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The mutual interaction of two oscillating gas bubbles in different concentrations of sulfuric acid is numeri-
cally investigated. A nonlinear oscillation for spherical symmetric bubbles with equilibrium radii smaller than
10 �m at a frequency of 37 kHz in a strong driving acoustical field Pa=1.8 bar is assumed. The calculations
are based on the investigation of the secondary Bjerknes force with regard to adiabatic model for the bubble
interior which appears as repulsion or attraction interaction force. In this work the influence of the various
concentrations of sulfuric acid in uncoupled and coupled distances between bubbles has been investigated. It is
found that the sign and value of the secondary Bjerknes force depend on the sulfuric acid viscosity and its
amount would be decreased by liquid viscosity enhancement. The results show that big change in the param-
eters of produced bubbles occurs in the sulfuric acid with concentrations from 65% to 85%.

DOI: 10.1103/PhysRevE.82.016316 PACS number�s�: 78.60.Mq, 43.35.Ei

I. INTRODUCTION

Sonoluminescence �SL� is the production of picosecond
light pulses from a collapsing bubble which is trapped in
various liquids by a high amplitude ultrasound field �1�. This
phenomenon is called single bubble sonoluminescence
�SBSL� �2�. Different characteristics of such an interesting
phenomenon are studied including intensity and spectrum of
the emitted light �3–6�, its dependency to the ambient param-
eters �7–9�, dissolved gas in the liquids �10�, phase diagrams
�11–14�, pulse width �15–17�, conditions of bubble stability
�18,19�, and modification of the initial Rayleigh-Plesset
equation considering various effects such as compression
viscosity of the liquids �20,21�. Recently, the effect of ther-
mal conductivities of various noble gases on sonolumines-
cence temperature has been studied �22�. The light intensity
resulted from collapsing bubbles in sulfuric acid is 2700
times more than the production from water at the room tem-
perature presented by Hopkins et al. in 2005 �23�. This has
motivated the sonoluminescence researchers to investigate
the radiative bubbles from similar environments �23�. In
2009 Moshaii et al. studied the radiation produced from a
stable SBSL in different concentrations of sulfuric acid �24�.

The other phenomenon which has been on the focus of the
sonoluminescence researchers is moving SBSL �14,25� and it
is shown that the components of the hydrodynamic force on
an oscillating bubble are the reason of translational move-
ment of a bubble in a trajectory �14,26�. Another attractive
subject is the simultaneous SL radiation from several bubbles
that is called multibubble sonoluminescence �MBSL�
�27–33�. As a scientific analysis of MBSL, Mettin et al. in-
vestigated the mutual interaction force between two bubbles
for different pressure amplitudes in water by considering the
nonlinear oscillations of the bubbles �28�. In nonlinear reso-
nance oscillation model the Rayleigh-Plesset equation gov-
erns the bubble’s behavior under the periodic excitation char-
acterized by the slow expansion and rapid collapse �28,29�.

Yasui showed that in MBSL, the range of the ambient bubble
radius diminishes as the ultrasonic frequency increases
�30–32�. Ida et al. carried out some investigation of multi-
bubble model including the observation of cavitation bubbles
in liquid mercury �33�. In 2007 Eddingsaas and Suslick re-
ported 95% sulfuric acid as a very suitable host liquid to
investigate spectrum of Ar emission from the MBSL; they
also noticed the influence of the acoustic power on the
MBSL spectra of sulfuric acid �34�. Although in the above
mentioned works very useful information about the MBSL
has been produced, the interaction force between two
bubbles, considering their nonlinear oscillations, except for
the initial work on water �28�, has never been discussed.

In this work the secondary Bjerknes force between two
bubbles is investigated for coupled and uncoupled distances
in different concentrations of sulfuric acid �resulting in dif-
ferent viscosities� with regard to the nonlinear radial oscilla-
tions for cavitations’ bubbles. Based on the present calcula-
tions it is found that the liquid viscosity and bubbles’
distance between two centers have the main roles in the in-
teraction force, where the secondary Bjerknes force would be
decreased by liquid viscosity enhancement. The magnitude
of the interaction force would be increased by distance dec-
rement, although the area for the repulsive force in the phase
space of R10−R20 decreases when bubbles become closer. It
must be noted that the area for the repulsive force in the
phase space of R10−R20 �white area in Figs. 1 and 2� is the
result of nonlinear oscillation of two bubbles.

