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We numerically find three types of steady solutions of viscoelastic flows and flow pattern transitions between
them in a two-dimensional wavy-walled channel for low to moderate Weissenberg �Wi� and Reynolds �Re�
numbers using a spectral element method. The solutions are called “convective,” “transition,” and “elastic” in
ascending order of Wi. In the convective region in the Wi-Re parameter space, convective effect and pressure
gradient balance on average. As Wi increases, elastic effect becomes comparable, and the first transition sets in.
Through the transition, a separation vortex disappears, and a jet flow induced close to the wall by the vis-
coelasticity moves into the bulk; the viscous drag significantly drops, and the elastic wall friction rises sharply.
This transition is caused by an elastic force in the streamwise direction due to the competition of the convective
and elastic effects. In the transition region, the convective and elastic effects balance. When the elastic effect
becomes greater than the convective effect, the second transition occurs but it is relatively moderate. The
second transition seems to be governed by the so-called Weissenberg effect. These transitions are not sensitive
to driving forces. By a scaling analysis, it is shown that the stress component is proportional to the Reynolds
number on the boundary of the first transition in the Wi-Re space. This scaling coincides well with the
numerical result.
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I. INTRODUCTION

Nonlinearity due to viscoelasticity induces nontrivial flow
behaviors such as rod climbing, secondary flows, and tube-
less siphon in viscoelastic fluids �1�. The viscoelasticity is
effective typically in polymeric fluids even though the
amount of polymer additives is very small. For decades,
many researchers have investigated such nontrivial flows
from both academic and industrial standpoints.

The nonlinearity is often caused by the coupling between
elastic stress and strain. The coupling is typically observed in
rod climbing, i.e., the Weissenberg effect �2�. Rod climbing
is caused by elastic stress acting in the centripetal direction
of curved streamlines �called “hoop stress”�. When a rod is
rotated in a polymeric fluid, the rotating rod causes a shear
flow. Because the shear flow stretches polymer molecules
along streamlines, the elastic stress works in the inward di-
rection of the streamlines by the tension of elongated poly-
mer molecules. Then, the fluid is transferred in the inward
direction, and finally climbs up along the rod.

The hoop stress often causes elastic instability. In Taylor-
Couette flows, a radial velocity perturbation induces an ad-
ditional hoop stress, and the hoop stress further amplifies the
radial perturbation �3,4�. The elastic instability is followed
by the formation of flow patterns including Taylor-Couette
vortices, rotating standing waves, disordered oscillations,
and solitary vortices between cylinders with increasing shear
rate �4–7�. Elastic instabilities in curvilinear shear flows have
been also observed in Taylor-Dean flow �8�, cone-and-plate
flow �9�, and lid-driven cavity flow �10�. The elastic instabil-
ity is caused even at very low Reynolds number Re�1. In
this regime, elasticity-induced turbulence has also been ob-

served in experiments �11–13�. The elastic turbulence is
characterized by increased flow resistance and efficient mix-
ing at very low Reynolds number �14�. The mixing in mi-
crodevices and nanodevices is an important industrial appli-
cation of the elastic turbulence at Re�1 �15�.

Our goal is the understanding of detailed mechanisms of
flow pattern formation, elastic instability, and elastic turbu-
lence in viscoelastic curvilinear channel flows employed in
the experiments of elastic turbulence �12,14,16�. To this end,
we perform numerical simulations of two-dimensional wavy-
walled channel flows with a high-accuracy spectral element
method, although earlier computations have mainly treated
more simple flows such as Taylor-Couette flows and two-
dimensional flows driven by external forcing with doubly
periodic boundary conditions �7,17,18�. In this study, we in-
vestigate the flow patterns such as separation vortices and jet
flows. We focus on an elastic force in the streamwise direc-
tion as a generation mechanism of the flow patterns, al-
though the previous studies have basically deal with hoop
stresses. Note that the streamwise elastic force is effective
only when inertial effect is not negligible unlike the elastic
instability at Re�1. In other words, the competition of the
convective and elastic effects is essential for the flow pattern
transition in the curvilinear shear flows.

In this study, we investigate base laminar steady solutions
for low to moderate Reynolds and Weissenberg numbers.
Note that Newtonian flows in the wavy-walled channel are
linearly unstable at moderate Re �19� unlike two-dimensional
Taylor-Couette and Taylor-Dean flows of viscoelastic fluids
�20,21�. This may indicate that viscoelastic flows are also
linearly unstable in wavy-walled channels. We expect that
the study of the base solutions leads to investigations on
elastic instability in future.

This paper is organized in the following way. In Sec. II,
we show governing equations and nondimensional param-*sanmaya@kyoryu.scphys.kyoto-u.ac.jp
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eters. The numerical method, boundary conditions, param-
eters, the validation of our computations, and flow geometry
are described in Sec. III. In Sec. IV, we show the main re-
sults, that is, the flow pattern transition and its mechanism.
Section V is devoted to discussion and concluding remarks.

II. BASIC EQUATIONS

The governing equations of viscoelastic flows consist of
the incompressible Navier-Stokes equation and a constitutive
equation. In this study, we employ the FENE-P �finitely ex-
tensible nonlinear elastic-Peterlin� model as the constitutive
equation. Then the governing equations are written in the
following dimensionless form:

� · u = 0, �1�

Re� �u

�t
+ �u · ��u� = − �p + ��2u + � · � , �2�

Wi� �C

�t
+ �u · ��C − ��u�T · C − C · ��u� − ��C�

+ �f�r�C − I� = 0, �3�

� =
1 − �

Wi
�f�r�C − I� , �4�

f�r� =
K

1 − Tr�C�/L2 , K = 1 − 3/L2, �5�

where u is the velocity, p is the pressure, � is the extra-stress
tensor, C is the conformation tensor, and L is the maximum
polymer length. The velocity u, coordinates x, pressure p,
elastic stress �, and time t are scaled with the following
characteristic quantities: U0, L0, P0=�U0 /L0, T0=�U0 /L0,
and t0=L0 /U0, respectively �22,23�, where �=�s+�p is the
total viscosity defined as the sum of the solvent viscosity �s
and the polymer viscosity �p. In this study, L0 is a channel
width, and U0 is a tangential wall velocity of the bottom wall
�see Fig. 1�a��.

