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Existing continuum models for reactive transport in porous media tend to overestimate the extent of solute
mixing and mixing-controlled reactions because the continuum models treat both the mechanical and diffusive
mixings as an effective Fickian process. Recently, we have proposed a phenomenological Langevin model for
flow and transport in porous media �A. M. Tartakovsky, D. M. Tartakovsky, and P. Meakin, Phys. Rev. Lett.
101, 044502 �2008��. In the Langevin model, the fluid flow in a porous continuum is governed by a combi-
nation of a Langevin equation and a continuity equation. Pore-scale velocity fluctuations, the source of me-
chanical dispersion, are represented by the white noise. The advective velocity �the solution of the Langevin
flow equation� causes the mechanical dispersion of a solute. Molecular diffusion and sub-pore-scale Taylor-
type dispersion are modeled by an effective stochastic advection-diffusion equation. Here, we propose a
method for parameterization of the model for a synthetic porous medium, and we use the model to simulate
multicomponent reactive transport in the porous medium. The detailed comparison of the results of the Lange-
vin model with pore-scale and continuum �Darcy� simulations shows that: �1� for a wide range of Peclet
numbers the Langevin model predicts the mass of reaction product more accurately than the Darcy model; �2�
for small Peclet numbers predictions of both the Langevin and the Darcy models agree well with a prediction
of the pore-scale model; and �3� the accuracy of the Langevin and Darcy model deteriorates with the increasing
Peclet number but the accuracy of the Langevin model decreases more slowly than the accuracy of the Darcy
model. These results show that the separate treatment of advective and diffusive mixing in the stochastic
transport model is more accurate than the classical advection-dispersion theory, which uses a single effective
diffusion coefficient �the dispersion coefficient� to describe both types of mixing.
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I. INTRODUCTION

Flow and transport in porous media can be described on
the discrete pore �microscopic� scale and the continuum
�Darcy� scale, a scale with a characteristic length much
larger than the size of a single pore. On the microscopic scale
these phenomena are governed by fundamental conservation
equations including the continuity equation,

d�

dt
= − � � · v , �1�

the momentum conservation �Navier-Stokes� equation,

dv

dt
= −

�p

�
+ g +

�

�
� · ��v + �vT� , �2�

and the advection-diffusion equation,

dC

dt
=

1

�
� · ��Dm � C� , �3�

where v is the pore-scale fluid velocity, d /dt=� /�t+v ·�, g is
the body force per unit mass and � and � are the density and
viscosity of the fluid. C is the solute concentration �mass
fraction� and Dm is the molecular diffusion coefficient. On
the continuum scale the flow and transport are usually de-
scribed by Darcy transport equations �2,3� that represent the
volumetric or statistical averages of the conservation Eqs.

�1�–�3�. These equations consist of the Darcy-scale continu-
ity equation,

d�

dt
= − � � · u , �4�

The Darcy flow equation,

du

dt
= −

�p

�
+ g − �u , �5�

and the advection-dispersion equation,

dC

dt
=

1

�
� · ��D · �C� , �6�

where u is the spatially averaged pore-scale fluid velocity
and d /dt=� /�t+u ·�. The friction coefficient �=�� / ��k�,
porosity �, permeability k, and hydraulic conductivity �g /�,
are some of the macroscopic parameters characterizing the
continuum properties of porous media. In Eq. �6�, C is the
solute concentration �defined here as the mass fraction�, and
D is the second-rank dispersion tensor.

Due to the complexity of a pore geometry, which results
in even greater complexity of pore-scale flow and advection-
diffusion processes, and due to the fact that, in general, pore
geometry is unknown, it is best to discuss the micro-scale
flow in terms of probability density functions of pore-scale
velocities and positions of Lagrangian fluid volumes. Usu-
ally these probability density functions are non-Gaussian and
require an infinite number of moments to be fully described.
The Darcy Eqs. �4� and �5� describe fluid mass conservation
and the first moment �the average pore velocity� of the pore-*alexandre.tartakovsky@pnl.gov
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scale velocity distribution. The Darcy advection-dispersion
Eq. �6� describes the first three moments of the microscale
advection-diffusion processes �the zero moment describing
the changes of a solute mass; the first moment describing the
dynamic of the center of mass, and the second moment de-
scribing the variance of a solute plume�.

In a homogeneous porous medium, dispersive mixing is
the result of a combination of molecular diffusion �diffusive
mixing� and spreading due to variations in the pore-scale
fluid velocity. The velocity variations inside individual pores,
in combination with molecular diffusion, lead to the Taylor-
Aris type dispersive mixing. Variations in the direction and
magnitude of mean pore velocities in different flow paths
due to differences in pore sizes and differences in tortuosities
of individual flow paths lead to a larger-scale mechanical
mixing between the flow paths. The Darcy-scale flow Eq. �5�
describes only averaged fluid velocity. The effect of pore-
scale velocity variations on solute spreading leading to the
mechanical dispersion is captured by the dispersion tensor in
the advection-dispersion equation. The advection-dispersion
equation treats the dispersion in homogenous porous media
as a Fickian diffusion. Various forms of the dispersion tensor
were proposed to describe these types of mixing. For ex-
ample �4�, derived the expressions for dispersion tensor us-
ing perturbation analysis, with the longitudinal component of
the dispersion tensor having the form:

DL = Dm +
1

6
�2� ln�Pe�Dm +

3

4
PeDm, �7�

where Pe= �u�d /Dm is the Peclet number, �u� is the magni-
tude of the vector u, and d is the average soil-grain diameter.
In the expression Eq. �7� the first term on the right-hand side
describes purely molecular mixing, the second term de-
scribes the Taylor-type mixing and the third term, indepen-
dent of molecular diffusion coefficient, describes purely me-
chanical mixing. Based on numerous experimental studies,
an empirical relationship for the transverse component of the
dispersion coefficient was suggested �5,6�:

DT = Dm + aPebDm, �8�

where a�1 and b�1 are constants that vary in different
studies.

