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In this paper we discuss the stability behavior of spherical polyelectrolyte brushes �SPB� in the presence of
trivalent lanthanum counterions. Stability behavior is measured through the rate of coagulation of the SPB as
a function of the lanthanum concentration using simultaneous static and dynamic light scattering. As the
counterion concentration increases, we observe coagulation of the SPB which in turn leads to a dramatic
decrease in the stability of our particles. Since the rate of coagulation is dependent upon the balance between
the repulsive interactions and the thermal energy of the diffusing particles �reaction-limited colloidal aggrega-
tion; RLCA�, we then can relate the measured particle stability to the value of the repulsive potential in the
RLCA regime. These “microsurface potential measurements” �MSPM� allow us to measure repulsive energies
down to the order of kBT. From the repulsive energy of the particles we can then determine precise information
about the net surface potential �0 of the SPB as a function of the lanthanum counterion concentration.
Moreover, we demonstrate that a simple mean-field model predicts the stability of the SPB in the presence of
lanthanum counterions with high accuracy.

DOI: 10.1103/PhysRevE.82.011401 PACS number�s�: 82.70.�y, 64.70.pv, 64.75.Gh, 64.75.Xc

I. INTRODUCTION

Colloidal dispersions consisting of solid nanoparticles dis-
persed in water present one of the most studied systems in
colloid science �1�. In principle these systems are metastable,
that is, the particles will aggregate if insufficient stabilization
is present �2�. Stabilization can be achieved in two ways:
Either charges are affixed to surfaces of the particles �elec-
trostatic stabilization� or the particles can carry long polymer
chains �steric stabilization� �3�. Individually, both modes of
stabilization are now rather well understood. In particular,
electrostatic stabilization can be cast into the well-known
Derjaguin-Landau-Verwey-Overbeek �DLVO� theory �4,5�
which allows a detailed prediction of colloidal stability in the
presence of multivalent salt ions with valency z of a given
critical concentration ncrit. Here the empirical Schulze-Hardy
rule states that ncrit�z−6 in direct agreement with the DLVO-
theory �6�.

Much less is known about electrostatic stabilization that
results from appending charged polymer chains to the sur-
face of colloidal spheres. Here, electrostatic and steric effects
are combined to create the so called electrosteric stabiliza-
tion. This electrosteric stabilization is the basis of many
industrial polymer dispersions �7�. Hence, a profound under-
standing of electrosteric stabilization is of central technologi-
cal importance. It is also important to note, that many appli-

cations in medicine and personal care products operate in
multivalent ionic media. Spherical polyelectrolyte brushes
�SPB� that consist of solid colloidal spheres onto which long
chains of a polyelectrolyte are appended present excellent
model systems for an in-depth study of electrosteric stabili-
zation �8�. Figure 1�a� displays the structure of these particles
in a schematic fashion. The term brush indicates a grafting
density of the appended chains that is dense enough to en-
sure strong lateral interactions among the polyelectrolyte
chains �9�. The main feature of polyelectrolyte brushes is the
strong confinement of the counterions within the brush layer,
first predicted by Pincus �10� as well as Birshtein, Borisov,
and Zhulina �11�. If monovalent counterions are present, the
high number of charges confined in such a polyelectrolyte
brush will lead to a strong stretching of the attached chains in
order to alleviate the concomitant osmotic pressure of the
counterions. If the ionic strength is raised in this system by
adding monovalent salt, the height of the polyelectrolyte
layer will decrease considerably �12,13�. However, the col-
loidal stability remains unimpeded as experimental studies
have demonstrated that the SPB are fully stable even in a
three molar solution of monovalent salt �13�. The results re-
garding the salt dependency of the brush height obtained for
the spherical systems are in qualitative agreement with direct
measurements using the surface forces apparatus �SFA�
�14,15�.

An entirely different situation arises if di- or trivalent salt
is added to aqueous solutions of spherical polyelectrolyte
brushes. It has been demonstrated that rather moderate con-
centrations �0.1 mol/l� of divalent ions lead to the loss of
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colloidal stability and to the flocculation of particles �12�. In
the case of trivalent ions, minute concentrations are sufficient
to induce flocculation �16�. Concomitantly, the polyelectro-
lyte chains collapse to form a rather dense layer that does not
provide any steric stabilization �2�. Hence, results obtained
in the presence of monovalent counterions show a strong
stability of the SPB, while minute concentrations of trivalent
ions lead to rapid flocculation. As has been discussed re-
cently �16�, the height L of the brush layer affixed to the
surface of the particles can be quantitatively understood in
terms of a simple model �17�, if ion specific interactions with
the polyelectrolyte chains as observed, e.g., for a poly-
�methacrylic acid� brush by Konradi and Rühe �18� can be
neglected. L then results from a balance between the stretch-
ing of the chains due to the osmotic pressure of the counte-
rions and the entropic retracting force of the coiled polymer
chains. The results of this model are in excellent agreement
with recent molecular dynamics �MD� simulations and ex-
perimental results �19,20�. An important assumption of this
model is a strong electrostatic interaction between multiva-
lent ions with the polyelectrolyte chains. Multivalent ions
also replace an equivalent amount of monovalent ions and
thus take away significant contributions to the osmotic pres-
sure. This explains not only the strong reduction of L but
suggests also a qualitative explanation of the decreased col-
loidal stability of the SPB in the presence of multivalent ions
�19�. In our study we use rather high concentrations of lan-
thanum counterions which leads to two primary effects:
firstly, the shell layers of the SPB are always completely
collapsed, and secondly, the shell layers of the SPB stick to
each other upon contact �2�.