It is found that the secondary Bjerknes force is decreased
by viscosity enhancement; therefore, we would have an open
cluster and more active bubbles to produce more intense
emission from a cluster �35�. This is why one expects the
higher intensity of light flashes from the MSBL at higher
concentrations.

II. MODEL

The mutual interaction between two bubbles in MBSL,
which is called the secondary Bjerknes force discovered by
Bjerknes �28,30,36,37�, is different from the primary*sadighi@sharif.ir
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Bjerknes force. The primary Bjerknes force is the exerted
force on a bubble �at the pressure node or antinode of a
stationary sound field� due to the pressure gradient of fluid
�28,38�. The main reason of the formation of these forces is
the acoustic pressure gradient �28�.

To explain the coupled dynamics of two bubbles the
Rayleigh-Plesset equation is applied for mutual interaction of
two bubbles �28,39,40�. The wavelength of the sound field is
large compared to the bubbles’ distance and the bubbles’
radii �28�. The bubbles are set to simultaneous oscillations in
the same amplitude and phase as long as the spherical shapes
of two bubbles are preserved. The velocity field ui�r , t� is as
follows �28,39�:

ui =
Ri

2Ṙi

r2 , �1�

where r, and Ri�t� and Rj�t� are the distance from a point in
flask to the center of the first oscillating bubble, and the first
and the second bubbles’ radii, respectively.

The pressure gradient applied on each bubble is resulted
from the driving pressure �primary Bjerknes force� and the
effect of the neighboring bubbles �secondary Bjerknes force�.
The pressure gradient field is the source of the secondary
Bjerknes force, and if the bubbles distance is small enough,
the driving pressure of the bubbles would not be equal to the
external driving pressure. The reason is the amplitude of the

neighboring bubbles’ oscillations, which cannot be ne-
glected. Therefore, the pressure field represents an additional
driving pressure for the second bubble �28,39,41–44�. In this
work the bubbles are supposed to be far enough from each
other, so the additional pressure would not disturb the spheri-
cal shape of the other bubble severely.

To calculate the pressure exerted on the second bubble by
the first one, Euler equation �the equation of liquid flow� is
used,

�
�ui

�t
+

�Pi

�r
= 0, �2�

where � and Pi are the density of the liquid and the pressure
field radiated from the first bubble, respectively. The com-
plete form of the Euler equation is

�ui

�t
+ ui

�ui

�r
= −

1

�

�Pi

�r
, �3�

where ui is the velocity field of the ith bubble in the r̂ direc-
tion. In Eq. �3�, the second term is negligible, because
ui�ui /�r is on the order of r−5 and it is much smaller than the
first term �28�.

Substituting Eq. �1� into Eq. �2� for the pressure exerted
by the first bubble to the second one yields

FIG. 1. The secondary Bjerknes force for the ambient radii of the first and the second bubbles, R10 and R20, in size range smaller than
10 �m at the pressure amplitude of 1.8 bar for the uncoupled distance �d=1 cm� in four concentrations of sulfuric acid: �a� 45%, �b� 65%,
�c� 85%, and �d� 95%. As it is shown the secondary Bjerknes force decreases as the viscosity increases.
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Pi =
�

r

d

dt
�Ri

2Ṙi� . �4�

The secondary Bjerknes force exerted on the second bubble
under a pressure gradient �Pi with volume v j is

Fij = − v j � Pi, �5�

Fij = − v j
�Pi

�r
�r=der = v j

�

d2

d

dt
�Ri

2Ṙi�er =
�

4�d2v j
d2vi

dt2 er.

