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This paper compares results from lattice-Boltzmann and Brownian-dynamics simulations of polymer migra-
tion in confined flows bounded by planar walls. We have considered both a uniform shear rate and a constant
pressure gradient. Lattice-Boltzmann simulations of the center-of-mass distribution agree quantitatively with
Brownian-dynamics results, contradicting previously published results. The mean end-to-end distance of the
extended polymer is more sensitive to grid resolution �x and time-step �t. Nevertheless, for sufficiently small
�x and �t, convergent results for the polymer stretch are obtained which agree with Brownian dynamics within
statistical uncertainties. The Brownian-dynamics simulations incorporate a mobility matrix for a confined
polymer that is both symmetric and positive definite for all physically accessible configurations.

DOI: 10.1103/PhysRevE.82.011802 PACS number�s�: 83.80.Rs, 47.57.Ng, 47.11.Qr, 47.11.St

I. INTRODUCTION

The lattice-Boltzmann �LB� method is one of a number of
mesoscale simulation methods being developed to study the
dynamics of complex fluids �1�. In contrast to particle-based
methods such as dissipative particle dynamics �2� or multi-
particle collision dynamics �3�, the fluid information is stored
on a regular grid, simplifying the computation in a parallel
programming environment. In common with other methods
that include the fluid degrees of freedom explicitly, lattice-
Boltzmann simulations are very flexible �1� and can include
Brownian motion via thermally driven fluctuations applied
directly to the fluid �4�. Polymer solutions are modeled by
coupling the polymer to an LB fluid with a frictional drag
force �5�; this method has been applied to confined polymers
as well �6�. It is important to ensure that LB simulations
model the same physics as Brownian dynamics and two re-
cent papers have investigated the relaxation of individual
chains �7,8�. Here, we extend this work to flows of polymer
solutions in a channel bounded by planar walls.

Numerical simulations �6,9–11� of confined polymers
driven by rectilinear flows have established the essential role
of hydrodynamic interactions �HI� in polymer migration. The
local shear rate extends the polymer and generates tension in
the chain which disturbs the surrounding flow field. In the
vicinity of a boundary, this disturbance flow becomes asym-
metric and produces a hydrodynamic lift of the polymer
away from the wall. Migration in uniform shear �12� and
pressure-driven flows �13� has been simulated by lattice
Boltzmann �6� and Brownian dynamics �9�, but quantitative
comparisons between the two methods have not been made
yet. On the other hand, static and dynamic properties of an
isolated polymer calculated by LB and BD do agree, to
within 1–2 % �7,8�. The relaxation times of the internal de-
grees of freedom also match over the entire spectrum, show-
ing that the hydrodynamic interactions are identical at both
large and small length scales.

This paper reports quantitative comparisons between LB
and BD simulations of a confined polymer chain driven by
an external flow. Steady-state distributions of the center of
mass of the polymer and its end-to-end vector are found to

be in quantitative agreement for both uniform shear and
pressure-driven flows. These results are at variance with a
previous study �14� in which the two methods predicted
qualitatively different migration profiles in a pressure-driven
flow. In that study, LB simulations of the polymer concen-
tration did not capture the characteristic double peak ob-
served in pressure-driven flow and showed significantly less
migration than BD simulations at a similar Weissenberg
number �see Fig. 4 in Ref. �14��.

The BD simulations in this work use a regularized version
�15� of the Green’s function for a point force confined be-
tween two parallel plates �16�. The regularization accounts
for the additional disturbance in the flow field due to the
finite size of the source and receiver; it generates a symmet-
ric and positive-definite mobility matrix for all physically
relevant configurations of the polymer.

II. SIMULATION TECHNIQUES

A. Polymer model

The polymer consists of N+1 beads of radius a with fi-
nitely extensible nonlinear elastic �FENE� springs connect-
ing the neighboring beads,

�s = �
i=1

N

�s��ri − ri−1��, �s�r� = −
1

2
�r0

2 ln�1 −
r2

r0
2� , �1�

where � is the spring constant, r0 is the maximum extension
of the spring, and ri is the position vector of the ith bead. The
simulations use a value of r0=5b, where b=	T /� and T is
the thermal energy corresponding to an absolute temperature
T /kB.