In a recent paper, we demonstrated that the rate of coagu-
lation can be used to assess the repulsive force in the particle
interaction potential V�r� between two colloidal particles �2�.
The central idea is depicted in Fig. 1. The surfaces of two
SPB can approach each other to a certain minimum distance
�=2L. In this configuration, the potential V�r� is at a maxi-
mum value Vmax=V�2Rc+�� with Rc as the particle core ra-
dius. Therefore, Vmax presents the maximum barrier that
needs to be overcome by thermal motion to achieve contact

between two particles in the fully collapsed state. In the pres-
ence of moderate concentrations of multivalent salt, two par-
ticles will stick to each other essentially irreversibly once
their surfaces have touched �21�. Therefore, the rate of co-
agulation leads to direct information on the potential V�r�
and in particular on Vmax. The basic theory of the rate of
coagulation is well known: if Vmax=0, the limiting case of
the diffusion-limited colloidal aggregation �DLCA� is
reached �6�. For Vmax�0, the rate of coagulation in this
reaction-limited colloidal aggregation �RLCA� regime is
much slower. For Vmax�kBT, coagulation is slow enough
that the suspension appears stable.

Up until now, careful measurements of the kinetics of
coagulation have been used to test given interparticle poten-
tials, for example the well-known DLVO-potential �3,22�.
Borkovec and coworkers then demonstrated that the rate of
coagulation can be obtained very accurately by a combina-
tion of static and dynamic light scattering �23,24�. However,
the procedure can be reversed. First, we measure the forma-
tion rate of particle doublets. Applying the interparticle po-
tential of fully collapsed polyelectrolyte brushes then leads
to V�r� and in particular Vmax of the SPB. These ‘micro sur-
face potential measurements’ �MSPM� hence supplement the
classical methods used for obtaining the repulsive pair po-
tential. This has been done through experimental methods
such as the SFA �14,25,26�, optical tweezers �27–29�, the
total internal reflection microscopy �TIRM� �30–32�, and the
colloidal probe atom force microscopy �AFM� �33–35�. In
particular, MSPM allow us to assess the repulsive potential
V�r� between colloidal particles of arbitrary size down to the
theoretical limit, Vmax�kBT. In general, MSPM give precise
information about the maximum of the repulsive interaction
Vmax. In many cases, the functional dependence of the poten-
tial on r is known or can be found through measurements
with parallel surfaces using the SFA. With this information,
MSPM can lead to a full comparison between theory and
experiment �2�.

With this work we wish to extend our previous work on
MSPM and to expand the discussion of the method used.
Moreover, a critical comparison of the theoretical model for
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FIG. 1. �Color online� �a� Schematic representation of the spherical polyelectrolyte brush investigated in this study. Anionic polyelec-
trolyte chains are grafted from colloidal particles �radius: Rc=125 nm� made from solid poly�styrene�. The particles are immersed in
aqueous salt solutions with defined ionic strength. The thickness L of the brush layer is measured for different ionic strengths by dynamic
light scattering. The ionic strength in the system is adjusted by changing the concentration of added salt. �b� Schematic of two aggregated
SPB particles upon contact of their polyelectrolyte shells with fully collapsed brush layers. The particle-particle center distance r equals
2Rh=2Rc+� where � is twice the brush thickness L. In all concentrations of lanthanum ions used here the hydrodynamic radius Rh of the
particles is constant. �c� Interaction potential of the SPB particles in the aqueous lanthanum solutions used in our study �2�.
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V�r�, which has been developed recently for SPB, will be
given �2�. While our previous work was confined to the do-
main of weak repulsion, a stability ratio W close to unity, we
shall discuss data of much more stable systems in which W
�103. Our comparison between theory and experimental
work will thus provide a means to investigate electrosteric
stabilization more thoroughly.

The paper is organized as follows: after the Experimental
Section the theory related to the kinetics of coagulation will
be reviewed. We then further investigate our theoretical
model used for a comparison with experimental data. The
subsequent section Results and Discussion, will first present
the kinetic analysis of coagulation. This will be followed by
an in-depth discussion of the comparison of this data with
our theoretical model. A short conclusion will sum up the
main points of this work.

II. EXPERIMENTAL SECTION

A. Materials and Methods

Materials. All solvents were analytical grade and used as
received. Styrene �Sigma-Aldrich� was distilled under re-
duced pressure to remove inhibitor molecules and stored
under nitrogen at 4 °C until used. Sodium styrene sulfonic
acid �Fluka�, potassium persulfate �Merck�, sodium bi-
carbonate �Grüssig�, sodium bisulfite �Merck� and lantha-
num�III�chloride heptahydrate �Sigma-Aldrich� were used
without further purification. The synthesis of the photoini-
tiator 2-�p-�2-hydroxy-2-methylpropiophenone��-ethylene-
glycol-methacrylate �HMEM� was performed according to
the method used by Guo et al. and purified chromatographi-
cally �36�. In all experiments we used water obtained from a
Millipore ion exchange apparatus.

Instrumentation. For the dynamic light scattering �DLS�
measurements and the simultaneous static and dynamic light
scattering experiments we used an ALV-4000 goniometer
with a 35 mW He-Ne laser operating at a wavelength of
632.8 nm, an ALV/High QE APD detector and an ALV-6010/
160 External Multiple Tau Digital Korrelator unit. This setup
was then able to obtain measurements at 10 s intervals using
absolute particle concentrations as low as 1013 per m3 at
scattering angles between 20° and 150°.

Determination of the molecular weight and molecular
weight distribution of the poly�styrene sulfonate� �PSS�
chains was performed using aqueous gel permeation chroma-
tography �GPC�. We used linear poly�sodium styrene sul-
fonate� to construct a universal master curve. As eluent we
used water at pH 9. For evaluation of the eluent we used an
Agilent 1100 differential refractometer RID detector.

Transmission electron microscopy �TEM� images were
prepared on a Zeiss CEM 902 instrument operating at an
accelerating voltage of 80 kV. One drop of the aqueous sus-
pensions �0.1% solid content� was deposited onto a copper
grid coated with carbon �Plano� and air-dried at room tem-
perature. The images were recorded digitally by a Mega-
View3 camera. We used the program IMAGEJ 1.37v �RSB,
National Institute of Mental Health� for manually counting
the mapped particles.