These equations include the following nondimensional
parameters: the Reynolds number, the Weissenberg number,
and the viscosity ratio parameter. The Reynolds number is
the ratio of inertial forces to viscous forces and is defined in
the following way:

Re = �U0L0/� , �6�

where � is the fluid density. The Weissenberg number is the
ratio of the polymer relaxation time � to the typical flow time
t0:

Wi = �/t0. �7�

The viscosity ratio parameter is the ratio of the solvent vis-
cosity to the total viscosity:

� = �s/� . �8�

The FENE-P model is derived from a kinetic theory �24�
and a preaveraging closure approximation �25� concerning

elastic dumbbells consisting of two beads and a spring con-
necting them. The conformation tensor C is a measure of the
second-order moment of the end-to-end distance vector r of
dumbbells:

Cij = �rirj� . �9�

The function f�r� in Eq. �5� is the so-called Peterlin function,
which restricts the length of dumbbells to values less than
the maximum length L. Because the FENE-P model qualita-
tively well reproduces the properties of viscoelastic flows
�e.g., shear thinning �26,27��, the model has been frequently
used in many studies of viscoelastic fluids �7,28–30�.

We add an artificial diffusive term ��2C in the constitu-
tive equation �3� in order to avoid numerical instabilities,
where � is the artificial constitutive diffusivity coefficient.
The additional diffusive term physically originates from the
Brownian motion of the center of mass of elastic dumbbells
across streamlines �31�. Sureshkumar and Beris investigated
how the diffusive term influences flow stabilities in detail
�32�. They concluded that a sufficiently small artificial diffu-
sivity coefficient ��	10−3� does not affect critical eigen-
modes of a viscoelastic Orr-Sommerfeld problem, although
the artificial diffusivity coefficient needed for numerical sta-
bilization is much larger than the physically expected diffu-
sivity. This indicates that a sufficiently small artificial diffu-
sivity does not qualitatively change flow behaviors on
numerical instability. Hence, the modification has been
widely used in viscoelastic flow calculations using the
FENE-P and other models �18,33�.

FIG. 1. �Color online� �a� Flow domain with symbols employed
in this paper. Regions “a” and “e” are the outward regions. Regions
“b” and “d” are the inward regions. Regions “c” and “f” are the
contraction regions. Symbols “t” and “n” denote the directions tan-
gential and normal to the boundary wall, respectively. �b� Compu-
tational mesh used in this study.

HIROKI YATOU PHYSICAL REVIEW E 82, 036310 �2010�

036310-2



III. NUMERICAL METHOD

A. Spectral element methods

We use a spectral element method �hereinafter referred to
as SEM� to discretize the governing equations in space
�34–36�. SEM enables high-accuracy computations in com-
plex geometries. In SEM, a computed domain is subdivided
into several spectral elements. The values of the variables
and the derivatives of the variables are interpolated using
Lagrange polynomial interpolation functions �37�. Numerical
errors between numerical solutions and exact solutions are
reduced in the following two ways in SEM. First, the in-
crease in the number of elements leads to an algebraic con-
vergence of numerical accuracy. Second, the increase in the
polynomial degree of interpolation functions results in an
exponential convergence of numerical accuracy for suffi-
ciently smooth solutions �38�.

A Galerkin discretization is used in SEM. The weak form
of the differential equations �1�–�4� is written as follows:

	



�� · u�qd
 = 0, �10�

Re	



�u

�t
· wd
 + Re	




��u · ��u� · wd
 − 	



p�I:�w�d


+ �	



��u:�w�d
 + 	



�:��w�d


− 	
�

�
− pI + ���v + ��v�T� + �� · n� · wd� = 0, �11�

Wi	


� �C

�t
+ �u · ��C − ���u�T · C� − C · ��u��:Sd


+ Wi	



�� � C�:��S�d
 + 	



�f�r�C − I�:Sd


− 	
�

��C · n�:Sd� = 0, �12�

where the scalar product of two tensors P and Q is defined as

P:Q = PijQij, 1 	 i, j 	 2, �13�

and the notation ��u�ij =�uj /�xi is adopted. The pressure p
and the test function q belong to the functional space
Q�L2�
�. The velocity u and the test function w belong to
the space W�H1�
�2. The conformation tensor C and the
test function S belong to ��H1�
�2
2. Here, L2�
� and
H1�
� represent the space of square-integrable functions and
the space of derivative functions whose first-order deriva-
tives are square integrable on 
, respectively.

In this study, we distribute more elements near walls as
shown in Fig. 1�b� because the gradient of the elastic stress is
larger there. In each element, we approximate the variables
p, every direction of u, and every component of C using
Lagrange interpolants of the degrees Np, Nu, and NC, respec-
tively. We set Nu=NC and set Np=Nu−2 in order to avoid the

so-called spurious pressure oscillations �38�. In this condi-
tion, the pressure approximation is discontinuous. The test
functions q, w, and S are also approximated using the same
interpolants as the corresponding variables p, u, and C, re-
spectively. We do not employ any stabilization techniques
such as SUPG �stream upwind/Petrov Galerkin� except the
artificial diffusive term. We evaluate the integrals in Eqs.
�10�–�12� with a quadrature rule and finally derive nonlinear
algebraic equations with operator matrices and variable vec-
tors.

