

F0 exp�− z0��
D

	� ��2 − 1�2

�3 �F1F2D − �I2,1/2L−1,5/2 − I3,1/2L−2,5/2� + ��I1,1/2L−1,5/2 − I2,1/2L−2,5/2�
ikṼ . �A10�

The first and the second anisotropic distribution functions can be readily deduced from Eqs. �A1�, �A2�, and �A10�,
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f1 = −
ikc
�3

F0F1

D
�0 exp�− z0��

��2 − 1�1/2

�
�I2I2,1/2 − I1I3,1/2 + ��I1I2,1/2 − I2I1,1/2��

ñ

n0

+
1
�3

q

m

z0�0 exp�− z0��
D

� �

��2 − 1�1/2 �1 + i�F0���I2,1/2J0,3/2 − I3,1/2J−1,3/2� + ��I2,1/2J−1,3/2 − I1,1/2J0,3/2��

− i�F1F0
��2 − 1�1/2

�
D� Ẽ

c
−

ikc
�3

F0F1

D
�0 exp�− z0�����1 − z0G�z0��I4 + z0I3��I2,1/2 − �I1,1/2��

T̃

T0

−
ikc

3�3

F0F1

D
z0�0 exp�− z0��

��2 − 1�1/2

�
�− ��2 − 1

�
�D + ��I2,1/2I0,3/2 − I1,1/2I1,3/2� + I2,1/2I1,3/2 − I3,1/2I0,3/2

− i�	��2 − 1

�
�DF1 − I2,1/2J1,3/2 + I3,1/2J0,3/2 − ��I2,1/2J0,3/2 − I1,1/2J1,3/2�


+
4k2c2

15
	 1

�
��2 − 1

�
�2

DF1F2 + ��I1,1/2L−1,5/2 − I2,1/2L−2,5/2� − I2,1/2L−1,5/2 + I3,1/2L−2,5/2
�ikṼ

−
4k2c2

15�3
F1F2

��2 − 1�3/2

�2 z0�0 exp�− z0��
Ṽ

c
+

i�
�3

F1��2 − 1�1/2z0�0 exp�− z0��
Ṽ

c
�A11�

and

f̃2 = −
2k2c2

3�5

F0F1F2�0 exp�− z0��
D

��2 − 1

�2 ��I2I2,1/2 − I1I3,1/2 + ��I1I2,1/2 − I2I1,1/2��
ñ

n0
−

2k2c2

3�5

F0F1F2

D
�0 exp�− z0��

��2 − 1�
�2 ���1

− z0G�z0��I4 + z0I3��I2,1/2 − �I1,1/2��
T̃

T0
−

2

3�5

q

m
z0�0

��2 − 1�
�2 exp�− z0��	F1F2 −

1

3

k2c2

D
F0F1F2
	 ��2 − 1�

�2 DF1 + �I3,1/2J−1,3/2

− I2,1/2J0,3/2� + ��I1,1/2J0,3/2 − I2,1/2J−1,3/2�
ikẼ −
2k2c2

9�5

F0F1F2

D
z0�0 exp�− z0��

��2 − 1�
�2 i����2,1/2J1,3/2 − �3,1/2J0,3/2�

+ ���2,1/2J0,3/2 − �1,1/2J1,3/2��ikṼ −
2k2c2

9�5

F0F1F2

D
z0�0 exp�− z0��

��2 − 1�
�2 ��I2,1/2I1,3/2 − I3,1/2I0,3/2�� + ��I2,1/2I0,3/2 − I1,1/2I1,3/2�

+
4

15
��I3,1/2L−2,5/2 − I2,1/2L−1,5/2� + ��I1,1/2L−1,5/2 − I2,1/2L−2,5/2��ikṼ �A12�

APPENDIX B: EXPRESSIONS OF THE DIMENSIONLESS
TRANSPORT COEFFICIENTS

In this appendix we present the expressions of the dimen-
sionless generalized transport coefficients. First, we give the
coefficients QE, QT QV, �E, �T, and �V defined from Eqs.
�29� and �30� of the components of the heat flux q̃x and of the

stress tensor �̃xx, respectively. After some algebra we obtain
from Eqs. �29� and �A11�,

QE =
z0

2

3K2�z0�
kc

D
�I1�J1,3/2I2,1/2 − J0,3/2I3,1/2�

+ I2�J0,3/2I2,1/2 − J1,3/2I1,1/2�� , �B1�

QT = −
z0

2

3K2�z0�
kc

D
���1 − z0G�z0��I4 + z0I3��J0,3/2I2,1/2

− J1,3/2I1,1/2�� , �B2�

QV =
z0

3

9K2�z0�
k2c2

D ��I0,3/2 + i�J0,3/2��I2,1/2J1,3/2 − I3,1/2J0,3/2�

+ �I1,3/2 + i�J1,3/2��I2,1/2J0,3/2 − I1,1/2J1,3/2�

+
4

15
k2c2�J0,3/2�I3,1/2L−2,5/2 − I2,1/2L−1,5/2�

+ J1,3/2�I1,1/2L−1,5/2 − I2,1/2L−2,5/2�� −
9K2�z0�G�z0�

z0
3 D� ,

�B3�

and from Eqs. �30� and �A12�

�E = −
4z0

2

45K2�z0�
k2c2

D
�I1�L−1,5/2I2,1/2 − L−2,5/2I3,1/2�

+ I2�L−2,5/2I2,1/2 − L−1,5/2I1,1/2�� , �B4�

�T = −
4z0

2

45K2�z0�
k2c2

D
���1 − z0G�z0��I4 + z0I3��L−2,5/2I2,1/2

− L−1,5/2I1,1/2�� , �B5�
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�V = −
4z0

3

135K2�z0�
k3c3

D
�i��L−2,5/2�I2,1/2J1,3/2 − I3,1/2J0,3/2�

+ L−1,5/2�I2,1/2J0,3/2 − I1,1/2J1,3/2�� + L−2,5/2�I2,1/2I1,3/2

− I3,1/2I0,3/2� + L−1,5/2�I2,1/2I0,3/2 − I1,1/2I1,3/2�

+
4

15
k2c2�L−2,5/2�I3,1/2L−2,5/2 − I2,1/2L−1,5/2�

+ L−1,5/2�I1,1/2L−1,5/2 − I2,1/2L−2,5/2��� . �B6�

Now, we give the expressions of the coefficients �E, �T et �V
defined from the definition of the mean value of the random
velocity �Eq. �32��. Substituting Eq. �A11� into Eq. �32�, we
obtain

�E =
z0

3K2�z0�
kc

D
�I1�J0,3/2I2,1/2 − J−1,3/2I3,1/2� + I2�J−1,3/2I2,1/2

− J0,3/2I1,1/2�� , �B7�

�T = −
z0

3K2�z0�
kc

D
���1 − z0G�z0��I4 + z0I3��J−1,3/2I2,1/2

− J0,3/2I1,1/2�� , �B8�

and

�V =
z0

9K2�z0�
k2c2

D
��I0,3/2 + i�J0,3/2��J0,3/2I2,1/2 − J−1,3/2I3,1/2�

+ �I1,3/2 + i�J1,3/2��J−1,3/2I2,1/2 − J0,3/2I1,1/2�

+
4

15
k2c2�J−1,3/2�I3,1/2L−2,5/2 − I2,1/2L−1,5/2�

+ J0,3/2�I1,1/2L−1,5/2 − I2,1/2L−2,5/2�� −
9K2�z0�D

z0
� . �B9�
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