Synthesis of the SPB. The synthesis of the SPB follows
the route mapped out by Wittemann et al. for anionic sys-
tems �37�, with the exception of using sodium styrene sul-
fonic acid as the comonomer and emulsifier in the emulsion
polymerization of the core particles. Thus, the synthesis of
the core is an emulsifier-free emulsion polymerization. The
solid content in the emulsifier-free emulsion polymerization
was chosen to be 12.5%. The amounts of sodium styrene
sulfonic acid and other additives were chosen to yield core
diameters of about 200 nm �38�. Before and after the photo
emulsion polymerization of the PSS shell, the suspension
was cleaned by a serum replacement with water. It should be
noted that we avoided the use of detergent solution for the
cleaning of instruments and equipment during the entire syn-
thesis process of the SPB. Instead we used pure organic sol-
vents and a mixture of isopropanol and potassium hydroxide.
In this way, contamination of the system by surfactants was
circumvented.

Characterization of the SPB. The hydrodynamic radius of
the core Rc was �125�2� nm, which was measured by DLS
in water at very low ionic strength via cumulant analysis
using the third cumulant and the Einstein-Stokes relationship
�39�. The hydrodynamic radius of the SPB particles at very
low ionic strength was �190�2� nm, which includes the hy-
drodynamic shell thickness L of �65�3� nm and the hydro-
dynamic radius of the core Rc. Note however, that this value
strongly decreases in the presence of the multivalent lantha-
num counterions. For the DLS measurements the suspen-
sions were filtered through a 1 �m PES filter. TEM gave a
radius of 113.8 nm and a polydispersity index of 1.0001 for
the core particles, for which we evaluated over 750 particles.
The difference between the core radii values may be attrib-
uted to short polymer chains of comonomer on the surface of
the core particles, the presence of the electric double layer or
very weak coagulation during the cleaning process. How-
ever, the difference does not play an essential role regarding
the results shown here.

After cleaving off the chains from the core particles we
determined the molecular weight distribution by GPC �37�.
The contour length Lc of the chains was estimated using the
molecular weight of �67,500�13,500� g /mol of the long-
est chains in the shell layer. This yielded �82�16� nm for
Lc, where the monomer size has been estimated to be 0.25
nm. The mass ratio between the core and the shell mc /ms of
the SPB was �12�3� as determined by gravimetry. Consid-
ering mc /ms and the molecular weight of the longest poly-
electrolyte chains of �67 500�3500� g /mol we calculated a
grafting density 	 of �0.03�0.01� chains per nm2. Using the
mass ratio mc /ms we also calculated the number of charged
units per SPB particle to Q�NaSS�= �1 840 000�644 000�.

The absolute number concentration �P�0 of the SPB sus-
pension after the photo emulsion polymerization was
�3.47�0.58�
1018 /m3. We calculated the particle concen-
tration using the solid content of the suspension determined
by gravimetry and the size of the core particles determined
via TEM. We also accounted for the weight of the shell layer
of the SPB using the mass ratio mc /ms. For calculating the
weight of the core particles we assumed a uniform density of
1.054 g /cm3, which is the polystyrene bulk density �40�.

Methods. The investigation of the coagulation kinetics of
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the SPB was performed using simultaneous static and dy-
namic light scattering as described by Holthoff and co-
workers �23�. Our experiments also contained LaCl3 in the
concentration range of 0.16 to 150 mmol/l. In order to obtain
a good signal for every salt concentration, we varied
the absolute particle concentration between �1.35�0.23�

1013 /m3 at high electrolyte concentrations and
�8.00�1.36�
1015 /m3 at low electrolyte concentrations.
This particle concentration range was low enough to avoid
multiple scattering �23�. All measurements of the stability
ratio were performed at a scattering angle of 90°. For the
determination of the Rayleigh-Debye �RD� form factor of the
SPB, we used an absolute particle concentration of
�3.00�0.51�
1014 /m3 and electrolyte concentrations of 1
mmol/l and 5 mmol/l at scattering angles between 20° and
150°. In all cases, the temperature during the light scattering
measurements was 25 °C.

The light scattering cells were cleansed regularly with
chromium sulfuric acid to eliminate organic residues. Be-
tween measurements, the light scattering cells were flushed
several times with water and electrolyte solution before re-
use. We compared the initial radius of the SPB particles of
each individual measurement and found no major deviations.
We also had high reproducibility of the fits of both the hy-
drodynamic and static light scattering experiments.

We prepared two different stock solutions with the abso-
lute number concentrations of �2.25�0.28�
1016 /m3 and
�3.47�0.59�
1017 /m3, respectively. Coagulation was then
initiated by adding a latex stock solution �in the range of
15–40 �l� to an electrolyte solution �in the range of 1.3–2.6
ml� in the light scattering cell. The same latex stock solutions
were used for all coagulation measurements. Data were col-
lected at 10 s intervals to yield a data point for both the
hydrodynamic radius and the scattering intensity at time t. In
the dynamic light scattering measurements, we fit the auto-
correlation function with a nonlinear square fit using a third-
order cumulant expansion with an adjustable baseline to
yield one data point. The values for the hydrodynamic radius
were calculated out of the first cumulant and through the use
of the Stokes-Einstein relationship. For this calculation we
have taken into account changes in the viscosity based on
electrolyte concentration �41�. In the static light scattering
measurements, we calculated the time average of the scatter-
ing intensity to give one data point every 10 s. For one co-
agulation measurement, we combine approximately 150–
1000 static and dynamic data points.

