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Numerical integrations of the derivative nonlinear Schrödinger equation for Alfvén waves, supplemented by
a weak dissipative term �originating from diffusion or Landau damping�, with initial conditions in the form of
a bright soliton with nonvanishing conditions at infinity �oblique soliton�, reveal an interesting phenomenon of
“quasicollapse”: as the dissipation parameter is reduced, larger amplitudes are reached and smaller scales are
created, but on an increasing time scale. This process involves an early bifurcation of the initial soliton toward
a breather that is analyzed by means of a numerical inverse scattering technique. This evolution leads to the
formation of persistent dark solitons that are only weakly affected when crossed by the decaying breather
which has the form of either a localized structure or an extended wave packet.
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I. INTRODUCTION

The derivative nonlinear Schrödinger �NLS� equation,

�tb + �x���b�2 − ��b�2��b� + i�xxb = 0, �1�

is obtained from the magnetohydrodynamic �MHD� equa-
tions with Hall effect �Hall-MHD� by means of a long-
wavelength reductive perturbative expansion that isolates the
dynamics of weakly nonlinear dispersive Alfvén waves
propagating along a direction either parallel �1–3� or making
a small angle �4,5� with the ambient magnetic field. In the
former case, localized solutions are supposed to vanish at
large distance and will be referred to as vanishing boundary
condition �VBC� solutions. The latter one �referred to as non-
vanishing boundary conditions �NVBCs�� corresponds to the
nonzero boundary conditions b�x , t�→b0 at ��, where b0
�that can be taken real� is the component of the ambient
magnetic field perpendicular to the direction of propagation.
It is also of interest to mention that the derivative nonlinear
Schrödinger �DNLS� equation with such boundary condi-
tions describes large amplitude MHD waves propagating at
an arbitrary angle to the magnetic field in the limit of large �
�6�. The DNLS equation has been extensively used in the
space physics literature to describe the dynamics of Alfvén
waves that, as upstream of the earth’s bow shock, propagate
in directions making a relatively small angle with the ambi-
ent magnetic field and are associated with magnetic fluctua-
tions whose amplitudes are large enough to make nonlinear
couplings non-negligible �see, e.g., �7,8� and reference
therein�.

The fact that the DNLS equation governs the evolution of
a complex field originates from the equality of the phase
velocities of the parallel Alfvén and fast or slow �depending
on �� magnetosonic waves in the zero dispersion limit. The
solution b=by + ibz refers to the transverse magnetic field and
� · � denotes the average over the entire domain. For conve-
nience, the equation has been rescaled in order to set the

nonlinear and dispersive coefficients equal to unity. Further-
more, the mean value ��b2��, which is a constant, can be
eliminated by a change of frame.

For both vanishing and nonvanishing boundary condi-
tions, the DNLS equation is completely integrable by inverse
scattering transformation �IST� �9–12� and thus displays spe-
cific properties such as the existence of soliton solutions. It
should in fact be viewed as an idealized model. In many
physical instances, additional effects are indeed present that,
albeit small, can significantly affect the dynamics. In particu-
lar, the question arises of the influence of a small dissipation
on the soliton evolution �13�. In the Hall-MHD description
of a collisional plasma, this effect can originate from Ohmic
dissipation through a weak viscosity and/or magnetic diffu-
sivity, leading to an additional term of the form ��xxb in the
diffusive DNLS equation �see, e.g., �14� and references
therein�. In a noncollisional plasma, the dissipation origi-
nates from wave-particle resonance �Landau damping�. In
the latter case, a reductive perturbative expansion performed
on the Vlasov-Maxwell equations leads to the so-called ki-
netic derivative nonlinear Schrödinger �KDNLS� equation
�4,15–17�,

�tb + �x��1 − �H���b�2 − ��b�2��b� + i�xxb = 0, �2�

where

H��b�2� =
1

�
P�

−�

+� �b�2�x��
x� − x

dx�, �3�

and � is a small positive parameter that depends on the par-
ticle distribution and vanishes in the limit of cold plasmas.
Other dissipative terms were also used in the literature
aimed, for example, to simulate the ion-cyclotron damping
�18�. As in the unperturbed problem, the term involving the
mean value can be eliminated from dissipative DNLS equa-
tions by using a nonuniformly moving frame. It thus does not
affect the dynamics but only shifts the structures spatially,
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and so was suppressed in most of our simulations. Note that
an alternative effect leading to a perturbed DNLS equation
originates from homogeneous random fluctuations of the
plasma density at equilibrium that leads to a nonlocal possi-
bly negative linear diffusion �19�.

Perturbative analyses based on the inverse scattering tech-
nique were developed to address the dynamics of soliton
solutions of integrable equations, when a weak dissipative
effect is retained �20,21�. The effect of a weak diffusion
�22,23� or of Landau damping �24�, on the so-called Alfvén
soliton that is a parallel-propagating �i.e., VBC� solution,
was in particular considered. In this approach, the solitonic
character of the solution is to leading order preserved with an
adiabatic evolution mostly due to variations of the soliton
parameters �related to the associated eigenvalue� for which
differential equations are derived and numerically integrated.
The nonsoliton part of the solution, associated with radiation,
was also considered and its relevance was evaluated in dif-
ferent regimes of parameters. Its spectral properties are in
particular studied in �25�, together with the space structure of
the radiative field in the case of Ohmic dissipation. Devia-
tions from the adiabatic theory were nevertheless observed in
numerical integrations of the KDNLS equation �24� with an
initial parallel-propagating soliton characterized by an eigen-
value with a positive real part, due to a significant distortion
of the profile of the solution and an important radiation emis-
sion that can be captured in the framework of IST �25�. The
inaccuracy of simple adiabatic modulation arguments for a
soliton solutions of both the NLS and DNLS equations in the
presence of a nonzero background that plays the role of an
energy reservoir, was also discussed in the literature, and
more systematic perturbation analyses were developed in the
case of dark solitons �26–28�. The dynamics of NVBC bright
solitons, considered in the present paper, is more difficult to
address by the theory. The dynamics of NVBC solutions of
the diffusive DNLS, initialized by a bright or dark soliton or
by a breather, has recently been studied numerically �29�,
using an algorithm based on the inverse scattering technique
�numerical IST� described in �30�. The formation of dark
solitons as well as coalescence of bright and dark solitons to
form a breather that eventually evolves toward a wave packet
was reported. The former issue was in particular viewed by
the authors as a possible mechanism at the origin of the
magnetic depressions, usually referred to as magnetic holes,
often observed in space plasmas.