The linear and nonlinear terms are discretized in time us-
ing a second-order backward difference scheme �BDF2� and
a second-order extrapolation scheme �EX2�, respectively. We
adopt a decoupled approach to solve the temporal discretized
algebraic equations �22,39,40�.

B. Boundary conditions

No-slip boundary conditions are imposed on the velocity
at the upper and bottom walls. Periodic boundary conditions
are imposed on the velocity and the conformation tensor at
the inflow and outflow boundaries. No pressure boundary
conditions are imposed in our calculations as in the previous
numerical studies using SEM and the decoupled method of
the temporal discretization �22,39,40�.

The boundary integrals in Eqs. �11� and �12� vanish for
the following reasons. First, the boundary integrals in Eqs.
�11� and �12� on the inflow and outflow boundaries are zero
because of the periodicity. Second, the boundary integral in
Eq. �11� on the walls becomes zero since the test function w
is set to zero on such Dirichlet boundaries in SEM. Third, the
boundary integral in Eq. �12� on the walls is set to zero in
this study because our calculations with finite boundary in-
tegrals suffered numerical instabilities for Wi�0.5. How-
ever, at the low Weissenberg number Wi=0.1, we have con-
firmed that the flow patterns described in Sec. IV are not
sensitive to whether the boundary integral is zero or finite.

We mainly investigate Couette-type flows in which the
upper wall is at rest, and a constant speed is given on the
bottom wall. The wall speed of the bottom wall is normal-
ized to unity along the tangential direction t defined in Fig.
1�a� at every point on the bottom wall. We also investigate
Poiseuille-type flows in which both the upper and bottom
walls are at rest.

C. Parameters

In this section, we summarize the parameters used in this
study: �1� flow and rheological parameters are the Reynolds
number Re, the Weissenberg number Wi, the viscosity ratio
parameter �, and the maximum dumbbell length L; �2� geo-
metric parameters are the wall amplitude A and the periodic
length Lx defined in Sec. III E; and �3� the artificial diffusiv-
ity coefficient �. We focus on the dependence of flow behav-
iors on the Reynolds and Weissenberg numbers. The other
parameters �, L, �, and Lx are fixed to the values shown in
Table I. We fix the wall amplitude A to 0.5 in Couette-type
flow calculations and to 0.3 in Poiseuille-type flow ones. We
set the maximum dumbbell length L to the sufficiently large
value L2=1.0
104 in order to capture the influence of large
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elastic stress on flows. The values of the fixed parameters �,
L, and � have been frequently used in the previous numerical
studies of viscoelastic flows �7,18,32,33�. Our several test
runs show that these parameter values do not qualitatively
influence flow behaviors. Moreover, we also performed cal-
culations with different numbers of elements and polynomial
degrees: �1� Nel=72 and Nu=6, �2� Nel=240 and Nu=6, and
�3� Nel=192 and Nu=8. We found that the results of this
study, flow pattern transitions and the critical Weissenberg
numbers, do not depend on meshes.

D. Validation of our computations

The validation of our numerical code is carried out by the
comparison of numerical and exact solutions of plane-
Couette flows. We perform calculations at the low Weissen-
berg number Wi=1.0 with zero artificial diffusivity coeffi-
cient �=0 and at the high Weissenberg number Wi=20.0
with the finite artificial diffusivity coefficient �=1.0
10−3.

The exact solutions of plane-Couette flows of the FENE-P
model are derived as the roots of the following equations
�14� and �15� obtained from the original equations under the
conditions that the derivatives of all variables with respect to
x are zero, p=const, ux=1−y, and uy =0:

2 Wi2 Cyy
3 + �L2K + 2�Cyy − L − 2 = 0, �14�

Cxy + Wi Cyy
2 = 0, Cxx − L2 + �L2K + 1�Cyy = 0. �15�

The conformation tensor C and the elastic stress � of the
exact solutions are uniform in the whole domain. We calcu-
late the extra-stress components for the validation of our
computations.

Table II shows numerical errors of our computations with
the several parameter values. The numerical error of the
extra-stress component �xx is defined as �xx

err= ���xx
cal

−�xx
ex� /��xx

cal��, where �xx
cal and �xx

ex are the values of the extra-

stress components of our computation and the exact solution,
respectively. The numerical error of the stress component �xy
is defined in the same way. Because �yy of the exact solution
is zero, we use the absolute value of �yy

cal as the numerical
error of �yy. The numerical errors are within 10−4 for the
wide range of parameter values. Moreover, numerical accu-
racy is improved with mesh refinements.

E. Flow geometry

The governing equations are solved in the domain
sketched in Fig. 1�a�. Two sinusoidal curves are boundary
walls. The coordinates of the upper and bottom walls are
defined as follows:

�1�bottom�:y = A sin�2�x/Lx� ,

�2�upper�:y = 1 + A sin�2�x/Lx� ,

where A is the amplitude of wall corrugations and Lx is the
length of the periodic channel in the direction of x. The chan-
nel width is normalized to unity. We call this channel “sinu-
ous channel” as used by Cho et al. �19�. We call regions “a”
and “e” in Fig. 1�a� “outward region” because these regions
are located in the outward positions of curved flows. We
similarly call regions “b” and “d” in Fig. 1�a� “inward re-
gion.” Regions “c” and “f” in Fig. 1�a� are called “contrac-
tion region.” Symbols “t” and “n” denote the directions tan-
gential and normal to the walls, respectively.