For all electrolyte concentrations and scattering angles,
we determined the coagulation rate constant k11 using Eq.
�1�. In order to obtain the initial slope, we fit a second degree
polynomial to the static and dynamic data. Extrapolating the
fits to time zero yields the values of the hydrodynamic radius
Rh�0� and the scattering intensity I�0�. Due to the fact, that
the lanthanum concentrations were high, the shell layer of
the SPB particles was always completely collapsed. There-
fore, we could determine the mean hydrodynamic radius of
the collapsed SPB, Rh,csl, by averaging the values of Rh�0� of
all lanthanum concentrations. This yields �137�3� nm for
Rh,csl. The error is the standard deviation of the individual

values. Subtracting the hydrodynamic core radius of the par-
ticles gives the mean hydrodynamic shell thickness of the
SPB, L. The radius of the single particles Rh,1 is assumed to
be given by the hydrodynamic radius at time zero, so that
Rh,1=Rh�0�.

The method of Holthoff and co-workers �23� is strictly
valid only at the initial stage of the coagulation process
where only doublets are formed. Therefore, we considered
only data points up to the point where Rh�t�=1.2 Rh�0� for
evaluation. We calculated the stability ratio using the equa-
tion W=k11�c�electrolyte�=150 mmol / l� /k11�c�electrolyte��
where every measurement of k11�c�electrolyte�� was repeated
at least three times. Averaging all coagulation rate constants
in the fast regime yielded the experimental fast coagulation
rate constant.

We determined the relative form factors as a function of
the scattering angle using Eq. �2� for the dynamic data to
yield I2 /2I1 and Eq. �3� for the static measurements to give
�I2 /2I1�−1, where I1 and I2 are the singlet and doublet light
scattering intensities, respectively. In both cases, we calcu-
lated k11 out of each individual measurement from Eq. �1�.
Again, we repeated the measurements at every scattering
angle at least 3 times.

B. Simultaneous static and dynamic light scattering

The coagulation rate constant k11 of colloidal particles can
be precisely determined by simultaneous static and dynamic
light scattering �23�. Measurements of the change of the hy-
drodynamic radius dRh and the scattering intensity dI during
the coagulation process as a function of the time at an arbi-
trary scattering angle can be evaluated through �23�

k11�P�0 =
Rh,2

Rh,2 − Rh,1
�dRh�t�/dt

Rh�0� � − �dI�q,t�/dt

I�q,0� � , �1�

where �P�0 is the initial particle concentration, Rh,1 and Rh,2
are the hydrodynamic radii of single spheres and doublets,
respectively, Rh�t� is the hydrodynamic radius of the particles
at a specific time t and I�t ,q� is the angle dependent scatter-
ing intensity of the suspension at time t. The doublet hydro-
dynamic radius is calculated using the equation Rh,2
=1.38 Rh,1 as introduced by the work of Borkovec and co-
workers �23�. Within the Rayleigh-Debye approximation, the
initial change of the hydrodynamic radius at an arbitrary
scattering vector q is given by �42�

1

Rh�0�
�dRh�t�

dt
�

t→0
=

I2�q�
2I1�q�

�1 −
Rh,1

Rh,2
�k11�P�0 �2a�

=� sin�2aq�
2aq

+ 1��1 −
Rh,1

Rh,2
�k11�P�0, �2b�

where a is the radius of the primary particles and q
=4�n /� sin�
 /2�. Here, n is the refractive index of the
medium, � is the wavelength of the incident beam and 

is the scattering angle. The static light scattering data allows
the determination of the optical factor �I2�q� /2I1�q��−1
using �42�
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1

I�q,0�
�dI�q,t�

dt
�

t→0
= � I2�q�

2I1�q�
− 1�k11�P�0 �3a�

=� sin�2aq�
2aq

�k11�P�0. �3b�

III. THEORY

A. Coagulation kinetics of SPBs

The coagulation rate constant k11 for the formation of
doublets from singlet particles undergoing Brownian motion
is defined through �43�

d�P�
dt

= k11�P�2, �4�

where �P� is the singlet particle concentration at a given time
t �6�. In the present work the doublet formation is assumed to
be irreversible. If no repulsive forces hinder the coagulation
of the particles, the coagulation process is controlled entirely
by Brownian motion. For this diffusion limited, or fast co-
agulation process, the theory of von Smoluchowski predicts
a coagulation rate constant k11,Sm of �44,45�

k11,Sm =
4kBT

3�
, �5�

where kBT is the thermal energy of the particles and � is the
viscosity of the fluid. In the case of repulsive interaction
between the particles, only the fraction 1 /W of all singlet
collisions results in the formation of doublets. W is the sta-
bility ratio, which is defined as the ratio of the rate constant
of rapid coagulation k11,fast and the rate constant for particles
with nonzero repulsion k11,slow �6�

W =
k11,fast

k11,slow
. �6�

Note that for the experimental determination of W we
assume k11�c0=150 mmol / l�=k11,fast. In the slow coagula-
tion regime, the stability ratio is a function of the total inter-
action potential V�r� and must include a correction function
B�r�, which accounts for the hydrodynamic interactions be-
tween the two colliding particles in the process of aggrega-
tion. Using B�r�, W is then described by �46�

W �
	

2R

�

B�r�exp�V�r�
kBT

�r−2dr

	
2R

�

B�r�exp�VA�r�
kBT

�r−2dr

, �7�

where R is the radius of the spheres, VA�r� is the interaction
potential including only attractive forces and r is the particle-
particle center distance. Here, the correction function for the
hydrodynamic drag B�r� is given as �24�

B�r� =

6� r − 2R

R
�2

+ 13� r − 2R

R
� + 2

6� r − 2R

R
�2

+ 4� r − 2R

R
� . �8�

The double layer interaction between two charged
spheres can be calculated in terms of the weak-overlap-
approximation �47�. For two charged spheres in the presence
of a 3:1 electrolyte solution, the interaction potential results
to

V2s�r − 2Rh� =
24�Rhc0�e�0�2

�2kBT
exp�− ��r − 2Rh��

� Vmax exp�− ��r − 2Rh�� , �9�

where �0 is the effective surface potential, c0 is the electro-
lyte number concentration in the solution, e is the charge of
an electron and Rh is the hydrodynamic radius of the par-
ticles. Note that Eq. �9� is only valid if �Rh�1 and
e�0 /kBT�1. In this work both conditions are fulfilled �48�.
The double layer interaction potential decreases exponen-
tially with growing particle separation from its maximal
value Vmax defined through Eq. �9�. The Debye screening
length 1 /� is related to c0 according to �6�

1/�2 = ��0kBT/

i

�zie�2c0,i, �10�

where �0 is the permittivity of vacuum, � is the relative di-
electric permittivity of water, zi is the valency and ci,0 the
number concentration of the ion species i.