In the present paper, we show that when the dissipation is
small enough, the dynamics of a NVBC bright soliton leads
to a kind of quasicollapse where, after becoming a breather,
the solutions can locally reach a larger and larger amplitude
and a smaller and smaller width as the dissipation coefficient
is reduced, a process that nevertheless requires longer and
longer times. Afterward, the soliton is rapidly dissipated with
the generation of delocalized small-scale fluctuations. The
paper is organized as follows. Section II provides a brief
review of rigorous results concerning the DNLS equation,
stressing their incomplete character. Section III provides ex-
plicit expressions for the DNLS solitons with NVBC, asso-
ciated with real and complex eigenvalues. Section IV de-
scribes the results of numerical simulations of the DNLS
equation with diffusion or Landau damping and points out

the destabilizing effect of a weak dissipation on the evolution
of an initially bright NVBC soliton and the resulting forma-
tion of sharp structures. In Sec. V, the numerical IST is used
to analyze in particular the coalescence of the bright soliton
with an early created dark soliton, leading to a bifurcation to
a breather whose amplitude, in contrast with that of bright
solitons, is not bounded from above. Section VI provides a
brief summary of our findings and includes in particular a
few comments on the extensions of the present observations
to the regime of strong dispersive turbulence that establishes
when a random driving term is supplemented to the dissipa-
tive DNLS equation.

II. BRIEF REVIEW OF RIGOROUS RESULTS

In the case of vanishing solutions at infinity, the equation
�with no mean field� turns out to be equivalent, through a
simple gaugelike transformation given in the case of
zero condition at infinity by �23,31� u�x , t�
=b��x , t�exp i

2	−�
x �b�� , t��2d�, to the equation

i�tu + �xxu + i�u�2�xu = 0, �4�

that is written in terms of canonical variables relative to the
Hamiltonian structure. An extension of this transformation to
nonzero conditions at infinity or to periodic boundary condi-
tions �32� is given in Appendix A. Equation �4� can be
viewed as a special case of the so-called extended nonlinear
Schrödinger equation that describes the evolution of the en-
velope of an ultrashort �typically femtosecond� nonlinear
pulse propagating in an optical fiber, when the spectral width
of the pulse is comparable with the carrier frequency �33,34�.
In this regime, in addition to the usual Kerr nonlinearity, the
effect of self-steepening of the pulse should indeed be taken
into account. As usual in optics, the evolution variable t then
holds for the coordinate along the direction of propagation,
while the variable x refers to the delayed time associated
with the group velocity of the pulse �35�.

The DNLS equation possesses families of soliton solu-
tions �36� that in the NVBC case include both bright and
dark solitons �corresponding to real eigenvalues in the IST
approach� and also breathers �for which the associated eigen-
value is complex�. It is possible to define an infinity of
conserved quantities that can easily be derived from those of
Eq. �4� or its NVBC extension. The invariants associated
with the symmetries of the DNLS equations for solutions
with a limit b0 at �� are the energy E=	−�

+���b�2−b0
2�dx,

the momentum P=	−�
+��i�b�xb

�−b��xb�− ��b�4−b0
4��dx, and

the Hamiltonian H=	−�
+����xb�2− i

2 � 3
2 �b�2−b0

2��b�xb
�−b��xb�

+ 1
2 �b�4��b�2−b0

2��dx. Such expressions are consistent with the
invariants derived from the inverse scattering analysis �Eqs.
�82�–�84� and �89� of �23��. An explicit recursive formula for
computing the other invariants is given in �28�. Note that the
presence of the fourth power term in the momentum is re-
lated to the fact that, in contrast with Eq. �4�, the solution and
its complex conjugate are not the canonical variables of Eq.
�1� viewed as an Hamiltonian system �see Appendix A�. An
alternative formulation is discussed in �37� in the case of
VBC solutions, where P is viewed as a Hamiltonian either
by dealing with a noncanonical Poisson bracket or by con-
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sidering the magnetic field and the magnetic potential as con-
jugate canonical variables. A complete Hamiltonian formal-
ism for NVBC solutions is developed in �38�.

To this date, the mathematical theory of the DNLS equa-
tion remains incomplete. Existence in the large in time of
Schwartz class solutions for a dense subset of initial condi-
tions was reported, based on the analysis of the scattering
and inverse scattering maps, which excludes certain “nonge-
neric” initial conditions characterized by specific spectral
properties �39� �see also �40��. A direct proof of well posed-
ness has only been given in the case of solutions vanishing at
infinity with a small enough L2 norm, typically �b�L2 �
2�
�see �41,42� and reference therein�. It is in this context
interesting to note that the function v�x , t�
=b��x , t�exp i	−�

x �b�� , t��2d� obeys the usual quintic focusing
nonlinear Schrödinger equation with an additional term
−iv2�xv� that can counteract the focusing effect �see Appen-
dix A�. The existence of blowing up solutions remains an
open problem, in spite of the existence of an infinite number
of invariant quantities that do not necessary imply global
smoothness. It is thus difficult to address rigorously the ques-
tion of large-amplitude long-time behavior of solutions of the
DNLS equation, and in particular their possible asymptotic
evolution to a finite number of solitons supplemented by a
radiation component, as in the case of the Korteweg-de Vries
equation �43�. Nevertheless, orbital stability of solitonic so-
lution vanishing at infinity was established in �44�. Further-
more, the structural stability of the real or complex eigenval-
ues associated with solitons of the DNLS equation in the
NVBC case, relative to perturbations of the initial state, is
studied in �45�. This reference also addressed the issue of the
limiting regime where the imaginary part of the eigenvalue
of a breather tends to zero, a question that is made delicate
by the fact that a real eigenvalue can refer to either a bright
or a dark soliton. The formation of solitonic structures in the
case of oblique propagation is studied using the IST in
�46,47�. The formation of solitons from a localized solution
vanishing at infinity is analyzed in �48� and simulated nu-
merically in �7�. Concerning the KDNLS equation, in spite
of the �nonlinear� dissipation term associated with Landau
damping, it is still unknown whether it admits classical so-
lutions in the large-time limit. Only the existence of weak
solutions was indeed established �49�.

III. OBLIQUE DNLS SOLITONS

The DNLS equation with NVBC admits two families of
�oblique� solitons that are characterized by the eigenvalue 	
and the value at infinity b0. For real 	, these solutions are
commonly referred to as one-parameter �1P� solitons, and
both dark and bright solitons are associated to a given value
of 	. Solitons with complex 	 are called two-parameter �2P�
solitons. They are breathers that, in a moving frame, are time
periodic solutions. Recently, the IST analysis was reformu-
lated using the affine parameter ��
+ i� defined by �12�

	 = b0 cosh � . �5�

Using such a parameter simplifies the IST problem and pro-
vides a more compact expression of the solitons.

A 1P soliton is expressed as �24,50�

b = b0�1 − m

21 −
�

	
i�exp�− z�

�1 + m
b0

2

2�21 −
�

	
i�exp�− z��2� , �6�

where �=
b0
2−	2 and z=2�	�x− �b0

2+2	2�t�. Here, m=−1
corresponds to a bright soliton and m=+1 corresponds to a
dark one. Since, for 
=0, the eigenvalue reads 	=b0 cos �,
the 1P soliton is rewritten �up to a change in the origin of the
space coordinate� as �12,23�

b�x,t� = b0�1 −
2 sin2 �

1 + m cosh�z + i��� , �7�

where z=k0�x−V0t−x0�, with the soliton inverse width k0
=b0

2 sin 2� and the soliton velocity V0=b0
2�2+cos 2��. Here,

0���� /2 is related to the parameter �1 used in �12,23�
�that deals with a solution of an equation for b�� by �
=� /2−�1. The energy, momentum, and Hamiltonian of the
soliton are easily calculated as �28,51� E=2��1−m�−4�,
P=4b0

2 sin 2�, and H=−4b0
4 sin�4��. We note that the energy

decays with the parameter �, and that

�b�x,t��2 = b0
2�1 − 4 sin2 �f�z�� , �8�

with f�z�=cos � / �cos �+m cosh z�. The maximum and
minimum values of the bright and dark solitons are,
respectively, given by bmax=b0�1+2 cos �� and bmin
=b0�1−2 cos ��. Further comments on the properties of this
soliton are found in �23�.

On the other hand, various analytical expressions have
been given for DNLS 2P solitons. An expression was first
reported in �51� �see also �50��, and in a factorized form in
�29�. An independent derivation of a 2P soliton was made in
�12� and was numerically checked to be equivalent to that
given in �51�. It was in particular proved that it reproduces
the 1P soliton when the eigenvalue becomes real and the
VBC soliton as b0→0. In Appendix B, starting from Eq. �10�
of �29�, we show that the 2P soliton given in �51� can also be
written in a form that, as in the case of the 1P soliton, sepa-
rates the structure from the background, namely,

b = b01 + 4i sinh 2
 sin 2�
Q

R2� , �9�

where

Q = sinh2 � cosh2 �̃� + ��

2
� − sinh2 �� cosh2 �̃ − �

2
� ,

�10�

R = sin 2� sinh�
 − i�̃i� + i sinh 2
 sinh��̃r − i�� , �11�

where �̃ is defined by the relation
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sinh 2� sinh �e−i� = i
sinh 2


sin 2�
e−�̃, �12�

with �=b0
2 sinh 2��x−b0

2�2+cosh 2��t�. This solution is pe-
riodic in time in the frame moving at the soliton velocity,
with a period �12,23,51�

T =
2�

b0
4 tanh 2
�cos2 2� − cosh2 2
�

. �13�

The energy, momentum, and Hamiltonian of the 2P
soliton are given by �12,23,51� E=4��−2��, P
=8b0

2 sin�2��cosh�2
�, and H=−2b0
4 cosh�4
�sin�4��.

IV. EFFECT OF A WEAK DISSIPATION ON BRIGHT
SOLITONS AND BREATHERS

We address in this section the effect of a weak Ohmic
dissipation or of Landau damping on the evolution of an
initial DNLS solitons in the NVBC case. For this purpose,
numerical simulations were performed using a spectral code
in a periodic domain whose extension L=50� �or in some
instances, such as in Fig. 9, 100�� is much larger than the
width of the soliton. Such a large domain is required in order
to reduce as much as possible the influence of the spatial
periodicity. Due to the cubic character of the DNLS equa-
tion, aliasing was eliminated by computing the nonlinear
term with a number of collocation points that is twice larger
than the effective resolution specified in the following for
each simulation. The time stepping is made using a �fully
explicit� third-order Runge-Kutta scheme with a time step
four times smaller than prescribed by the stability condition
in order to accurately resolve all the retained scales. In all the
simulations with NVBC solitons as initial conditions, we
used b0=1, and varied the associated eigenvalue and the dis-
sipation coefficient.