We adopt the sinuous channel in this study for the follow-
ing reasons. First, the channel has mixed kinematics with
both shear and extensional flows. The elastic stress aug-
mented by dumbbell stretching in these flows strongly influ-
ences flow behaviors. Second, we can easily control the mag-
nitude of shear and extension by changing the wall amplitude
A and the periodic length Lx. Third, streamlines are highly
curved in this channel. The curvature of streamlines locally
varies, and the sign of the curvature is even reversed along
the streamlines unlike two-dimensional Taylor-Couette flows
in which the sign of the curvature is not changed along
streamlines. The spatial variation of the curvature directly
changes the magnitude and the direction of the hoop stress.

TABLE I. Number of elements Nel, polynomial degree of the
velocity Nu, and parameter values fixed in our computations. In the
case of Nu=6, Np and NC are set to 4 and 6, respectively.

Nel Nu Lx � L2 �

192 6 � 0.5 1.0
104 1.0
10−3

TABLE II. Numerical errors of the components of the extra-stress tensor. �xx
err= ���xx

cal−�xx
ex� /��xx

cal�� is the
numerical error of �xx, where �xx

cal and �xx
ex are the values of the extra-stress component of our computation and

the exact solution, respectively.

Nel Nu Wi L2 � �xx
err �xy

err ��yy
cal�

48 4 1.0 10.0 0.0 4.7
10−5 2.3
10−5 3.5
10−7

192 6 1.0 10.0 0.0 2.6
10−5 1.3
10−5 4.2
10−9

48 4 1.0 1.0
104 0.0 5.3
10−5 2.7
10−5 3.0
10−7

192 6 1.0 1.0
104 0.0 3.0
10−5 1.5
10−5 1.6
10−9

48 4 20.0 1.0
104 1.0
103 3.4
10−5 2.4
10−5 5.6
10−7

192 6 20.0 1.0
104 1.0
103 2.9
10−5 1.6
10−5 1.1
10−8

HIROKI YATOU PHYSICAL REVIEW E 82, 036310 �2010�

036310-4



IV. RESULTS

A. Three types of steady solutions

We perform numerical simulations for the wide range of
Weissenberg number 0	Wi	20 and Reynolds number 0
	Re	1000. We numerically find three types of steady so-
lutions. We call the steady solutions convective, transition,
and elastic in ascending order of Wi. The three regions of the
steady solutions in the Wi-Re parameter space are shown in
Fig. 2. The adjacent regions are separated with two curves.
We call the left curve the first critical Weissenberg number
Wic1 and call the right curve the second critical Weissenberg
number Wic2. Wic2 is extrapolated to a large-Re region using
a fitting function because our numerical calculations suffer
numerical instabilities in the large-Wi and -Re regions de-
noted by diagonal lines in Fig. 2.

These critical Weissenberg numbers are defined in the fol-
lowing way. First, we estimate the magnitude of each term in
the Navier-Stokes equation using the following quantity:


Re�u · ��u
 = 	



�Re�u · ��u�d
 . �16�

Here, we define the absolute value �Re�u ·��u� in the follow-
ing way:

�Re�u · ��u� = 
�Re�u · ��ux�2 + �Re�u · ��uy�2�1/2.

�17�

This absolute value represents the magnitude of each term at
each position in the domain 
. The spatial integral of this
absolute value is used as the magnitude of the term in the
whole domain.

Figure 3 shows the magnitudes of the convective term

Re�u ·��u
, the pressure-gradient term 
�p
, the elastic term

� ·�
, and the viscous term 
��2u
 as functions of Wi at

Re=200. We define Wic1 as Wi at which the magnitudes of
the elastic and pressure-gradient terms become the same
value. Wic2 is similarly defined as Wi at which the magni-
tudes of the pressure-gradient and convective terms become
the same value.

B. Flow pattern transition

In this section, we show several flow patterns of the three
types of steady solutions. Figure 4 shows typical streamlines
in the convective, transition, and elastic regions at the mod-
erate Reynolds numbers Re=200 and 400. In the convective
region, the flow field consists of a bulk shear flow and a
vortex in the outward region �a� �see the definition of the
outward region �a� in Fig. 1�a��. We call the vortex “separa-
tion vortex” because the vortex is detached from the bulk
flow. The vortex becomes smaller with increasing Wi. At
Wic1, that is the beginning of the transition region, the vortex
vanishes or becomes significantly small. The separation vor-
tex reappears and subsequently grows with further increasing
Wi. The size of the vortex in the elastic region is close to that
in the convective region.

Figure 5 shows the vertical cross sections of the velocity
component ux at x=� /4 at Re=200, 400, and 800. We define
a “jet flow” as the region in which the velocity is larger than
that in the surrounding region. Such jet flows are observed
near the bottom wall 0.5�y�0.7 in the convective region as
shown in curves �a�–�c� in Figs. 5�a�, 5�c�, and 5�d�. These
jet flows disappear at Wic1 as shown in curve �d� in Figs.
5�a�, 5�c�, and 5�d�. Then, new jet flows emerge near the
upper wall. These jet flows near the upper wall are broader
than those in the convective region. These jet flows gradually
approach the bottom wall with Wi through the transition re-
gion as shown in curves �d� and �e� in Figs. 5�a�, 5�c�, and
5�d�. In the elastic region, the jet flows are present near the
bottom wall again as shown in curve �f� in Figs. 5�a� and
5�c�. The jet flows at each Re are basically similar in all the
regions. However, the jet flows at larger Re are sharper and
slightly more distorted in the transition region and are
broader in the elastic region.
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FIG. 2. �Color online� Phase diagram of the steady solutions in
the plane of Wi and Re. The left and right curves denote the first
and second critical Weissenberg numbers, Wic1 and Wic2, respec-
tively. The Reynolds number of the bottom edge of the left solid
curve Re=70 is determined through the scaling analysis in Sec.
IV E. The right curve is extrapolated to a large-Re region using a
fitting function. The value of Wic2 at Re=0 is the Weissenberg
number at which the separation vortex emerges. In the region with
diagonal lines, our calculations suffer numerical instabilities.
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In order to confirm that Wic1 accords to Wi at which the
pattern transition occurs, we calculate the maximum flow
speed in the separation vortex as a strength of the separation
vortex. The maximum speed is defined in the following way.
We consider the region where ux�0 in the separation vortex
as shown in Figs. 4�a� and 5�b�. We calculate the maximum
value of the flow speed �u� in this region. When the separa-
tion vortex vanishes, the region where ux�0 also disappears.
Then, the maximum speed is set to zero. In Fig. 6, we show
the maximum speed as a function of Wi at Re=100 and 200.
This figure shows that Wic1 coincides with Wi at which the
separation vanishes. Wic2 is close to Wi at which the jet flow
reaches the bottom wall in the transition region. However,
this estimate is less exact compared to the accordance of
Wic1 to Wi at which the separation vortex vanishes. We call
the change of the flow patterns in the three regions “flow
pattern transition.”