We also must modify Eq. �9� in regard to the attractive
van der Waals forces. Taking into account retardation effects,
the van der Waals interaction of the solid poly�styrene� core
of the SPB is given by �49�

VvdW
core �r − 2Rc� = −

HcRc

12�r − 2Rc�
�1 −

5.32�r − 2Rc�
�vdW


ln�1 +
�vdW

5.32�r − 2Rc�
�� , �11�

where Hc denotes the Hamaker constant of the particle cores,
Rc is the radius of the poly�styrene� core of the particles and
�vdW is the wave length of the van der Waals interactions.
Following the literature, we set �vdW to 100 nm and Hc to
0.9
10−20 J �2,49�. The van der Waals interaction of two
hollow shells VvdW

shell with shell thickness � /2 is given by �50�

VvdW
shell�r − 2Rh� = −

HsRh

12
� 1

�r − 2Rh + ��

−
2

�r − 2Rh + �/2�
+

1

r − 2Rh
�

−
Hs

6
ln

�r − 2Rh��r − 2Rh + ��
�r − 2Rh + �/2��r − 2Rh + �/2�

,

�12�

where Hs is the effective Hamaker constant of the polyelec-
trolyte shells.

In the frame of the DLVO theory, superposition of Eqs.
�9� and �11� leads to the interaction potential of charged hard
spheres. The interaction potential of planar anionic polyelec-
trolyte brushes in the presence of LaCl3 has previously been
obtained by direct SFA measurements �2,21�. These SFA
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measurements show an interaction potential which decreases
exponentially with distance, as expected for electrostatic
interaction �47�. However, upon contact of the two polyelec-
trolyte brushes a strong attractive force −� results. This-
strong attraction is due to intershell bridging of polyelectro-
lyte chains via the trivalent lanthanum counterions. The

shape of force-distance curves measured by the SFA can be
compared very closely with Fig. 1�c� as we see an exponen-
tially increasing repulsive force followed by an adhesive
force as the surfaces are separated. Thus, we obtain the in-
teraction pair potential V�r� of spherical polyelectrolyte
brushes in the presence of LaCl3

V�r� = 
− � 2Rc � r � 2Rc + �

Vmaxe
−��r−2Rc−�� + VvdW

core �r − 2Rc� + VvdW
shell�r − 2Rc − �� 2Rc + � � r

� . �13�

Here, r denotes the particle-particle center distance, � is
twice the thickness L of the collapsed shells and Vmax is the
prefactor of Eq. �9�. In the case of SFA experiments, we can
determine all of the parameters in Eq. �13� independently �2�.
Note that in the case of only monovalent counterions, as
pointed out in earlier studies with the SFA, forces between
polyelectrolyte brush layers are always repulsive �14�.

Even in the totally collapsed state �at high lanthanum con-
centrations� the polyelectrolyte shell layer consists mostly of
water. Thus, the effective van der Waals force is close to
zero. However, a certain degree of surface roughness of the
collapsed shell layers and interparticle chain bridging must
be taken into account. We therefore assume that a weak force
is acting at very short particle separations due to the van der

Waals force of the shell layers. We assume that Hs=10−4Hc,
which is consistent with the SFA measurements �2�. The van
der Waals force of the shell layers described by Eq. �12� is
not corrected in regard to the retardation effect, due to the
fact that the effective Hamaker constant of the shell layer is
very small. At this point it is interesting to note, that the van
der Waals force of the shell layers causes Eq. �16� to con-
verge for h→0. Otherwise, the integral in Eq. �16� would
diverge for h→0 because of B�h�. Thus, for core-shell sys-
tems the van der Waals attraction of the shell layers over-
comes the repulsive hydrodynamic drag, which is expressed
through B�h�, at separations �1 nm.

From Eq. �13� the definition of VA�r� follows naturally to

VA�r� = 
− � 2Rc � r � 2Rc + �

VvdW
core �r − 2Rc� + VvdW

shell�r − 2Rc − �� 2Rc + � � r
� . �14�

We now calculate the stability ratio W as a function of the LaCl3 concentration c0 via Eq. �7� by using the interaction pair
potential V�r� of Eq. �13� and the attractive potential VA�r� according to Eq. �14�. This leads to

W = 
	
2Rc

2Rc+�

B�r�exp� − �

kBT
�r−2dr + 	

2Rc+�

�

B�r�exp�Ṽmaxe
−��r−2Rc−�� + VvdW

core �r − 2Rc� + VvdW
shell�r − 2Rc − ���r−2dr�


 
	
2Rc

2Rc+�

B�r�exp� − �

kBT
�r−2dr + 	

2Rc+�

�

B�r�exp�VvdW
core �r − 2Rc� + VvdW

shell�r − 2Rc − ���r−2dr�−1

�15�

with Ṽmax=Vmax /kBT. The first integrals in both the numerator and the denominator do not significantly contribute to the
stability ratio, because ��2Rc and � is not very negative at the initial contact of the particle surfaces. This can be reasoned
from the SFA measurements �2�. Therefore, only the second integrals in Eq. �15� need to be taken into account. In Eq. �15�, one
has to substitute the particle-particle center distance by r=h+2Rc+� where h is the separation distance between the brush
surfaces and �=2�Rh−Rc� �Fig. 1�b��. Now Eq. �15� reads