�6�

Here, d, vi, and er are the distance between bubbles’ centers,
the volume of the first bubble, and the radial unit vector
directed from the first bubble toward the second one, respec-
tively. The definition of the secondary Bjerknes force FB,
which is the net radiation force from each bubble acting on
its neighboring bubble in a sound field �28�, is obtained from
integration of Eq. �6� over a period of the volume oscilla-
tions,

FB = �Fij� = −
�

4�d2 �v̇iv̇ j�er = −
fb

d2er, �7�

where �v̇iv̇ j� and fb denote the time average of the bubbles’
volume variations and secondary Bjerknes coefficient. The
dynamics of the bubbles has a nonlinear model based on the

Keller-Miksis equation �28,39,45�, which describes the radial
motion of a spherical bubble in a compressible liquid
�28,46,47�. Using Pi from Eq. �4� and eliminating the high-
order terms, similar to the procedure proposed by Mettin et
al. �28�, the equation for the second bubble is as follows:

�1 −
Ṙj

c
	RjR̈j + �3

2
−

Ṙj

c
	Ṙj

2

=
1

�
�1 +

Ṙj

c
	Ps,j +

Rj

�c

d

dt
Ps,j − 


i=1,i�j

N
1

Dij

d�Ri
2Ṙi�

dt
.

�8�

Here i, j, and Dij represent the first bubble, the second
bubble, and the distance between two bubbles, respectively.
In order to calculate the equation for the second bubble with
regard to the secondary Bjerknes force, the influence of the
first bubble oscillation on the second one should be consid-
ered; the last term on the right-hand side of Eq. �8� denotes
the acoustical mutual force between the bubbles, which
couples the equations of bubbles 1–N �39�; Ps,j is obtained
by considering a quasiadiabatic compression of an ideal gas
within each bubble,

Ps,j = �Pstat +
2�

Rj0
	�Rj0

3 − hj
3

Rj
3 − hj

3 	� −
2�

Rj
−

4�

Rj
Ṙj − Pex�t� − Pstat,

�9�

FIG. 2. Observation of the secondary Bjerknes force for the ambient radius of the first bubble R10 and the ambient radius of the second
bubble R20 in the range of smaller than 10 �m at the pressure amplitude of 1.8 bar for the coupled distance �d=0.2 mm� in four
concentrations of sulfuric acid: �a� 45%, �b� 65%, �c� 85%, and �d� 95%. As it is shown in the figures �legend box�, the secondary Bjerknes
force decreases by increasing of the viscosity.
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where Rj0, Pstat, �, �, hj, and � are the equilibrium radius
of the second bubble, static pressure, polytropic exponent
�which switches between isothermal and adiabatic compres-
sions�, surface tension, hj =8.86 /Rj0, and the viscosity of
the liquid, respectively. Pex= Pa sin�2�ft� is the exerted driv-
ing pressure. It is clear that to calculate the effect of the
pressure field of the second bubble on the first one, indices
i↔ j would be exchanged in Eqs. �8� and �9�. The secondary
Bjerknes force will be obtained by substituting the solution
of Eq. �8� in averaging procedure of Eq. �7�. The second-
ary Bjerknes force of both bubbles is symmetric, where
�Fji�=−�Fij� �28�.

III. NUMERICAL RESULTS

In this work, the secondary Bjerknes force FB is calcu-
lated for two bubbles. At collapse time the wall velocity is
high, so the mass and heat transfer are negligible; therefore,
the adiabatic model would be a good model to interpret the
gas evolution of the bubble interior. During the whole cycle
of bubble’s oscillation except for the collapse time, the inte-
rior bubble evolution follows the isothermal model �2,48,49�;
thus, the quasiadiabatic model is applied. It is assumed that
the bubbles have radii smaller than 10 �m, in different con-
centrations of sulfuric acid including 45%, 65%, 85%, and
95% at a pressure amplitude of Pa=1.8 bar and at 37 kHz
driving frequency. In Table I, other parameters including �,
�, �, and c, which were described before �50�, are shown for
various concentrations of sulfuric acid. From Table I one can
notice that as the concentration of sulfuric acid increases, the
viscosity is also increased. In the present work, the influence
of the viscosity on the behavior of the bubbles is considered
where the evolution of the bubble interior is assumed to be a
quasiadiabatic model �48,49,51�.