C. Characteristics of flows

In the preceding sections, we show the three types of
steady solutions and the two types of flow pattern transitions

between them. The flow pattern transition is accompanied
with the change of characteristic quantities of viscoelastic
flows. In this section, we show the dependence of viscous
wall friction, flow rate, and elastic wall friction on Wi.

1. Laminar drag reduction

We define average viscous wall friction �viscous drag�
acting on the walls of the channel as follows:

�vwf =
1

S�
	

�

�� �ut

�n
�d� , �18�

where � is the sum of the bottom boundary �1 and the upper
boundary �2, S� is the sum of the lengths of the upper and
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=1.0, in the transition region Wi=5.6, and in the elastic region
Wi=8.0, respectively. The streamlines are drawn using passively
advected particles. The intervals of the streamlines in the bulk re-
gions are inversely proportional to the flow speed, but the intervals
of the streamlines in the separation vortices are independent of the
flow speed.
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FIG. 5. �Color online� Velocity component ux in the vertical
cross section at x=� /4 at �a� and �b� Re=200, �c� Re=400, and �d�
Re=800. In �a�, the curves of the velocity component at �a� Wi
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bottom boundary walls, and the symbols t and n denote tan-
gential and normal directions �see Fig. 1�a��. Then �ut /�n
represents the derivative of the tangential velocity compo-
nent ut with respect to the wall-normal direction n.

Figure 7 shows the average viscous wall friction as a
function of Wi at Re=200 and 400. The viscous friction
gradually grows in the convective region. The friction
greatly decreases near Wic1 and grows again in the elastic
region. This shows that the viscous friction is reduced when
the separation vortex vanishes. We call the drag reduction in
laminar steady flows “laminar drag reduction” which has
been also used in the studies of viscoelastic flows in curved
circular pipes �41�.

2. Flow rate

The flow rate FR in the channel is defined in the follow-
ing way:

FR = 	
0

1

ux��/2,y�dy . �19�

Figure 8 shows the flow rate FR as a function of Wi at Re
=200 and 400. In the convective region, the flow rate gradu-
ally increases. The flow rate temporarily decreases near Wic1

but greatly grows in the transition region. In the elastic re-
gion, the growth of the flow rate is almost saturated.

3. Growth of flow resistance

We define average elastic wall friction as follows:

�ewf =
1

S�
	

�

�tnd� , �20�

where �tn is a component of the extra-stress tensor in the
coordinate of two base vectors, a tangential unit vector �de-
fined as t�, and a normal unit vector �defined as n� as shown
in Fig. 1�a�. The elastic wall friction represents an additional
flow resistance resulting from the elastic stress. The sum of
the viscous and elastic wall frictions is a total flow resistance
acting on the walls.

Figure 9 shows the average elastic wall friction as a func-
tion of Wi at Re=200 and 400. The elastic wall friction con-
tinuously increases with Wi, but the growth rate of the fric-
tion is very large at around Wic1. This shows that the elastic
wall friction significantly grows when the pattern transition
occurs.

D. Mechanism of flow pattern transition

In this section, we describe the mechanism of the flow
pattern transition. Before the description, in Figs. 10 and 11,
we show the contours of the pressure, the flow speed, and the
trace of the conformation tensor Tr�C� in the convective,
transition, and elastic regions at Re=200. The trace of the
conformation tensor represents the magnitude of dumbbell
stretching. Note that the pressure is fixed to zero at the given
point. Negative pressure at a certain point then represents the
pressure smaller than that at the reference point. In these
figures, we can see the mutual relations among centrifugal
�convective� force, elastic force, and pressure gradient. Here,
the centrifugal force is defined as Re�ut

2 /R�, where R is the
curvature radius of streamline. Figure 12 schematically sum-
marizes the transition of the force balance in the three re-
gions. In the subsequent sections, we qualitatively describe
the mechanism of the flow pattern transition in detail.
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1. Convective region

In the convective region, the separation vortex emerges in
the outward region �a� �see Fig. 4�a��. This is a characteristic
phenomenon of Newtonian flows in wavy-walled channels
�42�. On the other hand, the jet flow, which is a characteristic
phenomenon of viscoelastic flows, is also observed in the
inward region �b� despite a small Wi �see Fig. 10�d� and
0.5�y�0.7 in curves �a�–�c� in Figs. 5�a�, 5�c�, and 5�d��.

The separation vortex is generated by the balance of the
pressure gradient and the centrifugal force as follows. In the
convective region, the magnitudes of the convective and
pressure-gradient terms are almost the same as shown in Fig.
3. The centrifugal force is large particularly in the inward
region �b� because both of the velocity and curvature are
large there. The centrifugal force balances with a centripetal
pressure gradient. In other words, the pressure becomes
smaller in the inward region �b� than in the outward region
�a� �see Fig. 10�a��. The pressure gradient inhibits flows to
the outward region �a�, and thus the separation vortex de-
tached from the bulk flow emerges in the outward region �a�.