In addition to the FENE potential, there is an excluded
volume interaction between the beads

�ev = �
i�j

�ev��ri − r j��, �ev�r� = A exp�− �r2� , �2�

with �=1.80b−2 and A=2.70T. The potential parameters in
Eqs. �1� and �2� represent a coarse-grained approximation to
a DNA molecule with ten Kuhn segments per spring �17,18�.
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We use N=10 to model a DNA molecule with contour length
LC=10.6 �m. The equilibrium radius of gyration and end-
to-end distance are 
RG

2 �1/2=2.624b and 
RE
2�1/2=6.344b, re-

spectively.
The beads also experience a short-range repulsion with a

nearby wall, based on the loss of configurational entropy of
an ideal chain,

�w = �
i=0

N

�w�yi� ,

�w�y� = T�E1�− 2�y2/3� − E1�− 2��H − y�2/3� , �3�

where yi is the distance of center of the ith bead from the
lower wall, H is the separation between the walls, and E1�x�
is the exponential integral function, �x

��e−t / t�dt. The total
conservative force Fi

C acting on the ith bead is −�ri
��s

+�ev+�w�. The polymer model described by Eqs. �1�–�3� is
used in both the LB and BD simulations.

B. Lattice Boltzmann

The lattice-Boltzmann method is implemented as de-
scribed in Ref. �7� with the addition of the link bounce-back
rule �4� to describe the no-slip condition at stationary or
moving walls located at y=0 and y=H. Periodic boundary
conditions are applied in the x and z directions with a repeat
length of L. To compare with Brownian dynamics, where the
system is unconfined in directions parallel to the walls, we
require L	H. However, the hydrodynamic interactions are
exponentially screened by the no-slip boundaries �16� and
L�2H has been found to be sufficient to approximate a
single polymer bounded between parallel plates �6�. In this
work we used a range of values 2
L /H
4 to eliminate
artifacts from the periodic boundary conditions.

The key parameters characterizing an inertial simulation
of a shear flow are the Peclet or Weissenberg number
���RG

2 /D� and the Reynolds number ���RG
2 /��. The radius

of gyration of the polymer, RG, is the characteristic length; D
is the polymer diffusivity; and � is the shear rate. A large
Peclet number can be achieved while keeping the Reynolds
number small if the ratio Sc=� /D is sufficiently large. In
previous work on globular polymers �7� we found no evi-
dence of inertial effects if the Schmidt number was larger
than 40–50. In order to allow for hydrodynamic interactions
to develop between segments of chains that are extended
by the flow, we use here larger Schmidt numbers, from
Sc�300 to Sc�2500.

Single chain properties are insensitive to the mass of the
bead, the fluid viscosity, and the interpolation method; the
role of these parameters in a confined geometry was found
to be negligible. The crucial parameters in obtaining accurate
results for the dynamic properties are the grid resolution
�x and the effective time step �t. We used �x=2b and �x
=1.33b, corresponding to a root-mean-square bond length

r2�1/2�0.87�x and 
r2�1/2�1.30�x. The effective time
step is based on the monomer diffusion time �t=b2 /D0
and is controlled by the temperature of the LB fluid via
the diffusion coefficient D0=T / �6�a�. The hydrodynamic

radius a=0.36b is chosen to match reported values for DNA
�17�.

C. Brownian dynamics

The Brownian-dynamics algorithm for a polymer chain in
free space is summarized in Ref. �7�. Usually in such simu-
lations, a regularized Green’s function is used to ensure that
the mobility matrix remains positive definite. Here, we de-
scribe an implementation of a regularized and symmetric
mobility matrix for particles confined between two parallel
no-slip boundaries, with the geometry illustrated in Fig. 1.