It is common to separate the mechanical mixing from dif-
fusive mixing and Taylor dispersive mixing and use the sim-
pler relationship �2�:

Dl = �Def f + �l�u�� , �9�

where �l �l=L ,T ,T� are the principal longitudinal �denoted
by the subscript L� and transverse �denoted by the subscript
T� components of the dispersivity tensor �, and Def f is the
effective diffusion coefficient. Comparison of Eq. �9� with
Eqs. �7� and �8� reveals that the effective diffusion coeffi-
cient of porous media is a tensor that depends on Dm and Pe.
For moderate and large Pe, the principal components of the
effective diffusion tensor are much smaller than �T�u�
��L�u�, and Def f is commonly treated as a scalar constant
that depends only on Dm, the porosity and tortuosity of a
porous medium �2�.

Multicomponent reactive transport with mixing-controlled
reactions is one example where the Darcy description can be
inadequate. Specifically, the Darcy flow and advection-
dispersion equations over predict the extent of mixing con-
trolled reactions �7–9�. Reference �9� found that the error in
the Darcy-scale model increases with increasing Pe and is
strongly correlated with a dilution index �10� �the dilution
index decreases with increasing Pe�. Reference �10� demon-
strated that a Darcy-scale transport model with constant co-
efficients overestimates the dilution index and this may lead
to over predicting the extent of the mixing controlled reac-
tions.

Recently, we have proposed a phenomenological Lange-
vin model for flow and transport in porous media �1�. The
model is based on a Langevin equation that is obtained by
adding a white noise into the Darcy flow Eq. �5�. In combi-
nation with a continuity equation, the Langevin flow equa-
tion describes both the first and the second moments of the
pore-scale velocity distribution. The velocity obtained from
the Langevin flow equation not only advects the center of
mass, but also mechanically disperses the solute. Having the
velocity field resolved up to the second moment eliminates
the need to use the dispersivity tensor � in the Langevin
transport model. The diffusion-facilitated dispersion in the
Langevin model is governed by a stochastic �due to presence
of random advective velocity� advection-diffusion equation.
The separate treatment of the mechanical and diffusive mix-
ing produces the mixing zone that is more realistic �in terms
of solute dilution� than the mixing zone obtained from the
Darcy transport equations.

Random walk models, based on the Ito stochastic differ-
ential equation �11�, are commonly used to model diffusion
and dispersion processes on both the pore and Darcy scales
�e.g., �12–16��. The Langevin model and random walk mod-
els differ significantly since the random velocity of the fluid
in the Langevin model satisfies the continuity equation,
while the velocities of the random walkers �tracer particles�
do not. The advantages of the Langevin model are: �1� Both
molecular diffusion and chemical kinetics can be easily in-
cluded via the stochastic advection-diffusion equation with
appropriate source terms; and �2� Coupling between the flow
and changes in the solute concentration field�s� occurs natu-
rally in the model �1,17�. Random walk models belong to the
class of discrete models and, in the case of random walk
reactive particle models, a result can depend on numerical
resolution, e.g., a number of particles ��18� showed that a
random walk reactive transport model may not converge
with an increasing number of random walkers�. The pro-
posed Langevin model is formulated in terms of partial dif-
ferential equations and the convergence of its solution was
demonstrated numerically in �1�.

Here, we extend the Langevin model, originally formu-
lated for isotropic dispersion, to the anisotropic dispersion by
using an anisotropic white noise in the Langevin equation.
We propose a method for parametrization of the Langevin
model and we use the model to simulate multicomponent
reactive transport in a synthetic two-dimensional porous me-
dium. The detailed comparison of the results of the Langevin
model with the pore-scale and the Darcy simulations shows
that: �1� for a wide range of Peclet numbers the Langevin
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model predicts the mass of reaction product more accurately
than the Darcy model; �2� for small Peclet numbers the pre-
dictions of both the Langevin and the Darcy models agree
well with a prediction of the pore-scale model; and �3� the
accuracy of the Langevin model deteriorates with the in-
creasing Peclet number but more slowly than the accuracy of
the Darcy model. To provide an accurate comparison, both
the Langevin and the Darcy models are parameterized using
pore-scale simulations of the advection of a conservative
tracer. The transport equations were numerically solved us-
ing smoothed particles hydrodynamics �SPH�, a Lagrangian
particle method that has been previously applied to both de-
terministic �17,19� and stochastic �20� transport problems.