For detailed investigation of effects of the secondary
Bjerknes force effect on each bubble’s behavior including
oscillating radius and wall velocity along with the secondary
Bjerknes force diagram for specific size of the bubble are
considered. In order to explain the influence of the interac-
tion force between two bubbles, a bubble behavior is studied
individually during 1 cycle, in different situations such as
different fluid concentrations and different distances between
the two bubbles, which is comparable to the work of Mettin
et al. �28� with bubble size ranging from 0.2 to 10 �m. The
behavior of two bubbles is observed in two states: coupled
�0.2 mm distance between two bubbles� and uncoupled
�1 cm distance between two bubbles�.

According to the presence of 1 /d2 factor in the FB for-
mula, where the bubbles become closer to each other, the

secondary Bjerknes force increases �see Figs. 1 and 2�. fb is
the Bjerknes force coefficient which is shown in Eq. �7�. If
the Bjerknes coefficient is positive �fb�0�, the interaction
force FB would be negative and it is known as attraction
force, and if the Bjerknes coefficient is negative �fb�0�, the
interaction force FB would be positive and shows repulsion
force between two bubbles. In Figs. 1 and 2 the region of
attraction corresponds to the light and dark gray regions,
which refer to the weak and strong secondary Bjerknes force
attraction, respectively, and the white region refers to the
repulsion between the bubbles. When the gray region be-
comes darker the value of the secondary Bjerknes force in-
creases which indicates a strong attraction force between the
bubbles.

In Fig. 1, the secondary Bjerknes forces for two bubbles
are compared in four concentrations of sulfuric acid in un-
coupled state. The ambient radii of the two bubbles R10 and
R20 vary between 0.2 and 10 �m. This figure shows that as
the viscosity of sulfuric acid increases, the secondary
Bjerknes force decreases and a strong attraction region which
is denoted by darker gray, including a vast range of sizes for
the bubbles’ radii. The repulsion region occupies a smaller
area by increasing the viscosity which is determined by

FIG. 3. Bubble radius R1 vs normalized t /T during one driving
period at pressure amplitude of 1.8 bar for R20=R10=5 �m for
states �a� uncoupled=1 cm and �b� coupled=0.2 mm, in four dif-
ferent concentrations of sulfuric acid. In both figures the variation
of maximum radius for concentrations from 65% to 85% is
noticeable.

TABLE I. Properties of sulfuric acid as a host liquid for trapped
bubbles in different concentrations of sulfuric acid.

Sulfuric acid �wt %� 45 65 85 95

� �kg /m3� 1347.6 1553.3 1778.6 1833.7

� �cP� 3.18 6.9 25.08 26.59

� �mN/m� 70.344 62.91 56.025 53.24

C �m/s� 1640 1631 1522 1439.69
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white color in the diagrams. It should be mentioned that for
the bubbles which are completely different in size �one
bubble is big and another one is small� in sulfuric acid with
the highest concentration of 95%, the probability of the re-
pulsion force �resulted from the nonlinear oscillations� de-
creases. By increasing the concentration the viscosity in-
creases and the attraction region penetrates to the repulsion
area. Generally, by viscosity enhancement, the influence of
the nonlinear oscillation diminishes for two bubbles with big
difference on their sizes. The variation of strong attraction
force increases for the bubbles with bigger size ranges, espe-
cially for the bubbles which are in the range of 5–10 �m. It
should be noticed that in acid with higher viscosity, the value
of the secondary Bjerknes force is smaller.

Figure 2 shows the secondary Bjerknes force for different
concentrations of sulfuric acid when the bubbles are in the
coupled state. It is found that repulsion parts become thin
and they occupy the areas where the bubbles have smaller
sizes. It is obvious that, when the bubbles get closer, the
bubbles would be attracted to each other with much higher
interaction force. In addition to that, when the viscosity in-

creases, the part related to the repulsion interaction force
decreases in comparison to the uncoupled state, where the
attraction part �gray color in Fig. 2� is increasing. Although
the Bjerknes force decreases by increasing the viscosity,
variation of the interaction force value increases from the
uncoupled state to the coupled state in the gray color part, for
the attraction force.