Figure 1 displays the time evolution of an initial bright 1P
soliton with 	=0.975, when the DNLS equation is perturbed
by an Ohmic dissipation with a diffusivity �=10−5. A reso-
lution of 215=32 768 effective mesh points was used for this
simulation. In spite of the small value of the diffusion coef-
ficient, dissipation produces a dramatic effect on the dynam-
ics, leading in particular to a strong amplification of the am-
plitude �here by a factor of order 4.5� and a significant
reduction in the soliton width. As discussed below, we refer
to this evolution as a quasicollapse that is followed by a
relaxation process where the soliton reverses its direction of
propagation, with a significant energy radiation. With the aim
of analyzing more quantitatively the influence of the dissipa-
tion on the dynamics, simulations were performed with dif-
ferent values �=10−3, 10−4, and 10−5 of the diffusion coeffi-
cient. Figure 2 �top� displays the maximum amplitude M of
the solution versus time for each of these runs. One observes
that increasingly large maximum amplitudes are obtained
when the diffusivity � is reduced, albeit after a longer and
longer time. In order to quantify the time evolution of the
typical smallest scales, we show in Fig. 2 �middle� the in-
stantaneous logarithmic decrement  obtained by fitting the

energy spectrum �b̂y�k��2+ �b̂z�k��2 of the solution by a func-

tion ck2�e−2k �52�. The fact that the minimum value reached
by  decreases with � indicates the formation of smaller and
smaller scales as the diffusion coefficient is reduced. The
accuracy of the simulation is ensured by the observation that,
even at its minimum, the logarithmic decrement  remains
larger than several mesh sizes. During the whole period of
accurate fit, the algebraic prefactor � remains equal to 1 with
a rather good accuracy. It is noticeable that up to a time that
is very close to the quasicollapse, the product M2 remains
almost constant, a property consistent with the scale invari-
ance of the nondissipative DNLS equation. The same scaling
holds for the quintic one-dimensional nonlinear Schrödinger
equation that in the focusing cases leads a finite-time
blowup. Extrapolation of these observations suggests a sin-
gular behavior of the solution of the dissipative DNLS equa-
tion when taking the double limit �→0 together with t
→� with a specific scaling that the few available data sug-
gest to be t��−0.7. A similar evolution is observed when the
Ohmic dissipation is replaced with Landau damping, as
shown in Fig. 3 that corresponds to integrations of the
KDNLS equation with the same initial 1P soliton �associated
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FIG. 1. Time evolution of an initial bright soliton with eigen-
value 	=0.975, as prescribed by the diffusive DNLS equation with
�=10−5. The insets �where the mesh points are displayed� provide
details of the solution near the soliton at the corresponding times.
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with 	=0.975� as in Fig. 2, and �=10−3 and 10−4.
In order to address the influence of dissipation on quanti-

ties that are invariants of the unperturbed DNLS equation,
we plot in Fig. 4 the time variation of the energy E �top�, the
momentum P �middle�, and the Hamiltonian H �bottom� for
the diffusive DNLS equation in the same conditions as in
Fig. 2 �initial 1P soliton with 	=0.975 and three values �
=10−3, 10−4, and 10−5 of the diffusivity�. After an early pe-
riod whose duration is longer as � is decreased and during
which the energy is only weakly dissipated, we observe a
sharp decay of E �Fig. 4, top� at the moment when the soliton
profile starts developing significant small scales. After the
latter has been dissipated, the energy variation becomes
much milder. The inflection point of the curve E�t� roughly
corresponds to the maximum of the momentum P that, in
this case, has then been amplified by a factor of 200. As P
grows, the Hamiltonian first becomes strongly negative,
reaching a value close to −1.43�103, before rapidly growing

to a very high positive value �larger than 4.52�103� at a
time close to the second inflection point of P�t�. Similar but
significantly softer variations are observed with larger values
of �. As shown in Fig. 5 �top�, the energy dissipation
2�	��xb�2dx at a given time tends to zero with �, and so does
its maximum. Nevertheless, since smaller and smaller scales
are formed as � is decreased, the maximum of 	��xb�2dx �that
occurs at increasing times� grows in a “quasisingular” way in
this limit �Fig. 5, bottom�.

The question then arises of the influence of the initial
conditions, as characterized by the soliton eigenvalue 	, on
the observed dynamics. When considering initial 1P bright
solitons associated with �real� values of 	 decreasing from
the maximal value 	=1, the dynamics tends to be slightly
less violent and much slower. For example, as 	 is reduced
from 	=0.975 to 0.7 and 0.2 with �=10−4, the maximal
value reached by the amplitude decreases from 10.5 to 10.0
and 9.7, respectively. The associated times are 16.6, 67.7,
and 6132. In order to discuss the influence of initial condi-
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FIG. 2. �Color online� Time evolution of the maximal amplitude
M �top� of the logarithmic decrement  �middle�, with the mesh size
indicated by a thick black line, and of the product M2 �bottom�, for
an initial bright soliton with 	=0.975, evolving according to the
diffusive DNLS equation with �=10−3 �red line�, 10−4 �green line�
and 10−5 �blue line�.
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FIG. 3. �Color online� Time evolution of the maximal amplitude
M, the logarithmic decrement , and the product M2 of an initial
bright soliton with 	=0.975, evolving according to KDNLS equa-
tion with �=10−3 �red line� and 10−4 �green line�.
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tions in the form of a 2P soliton corresponding to complex
values of 	=	r+ i	i with increasing imaginary parts, we per-
formed simulations with 	r=0.7 and 	i=0, 0.01, 0.05, 0.2,
0.25, and 0.35. Figure 6 displays for different values of � the
maximum amplitude of the solution versus 	i. We observe
that within the explored ranges of parameters, increasing 	i
leads to a decrease in the maximum. For larger 	i, the sen-
sitivity of this maximum to the value of the coefficient �
decreases. For 	i=0.25, the values of the maxima essentially
coincide in the cases �=10−5 and �=10−6, while for 	i
=0.35, it is already the case with �=10−4 and �=10−5. The
instants of these maxima scale like 1 /�. This result is exem-
plified in Fig. 7 that, for 	i=0.35, displays the time variation

of instantaneous maximum of the solution amplitude versus
�t for �=10−4 and �=10−5, both during the entire simula-
tion �top� and during a shorter time interval near the absolute
maximum. The latter panel reveals that, if the envelopes of
the curves corresponding to the two values of � superimpose
accurately, the breather oscillation periods are significantly
different, scaling approximately like 1 /�2.