The jet flow is generated by streamwise elastic force. The
bulk shear flow through the inward region �b� strongly en-
hances the elastic stress �or stretches elastic dumbbells� near
the bottom wall. The enhanced elastic stress directly pro-
duces a streamwise elastic force, and the elastic force in-
creases streamwise flows �see Fig. 11�a��. Then, the jet flow
emerges in the inward region �b�.

The viscous drag gradually grows with Wi because the
augmented jet flow increases the velocity gradient near the

bottom wall. Then, the flow speed near the bottom wall in-
creases, and the flow rate also grows.

At the end of the convective region, the elastic stress
grows particularly in the contraction regions �c� and �f� �see
Fig. 11�b��. The velocity is larger in these regions than in the
surrounding regions because the channel is narrower in these
regions than in the surrounding regions, and the flow rate is
constant in every wall-normal cross section. The velocity
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gradient stretches dumbbells in the streamwise direction and
increases the elastic stress. Because the elastic stress in the
contraction region �c� becomes larger than that in the out-
ward region �a�, the flow from the outward region �a� to the
contraction region �c� is induced. Then, the separation vortex
in the outward region �a� becomes small �see also curves �b�
and �c� in Fig. 5�b��. The jet flow weakens, and the viscous
drag decreases �see 0.5�y�0.7 in curves �b� and �c� in
Figs. 5�a�, 5�c�, and 5�d�� because the flow above the jet flow
is enhanced by the elastic force near the contraction region
�c�.

This section is summarized as follows �see also Fig.
12�a��. The separation vortex in the outward region �a� and
the jet flow in the inward region �b� are the characteristic
flow patterns of the steady solutions in the convective region.
The separation vortex appears even in Newtonian flows,
whereas the jet flow emerges only in viscoelastic flows.

2. Transition region

At the beginning of the transition region �i.e., at Wic1�, the
separation vortex in the outward region �a� and the jet flow in
the inward region �b� disappear. Then, the jet flow near the
outward region �a� emerges �see Fig. 10�e� and 1.1�y
�1.5 in curves �c� and �d� in Figs. 5�a�, 5�c�, and 5�d��.

These changes are the same phenomenon caused by the
streamwise elastic force. The flow from the outward region
�a� to the contraction region �c� gradually increases with Wi
due to the elastic force. The increased flow further augments
the elastic stress in the contraction region �c� because the
increased velocity gradient further stretches elastic dumb-
bells. The additional elastic stress increases the flow again.
This process greatly induces the flow and finally produces
the jet flow in the outward region �a�. Then, because the bulk
flow passes through the outward region �a�, the separation
vortex disappears. The jet flow in the inward region �b� dis-
appears due to the increase in the flow through the outward
region �a�, and then the viscous drag greatly drops as shown
in Fig. 7. The growth rate of the flow rate increases above
Wic1 because the growth rate of the streamwise elastic force
also becomes large �see Fig. 3�. The enhanced stress in the
contraction region �c� reaches the walls �see Fig. 11�c��.
Then, the elastic wall friction considerably rises as shown in
Fig. 9.

Through the transition region, the jet flow in the outward
region �a� gradually moves to the bottom wall with Wi �see
curves �d�–�f� in Figs. 5�a� and 5�c��. This is because a hoop
stress induces a flow in the centripetal direction in the out-
ward region �a�. This flow transfers the large-stress region in
the contraction region �c� in the same direction �see Fig.
11�d��. Then, the jet flow induced by the descending large-
stress region also moves in the same direction �see curve �e�
in Figs. 5�a�, 5�c�, and 5�d��. The jet flow gradually ap-
proaches the bottom wall with the hoop stress increasing.
Then, the flow to the outward region �a� is reduced, and
finally the separation vortex reappears there �see curves
�d�–�f� in Fig. 5�b��.

Figure 10�b� shows that the pressure field follows these
phenomena as follows. First, the centrifugal pressure gradi-
ent is present in the outward region �a�. This pressure gradi-

ent balances with the hoop stress in the outward region �a�
because the centrifugal force is small near the upper wall.
Second, in the inward region �b�, the pressure gradient is
weaker in the transition region than in the convective region
�see Figs. 10�a� and 10�b��. This is because the enhanced
elastic force almost balances with the centrifugal force with-
out the pressure gradient.

This section is summarized as follows �see also Fig.
12�b��. The jet flow in the inward region �b� disappears, and
another jet flow in the outward region �a� emerges because of
the streamwise elastic force at the beginning of the transition
region. Through the transition region, the jet flow gradually
moves from the upper wall to the bottom wall because of the
hoop stress.

3. Elastic region

In the elastic region, we can see the characteristic flow
patterns that resemble the flow patterns observed in the con-
vective region. The separation vortex is present in the out-
ward region �a�, and the jet flow is present near the bottom
wall �see Figs. 4�a� and 4�c��. Despite the similar appearance,
the generation mechanism of the flow patterns in the elastic
region is just different from that in the convective region
because the convective term does not contribute to the gen-
eration of the flow patterns in the elastic region.

The generation mechanism of the separation vortex is as
follows. From the transition region to the elastic region, a
large-stress beltlike region is generated �see Figs. 11�d� and
11�e��. Because the convective term merely varies with Wi,
the pressure-gradient term grows with the elastic term �see
Fig. 3�. Then, the pressure also becomes large in this beltlike
region �see Fig. 10�c��. The pressure gradient inhibits the
flow from the outward region �a� to the contraction region
�c�. Hence, the separation vortex emerges in the outward
region �a� again. Note that the separation vortex appears in
the low-pressure region unlike that in the convective region
�see Figs. 10�a� and 10�c��.