II. LANGEVIN FLOW AND TRANSPORT MODEL

The Langevin flow and transport model is based on the
phenomenological Langevin approach of van Kampen �11�.
According to this approach, a macroscale process �such as
the mechanical dispersion� driven by the microscale fluctua-
tions �such as pore scale velocity fluctuations� can be mod-
eled by adding white noise �an uncorrelated zero-mean ran-
dom variable� into the macroscale deterministic equations.
The Langevin model is constructed by adding a random
force �per unit mass� into the Darcy-scale momentum con-
servation Eq. �5�, and this results in a Langevin equation of
the form:

dU

dt
= −

�P

�
+ g − �U + ���U��� , �10�

where U�x , t�= �U�x , t��+ Ũ�x , t� and P�x , t�= �P�x , t��
+ P̃�x , t� are the random velocity and pressure. Here “� �”
denotes a magnitude of a vector, � � denotes the ensemble
mean of the random variables, and “~” denotes its random
deviates.

The random vector variable, ��x , t�
= �	1�x , t� ,	2�x , t� ,	3�x , t��T, has a zero ensemble mean,
�	l�t��=0, and the covariance function:

�	l�x,t�	l�x�,t��� = 
l
2��x − x����t − t�� , �11�

where 
l is a constant and � is the Dirac delta function. The
random velocity satisfies the continuity equation:

d�

dt
= − � � · U . �12�

Solute transport is described by the classical advection-
diffusion equation:

dC

dt
=

1

�
� · ��Def f � C� , �13�

where C is the solute concentration �defined here as the mass
fraction� and d /dt=� /�t+U ·�. Here, Def f is an effective dif-
fusion coefficient representing molecular diffusion and pore-
scale Taylor dispersion that depends on Dm and Pe.

The values of 
l�l=1,2 ,3� can be found by relating the

variance of lagrangian displacements X̃ to a coefficient of
mechanical dispersion via Einstein relationship �11�. The la-

grangian displacements in the Langevin model are defined as

X�t� = �X�t�� + X̃�t� , �14�

and

dX�t�
dt

= U�X0,t�, X�0� = X0. �15�

If the direction of averaged velocity �U� coincides with
direction 1, then the Einstein relationship takes the form
�11�:

lim
t→�

d�X̃1�t�X̃1�t��
dt

= 2DL
M , �16�

lim
t→�

d�X̃1�t�X̃1�t��
dt

= 2DT
M, l = 2,3, �17�

where DL
M and DT

M are the principal components of the me-
chanical dispersion tensor. Here we define the mechanical
dispersion as a dispersion of fluid particles or dispersion of
an imaginary tracer with zero diffusion coefficient. If Eq. �9�
for the dispersion tensor is assumed, then 
l can be related to
the dispersivity tensor via the variance of lagrangian dis-
placements as:

lim
t→�

d�X̃1�t�X̃1�t��
dt

= 2�L��U��� , �18�

lim
t→�

d�X̃l�t�X̃l�t��
dt

= 2�T��U���, l = 2,3, �19�

where ��U��� is the steady-state value of the average velocity.
For given values of 
l�l=1,2 ,3�, the dispersivity tensor, �,
can be found numerically by solving Langevin Eqs.
�10�–�12� and using relationships Eqs. �18� and �19�. Alter-
natively, for a given �, a model calibration is required to
determine 
l. A purely mechanical dispersion is impossible
to observe or directly measure in laboratory or filed experi-
ments because of the ever-present molecular diffusion. But
for a porous medium with known pore geometry, the me-
chanical dispersion coefficient or dispersivity tensor can be
found from a solution of the Navier-Stokes equations for
pore-scale fluid velocity. Here, we considered the two-
dimensional porous medium shown in Fig. 1. A numerical
solution of the Navier-Stokes equation for this porous me-
dium was obtained in �21�. We used this solution to calculate
the coefficient of mechanical dispersion, and we found 
l�l
=1,2� for the porous medium through the Langevin model
calibration.

III. MULTICOMPONENT REACTIVE TRANSPORT

The Langevin model was used to simulate isothermal
steady-state fluid flow and reactive transport of solutes A, B,
and C in the homogeneous porous medium. The Langevin
simulations were compared with pore and Darcy simulations
that were presented in �9�. Examples of the simulations for
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different Peclet numbers are shown in Figs. 2 and 3. Two
solutes �A and B� with concentrations A0 and B0 were in-
jected into adjacent halves of the porous medium. The sol-
utes underwent mixing along the interface between the two
plumes, and the mixing resulted in the irreversible reaction

A+B→
�

C, where � is the reaction rate �with units of volume
per time per mole�. In the Langevin simulations, the fluid
flow and mechanical mixing of the solutes were described by
the stochastic flow Eqs. �10� and �12�. Diffusive mixing and
irreversible reaction between the two solutes A and B are
described by the stochastic advection-diffusion-reaction
equations:

dA

dt
=

1

�
� · ��Def f � A� − AB , �20�

dB

dt
=

1

�
� · ��Def f � B� − AB , �21�

dC

dt
=

1

�
� · ��Def f � C� + AB , �22�

where A, B are concentrations �mass fractions� of A and B
normalized with A0 and B0, C is the concentration of C nor-
malized with A0+B0, and =�M� �M� is the referenced
molar concentration assumed to be equal to the input molar
concentrations of A and B� is the normalized reaction rate
with units of one over time. The density of solution � was
assumed to be independent of concentrations of A, B, and C.
This assumption can be easily relaxed �1,17�. The external
boundaries of the domain are located at x1=0, x1=L1, x2=0,
and x2=L2. For simplicity, the parameters 
l were deter-
mined for the periodic �infinite� porous medium, Sec. V A.
Similarly, the dispersion coefficient in the Darcy model was
determined for the infinite porous medium �9�. To avoid the
effect of boundaries on mechanical dispersion in the Lange-
vin multicomponent reactive transport simulations, velocity
and pressure at the boundaries of the domain are assumed to
be periodic. These boundary conditions cause average veloc-
ity �U� to be in the direction of the body force g= �g ,0�T. The
periodic boundary conditions were also used in the pore-
scale multicomponent reactive transport simulations in �9�.
At horizontal boundaries located at x2=0 and x2=L2 normal
mass fluxes of A, B, and C are zero. At the vertical bound-
aries the parallel injection of A and B into different halves of
the domain is described by the boundary conditions:

x1 /d

x 2
/d

0 5 10
0
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4
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8

10 6.90
6.27
5.65
5.02
4.39
3.76
3.14
2.51
1.88
1.25
0.63
0.00

FIG. 1. �Color online� Pore-scale velocity normalized with av-
erage pore velocity. Reynolds number Re=4. Coordinates x1 and x2

are normalized with d, the average grain diameter.
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FIG. 2. �Color online� Dimensionless concentration of solute C,
a product of the reaction between solutes A and B injected uni-
formly through the top and bottom halves of the left boundary of
the flow domain, for Peclet number Pe=246. The top, middle, and
bottom panels show results obtained from pore-scale, Langevin, and
Darcy simulations, respectively.

X 2
/d

X 2
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X 2
/d

11.1
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0

11.1
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0 x1/d 44.5
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FIG. 3. �Color online� Dimensionless concentration of solute C,
a product of the reaction between solutes A and B injected uni-
formly through the top and bottom halves of the left boundary of
the flow domain, for Peclet number Pe=24610. The top, middle,
and bottom panels show results obtained from microscale, Lange-
vin, and Darcy simulations, respectively.
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A�x2 � L2/2� = 1, A�x2 � L2/2� = 0, x1 = 0, �23�

B�x2 � L2/2� = 0, B�x2 � L2/2� = 1, x1 = 0, �24�

C = 0, x1 = 0, �25�

�A/�x1 = 0, x1 = L1, �26�

�B/�x1 = 0, x1 = L1, �27�

�C/�x1 = 0, x1 = L1. �28�

Initially, the domain is tracer free,

A = 0, B = 0, C = 0, t = 0. �29�

IV. SPH TRANSPORT EQUATIONS

The Langevin flow and transport Eqs. �10�–�13� were
solved with the SPH method. In the SPH Langevin model a
fluid is discretized with NL particles. Positions Xi

L and ve-
locities Ui of the particle i�i=1, . . . ,NL� are governed by Eqs.
�10�–�12� that take the form:

dUi

dt
= −

��P�i

�i
+ g − �iUi + ���Ui���i,

dXi
L

dt
= Ui, �30�

d�i

dt
= − �i�� · U�i, �31�

where the subscript i indicates properties associated with the
ith particle. The concentration of solute carried by particle i
�mass of solute dissolved in particles i divided by the total
mass of particle i� does not change as result of advection.
Consequently, there is no numerical dispersion in the SPH
method, and the solute advection and the mechanical disper-
sion are treated exactly. The change of the solute concentra-
tion carried by particle i due to diffusion-assisted mixing and
the reaction is described by the SPH advection-diffusion
equations:

dAi

dt
=

1

�i
�� · ��Def f � A��i − AiBi, �32�

dBi

dt
=

1

�i
�� · ��Def f � B��i − AiBi, �33�

dCi

dt
=

1

�i
�� · ��Def f � C��i + AiBi. �34�

SPH discretization of spatial derivatives in Eqs. �30�–�34�
is given in the Appendix. In the absence of reactions, SPH
discretization conserves mass of each solute exactly. In the
presence of reactions the total mass is also conserved.

V. PARAMETRIZATION OF THE STOCHASTIC MODEL

The stochastic transport model was evaluated by compar-
ing its results with pore-scale simulations and predictions of

the Darcy advection-dispersion model. Pore-scale and Darcy
simulations of flow and mixing controlled reaction A+B
→C in the two-dimensional porous medium for several Pe-
clet and Damkohler �Da=d2 /D� numbers are presented in
�9�. Here, we use the solution of the Navier-Stokes equations
for fluid flow in the porous medium, shown in Fig. 1, and
conservative tracer simulations �numerical solution of the
Navier-Stokes equations and tracer simulations were pre-
sented in �9�� to calculate the friction coefficient � and pa-
rameters 
l�l=1,2� and Def f in the Langevin model.