In order to study the sensitivity of the long-time profile of
the solution to the initial conditions and to the diffusivity, we
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plot in Fig. 8 snapshots of the solution profile for 	=0.7
�left�, 	=0.7+0.05i �middle�, and 	=0.7+0.35i �right�, for
diffusivities �=10−3 �top� and 10−4 �bottom�, after approxi-
mately two crossings of the entire domain. We observe the
formation of magnetic holes that are quasistatic, in agree-
ment with �29�. The soliton travels rapidly across them with-
out creating permanent deformations and is progressively
transformed into a wave packet. Both the formation of the
persistent magnetic holes and the transition toward a wave
packet that is eventually dissipated are favored when the vis-
cosity is not too small and the value of 	i is moderate.

Figure 9 provides an example of a 2P initial soliton �with
an eigenvalue 	=0.5+0.1i� that for �=10−5 breaks into a
dark and a bright soliton. The dark soliton appears to be
stable while the bright one displays a quasicollapse. The time
evolution of its maximum amplitude is shown in Fig. 10.
Superimposed is the amplitude of a VBC soliton �b0=0� with
the same initial eigenvalue for diffusivities �=10−5 and 10−4

�blue and green lines, respectively�. The dynamics of the
VBC is very mild, indicating that the phenomenon of quasi-
collapse requires nonzero boundary conditions. Furthermore,
the two latter curves superimpose accurately, when plotted
versus �t, indicating a trivial scaling.

V. BIFURCATION TOWARD A QUASICOLLAPSING
2P SOLITON

The fact that the amplitude of a bright 1P soliton is
bounded from above suggests that an effect of a weak dissi-
pation is to induce a bifurcation of such an initial condition
toward a 2P soliton that is not subject to such a constraint. To
analyze this point more specifically, the associated eigenval-
ues are to be evaluated. A tool based on the IST theory was
developed in �30� to analyze nonlinear dispersive waves cor-
responding to either observational data or to solutions of
numerical simulations by evaluating eigenvalues associated
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with embedded solitonic structures, and was exemplified in
the case of the DNLS equation with vanishing boundary con-
ditions.

Without presenting a comprehensive discussion of the IST
that is well documented in the literature, we briefly sketch
here the main ideas of the method and of its numerical
implementation. A first step in the IST approach consists of
writing the dynamical equation �here, the DNLS equation� as
the solvability condition for a system of two linear equations
for a �2�2� matrix � of the form

�x = D� , �14�

�t = F� , �15�

where D and F are matrices whose coefficients are explicitly
given in terms of a time-independent parameter 	 and of the
solution b�x , t�. Given the nonvanishing boundary conditions
at infinity, one defines two solutions �+ and �− of Eqs. �14�
and �15�, satisfying the boundary conditions at +� and −�,

respectively. These two solutions are related by

�− = �+S , �16�

where S is the scattering matrix. As detailed in �29� where a
self-contained description of the method is presented, bound-
edness requires that the element S11 of the scattering matrix
vanishes. The isolated values of 	 obeying this condition are
called the eigenvalues and are associated with a soliton of the
dynamical equation. The numerical IST consists essentially
of computing these eigenvalues by means of a Newton-
Raphson method where the iteration is initialized by the val-
ues of the eigenvalues at the previous time. In the cases
where the solitons are clearly separated in physical space, the
analysis is performed on a suitable restriction of the compu-
tational domain.

This approach was used in �29� to analyze the results of a
direct numerical simulation of the DNLS equation supple-
mented with an additional Ohmic term, using a 1P or a 2P
oblique soliton as initial condition. In this section, we use the
numerical IST for a partial analysis of the simulations we
have performed. We first addressed the early time dynamics
of a bright DNLS soliton and its bifurcation to a 2P soliton,
focusing on the influence of the diffusion coefficient on this
process. As already mentioned, such a transition is a prereq-
uisite for a quasicollapse dynamics. For this purpose, we
used as initial condition a NVBC soliton corresponding to an
eigenvalue 	=0.7, and various diffusivities �=10−3, 10−4,
and 10−5. Figure 11 displays the variations of these eigenval-
ues versus the rescaled time �t for the above diffusion coef-
ficients. A main issue is that at early times, two real eigen-
values are detected: one originating from the initial soliton
and a second one obtained by initiating the eigenvalue com-
putation algorithm with the value 	=1 �more generally, 	
=b0�. This indicates that the dissipative term leads the solu-
tion to rapidly become a multisoliton solution �a third real
eigenvalue is detected when �=10−4 and �=10−5�. Explicit
forms of NVBC two-soliton solutions of the DNLS equation
are given in �53�, and extension to N solitons is discussed in
�23�. Note that the eigenvalue associated with the bright soli-
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ton increases during the evolution and this leads to a growth
of the soliton energy. The creation of a dark soliton is thus
necessary to ensure that the energy of the full solution
�whose energy, when it is composed of 1P solitons, is the
sum of the corresponding energies� decreases in time �54�. At
later times, we observe the collision of the two real eigen-
values, leading a bifurcation to a 2P soliton �breather� that
can evolve to a sharp structure. Furthermore, when compar-
ing the graphs associated with the different values of �, we
note that while at early times changing this parameter re-
duces to a time rescaling, the moment where the soliton ei-
genvalue becomes complex occurs later than suggested by
this rescaling. This in particular leads the real eigenvalue to
reach larger values before the bifurcation takes place, which
enables the bifurcated solution to develop a stiffer behavior.