The flow field between two parallel plates due to a point
force F is

u�r� = G�r,r��H� · F�r�� , �4�

where H is the separation between the plates and G�r ,r� �H�
is the Green’s function �16�. This Green’s function can be
decomposed into the free-space Green’s function G��r−r��,
corrections due to a planar boundary GW�r ,r� ;Y� �19� �Y is
the location of the wall�, and corrections due to multiple
reflections between the boundaries GR�r ,r� �H�,

G�r,r��H� = G��r − r�� + GW�r,r�;0� + GW�r,r�;H�

+ GR�r,r��H� . �5�

The pair mobility matrix is a regularization of this Green’s
function due to the finite size of the particles. The transla-
tional velocity ui of the ith bead �Fig. 1� due to the forces
acting on the beads is

ui = ui
0 +

Fi

6�a
+ �

j�i

�LiL jG�ri,r j�H�� · F j , �6�

where ui
0 is the unperturbed fluid velocity and the Faxen

operator is

Li = �1 +
a2

6
�ri

2� . �7�

In the region �rij��2a, the operators Li and L j, acting on
the Oseen tensor, G��r j −ri�, generate the far-field part of the
Rotne-Prager �RP� interaction �20�. The RP tensor including
the near-field values of rij =r j −ri is

y

x
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

ij

H

u

r

0

FIG. 1. Illustration of the configuration of beads i and j between
two parallel plates.
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�ij
RP =

1

6�a�C1I + C2
rijrij

rij
2 , rij � 2a

C1�I + C2�
rijrij

rij
2 , rij � 2a

1, i = j ,
� �8�

where the constants are

C1 =
3

4

a

rij
+

1

2

a3

rij
3 , C2 =

3

4

a

rij
−

3

2

a3

rij
3 ,

C1� = 1 −
9

32

rij

a
, C2� =

3

32

rij

a
. �9�

Thus, the mobility matrix of a pair of confined particles is

�ij = �ij
RP + LiL j�GW�ri,r j;0� + GW�ri,r j;H� + GR�ri,r j�H�� .

�10�

The stiff repulsive potential between the beads and the wall
�Eq. �3�� removes the need for a specific short-range function
for the HI with the wall.

Expressions for the regularized Green’s function for a
single wall, LiL jG

W�ri ,r j ;Y�, are given in Ref. �15�. The
contribution from higher reflections, LiL jG

R, is calculated by
numerically applying the Faxen operators to the reflection
term GR, isolated from the Liron-Mochon solution �Eq. �4��
for point particles. Explicit expressions for GR are available
in the literature �21,22�.

The computation time for LiL jG
R is several orders of

magnitude larger than the superposed mobility matrix,

�ij
S = �ij

RP + LiL j�GW�ri,r j;0� + GW�ri,r j;H�� . �11�

Therefore, the superposed solution, which contains all the
singular contributions �21�, is computed at each time step,
while contributions from the multiple reflections are interpo-
lated from a precalculated table. The details of the look-up
table are described in the Appendix.

The interpolated Green’s function is not divergence free.
Therefore, the Langevin equation describing the motion of
the polymer is integrated using Fixman’s midpoint algorithm
�23�,

ri�t +
�t

2
� = ri�t� + �ui

0�t� + �
j=0

N

�ij�t� · F j
C�t�

+ �
j=0

N

�ij�t� · F j
B�t���t ,

ri�t + �t� = ri�t� + �ui
0�t� + �

j=0

N

�ij�t� · F j
C�t�

+ �
j=0

N

�ij�t +
�t

2
� · F j

B�t���t , �12�

where F j
B is a random force with covariance


Fi
BF j

B� = 2T�ij
−1/�t . �13�

Here, we use an Euler update of the drift velocity rather than
a midpoint update �23� because, in conjunction with the ex-
cluded volume interaction �Eq. �3�� and a bounded random
number generator, the center of mass of the bead never
crosses a wall. The upper bound zm of the random number
generator can be determined from the maximum bead dis-
placement,

�ymax =
2D0�t

y
− 	2zmD0�t � − y , �14�

where the repulsive force for small y takes an approximate
form 2T /y �ignoring the exponential term�. The bead posi-
tion remains positive provided zm�4, independent of the
time step �t; in our simulations zm,BD=1 and zm,LB=	3. We
use a similar time step as in our previous work, �t�10−3t0
�7�.