A. Estimation of � and �l

The pore-scale fluid flow in the porous medium �Fig. 1�
was simulated by solving the continuity and Navier-Stokes
Eqs. �1� and �2� subject to the no-flow, no-slip boundary
conditions at the grain boundaries and periodic boundary
conditions for velocity and pressure at the external bound-
aries of the periodic domain �9�. The flow was driven by the
body �gravitational� force acting in the direction 1. The fluid
occupying pore-space was discretized with Np Lagrangian
particles and the solution of the continuity and Navier-Stokes
equation was obtained with the SPH method �22�. Figure 1
shows resulting distribution of normalized velocities
�v1,i

2 +v2,i
2 / v̄, where v̄ is the average pore velocity in the

direction of flow

v̄ =
1

Np
	
i=1

Np

v1,i. �35�

The friction coefficient � was then calculated as

� =
g

v̄
. �36�

The coefficients of mechanical dispersion and dispersivi-
ties of the porous medium were found from the pore-scale
simulation �Fig. 4� using the relationships:

lim
t→�

��x1

2 �t�

�t
= lim

t→�

�

�t
 1

Np
	
i=1

Np

�x̃1,i�t�x̃1,i�t��� = 2DL
M = 2�Lv̄ ,

�37�

and

lim
t→�

��x2

2 �t�

�t
= lim

t→�

�

�t
 1

Np
	
i=1

Np

�x̃2,i�t�x̃2,i�t��� = 2DT
M = 2�Tv̄ ,

�38�

where �x1

2 and �x2

2 are the variances of particle displacements
in directions 1 and 2 and

x̃i�t� = xi�t� − x̄i�t� . �39�

In expression Eq. �39�, xi�t� is the position of the fluid
particle i�i=1,Np� at the time t found from the SPH solution
of the Navier-Stokes equations, x̄i�t� is the average particle
position:
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x̄i�t� = xi
0 +

1

Np
	
j=1

Np

�x j�t� − x j
0� , �40�

xi
0 is the position of particle i at the time zero, and x̃i�t� is the

deviation of the position of particle i.
Parameters 
1=13.3 and 
2=0.32, satisfying conditions

Eqs. �18� and �19�, were found from the Langevin model
calibration. Figure 5 shows the variance of the X1 and X2

components of the particle position vector, �X̃l
2�t���l=1,2�,

versus time for the stochastic simulation with 
1=13.3 and

2=0.32 and �Ui�= v̄=0.00535. The simulation was per-
formed in a two-dimensional rectangular periodic domain
filled with M =8192 fluid particles. The flow was driven by
gravitational body forces acting on the SPH fluid particles.

Because of the periodic boundary conditions, all the fluid
particles were statistically equivalent, and the mean velocity
and the variance of the Lagrangian displacement of any par-
ticle i were the same and could be found from:

�U� =
1

NL
	
i=1

NL

Ui, �41�

�X̃l
2�t�� =

1

NL
	
i=1

NL

�Xl,i − �Xl,i��2, l = 1,2, �42�

and

�Xi�t�� = Xi
0 +

1

NL
	
j=1

NL

�X j�t� − X j
0� . �43�
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FIG. 4. Open circles represent dimensionless variance of dis-
placements, �xl

2 /d2, versus dimensionless time, tv̄ /d, obtained from
the pore-scale simulation: �a� the variance in the direction 1 �a
direction of average flow�; and �b� variance in the direction 2 �a
direction perpendicular to the direction of average flow�. Solid lines
are obtained as a best fit to the linear parts of the curves. Compo-
nents of the dimensionless mechanical dispersion tensor, 2DL

M / �dv̄�
and 2DT

M / �dv̄�, are given by the slopes of the solid lines.
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FIG. 5. Dimensionless variance of Lagrangian displacements

�X̃1
2�t�� /d2 in the direction 1 �the left figure� and �X̃2

2�t�� /d2 in the
direction 2 �the right figure� as a function of dimensionless time,
tv̄ /d, obtained from a simulation with 
1=13.3 and 
2=0.32. Com-
ponents of the dimensionless mechanical dispersion tensor,
2DL

M / �dv̄� and 2DT
M / �dv̄�, are given by the slope of the linear part

of the curves.

ALEXANDRE M. TARTAKOVSKY PHYSICAL REVIEW E 82, 026302 �2010�

026302-6



B. Determination of Deff

Reference �9� presented pore-scale simulations of the ad-
vection and diffusion of the conservative tracer in a porous
medium made of periodic cell shown in Fig. 1, and deter-
mined the dispersion coefficient for this porous medium for
different Pe. The longitudinal and transverse components of
the dispersion tensor are listed in Table I. Here, we used the
values of the dispersion coefficient to determine the transport
parameter, Def f, in the Langevin advection-diffusion Eqs.
�32�–�34�.

The coefficient of effective diffusion Def f in Eqs.
�32�–�34� includes the effect of the Taylor-Aris dispersion
that is the diffusive solute mixing enhanced by velocity
variations inside individual pores. In general, the coefficient
of effective dispersion should be a tensor �Def f�. Further-
more, Table I shows that the transverse component of the
dispersion tensor increases with increasing Dm and the lon-
gitudinal component of the dispersion tensor decreases with
increasing Dm. Hence, the form of the dispersion tensor
given by Eq. �9� assumes that the longitudinal component of
Def f decreases with increasing Dm and the transverse compo-
nent of Def f increases with Dm. The decrease in the longitu-
dinal component of Def f with increasing Dm is not surprising
since the longitudinal component accounts for the Taylor dis-
persion that is known to decrease with increasing Dm for a
given Re �23�. Nevertheless, it is common to replace Def f
with a scalar constant depending only on Dm and porosity
and tortuosity of a porous medium �2�. Mixing-induced re-
actions, considered in this study, are controlled by the trans-
verse component of the dispersion coefficient �24�. To sim-
plify the model without affecting the accuracy of the solution
we replaced the Def f tensor with its transverse component
that in the following is denoted by Def f. An extension of the
model for the Def f tensor is relatively straight-forward. Ad-
vection of a conservative tracer was simulated to numerically
study the dependence of the second moments of the tracer on
Def f for 
1 and 
2 determined in Sec. V A. From this analy-
sis the values of Def f were found to match the transverse
dispersion coefficients in the porous medium for Pe=24.6,
246, and 24610. These values are given in the Table I and
were used in the reactive transport simulations presented be-
low.