The additional eigenvalues correspond to dark solitons
that are difficult to observe in physical space at early time,
not only because of their small amplitudes but also because
they can only be created in the regions of large gradients and
thus cannot be easily separated from the bright soliton. They
nevertheless play an important role as the collision of a
bright and a dark soliton is necessary for the formation of a
breather. The number of dark solitons formed before the bi-
furcation is difficult to estimate, but it is clear that a dark
soliton with eigenvalue 	=1 �and thus a zero amplitude and
infinite scale� should appear as soon as dissipation is turned
on. In other words, the 1P bright soliton immediately be-
comes a two-soliton solution �53� and possibly later on a
multisoliton solution �23�. In fact, a simple modulation argu-
ment obtained by plugging a 1P bright soliton in the equation
for the energy variation is inconsistent with the energy decay
under the effect of dissipation, while dealing with a two-
soliton solution �a bright and a dark one�, and plugging its
expression in the equations for the variations of E and P
leads to an evolution consistent with a monotonic energy
decay.

The predictions of the numerical IST are validated by
comparing the solution obtained by direct numerical simula-

tion with the soliton reconstructed from the IST computed
eigenvalue. The top panel �t=46.85� in Fig. 12 displays, in
the case �=10−4, the solution at the instant of the bifurcation
in the region of significant variations, together with the soli-
ton reconstructed from the complex eigenvalue �thus neglect-
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ing the influence of the detected real eigenvalue�. Note that
since the profile of the 2P soliton evolves periodically in
time, it had to be selected at a suitable stage of its evolution
to perform the fit. We observe a satisfactory agreement, with
the maximum and minimum of the amplitude being in par-
ticular well reproduced. The inset nevertheless shows that, as
expected, the profile of the actual solution is locally affected
by the real eigenvalue �associated with a dark soliton� and
also by the continuous spectrum leading to the radiation vis-
ible on the graph. The panel at t=60.15 provides a compari-
son between the numerical solution and the soliton associ-
ated with the complex eigenvalue, at the end of the IST
analysis. The agreement is again satisfactory. The further
evolution is however difficult to analyze using IST due to the
complexity of the solution. The panel at time t=63 corre-
sponds to the moment when the solution begins to develop a
richer structure. The amplitude maximum is reached at t
�67.8. At t=68.34, the numerically computed soliton
changes its propagation direction and starts moving back-
ward �bottom panel�. Strong radiation is then emitted by the
soliton, leading to the formation of disorganized small-scale
structures whose details are displayed in the inset.

The long-time evolution of the solutions is easier to ana-
lyze with numerical IST when the system is more dissipative.
In order to illustrate such a regime that is closer to those
addressed in �29� �with Ohmic dissipation instead of Landau
damping�, we considered the KDNLS equation with an ini-
tial 1P soliton corresponding to �=0.6 �or 	�0.825�, using
a parameter �=0.01. Figure 13 �top� shows the evolution of
the amplitude maximum as obtained by direct integration of
Eq. �1�. In order to analyze the dynamics of the scattering
data, Fig. 13 �bottom� shows the evolution of the eigenvalues
as calculated with the numerical IST. At early times, the
eigenvalue increases from its initial value 	=0.825, which is
consistent with the enhancement of the amplitude. As in the
previous simulations, another real eigenvalue originating
from 	=1 is rapidly visible. After the coalescence of these
two eigenvalues at t�0.53, the resulting complex eigenvalue
can be followed during a rather long time. We note by t
=3.32 the appearance of an additional real eigenvalue. The
accuracy of the analysis up to the end of the simulation is
supported by Fig. 14 that displays at t=6.00, the profile of
the numerical solution, and a reconstruction based on the
complex and real eigenvalues evaluated by the numerical
IST. The agreement is rather good up to the radiation that is
not retained in the present IST analysis and leads to oscilla-
tions of the solution profile on the right-hand side of the dark
soliton.

VI. CONCLUSION

We have studied numerically the evolution of an oblique
DNLS soliton subject to a weak dissipation in the form of
either diffusion �viscosity and/or Ohmic dissipation� or Lan-
dau damping. In the case where the initial condition is a
bright soliton, we confirm the early transition to a breather
�29�, as the result of the coalescence with a dark soliton
created by the dissipative perturbation. The immediate for-
mation of at least one dark soliton �magnetic hole� is essen-

tial for consistency with energy decay. A main observation
concerns the influence of reducing the diffusion or the Lan-
dau damping coefficient. It turns out that the solution then
reaches increasingly large amplitudes and develops smaller
and smaller scales, on a time scale that also becomes longer
and longer. This picture suggests an asymptotic wave col-
lapse when the double limit of decreasing dissipation and
increasing times �with the suitable scaling� is taken. Further
theoretical developments are required for getting a detailed
understanding of this quasicollapse.
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We note that the DNLS equation displays common fea-
tures, such as the scaling properties, with the quintic �i.e.,
critical in one space dimension� NLS equation that can de-
velop a finite-time singularity. Simple qualitative arguments
concerning the effect of radiation on the contribution to the
invariants originating from a region of negative Hamiltonian,
which were successfully applied to the NLS equations or
some of its extensions �55–57�, might thus suggest the pos-
sibility of a wave collapse for the DNLS equation after a
finite or an infinite time. A main difference between DNLS
and the critical NLS equations nevertheless originates from
the complete integrability of the former equation that in par-
ticular prescribes the existence of an infinite number of in-
variants.