W =

	
0

�

B�h��h + 2Rh�−2exp�Ṽmaxe
−�h + VvdW

core �h + �� + VvdW
shell�h��dh

	
0

�

B�h��h + 2Rh�−2exp�VvdW
core �h + �� + VvdW

shell�h��dh

. �16�

In this way, the stability ratio W of the SPB can be calculated at arbitrary Debye lengths 1 /� by numerical integration of
Eq. �16�.
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B. Mean field model

In order to predict the stability ratio W through Eq. �16�
the van der Waals interactions and the prefactor Ṽmax
=Vmax / �kBT� of the electrostatic barrier potential is required.
Due to the fact that the contribution of the van der Waals
interactions are given by Eqs. �11� and �12�, we only have to
calculate Vmax to predict W of the SPBs. According to its
definition in Eq. �9�, the relevant quantity is the surface po-
tential �0, and ultimately, the effective surface charge den-
sity �=Q� / �4��Rc+L�2� of the SPB as outlined earlier �2�.
There we used an approximate solution for the relation of �0
with the surface charge density � �51�. However, this ap-
proximation is valid only for ��Rc+L��2. For the smaller
values of ��Rc+L�, the analytical approximation of the
Poisson-Boltzmann solution given by Zhou can be used �52�.
It is accurate to less than 5% for ��Rc+L��0.03. In the
following, the details of the model calculation will be given.
We start with the determination of the surface charge density
�. For this, the net charge Q� and the brush thickness L were
calculated for each salt concentration. Both quantities can be
determined through a variational free energy approach that
was originally applied on polyelectrolyte stars �53,54�. This
cell model can be extended to SPB by taking into account a
core of finite size �17�. In previous studies we showed, that
the mean-field model successfully describes the results of
computer simulations �19�, the collapse of the brush height
�16�, and the effective charge of SPBs �2,20� in the presence
of multivalent counterions for SPBs of various dimensions.

The free energy of an isolated SPB with a core radius Rc,
number of chains f , a degree of polymerization Dp and a
brush thickness L, in correspondence to a given density, con-
sists of the following contributions:

A Hartree-type contribution describes the electrostatic po-
tential of the SPB with a net charge Q� �17�,

UH

kBT
=

Q�2�B

2e2 u�L;Rw,Rc� �17�

with �B being the Bjerrum length �0.72 nm for water at 298
K�. The function u�L ;Rw ,Rc� contains the dependency on the
brush thickness L, and on the size parameters Rc and the
Wigner-Seitz cell radius Rw, see Ref. �17� for more details.
This function u�L ;Rw ,Rc� depends on the charge distribution
in- and outside of the brush. For monovalent counterions a
parabolic decay of the charge density has been proven to be
an accurate description �54,56–59�. For the present case that
contains mainly multivalent counterions the exact form of
the charge distribution inside the brush is of minor impor-
tance, since the shell layer thickness is very small compared
to the overall dimension of the SPB �L / �Rc+L��0.1� �60�.

The next free energy contribution accounts for the en-
tropic terms of the counterions and coions �55�. It is a rea-
sonable approximation to consider all absorbed multivalent
counterions as being osmotically inactive due to their strong
correlation to the chains �19,56�. Outside the brush there is a
mixture of the monovalent counterions coming from the
brush �N+= �Qb� /e; Qb is the bare charge of the SPB�, multi-
valent counterions �Nz=c0Vw− �Qb−Q�� / �ez�� and coions
�Nco=zc0Vw�, where c0 is the number density of LaCl3 salt,

Vw= �4� /3�Rw
3 =1 /�SPB which corresponds to the free vol-

ume of each SPB at a given SPB density �SPB and l0 is the
monomer size �0.25 nm�. Here Qb is given by the number of
charged units per SPB Q�NaSS�. Note that all monovalent
counterions are completely replaced by trivalent ones and the
net charge is determined through the remaining trivalent ions
outside the SPB. Inside the brush there are �Qb−Q�� / �ez�
multivalent ions. The coions do not enter the brush regime in
our model. It has been shown that this is a reasonable ap-
proximation due to electrostatic repulsions between coions
and the SPB �54�. Consequently there is only one entropic
contribution from the free ions

S

kBT
= �Nco + N+ + Nz��ln�Nco + N+ + Nz

Vw
l0
3� − 1� . �18�

The remaining free energy contributions result from the
chains �61,62�. A contribution related to the elastic energy of
the brush chains can be written as

Fel

kBT
=

3fL2

2Dpl0
2 , �19�

which stems from a Gaussian approximation of the confor-
mational entropy of the brush chains, while the self-
avoidance is accounted by a Flory-type expression

FFl

kBT
=

3v�fDp�2

8���Rc + L�3 − Rc
3�

�20�

with the excluded volume parameter v� l0
3. As usual for the

case of good-solvent conditions, triplet-monomer contribu-
tions have been omitted.

The total free energy is obtained by adding up all contri-
butions from Eqs. �17�–�20�. This total free energy is mini-
mized with respect to the net charge Q� and the brush thick-
ness L. Having calculated the brush thickness L and the net
charge Q� of the SPB, the surface potential can be readily
obtained. For this we treat the SPB as a sphere with radius
Rc+L and a surface charge density of �=Q� / �4��Rc+L�2�
from which we determine the surface potential �0 using the
asymptotic expression by Zhou �52�. In this way, one can
predict the prefactor Vmax and the stability ratio W at differ-
ent salt concentrations using Eqs. �9� and �16�, respectively,
from the experimental parameters of the SPB, namely Rc, Lc,
and 	.