VI. NUMERICAL RESULTS AND COMPARISON WITH
PORE-SCALE AND DARCY SCALE MODELS

The Langevin model was used for simulations of flow and
mixing-induced reactions described by Eqs. �30�–�34� sub-

ject to the initial and boundary conditions Eqs. �23�–�29� in
the porous medium shown in Fig. 1 for several Pe and Da.
The equations were solved numerically using a smoothed
particle hydrodynamics method �see the Appendix�. Concen-
tration of the solute C, a product of the irreversible reaction
A+B→C, obtained from the Langevin model for Pe=246
and Da=11500 is shown in Fig. 2. Figure 3 shows a distri-
bution of C for Pe=24610 and Da=115000. The Reynolds
number was set to Re=4. For comparison purposes, Figs. 2
and 3 also show pore scale and Darcy simulations of the
same transport phenomena in the same porous medium.
Table I gives a summary of all simulations conducted in this
study.

The pore-scale simulations show a narrow mixing zone
that widens with decreasing Pe. The Darcy model predicted
a cone-shaped mixing zone with a Gaussian distribution of C
in x2�Y� direction. On the other hand, the stochastic simula-
tions produced a mixing zone with highly heterogeneous dis-
tribution of the solute C. This can be seen very clearly in the
simulation with large Pe, Fig. 3. The same phenomenon, but
to a smaller degree, is found in the simulation with the
smaller Pe �Fig. 6 shows a nonuniform distribution of C in a
zoomed-in part of the mixing zone obtained from the Lange-
vin simulation with Pe=246�.

Reference �10� demonstrated that Darcy-scale equations
with constant transport coefficients predict a maximum pos-
sible solute dilution and over-predict the real dilution of a
tracer in porous media �9�, found that over-estimation of di-
lution increases with decreasing Pe. The over prediction of
solute dilution by the Darcy transport model leads to the
over-prediction of the mass of C. Figures 7 and 8 show the
dimensional mass of C obtained from pore scale, Langevin
and Darcy simulations for several Pe and Da:

TABLE I. Parameters for the Langevin and Darcy transport equations.

Pe Da Dm DL DT Def f

Langevin error
�%�

Darcy error
�%�

24.6 1150 6.25�10−4 0.008 0.003 0.0027 3 1

24.6 11500 6.25�10−4 0.008 0.003 0.0027 3 1

246.1 11500 6.25�10−5 0.01 0.0007 6.25�10−4 4 19

24610 115000 6.25�10−7 0.03 0.00003 6.25�10−6 18 52

FIG. 6. �Color online� Enlarged view of the mixing zone result-
ing from the mixing and reaction between two solutes A and B
injected uniformly through the top and bottom halves of the left
boundary of the flow domain with Peclet number Pe=246. The
whole computational domain is shown in Fig. 2.
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MI�t� =

�
�I

CI�x,t���x,t�dx

�
�P

CP�x,t����x,t��dx

, �44�

where subscript I= P ,L ,D denotes quantities obtained from
pore-scale, Langevin and Darcy model respectively, �I is a
computational domain of the corresponding model, and t� is
the time when MP reaches a steady-state value. The compari-
son of the three models shows that for small Peclet numbers
�Pe=24, Fig. 7�, both the Langevin and the Darcy models
predict mass of C within 3% of the mass of C obtained from
the pore-scale model regardless of the magnitude of the
Damkohler number. For small Pe, Darcy-scale model ap-
pears to be slightly more accurate �1% error� than the Lange-
vin model �3% error�. We found that doubling the number of
particles reduced the error in the Langevin model by 0.5%.
The error is calculated as a relative difference in the total

mass of C obtained from the pore-scale model and the
Langevin or Darcy models. The Damkohler number doesn’t
have a significant effect on errors in the Langevin and Darcy
model predictions. Errors in the Darcy model increase rap-
idly with increasing Pe, Fig. 8. For Pe=246, the relative
error in the Darcy model becomes 19%, while the error in the
Langevin model stays within 4%. For Pe=24610, the rela-
tive error in the Darcy model increases to 52%. For Pe
=24610, the Langevin model remains more accurate than the
Darcy model with relative error of 18%. Table I lists the
errors in the Langevin and Darcy models for different Peclet
and Damkohler numbers. These results show that the sepa-
rate treatment of mechanical dispersion and molecular and
Taylor-type mixing is superior to the effective diffusion
�Darcy� model, especially for mixing-controlled reactions
with high Peclet numbers.