III. RESULTS

The Weissenberg number Wi=�� characterizes the ambi-
ent flow field and is defined as the product of a characteristic
relaxation time of the polymer, �, and the shear rate �. A
linear polymer molecule in dilute solution has two distinct
relaxation times: the viscous relaxation time ��, obtained
from the autocorrelation of the polymer stress �xy, and the
longest conformational relaxation time �1, obtained from the
autocorrelation of the first normal mode X1 or the end-to-end
vector RE. Within the Rouse and Zimm approximations, �1
=2��. Single molecule experiments with DNA �24� suggest
that �� can be obtained by fitting the asymptotic decay of the
maximum visible stretch, 
Rmax�t��− 
Rmax����, to a single
exponential. Here, we take the maximum length of the poly-
mer in the direction of its initial end-to-end vector as Rmax�t�.

From BD simulations of a single polymer molecule at
infinite dilution, we computed the normalized autocorrelation
functions,

C„Z�t�… =

Z�t�Z�0�� − 
Z����2


Z2�0�� − 
Z����2 , �15�

where Z is one of the following polymer properties: X1, RE,
RE

2 , Rmax, or �xy. The autocorrelation functions are obtained
by averaging over a total time of approximately 108�1 using
many different starting configurations of a fully equilibrated
polymer molecule. The relaxation times shown in Table I are
obtained by fitting the linear regions in Fig. 2 by a single
exponential. Our results confirm that �1��RE

and also that
�RE

2 �����Rmax
, although the relaxation time from the maxi-

mum visible stretch deviates from the viscous relaxation

TABLE I. Relaxation times of a polymer chain from several
different measures of the extension. The relaxation times are ob-
tained by fitting the linear regions in Fig. 2 by a single exponential.

Z RE X1 Rmax RE
2 �xy

�Z 15.21 15.07 5.43 5.82 5.81
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time by almost 10%. The ratio of conformational to viscous
relaxation times, �1=2.6��, differs from the Rouse and Zimm
theories, primarily due to the excluded volume interaction.
For an ideal harmonic chain �1=2��, but �1 can increase to
5�� when including excluded volume and finite extension
�25�. In our present simulations, we take the viscous relax-
ation time ��=5.81t0 as the characteristic relaxation time de-
fining the Weissenberg number, �=��.

A. Uniform shear flow

The migration of a flexible polymer toward the center of
the channel in response to a uniform shear flow is well stud-

ied �6,9,12,26�. The polymer chain stretches and orients itself
in the presence of the local shear rate and the disturbance
field reflected from a no-slip boundary then drives it away
from the wall. The steady-state distribution of the polymer
across the channel is thus a measure of the hydrodynamic
interactions in the system.

Figure 3 shows the center-of-mass distribution obtained
from LB and BD simulations at four different values of the
Weissenberg number. To obtain statistically precise data,
each profile is averaged over a time of approximately
1000�H; here, �H=H2 /D=3000t0 is the time required by the
polymer chain to diffuse across the channel of width H
=10RG, and t0=6�a /�. Profiles from BD simulations were
generated using both the superposed Green’s function �Eq.
�11�� and the full Green’s function �Eq. �10��. The effect of
multiple reflections is significant at higher shear rates; for
instance, at Wi=76 the peak in the distribution is increased
by 33% compared to the superposition approximation. Re-
sults from LB simulations at each Wi number show an iden-
tical depletion layer to the BD results obtained from the
complete Green’s function. The peaks of the distribution pro-
file at all four Wi numbers are within 1% for the two simu-
lation methods. The statistical uncertainties at each position
are smaller than the size of the symbols.