IV. RESULTS AND DISCUSSION

A. Relative form factors

The main goal of this work was to measure exact coagu-
lation rate constants of SPB particles using light scattering.
We began by first investigating the dependence of I�t� /dt and
Rh�t� /dt on the scattering vector q using simultaneous static
and dynamic light scattering experiments in 1 and 5 mmol/l
LaCl3 solutions at scattering angles between 20° and 150°.
Figure 2 displays the hydrodynamic radius Rh�t� and the
static light scattering intensity I�t� as a function of the time t
at a scattering angle of 90°. The change of Rh�t� and I�t� with
t gives the absolute coagulation rate constant k11 for each
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concentration of LaCl3 by applying Eq. �1� to the data shown
in Figs. 2�a� and 2�b�. We first normalized I�t� with the sin-
glet form factor I�t=0� and Rh�t� with the initial hydrody-
namic radius Rh�t=0�. The dependence on q of I�t� / I�t=0�
and Rh�t� /Rh�t=0� are given by the optical factors
�I2�q� /2I1�q��−1 and �I2�q� /2I1�q�� in Eqs. �3a� and �2a�,
respectively �23�.

We calculated these optical factors as a function of the
scattering angle using Eqs. �3� and �2� with Rh,csl=137 nm
for the particle radius a in the Rayleigh-Debye �RD� approxi-
mation. The result is shown in Fig. 3. The theoretical curves
deviate slightly from the experimental data points for both
the static and dynamic light scattering measurements. These
deviations are more pronounced at high values of q. The best
theoretical fit of the data in Fig. 3 was obtained with a
= �129�3� nm, however discrepancies at high scattering
angles still remain. The RD approximation is only valid in
the limits of �m−1��1 and �4�a /���m−1��1, where m is
the ratio of the refractive index between the medium and
the liquid �63�. In our case �m−1�=0.2 and �4�a /���m−1�
=0.54, so that both constraints are satisfied. However, since
similar discrepancies were found for hard spheres as well
�23,64�, we conclude, that the RD-theory simply does not
provide a better description of real data.

Due to the fact that the doublet form factor of the SPB is
not well enough described by the RD theory, it is necessary

to measure the coagulation rates without relying on the RD
doublet form factor. Therefore, we only used simultaneous
static and dynamic light scattering, which is independent of
any particle form factors, for determining coagulation rate
constants of the SPB. We also used Rh,csl=137 nm for the
radius of the collapsed SPB particles in the following sec-
tions since it is directly derived from dynamic light scatter-
ing.

B. Stability ratio W

For determining the stability ratio of the SPB as a func-
tion of the LaCl3 concentration, the coagulation rate con-
stants were measured using static and dynamic light scatter-
ing at a scattering angle of 90°. The measurement data is
shown in Fig. 2. It can be seen that the slopes of the hydro-
dynamic radius versus time curves increase with rising con-
centrations of lanthanum up to a concentration of 0.5 mmol/l.
A further increase of salt concentration to 150 mmol/l does
not result in a higher slope. This is a clear indication that
these data are in the fast coagulation regime.

The resulting stability ratio is shown in Fig. 4. At
c0�LaCl3�=0.5 mmol / l one observes a sharp transition from
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FIG. 2. �Color online� �a� The hydrodynamic radius Rh�t� and
�b� the normalized scattering intensity I�q , t� / I0�q� as a function
of time for different lanthanum concentrations c0 with linear and
second order fits, respectively: 150 mmol/l �circles, solid line�;
1 mmol/l �reversed triangles, broken line�; 0.45 mmol/l �squares,
dotted line�; 0.21 mmol/l �triangles, broken dotted line�. Here, the
number concentration �P�0 is 3.00
1014 m−3 and the scattering
angle 
 is 90°.
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FIG. 3. �Color online� Relative doublet form factor
I2�q� / �2I1�q�� measured by �a� static and �b� dynamic light scatter-
ing. The solid line is calculated via the Rayleigh-Debye approxima-
tion using a particle singlet radius of 137 nm. The broken line
shows the best fit with a singlet radius of 129 nm. The data points
were obtained from multiangle simultaneous static and dynamic
light scattering measurements in 1 mmol/l �reversed triangles� and
5 mmol/l �circles� LaCl3 solutions. In all cases the number concen-
tration is �P�0: 3.00
1014 m−3.
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the reaction-limited coagulation regime where W�1 to the
diffusion-limited fast coagulation regime in which W=1.
Hence, the lanthanum concentration of 0.5�0.1 mmol / l
marks the critical coagulation concentration �ccc� of the
SPB. The same ccc was also found for another anionic SPB,
with similar bare charge Qb, in the presence of LaCl3 �2�
despite the differences between the two SPB systems in re-
gards to grafting density and contour length of the polyelec-
trolyte chains. Note that increasing �P�0 with decreasing lan-
thanum concentration is necessary to maintain a good signal
to noise ratio during light scattering experiments while the
coagulation rate is reduced.

Figure 4 also shows the theoretical prediction of W from
the variational free energy approach given in Sec. III B �solid
line�. It slightly deviates from the experimental measure-
ments, but considering the experimental error it still predicts
the transition point of the ccc up to an accuracy of 0.2
mmol/l of added salt. Note that this comparison is done with-
out any adjustable parameters. A better overall matching of
the theoretical prediction can be achieved assuming a 15%
increase of the predicted net charge �Fig. 4, broken line�.
Thus, the mean-field model underestimates the charge den-
sity and the number of counterions evading the brush layer,
especially in the case of low salt concentrations.

The experimental fast coagulation rate constant k11,fast of
the SPB in lanthanum solution is �4.1�0.1�
10−18 m3 /s.
This value is in very good agreement with the value found
previously �2�, but smaller than the theoretical von Smolu-
chowski value of 12.2
10−18 m3 /s. The present value also
agrees well with data found in the literature for systems of
comparable hydrodynamic dimensions �23,24,65,66�. In
agreement with our earlier study �2�, and with the work of
Mei and co-workers �16,19�, we find that the initial hydro-

dynamic radius Rh�0� stays constant for all lanthanum con-
centrations. This Rh�0� corresponds to the radius of the SPB
after the addition of salt, but before coagulation. Thus, even
at the lowest salt concentration of 0.16 mmol/l a full collapse
of the polyelectrolyte shell of the SPB occurs immediately.