VII. SUMMARY AND CONCLUSIONS

Recently, we have proposed a phenomenological Lange-
vin model for flow and transport in porous media �1�. In the
model, the flow of fluid is governed by a stochastic Langevin
equation leading to the mechanical dispersion of the fluid
and a solute. Solute mixing due to molecular diffusion and
velocity variations within individual pores and pore throats
�Taylor dispersion� is governed by the advection-diffusion
equation that becomes stochastic due to random advective
velocity. The stochastic model separates the effects of diffu-
sive and mechanical mixing on solute transport, while the
classical advection-dispersion �Darcy� model assumes a
complete mixing �full dilution� on the support of the Darcy
model and treats both types of mixing as an effective diffu-
sive process. Here, we extended the Langevin model, origi-
nally formulated for isotropic dispersion, to the anisotropic
dispersion by using an anisotropic white noise in the Lange-
vin equation.

The Langevin model was used to simulate mixing and
reaction between two solutes A and B, injected in parallel
into the porous domain for several Peclet and Damkohler
numbers. The Langevin transport equations were solved nu-
merically with Smoothed Particle Hydrodynamics. The solu-
tion of the Langevin equations was compared with pore-
scale and Darcy-scale simulations of the reactive transport in
the porous medium for a wide range of Peclet and
Damkohler numbers. The parameters in the Langevin and
Darcy models were found from pore-scale simulations of a
conservative tracer in the porous medium. We found that the
Darcy transport model over-estimates the mass of C, a prod-
uct of irreversible reaction between A and B, with error in-
creasing from 1% for Pe=24 to 19% for Pe=246 to 52% for
Pe=24610. The Darcy transport model is accurate for small
Pe �when solutes are well mixed on the Darcy support scale�.
A degree of mixing decreases with increasing Pe and, as a
result, the Darcy scale model becomes less accurate and
tends to over predict an extend of mixing-controlled reac-
tions. The Langevin model remains accurate within 4% for
Pe as large as 246. For Pe=24610, the error in the Langevin
model increases to 18%, which is significantly smaller than
the error in the Darcy model for the same Pe. Peclet numbers
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FIG. 7. Dimensionless mass of C versus dimensionless time,
tv̄ /d, obtained from the pore-scale, Langevin and Darcy simulations
for Pe=24 and different Da. The mass is normalized with respect to
the asymptotic value of mass obtained from the pore-scale simula-
tion with corresponding Da.
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FIG. 8. Dimensionless mass of C versus dimensionless time,
t�v� /d, obtained from the pore-scale, Langevin and Darcy simula-
tions for Peclet numbers Pe=246 and 24 610. The mass is normal-
ized with respect to the asymptotic value of mass obtained from the
pore-scale simulation with corresponding Pe.
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used in the study are within the range of Pe observed in
typical sand and gravel aquifers and near injection wells
�9,25�.

The SPH method is, in general, computationally less effi-
cient than traditional grid-based methods but, due to its simi-
larity to molecular dynamics, a development of highly scal-
able SPH codes is relatively simple. This should allow
performing SPH Langevin simulations of transport problems
on scales of practical importance.
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APPENDIX: SPH LANGEVIN MODEL

1. SPH interpolation scheme

The SPH method is based on the idea that a continuous
field A�X� can be approximated as

AI�X� =� A�X��W��G · �X − X����dX�, �A1�

where W is the SPH weighting function �a smooth bell-
shaped function� with the compact support 1 �in model units
of length�, W��G · �X−X����1�=0�, that satisfies the nor-
malization condition:

� W��G · �X − X����dX� = 1. �A2�

G is the second-rank tensor. The form of G depends on the
dimensionality of the space. In 2D G takes the form:

G = �h1
−1 cos2 � + h2

−1 sin2 � �h1
−1 − h2

−1�cos � sin �

�h1
−1 − h2

−1�cos � sin � h1
−1 sin2 � + h2

−1 cos2 �
� ,

�A3�

where h1 and h2 are the semimajor and semiminor axes of
the ellipse and � is the angle between coordinate 1 and semi-
major axis. If semimajor axe of the ellipse coincides with the
direction of the coordinate 1, then G reduces to:

G = �h1
−1 0

0 h2
−1 � . �A4�

In the h1→0 limit, W is required to reduce to the Dirac delta
function. In this limit the SPH interpolation scheme becomes
exact, i.e., AI�A. To simplify notation, in the following we
will drop the subscript I.

In a numerical implementation of the SPH method, fluids
occupying a computational domain are represented by a set
of N particles with positions Xi�i=1,N� and the integral in
Eq. �A1� is discretized as

Ai = 	
j

Aj/njW��G · �Xi − X j��� , �A5�

where Ai=A�Xi�; ni=�i /mi is the particle number density;
and mi is the mass of particle i. The SPH approximation for
continuous fields allows the mass and momentum conserva-
tion equations to be written in the form of a system of ordi-
nary differential equations �ODEs� �19�.