The concentration profiles are insensitive to the choice of
parameters used in the simulations. The LB data plotted in
Fig. 3 used a time step �t=3�10−3t0, a periodic box length
L=3H, and a grid resolution �x=2b. Typically �x
b �5� is
required to accurately capture hydrodynamic interactions
within the polymer, but here a coarser grid resolution is suf-
ficient to obtain the correct distribution of the center of mass,
which is dominated by HI on the length scale of the polymer.
Further reducing either the grid spacing or the time step pro-
duces no discernible effect on the concentration profile. We
note that the LB and BD simulations use similar time steps,
�t�10−3t0, despite the extra inertial time scale in the LB
method.

0 1 2 3 4 5t / τ
C

10
-4

10
-3

10
-2

10
-1

10
0

C
(t

)

R
E

(t)
X

1
(t)

R
max

(t)

R
E

2
(t)

σ
xy

(t)

FIG. 2. Decay of the normalized correlation of RE�t�, X1�t�,
RE

2�t�, Rmax�t�, and �xy�t� �Eq. �15��. The slopes of the linearly de-
caying regions are used to determine their relaxation times �see
Table I�. Time t is made dimensionless using the Rouse relaxation
time �1.
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FIG. 3. Center-of-mass distribution of a confined polymer driven by uniform shear flow. Results for LB and BD simulations are
compared for four values of the Weissenberg number, Wi=���; the channel width is H=10RG.
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The mean stretch of the polymer molecule is given by its
end-to-end vector and the results obtained from the two
methods for Wi=9.5 are plotted in Fig. 4; comparisons at
other Wi’s show similar trends. Results from LB simulations
indicate a dependence on the effective time-step size �t and
the grid resolution �x. By reducing the time step �t / t0 from
5.9�10−3 to 1.5�10−3 �a fourfold increase in Sc� a conver-
gent value for the mean polymer stretch in the center of the
channel, RE

2 =270b2, is obtained. Further reducing the effec-
tive time step produces no discernible change in RE

2 . A de-
crease in the grid spacing produced a further small reduction
in RE

2 , from 270b2 to 259b2, close to the BD result, RE
2

=250b2.
The results suggest that the mean end-to-end distance is a

more sensitive measure of the disturbance in the flow field

than the distribution of the center of mass. In a shear flow,
the polymer chain is stretched and the disturbance in the flow
field due to one bead has to travel a larger distance to affect
the other beads. By decreasing the LB time step, convergent
results for the polymer stretch are obtained for each grid
resolution. The results for the finer resolution, �x=1.33b, are
within 2% of the BD results, similar to the results for an
isolated chain with comparable grid resolution.

B. Pressure-driven flow

A confined polymer chain in a pressure-driven flow also
migrates away from the walls; but owing to the nonuniform
shear rate, the preferred conformation of the molecule de-
pends on its position in the channel. The diffusivity of the
polymer chain and its migration velocity also vary with the
distance from the no-slip boundaries. Close to the center of
the channel the diffusivity of the polymer chain overcomes
the transverse migration velocity �27�, resulting in off-center
peaks and a central dip in the polymer concentration profile.
The distribution profiles from LB and BD are again in quan-
titative agreement, as shown in Fig. 5. The maximum devia-
tions occur at Wi=38: 3% at the off-center peaks and 4% at
the central dip. At the highest Weissenberg number Wi=76,
the flow rate and temperature were reduced by a factor of 4
to eliminate an increased dependence on �t. The higher
Schmidt number is apparently needed to allow the hydrody-
namic interactions to propagate over the fully extended
chain.