In the elastic region, jet flows are present near the inward
region �b� and the large-velocity region between the inward
region �d� and the outward region �e� �see Fig. 10�f��. The jet
flow near the bottom wall is much broader than that in the
convective region �see curves �a�–�c� and �f� in Fig. 5�a��
because the jet flow is induced in the broad large-elastic-
stress region �see Fig. 11�e��. The viscous drag in the elastic
region is much smaller than that in the convective region
�see Fig. 7� since the jet flow near the wall is broader. The
growth rate of the flow rate becomes small with Wi in the
elastic region. This is because the growth rate of the elastic
stress also becomes small at sufficiently large Wi as shown in
Fig. 9. This saturation stems from a large restoring effect
with the large conformation tensor as formulated in Eqs. �3�
and �5�. We summarize this section as follows �see also Fig.
12�c��. The separation vortex in the low-pressure region and
the jet flow in the inward regions �b� emerge due to the large
hoop stress and the streamwise elastic force in the elastic
region.

In these sections, we have described the mechanism of the
flow pattern transitions. We focus particularly on the separa-
tion vortices and the jet flows. The streamwise elastic force
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and the change of balance among the elastic force and the
other forces cause the transition of these flow patterns.

E. Scaling analysis on the elastic wall friction

In the previous section, we qualitatively described the
mechanisms of the flow pattern transitions. In this section,
we perform more quantitative analyses on the scaling rela-
tion of the elastic stress � to the nondimensional parameters
Wi and Re.

In Fig. 13, we show Wic1 as a function of Re. The curve
of Wic1 is fitted with a power law F1�Re�=A1�Re−Rec�A2

+A3, where Rec is fixed to 70. The values of the fitting pa-
rameters are A1�0.06, A2�0.5, and A3�4.5. The following
relation:

Wic1 � �Re − Rec �21�

is nearly satisfied. Rec=70 is a reasonable value because the
first transition is not apparently observed when Re�Rec. Al-
though we draw a line from Re=70 and Wi�4.5 to Re=0
and Wi=0 as the extension of Wic1 in Fig. 2, the critical Re
in the limit Wi→0 would be larger than zero in experiments.

The magnitude of the elastic term 
� ·�
 is close to that of
the convective term 
Re�u ·��u
 at Wic1 as shown in Fig. 3.
When we scale the nondimensional velocity and the deriva-
tives to O�1�, the following relationship is derived:

� � Re. �22�

Figure 14 shows the elastic wall friction �ewf at Wic1 as a
function of Re. We superpose the line F2=B1�Re−Rec�+B2,
where Rec=70, B1=4.1
10−2, and B2=3.6 in Fig. 14. The
linear relationship �22� between � and Re is indeed approxi-
mately satisfied. The two relations ��Re−Rec and Wic1
��Re−Rec lead to the following relationship between the
elastic stress and Wic1:

� � Wic1
2. �23�

F. Purely elastic limit

In this section, we show the flow patterns of purely elastic
flows at Re=0. Recent years, purely elastic flows have been
intensively studied in order to investigate elastic instability
and elastic turbulence �3,10,13,18�.

Figure 15 shows streamlines of the steady solutions at the
low Weissenberg number Wi=1.0 and the moderate Weissen-
berg number Wi=6.0 at Re=0. The separation vortex is not
observed at low Wi unlike the calculations at moderate Re
�see Fig. 4�. This is due to vanishing of the convective effect.
When the convective term is zero, the centrifugal force also
vanishes. Because the centrifugal force balances with the
pressure gradient at low Wi, the pressure gradient also com-
parably becomes small. Then, the pressure gradient cannot
inhibit the flows through the outward region �a�, and hence
the separation vortex is not induced in the outward region
�a�.

At moderate Wi, the elastic force and the pressure gradi-
ent are also dominant at Re=0 as observed at moderate Re.
The flow pattern at Re=0 in Fig. 15�b� is indeed apparently
similar to that at moderate Re in Fig. 4�c�. At Re=0, Wic2 is
nearly close to Wi at which the separation vortex appears.

G. Poiseuille-type flows

In this section, we show the flow patterns of the steady
Poiseuille-type flows driven by a body force in order to elu-
cidate the dependence of the flow pattern transition on driv-
ing forces. We impose a constant body force �a constant pres-
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sure gradient� only in the rectangular region between the
inlet and the outlet as shown in Fig. 16�a�. In this method,
the wall amplitude A needs to be less than the half width of
the channel A=0.5. We adopt A=0.3 in the Poiseuille-type
flow calculations instead of A=0.5 used in the Couette-type
flow ones. The magnitude of the body force is determined, so
that the flow rate FR is nearly fixed at every Wi.

Figures 16�b�–16�d� show streamlines of the steady solu-
tions of the Poiseuille-type flows at Re=200 at the low Weis-
senberg number Wi=1.0, at the moderate Weissenberg num-
ber Wi=6.0, and at the high Weissenberg number Wi=30.0,
respectively. There are two separation vortices in the out-
ward regions �a� and �e� at Wi=1.0. These separation vorti-
ces disappear at Wi=6.0 and reappear at Wi=15.0. These
vortices grow slowly with increasing Wi when Wi�15.0.

This result shows that in Poiseuille-type flows we can
observe flow pattern transitions qualitatively similar to those
in Couette-type flows. However, the Weissenberg numbers at
which the separation vortex appears and disappears are dif-
ferent between the two flows.

As well as the difference in the driving force, the quanti-
tative difference may be also caused by the decrease in the
wall amplitude A. In Couette-type flows at Re=200 with A
=0.3, the separation vortex disappears nearly at Wi=7.0 and
reappears nearly at Wi=8.5. These Weissenberg numbers are
larger than those with A=0.5 because the elastic force with
A=0.3 is smaller than that with A=0.5 at the same Wi for the
reason that the curvature and the contraction of the channel
are smaller with A=0.3 than with A=0.5. However, the
Weissenberg number at which the separation vortex reap-
pears is still different between Couette-type flows �Wi
=8.5� and Poiseuille-type flows �Wi=15.0� with the same
wall amplitude.