As already mentioned, a simple gauge transformation
changes the DNLS equation into a focusing quintic NLS
equation, but with an additional term that is expected to pre-
vent blowup. Nevertheless, since the effect of dissipation is
stronger on higher-order invariants, one may think that in the
presence of viscosity, the constraints originating from the
integrability are depleted, permitting the solution to develop
a quasisingular dynamics that is then arrested by the dissipa-
tion enhancement due to the resulting small-scale formation.
The soliton is indeed rapidly damped after reaching the am-
plitude maximum.

It is of interest to mention that similar sharp bright soli-
tonic structures are also spontaneously formed �together with
dark or wave-packet solitons� in the turbulent regime that
develops when the dissipative DNLS equation is subject to a
large-scale random driving which is a white noise in time
�58�. The process discussed in the present paper �and in par-
ticular the generation of small-scale incoherent oscillations
visible, for example, in Fig. 12, bottom� thus appears to be a
robust phenomenon playing a main role in the strongly inter-
mittent small-scale energy transfer that develops in the re-
gime of strong dispersive turbulence. It should nevertheless
be mentioned that the precise conditions for the generation of
bright oblique solitons remain essentially open due to the
various possible profiles of 2P solitons. Indeed, while an ini-
tial isolated magnetic hole rapidly evolves toward a train of
dark solitons �50,59�, the evolution of an oblique magnetic
hump rather leads to solitons with the form of wave packets.
Further studies are required to characterize the long-time
evolution of general DNLS solutions, depending on the ini-
tial data.

The question then arises of the possible relevance of the
above findings for space plasmas. Clearly, the DNLS equa-
tion that only retains the competition between wave steepen-
ing and dispersion �here, in the presence of a weak dissipa-
tion� is an oversimplified model to address the highly
complicated dynamics of media such as the solar wind or
planet magnetosheaths. Nevertheless, since this model is not
limited to quasiparallel propagation but remains valid in ob-
lique or quasitransverse directions when the ion beta is large
enough, a possible connection between the formation of dark
solitons, as the result of the action of a weak dissipation on
early formed bright solitons, and magnetic depressions
�holes� commonly observed in the interplanetary medium
�see, for example, �60� and references therein� was recently
discussed �29�. In this context, it is of interest to note that

direct numerical simulations of the one-dimensional Hall-
MHD equation along an oblique direction subject to an ex-
ternal driving show in some instances the formation of bright
solitonic structures that survive collisions and preserve their
coherence on several time units �61�. This contrasts with
DNLS VBC solitons that were reported to be unstable ap-
proximations of solutions of the parallel Hall-MHD equa-
tions, in that they evolve relatively rapidly and dissipate �62�.
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APPENDIX A: VARIOUS FORMS OF THE DNLS
EQUATION

Starting from Eq. �1� without the mean term ��b�2�, and
defining �=b�, we obtain the DNLS equation in the form of
how it arises in nonlinear optics,

i�t� + �xx� + i�x����2�� = 0. �A1�

Writing �=Aei�, where the amplitude A and the phase � are
real, we get

At + 2Ax�x + A�xx + 3A2Ax = 0, �A2�

A�t − Axx + A�x
2 + A3�x = 0. �A3�

Let us now define �̃ such that

�̃x = �x + ��A2 − A0
2� , �A4�

where � is a real parameter. In the case of nonzero boundary
conditions A0=lim�����, while in the case of periodic bound-
ary conditions, A0=
����2�, where the angular brackets indi-
cate spatial averaging on the periodic domain. It follows
from Eq. �A4� that

�t = �̃t + 2�A2�̃x + �� 3
2 − 2���A4 − A0

4� + 2�2A0
2�A2 − A0

2� ,

�A5�

where the integration constant ensures that the phase is con-
stant at infinity when dealing with an infinite domain or
keeps a mean zero value when the domain is periodic. As a
consequence, we obtain

At + 2Ax�̃x + A�̃xx + �3 − 4��A2Ax + 2�A0
2Ax = 0, �A6�

A�̃t − Axx + A�̃x
2 + A3�̃x + 2�A0

2A�̃x

+ �A�A2 − A0
2��� 1

2 − ��A2 + � 3
2 − ��A0

2� = 0. �A7�

The complex amplitude u=Aei�̃ then satisfies

iut + uxx + 2i�1 − ���u�2ux

+ �1 − 2���iu2ux
� −

�

2
�u�2��u�2 − A0

2�u�
− �3

2
− ��A0

2��u�2 − A0
2�u = 0, �A8�
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where the additional term 2i�A0
2ux has been suppressed by a

Galilean transformation. Furthermore, the definition of �̃ de-
pends on the boundary conditions.

For solutions vanishing at infinity,

�̃ = � + ��
−�

x

A2�x��dx�. �A9�

For solutions with a finite amplitude A0 at both ��,

�̃ = � + ��
−�

x

�A2�x�� − A0
2�dx�. �A10�

For periodic boundary conditions �32�,

�̃ = � + ���
�

x

�A2�x�� − �A2��dx��
�

, �A11�

where the subscript � specifies that the spatial averaging is
done relative to the lower bound � of the integral. Note that
in the case of nonzero conditions at infinity, limx→−� u=A0,
while limx→+� u=A0 exp�i�E�, where E is the energy.