We do not have a satisfactory explanation for the discrep-
ancies between LB and BD concentration profiles in
pressure-driven flow shown in Fig. 4 of Ref. �14�. We note
that the LB simulations in Ref. �14� neglected the thermal
fluctuations in the fluid �4,28�, which means that the fluid-
particle interactions corresponding to the correlated Brown-
ian forces between beads are missing and only the single-
particle Brownian force remains. We have attempted to
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FIG. 4. Distribution of the end-to-end vector across the channel
for a single confined polymer chain driven by uniform shear flow is
compared for LB and BD simulations for Wi=9.5. LB results are
obtained for two values of grid resolution: �x /b=2.00 and 1.33 and
three values of the time step.
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FIG. 5. Distribution of the center of mass for a confined polymer in a pressure-driven flow. Results for LB and BD simulations are
compared for four values of the Weissenberg number, Wi=���.
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replicate this mistake by turning off all the thermal fluctua-
tions in the fluid, but at constant shear rate this leads to only
quantitative differences in the concentration profiles and the
dip in polymer concentration near the center of the channel
remains. However, the neglect of thermal forces in the fluid
also fails to satisfy the fluctuation-dissipation relation
�28,29� and leads to about a 70% overestimate of the poly-
mer relaxation time �7�. Thus, when comparing LB and BD
simulations at constant Weissenberg numbers, the shear rate
in the LB simulation will be too small by almost a factor of
2; in other words a simulation at a nominal Wi=100 would
actually be closer to Wi=50. Nevertheless, there should still
be considerably more migration than shown in Fig. 4 of Ref.
�14�, and the distinctive double peak persists down to Wi
�10 as can be seen in Fig. 5. Another possible source of
disagreement is that Chen et al. used a dilute polymer solu-
tion in their LB simulations rather than an isolated chain,
presumably to improve the statistics. However, the low poly-
mer concentration, �4 /3�nRg

3=0.02, suggests that the chains
are essentially independent, so the explanation for their re-
sults remains elusive. Nevertheless, the results presented
here show that LB does produce essentially identical results
to Brownian dynamics, with careful control of the grid res-
olution and effective time step.

IV. CONCLUSIONS

Comparisons have been made between LB and BD simu-
lations of a confined polymer chain driven by a uniform
shear rate or pressure gradient. The center-of-mass distribu-
tion obtained from the two simulation methods is in quanti-
tative agreement for all flow rates; this applies to both uni-
form shear and pressure-driven flows. A relatively coarse
grid resolution �x=2b is sufficient to capture the effects of
hydrodynamic interactions on the scale of the polymer, RG.
Our results do not agree with Fig. 4 of Ref. �14�, which
incorrectly suggest a qualitative disagreement between LB
and BD simulations of a confined polymer in a pressure-
driven flow.

Polymer extension is more sensitive to the small-scale HI.
The polymer is stretched by the shear, and the time taken for
a disturbance in the flow field to propagate to neighboring
beads is larger. Convergent results for the polymer stretch
require a two to four times smaller time step than compa-
rable simulations of a collapsed polymer. In addition a finer
grid is needed to resolve the balance between the tension in
the polymer, the shear, and the Brownian force. As �x and
�t become small, convergent results are obtained for the
polymer stretch as well.

Brownian-dynamics simulations depend on an accurate
Green’s function for finite-size beads between two parallel
plates. The mobility matrix computed using Eq. �10� is sym-
metric and positive definite for all accessible configurations
of the polymer. The superposed Green’s function offers a
computationally faster alternative for lower values of Wi;
here, the errors in the concentration profile are less than 5%.
However, for Wi�40, the superposed solution is in error by
more than 25% and reflections are necessary to properly ac-
count for the HI.
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APPENDIX: PRETABULATING THE GREEN’S FUNCTION

Computing the mobility matrix of a pair of confined beads
�Eq. �10�� takes several orders of magnitude longer than the
superposition approximation �Eq. �11��. Thus, the contribu-
tion due to multiple reflections between the plates, �ij,��

R

=LiL jG��
R �ri ,r j �H�, is pretabulated and interpolated during

the simulations; here, the indices i and j number the beads
while � and � are the Cartesian components. The look-up
table is constructed on a Cartesian grid with Ny +1 grid
points in the direction perpendicular to the wall �y� and Nx
+1 grid points in the directions parallel to the wall �x and z�.
The grid spacings are �y=H /Ny and �x=�z=LC /Nx, where
LC is the contour length of the polymer.