By comparing Figs. 1 and 2, one can see that the reduc-
tion in the repulsion area is more apparent in a liquid with
higher viscosity �95% and 85%� than the liquid which has
less viscosity. It means that in sulfuric acid with higher con-
centration, the reduction in the repulsion area becomes more
obvious. The repulsion interaction part resulted from the
nonlinear oscillation of the bubbles, decreasing in concentra-
tions from 65% to 85%, considerably. The influence of the
nonlinear oscillation does not have any remarkable decre-
ment on the concentrations from 45% up to 65% and from
85% to 95%. Therefore, the variation of the white area in
these concentrations can be neglected.

In Figs. 3–5 bubble behavior is investigated during 1
cycle for both coupled and uncoupled states. In this case, the
influence of the viscosity on the bubbles behavior is studied.
In order to cancel the effects of the nonlinear oscillation on
the secondary Bjerknes force, two bubbles are supposed to

FIG. 4. Bubble wall velocity vs normalized t /T during one driv-
ing period at pressure amplitude of 1.8 bar for R20=R10=5 �m for
states �a� uncoupled=1 cm and �b� coupled=0.2 mm in four dif-
ferent concentrations of sulfuric acid. As one can see, similar to the
previous Figs. 1–3, in both figures the curves for concentrations of
45% and 65% almost coincide, where the same situation exists for
the curves of concentrations of 85% and 95%. However, there is a
big difference between the curves related to the concentrations of
65% and 85%.

FIG. 5. Secondary Bjerknes force of the first bubble vs normal-
ized t /T during one driving period at pressure amplitude of 1.8 bar
for R20=R10=5 �m for states �a� uncoupled=1 cm and �b�
coupled=0.2 mm in four different concentrations of sulfuric acid.
The big gap can be seen for the plotted parameters between the 65%
and 85% acid concentrations.

INTERACTION OF TWO OSCILLATING … PHYSICAL REVIEW E 82, 016316 �2010�

016316-5



be in the same size �5 �m�; otherwise, for big differences in
the bubble diameters, the secondary Bjerknes force would be
varied in sign via the influence of the nonlinear oscillation.
In these figures the behavior of bubble parameters including
bubble wall velocity, bubble ambient radius, and the second-
ary Bjerknes force is investigated only by considering the
effect of the viscosity for both coupled and uncoupled states.
Both bubbles are considered to be in the area of the attraction
force �darker gray area in Fig. 1�. It should be reminded that
both bubbles are assumed to have the same size and they
show the similar behavior. Here, the variation of the first
bubble’s radius versus time is investigated.

In Fig. 3, the oscillating radius of bubble in both states
uncoupled �Fig. 3�a�� and coupled �Fig. 3�b�� is shown in
four different concentrations of sulfuric acid including 45%,
65%, 85%, and 95%. As the viscosity of the bubble in-
creases, the maximum of the bubble radius would be de-
creased. This decrement was expected according to the re-
duction in the bubble ability to expand and collapse, which is
resulted from the viscosity increment.

In Fig. 3�b�, it is observed that in the coupled state the
maximum of the bubble radius decreases to 50 �m, while in
the uncoupled state the maximum of the bubble radius is
about 52 �m. This increment shows the influence of the
coupled oscillation of the bubbles in the coupled state, which
results in a limitation in the bubble behavior, and reduces the
bubble’s freedom to oscillate. There is also a time delay at
the collapse instant with enhancement of the liquid viscosity
as a result of the coupled oscillation of the bubbles in com-
parison to the uncoupled state. Although, for the sulfuric acid
concentrations from 45% to 65%, the maximum radius de-
creases, there is a large gap between the maximum radii in
higher liquid viscosities which is more observable for con-
centrations of 65% and 85%. In addition, the delay in the
collapse time for the acid concentration is even more distinct
for concentrations of 65% to 85%.