2. SPH equations

Using the SPH interpolation scheme Eq. �A5�, the Lange-
vin Eq. �10� can be discretized as �20�:

dUi

dt
= Fi

A + Fi
B, �A6�

where

Fi
A = −

1

mi
	

j
�Pj

nj
2 +

Pi

ni
2��iW��G · Xij�� + g − �iUi,

�A7�

Fi
B = ���Ui���i, �A8�

where Xij =Xi−X j; Ui is the velocity of particle i; ��Ui��
=�	k=1

Ds ��VUkdx /V�2=�	k=1
Ds �	i=1

NL Uk,i /ni /V�2; V=	i=1
NL 1 /ni is

the volume of the computational domain where the Langevin
equations is defined; Ds is the number of spatial dimensions;
mi is the mass of particle i. The evolution of particle density,
ni, can be found directly from Eq. �A5� with A=n:

ni = 	
j

W��G · Xij�� , �A9�

and Eq. �A9� replaces the continuity Eq. �12� �19�. The first
term on the right hand side of Eq. �A7� is obtained through
SPH discretization of ��P�i /�i in Eq. �10� �19�. The system
of equations is closed by the equation of state,

Pi = Peqni/neq, �A10�

where neq is the average number of particles per unit volume
and Peq is the pressure of the particles in the equilibrium
state �the state in which the total force acting on each particle
is zero in the absence of body and random forces�.

The SPH formalism can also reduce the diffusion Eqs.
�20�–�22� to the system of ODEs �22�:

d�A,B�i

dt
=

Def f

mi
	

j

�mini + mjnj��A,B�ij

ninjXij
2 Xij · �iW��G · Xij��

− AiBi, �A11�

dCi

dt
=

Def f

mi
	

j

�mini + mjnj�Cij

ninjXij
2 Xij · �iW��G · Xij�� + AiBi,

�A12�

where ai,j =ai−aj�a=A ,B ,C� and Ai, Bi, and Ci are the con-
centrations of solutes A, B and C carried by particle i. For
simplicity, all SPH particles have mass m0 that is indepen-
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dent of the solute concentration. The assumption of a highly
dilute solution can be easily relaxed �1�.

In general, different forms of G=G�h1 ,h2� can be used in
different equations. It is common in SPH to use G with h1
=h2 �isotropic W kernel� in which case the SPH interpolation
scheme Eq. �A5� approximates a function at X with a
weighted spatial average inside a circle �sphere in three di-
mensions� centered at X. In a general case of h1�h2 �aniso-
tropic W kernel�, a function is approximated with a weighted
average inside an ellipse �ellipsoid in three dimensions�. The
use of isotropic kernel W is appropriate when “noise” in a
partial differential equation is isotropic or completely absent.
Isotropic kernel W �h1=h2=1 �in model units of length�� was
used in the SPH diffusion Eqs. �A11� and �A12�. In the SPH
Langevin equation the random noise is anisotropic �
1
=13.3 and 
2=0.32�, and this required the use of the aniso-
tropic kernel W. In the simulations, h1=10 and h2=1 �in
model length units� were used in the SPH Eqs. �A6�–�A9�.

The implementation of the SPH model is straightforward
and consists of the following 5 steps:

Step 1. The fluid is discretized by placing randomly or
uniformly NL=neqV particles throughout the computational
domain with volume V. The initial velocity and concentra-
tion are assigned to each particle.

Step 2. The number densities of all particles, ni, are cal-
culated from Eq. �A9� and the pressures, Pi, are found from
the equation of state Eq. �A10�.

Step 3. NLNS random numbers �NS is the number of spatial
dimensions� from the standard normal distribution, �l,i�l
=1, . . . ,NS , i=1, . . . ,NL� are generated and the random
forces in Eq. �A8� are calculated according to 	l,i=
l�l,i. The
total forces acting on each fluid particle and the rate of
change of solutes concentrations dissolved in each particles
are calculated from Eqs. �A6�–�A8�, �A11�, and �A12�.

Step 4. The new positions, velocities of the fluid particles
and solutes concentration are found by time integration of
Eqs. �A6�, �A11�, and �A12� using the explicit “velocity Ver-
let” algorithm �26� which takes the form:

Xi
t+�t = Xi

t + �tUi
t, �A13�

Ii
t+�t = Ii

t +
�t

2
�� dI

d�
�

�=t+�t
+ � dI

d�
�

�=t
�, I = A,B,C ,

�A14�

and

Ui
t+�t = Ui

t +
�t

2
�Fi

A,t+�t + Fi
A,t� +

��t

2
�Fi

B,t+�t + Fi
B,t� .

�A15�

The time step in Eqs. �A13�–�A15� is determined from the
CFL stability condition �20�. After the positions of the fluid
particles are updated according to Eq. �A13�, Steps 2–4 are
repeated.

3. Boundary conditions

In the flow simulations, periodic boundary conditions
were used. Fluid particles, exiting the computational domain,
were returned to the flow domain through the opposite
boundary with the same velocities. The periodic boundary
conditions were used to avoid the effect of the boundaries on
the mechanical dispersion.

The boundary conditions, Eqs. �23�–�28� for the
advection-diffusion-reaction equations were imposed as the
following: the concentrations A=A0, B=0, and C=0 were
assigned to the particles entering at x1=0 in the top half of
the domain and A=0, B=B0, and C=0 in the bottom half of
domain. Symmetry with respect to x2=L2 /2 was used to im-
pose zero-mass flux condition at the x2=0 and x2=L2 bound-
aries: the particle i with concentrations Ai, Bi, and Ci exiting
boundary at x2=0 were returned to the domain through the
boundary at x2=L2 with concentrations Ai

�=Bi, Bi
�=Ai, and

Ci
�=Ci. Similarly, the particle i with concentrations Ai, Bi,

and Ci exiting boundary at x2=L2 were returned to the do-
main through the boundary at x2=0 with concentrations Ai

�

=Bi, Bi
�=Ai, and Ci

�=Ci.
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