The mobility matrix �ij,��
R is a function of the four-

dimensional vector Rij = �yi ,rij�, and each element in the
look-up table can be identified by a set of four integer indi-
ces, �= �ks ,kx ,ky ,kz�,

R��� = �ks�y,kx�x,ky�y,kz�x� , �A1�

where the domains of the indices are

0 
 ks 
 Ny, − Nx 
 kx 
 Nx,

0 
 ky 
 Ny, − Nx 
 kz 
 Nx. �A2�

The mobility matrix is interpolated from the elements of the
look-up table,

�ij,��
R �Rij� = �

�

�„Rij − R���…���
R
„R���… , �A3�

where ��R� is taken as the product of one-dimensional func-
tions,

��R�ys,x,y,z�� = �� ys

�y
��� x

�x
��� y

�y
��� z

�x
� .

�A4�

We used linear interpolation,

iy

yk

2
H

H

x

ij

klr

r

FIG. 6. Illustration of symmetry based on the center of the chan-
nel. The disturbance in the flow field at rij relative to a source
located at yi is identical to the disturbance at rkl relative to a source
located at yk=H−yi.
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��u� = �1 − �u� , �u� 
 1

0, �u� � 1.
� �A5�

The computational cost of constructing a look-up table with
�2Nx+1�2� �Ny +1�2 elements can be significantly ��1 /32�
reduced by exploiting the symmetries in �ij,��

R . First, the
symmetry of the mobility matrix is used,

�ij,��
R = � ji,��

R . �A6�

Next, system-specific symmetries about the center of the
channel and its axis perpendicular to the walls are used. The
flow-field at r j in Fig. 6, due to a source located at yi is
identical to the flow-field at rl due to a source located at yk
=H−yi, provided that rkl=−rij. Thus,

�ij,��
R = �kl,��

R . �A7�

Moreover, the confined system has cylindrical symmetry,
as shown in Fig. 7. On a Cartesian grid there are eight
equivalent locations indicated in the “Top View” in Fig. 7.
The elements of the HI matrix at these locations can be ob-
tained by swapping elements and signs,

�ij,��
R,2 = ������ij,��

R,1 + ������ + �������ij,��
R,1 ,

�ij,��
R,3 = �ij,��

R,2 − 2�A���� + A������ij,��
R,2 ,

�ij,��
R,4 = �ij,��

R,1 − 2�A���� + A������ij,��
R,1 ,

�ij,��
R,5 = �ij,��

R,1 − 2�B���� + B������ij,��
R,1 ,

�ij,��
R,6 = �ij,��

R,2 − 2�B���� + B������ij,��
R,2 ,

�ij,��
R,7 = �ij,��

R,2 − 2�C���� + C������ij,��
R,2 , �A8�

�ij,��
R,8 = �ij,��

R,1 − 2�C���� + C������ij,��
R,1 ,

where �, �, A, B, and C are fourth-rank tensors,

����� = ��x��z��x��z + ��y��y��y��y + ��z��x��z��x,

����� = ��z��z��x��x + ��y��z��y��x + ��z��y��x��y ,

A���� = ��x��y��x��y + ��x��z��x��z,

B���� = ��x��y��x��y + ��y��z��y��z,

C���� = ��y��z��y��z + ��z��x��z��x. �A9�

The limits on the indices of the reduced look-up table are

0 
 ks 
 �Ny/2�, 0 
 kx 
 Nx,

ks 
 ky 
 Ny, kx 
 kz 
 Nx. �A10�

A grid with Ny =25 and Nx=15 generates convergent migra-
tion profiles for all the cases reported in this paper. A sparser
grid �or �x	�y� can be used in the direction parallel to the
wall because the polymer is extended in that direction by the
shear.
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