This difference may be resulted from the difference in
dominant regions of a centrifugal �convective� force and an
elastic force. In Poiseuille-type flows, the centrifugal force in
the bulk region is larger than that near the walls, and the
elastic force in the bulk region is smaller than that near the

walls. In contrast, in Couette-type flows, the centrifugal force
in the bulk region is smaller than that near the bottom wall,
and the elastic force is large in both the inward regions near
the walls and the contraction regions in the bulk flow. The
difference may show that the flow pattern transition occurs
with different mechanisms in the two-type flows.

V. DISCUSSION AND CONCLUDING REMARKS

In this study, we have sought base steady solutions of
wavy-walled channel shear flows. However, a relaxation pro-
cess to the steady solution is also important when we con-
sider elastic instabilities of the base solutions. In this section,
we discuss the relaxation process by analyzing relaxation
times of perturbations.

In Fig. 17, we show relaxation processes of the velocity
component ux in the convective region Wi=2.0, the transi-
tion region Wi=5.2, and the elastic region Wi=8.0 at Re
=200. The time is normalized with Wi, which is proportional
to the relaxation time of the conformation tensor �see Eqs.
�3� and �7��. We impose the same perturbation on the initial
conformation tensor in the three regions. Then, the velocity
is also perturbed due to the coupling between the velocity
and the conformation tensor.

This figure shows that the relaxation time and the pertur-
bation amplitude are the largest in the transition region. We
consider that the pressure gradient plays a key role in the
difference of the relaxation processes. In the convective and
elastic regions, the pressure gradient is comparable to the
centrifugal force and the elastic force, respectively. In con-
trast, the pressure gradient in the transition region is rela-
tively small �see Fig. 3�. This may indicate that the pressure
gradient suppresses the transfer of the stress perturbation to
the velocity perturbation.
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FIG. 16. �Color online� �a� Region in which a constant body
force is imposed in Poiseuille-type flows. �b�–�d� Streamlines of
Poiseuille-type flows at �b� Wi=1.0, �c� Wi=6.0, and �d� Wi
=30.0 at Re=200.
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FIG. 17. �Color online� Relaxation processes of perturbations of
velocity component ux �a� in the convective region Wi=2.0, �b� in
the transition region Wi=5.2, and �c� in the elastic region Wi=8.0.
The inset of �c� shows the relaxation process magnified in the initial
short period at Wi=8.0. Normalized time T is defined as T= t /Wi.
Horizontal lines denote the value of the velocity component ux of
initial conditions.
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Note that the frequency of the oscillations is the largest in
the elastic region as shown in the inset of Fig. 17�c�. The
oscillatory nature at large Wi is also observed in the earlier
two-dimensional calculations of viscoelastic extensional
flows �18�.

We can consider several situations in which the perturba-
tion would be sustained. First, the pressure may hardly sup-
press spanwise secondary flows for the lack of the degree of
freedom in three-dimensional channels. Spanwise secondary
flows �e.g., Görtler vortices� have been actually observed in
three-dimensional curved-wall flows �43�. Second, subcriti-
cal instabilities may occur against certain finite-amplitude
perturbations in wavy-walled channels as in the earlier stud-
ies of plane-Poiseuille flows �33,44�. The most unstable
modes derived in linear stability analyses are candidates of
the perturbations �45�.

Finally, we summarize this study. We have numerically
investigated laminar steady viscoelastic flows in canonical
wavy-walled channels at moderate Re and Wi with a spectral
element method. We found three types of steady solutions
called convective, transition, and elastic. The separation vor-
tex and the jet flow characterize the difference of the three
solutions. The separation vortex in curved flows has been
observed in numerical simulations and experiments of both
Newtonian and non-Newtonian flows in wavy-walled chan-
nels �42,46�.

When the flow pattern changes at the beginning of the
transition region, the viscous wall friction greatly drops.
Such drag reduction in laminar flows has been observed in
experiments and numerical simulations of viscoelastic fluids
in curved pipes �41,47�.

The flow pattern transition is also accompanied with the
sudden growth of the elastic wall friction. The growth
mechanism of the elastic wall friction is similar to that of the
wall friction due to the Reynolds stress intensified near walls
in Newtonian turbulent flows. The similarity between lami-
nar non-Newtonian flows and turbulent Newtonian flows has

been already pointed out and analyzed �12,17,48�.
We qualitatively described the mechanism of the flow pat-

tern transition by considering the force balance among the
centrifugal force, the elastic force, and the pressure gradient
and the change of dominant terms in the Navier-Stokes equa-
tion. At every Wi, the streamwise elastic force as well as the
hoop stress contributes to the flow pattern transition.

We quantitatively analyzed the force balance with a scal-
ing analysis. We derived ��Re when the convective and
elastic terms are comparable at Wic1. The critical Reynolds
number Rec�70 obtained in the scaling analysis is reason-
able as a characteristic value at which a convective effect
becomes effective �13�.

We also performed the computations of purely elastic
flows at Re=0. Due to vanishing of the centrifugal force, the
separation vortex is not present at low Wi, although it ap-
pears at moderate Wi. Note that Wi at which the separation
vortex emerges in this study is close to Wi at which an elastic
turbulence sets in at Re�1 in the experiments of viscoelastic
flows in wavy-wall channels �12�.

We finally performed the computations of Poiseuille-type
flows driven by a constant body force. The flow pattern tran-
sitions are also observed in the Poiseuille-type flows as in the
Couette-type flows.
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