In Fig. 4, wall velocity variation of bubble during 1 cycle
for different liquid viscosities is shown in both states: un-
coupled �Fig. 4�a�� and coupled �Fig. 4�b��. The bubble wall
velocity decreases at the collapse moment with viscosity en-
hancement and the maximum of the bubble wall velocity
decreases when the bubble is in the coupled state. The
bubble wall velocity decrement is remarkable in sulfuric acid
with lower viscosity. When the bubbles come closer, the
effects of coupled radial oscillations of two bubbles on a
bubble’s wall velocity decrease with increasing of the liquid
viscosity.

As the viscosity of the bubble increases, the rate of the
bubble collapse and the bubble expansion would be de-
creased consequently. As a result of Eq. �7�, the secondary
Bjerknes force is proportional to the bubbles’ volume varia-
tions, and the bubble volume derivation is proportional to
radius derivation, defined as the bubble wall velocity. There-
fore, because the secondary Bjerknes force is proportional to

the bubble wall velocity �Ṙ10 or Ṙ20�, by reduction in the
bubble wall velocity, the secondary Bjerknes force �accord-
ing to Eq. �7�, FB�0� also decreases. The variation of the
secondary Bjerknes force is shown in Fig. 5. The secondary
Bjerknes force has two picks during one acoustical cycle of
radial oscillation. The small pick refers to the fast expansion
of the bubble in 0.25–0.5 of a cycle, which is shown in Fig.
3, and the second one, which is larger in value, denotes the
bubble collapse instant. Considering the relation between the
secondary Bjerknes force and the distance between the
bubbles, the value of the interaction force is enhanced by
decrement of the bubbles’ distance. Then the magnitude of
the secondary Bjerknes force in coupled state �Fig. 5�a�� is
stronger than the uncoupled state �Fig. 5�b��. Furthermore
due to the highest amount of the secondary Bjerknes force in
the 45% concentration, its variation is more obvious than
other concentrations �Table II�.

Based on the above mentioned figures, a firm reason can
be deduced to show an inverse relation between the influence
of the nonlinear oscillation of the bubbles and the liquid
viscosity enhancement. In Figs. 1 and 2, the dependence on
the bubble viscosity is shown for four different concentra-
tions of sulfuric acid. In these figures, white region repre-
sents the effects of the nonlinear coupled oscillations of two
bubbles in the various volumes.

IV. CONCLUSION

The behavior of two bubbles is studied in four different
concentrations of sulfuric acid in uncoupled and coupled
states. The observations show that the value of the secondary
Bjerknes force decreases by viscosity enhancement and the
area for the repulsive force in the phase space of R20−R10
decreases when the viscosity increases. In Figs. 1 and 2, the
decrement of repulsion area is observable by the white part,
which relates to the bubbles with big difference in their sizes.

From the presented results for 5 �m bubbles in Figs. 3–5
there are big differences between bubble parameters includ-
ing bubble radius, bubble wall velocity, and secondary
Bjerknes force, for sulfuric acid concentrations from 65% to

TABLE II. The maximum of secondary Bjerknes value during one driving period at pressure amplitude of
1.8 bar for R20=R10=5 �m for states uncoupled=1 cm and coupled=0.2 mm.

Sulfuric acid �wt %� 45 65 85 95

Secondary Bjerknes force �N� 7.376�10−8 4.978�10−8 1.564�10−8 1.412�10−8

uncoupled state

Secondary Bjerknes force �N� 1.343�10−4 9.339�10−5 3.182�10−5 2.890�10−5

coupled state
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85%. In Figs. 1 and 2, the secondary Bjerknes force variation
for big range of bubbles’ sizes �0.2–10 �m� is considerable
for sulfuric acid concentrations of 65% and 85%. However,
the variation of similar parameters of the bubble for sulfuric
acid concentrations from 45% to 65%, and also from 85% to
95%, is negligible.
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