Two special cases are of special interest:
�i� For �=1 /2, the equation has a canonical form relative

to the Hamiltonian structure, in the sense that it can be re-
written as

i
�u

�t
=

H
u�

, �A12�

i
�u�

�t
= −

H
u

, �A13�

for the Hamiltonian

H =� ��ux�2 +
i

4
�ux

�u − uxu
���u�2 +

A0
2

4
�u�2��u2� − A0

2�

−
A0

4

4
��u�2 − A0

2��dx . �A14�

In this representation, the momentum takes the simple form

P =
i

2
� �ux

�u − uxu
��dx . �A15�

Going back to the variable b, it reproduces the momentum of
the DNLS equation given in the Introduction. The Hamil-
tonian H reduces to H up to an additional term
−�b0

4 /4�	��b�2−b0
2�dx that is proportional to the energy E.

It is of interest to note that in the case of zero boundary
conditions at infinity, the equation reduces to

iut + uxx + i�u�2ux = 0, �A16�

which implies

�t�u�2 + �x�i�ux
�u − uxu

�� + 1
2 �u�4� = 0. �A17�

One also has

i�t�
−�

+�

x�ux
�u − uxu

��dx = 4H . �A18�

Nevertheless, in contrast with the critical NLS equation �see,
e.g., �63� for a review�, the density of energy current i�ux

�u
−uxu

��+ 1
2 �u�4 differs from the momentum density. This pre-

vents, in the case of the DNLS equation, the establishment of
a variance identity �which is a main ingredient in proving
wave collapse for critical NLS equation�. The absence of
such an identity reflects the noninvariance of the equation by
pseudoconformal transformation.

�ii� For �=1, one has, when assuming for the sake of
simplicity zero boundary conditions at infinity,

iut + uxx + 1
2 �u�4u − iu2ux

� = 0 �A19�

that differs from the focusing quintic NLS equation �that can
lead to a finite-time blowup of the solution� by the last term
in the left-hand side. It is still not proved that this term pre-
vents the solution to collapse, but numerical simulations
strongly suggest that it does so.

APPENDIX B: 2P SOLITON

Writing the complex eigenvalue 	=b0 cosh �, with �=

+ i�, the expression for the 2P soliton given in Eq. �10� of
�29� rewrites in the form b=b0�1+ N

D �, with

N = mnf�g� − f2g2 + �1 + k��2fg − f�g� − mn� , �B1�

D = �fg − �1 + k��2, �B2�

where

m = 1 +
sinh 2� sinh �

�cosh � − sinh ��3e−i�, �B3�

n = 1 +
sinh 2�� sinh ��

�cosh �� + sinh ���3ei��
, �B4�

f = 1 +
sinh 2� sinh �

cosh � − sinh �
e−i�, �B5�

g = 1 +
sinh 2�� sinh ��

cosh �� + sinh ��
ei��

, �B6�

k =
sinh2 2


sin2 2�
, �B7�

� = b0
2 sinh 2��x − b0

2�2 + cosh 2��t� . �B8�

It is convenient to define the variable �̃ by the relation

sinh 2� sinh �e−i� = i
sinh 2


sin 2�
e−�̃. �B9�

The above formulas become

m = 1 + i
sinh 2


sin 2�
e−�̃+3i�+3
, �B10�
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n = 1 − i
sinh 2


sin 2�
e−�̃�+3i�−3
, �B11�

f = 1 + i
sinh 2


sin 2�
e−�̃+i�+
, �B12�

g = 1 − i
sinh 2


sin 2�
e−�̃�+i�−
. �B13�

In the denominator,

fg − �1 + k� = 2i
sinh 2


sin2 2�
e−�̃r+i��sin 2� sinh�
 − i�̃i�

+ i sinh 2
 sinh��̃r − i��� . �B14�

In the numerator

fg = 1 + 2
i sinh 2


sin 2�
sinh�
 − i�̃i�e−�̃r+i� + � sinh 2


sin 2�
e−�̃r+i��2

,

�B15�

mn = 1 + 2i
sinh 2


sin 2�
sinh�3
 − i�̃i�e−�̃r+3i�

+ � sinh 2


sin 2�
e−�̃r+3i��2

. �B16�

It follows that

2fg − f�g� − mn = 4i
sinh 2


sin 2�
e−�̃r+i��sinh2 ��e−
+i�̃i

− sinh2 �e
−i�̃i� + 4�sinh 2
e−�̃r+i��2.

�B17�

Furthermore, defining X= �sinh 2
 /sin 2��e−�̃r+i�, one has

f2g2 = 1 + 4iX sinh�
 − i�̃i� + 2X2�2 − cosh�2
 − 2i�̃i��

+ 4iX3 sinh�
 − i�̃i� + X4, �B18�

mnf�g� = 1 + 2iX�cosh 2�e
−i�̃i − cosh 2��e−
+i�̃i�

+ 2X2�cosh 4i� + cosh 4
 − cosh�2
 − 2i�̃i��

+ 2iX3�cosh 2��e
−i�̃i − cosh 2�e−
+i�̃i� + X4.

�B19�

We note that

mnf�g� − f2g2 = 4iX�sinh2 �e
−i�̃i − sinh2 ��e−
+i�̃i�

+ 4X2�sinh2 2
 − sin2 2��

+ 4iX3�sinh2 ��e
−i�̃i − sinh2 �e−
+i�̃i� ,

�B20�

and the numerator reads

N = − 8i sinh 2


sin 2�
�3

e−2�̃r+2i��sinh2 � cosh��̃� + ���

− sinh2 �� cosh��̃ − �� + i sinh 2
 sin 2�� . �B21�

One finally gets the 2P NVBC soliton in the form announced
in Sec. II,

b = b01 + 4i sinh 2
 sin 2�
Q

R2� , �B22�

with

Q =
1

2
�sinh2 � cosh��̃� + ��� − sinh2 �� cosh��̃ − ��

+ i sinh 2
 sin 2�� = sinh2 � cosh2 �̃� + ��

2
�

− sinh2 �� cosh2 �̃ − �

2
� , �B23�

R = sin 2� sinh�
 − i�̃i� + i sinh 2
 sinh��̃r − i�� .

�B24�
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