Taking into account a hydrodynamic core radius of
�125�2� nm and using �137�3� nm for Rh,csl, the hydro-
dynamic thickness L of the collapsed shell layer results to
�12�4� nm. In our previous study we found L=7 nm for a
similar SPB in the presence of LaCl3 �2�. Considering the
differences in the brush parameters of the two SPB systems
and the experimental error of Rh,csl, the agreement is satis-
factory. However, the brush thickness obtained from the
variational free energy calculations is much smaller than the
experimental value �L=3.8 nm at c0�0.2 mmol / l�. We at-
tribute this discrepancy mainly to the various simplifications
of the theoretical model employed here.

C. Force balance: Repulsive energy and effective
surface charge

From the stability measurements, we can then calculate
the height of the maximum value of V�r� �Fig. 1�c��, which is

the prefactor Ṽmax=Vmax /kBT in Eq. �16�. Using Eq. �16� we

fit Ṽmax to the values of the stability ratio determined in our
light scattering experiments for all LaCl3 concentrations.

Plotting Ṽmax as a function of c0 reveals a decrease of Ṽmax
with increasing counterion concentration �Fig. 5�. This is due
to a charge regulation effect taking place inside the polyelec-
trolyte shell layer, which occurs as the polyelectrolyte brush
becomes more and more neutralized by lanthanum counteri-
ons �Sec. III B�. Figure 5 demonstrates that the repulsive
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FIG. 4. �Color online� Stability ratio W=k11�c0

=150 mmol / l� /k11�c0� of the SPB as a function of the lanthanum
concentration c0 for different SPB concentrations �P�0: 8.00

1015 m−3 �diamonds�; 2.00
1015 m−3 �reversed triangles�;
6.01
1014 m−3 �triangles�; 3.00
1014 m−3 �circles�; 1.40

1013 m−3 �squares�. The scattering angle 
 is 90°. The lines are
the predictions from the mean-field theory for a SPB concentration
of 6.01
1014 m−3. The solid line shows the a priori predictions of
W. The broken line is calculated by increasing the prediction of the
effective charge of the SPB particles by 15%, as explained in Sec.
IV B. The inset shows W for intermediate and high lanthanum con-
centrations only.

FIG. 5. �Color online� Prefactor Ṽmax=Vmax /kBT as a function
of salt concentration c0 of LaCl3. Experimental data are shown for
four different SPB concentrations �P�0: 8.00
1015 m−3 �dia-
monds�; 2.00
1015 m−3 �reversed triangles�; 6.01
1014 m−3 �tri-
angles�; 3.00
1014 m−3 �circles�. The data points were calculated

from the experimental determined values of the prefactor Ṽmax us-
ing a particle radius Rh,csl=137 nm, corresponding to a thickness of
the collapsed brush layer of 12 nm. The lines are the predictions
from the mean-field theory for a SPB concentration of �P�0=6.01


1014 m−3. The solid line shows the prediction of Ṽmax. The bro-
ken line is calculated by increasing the prediction by 15%.
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energy of the system at r=Rh can be accurately measured in
units of kBT for high values of Ṽmax. However, for low values
of Ṽmax the experimental error is higher due to two main
reasons: The correction function for the hydrodynamic drag
B�h� and the van der Waals terms, Hc and Hs, are less exact
at small particle separations, and the highest possible force
resolution is on the order of kBT. Thus, Ṽmax is affected by a
larger error in this regime.

Figure 5 also shows the comparison between theory �Sec.

III B� and experiment. The prediction of Ṽmax that involves
no fitting parameters reveals good agreement at higher salt
concentrations. However, at lower salt concentrations better
agreement is achieved if the predicted value of the charge
density � is increased by 15% �dashed line in both Figs. 4

and 5�. Therefore, the theory predicts Ṽmax of the SPB within
an error of no more than 4 units of kBT at lanthanum con-
centrations of 0.16 to 0.5 mmol/l.

From the experimental data of Ṽmax, the number of effec-
tive charges Nef f per SPB particle can also be calculated.
According to Eq. �9�, Vmax is proportional to the square
of the surface potential of the SPB particles. From the sur-
face potential, the surface charge density of the particles is
attainable using the approximate analytic expression for 3:1
salts according to Zhou �52�. We then calculated the num-
ber of effective charges per SPB as a function of c0 using
Rh,csl=137 nm for the particle size. The results are shown in
Fig. 6.

Through comparing Figs. 5 and 6 we can see that at 450–
500 effective charges the electrostatic repulsion between the

SPB particles approaches the value of 1 kBT. Here the
coagulation becomes diffusion limited. In the slow coagula-
tion regime, Nef f rises to 800 charges per particle at c0
=0.16 mmol / l, corresponding to 8.5 units of kBT and a sta-
bility ratio of about 700. Thus, the present experimental ap-
proach enables us to measure the decrease of the maximum
of the repulsive interparticle energy with an accuracy on the
order of kBT. The number of effective charges per SPB par-
ticle can be measured within �20%.

This data is in the range of the theoretical prediction, as
demonstrated in Fig. 6 �lines�. At first sight, the comparison
of the experimental and theoretical values for the effective
charge and its dependency on added multivalent salt is not
satisfactory. However, given the fact that the bare charge of
the SPB is on the order of two million charges per SPB
�Qb�1.9
106�, its reduction to 500–800e at lanthanum
concentrations of less than 0.5 mmol/l confirmed by experi-
ments and theory is remarkable.

V. CONCLUSION

We presented a detailed account of an investigation re-
lated to repulsive forces between colloidal spherical poly-
electrolyte brushes in aqueous solutions of trivalent ions. Us-
ing accurate measurements of the rate of coagulation, the
strength of the repulsive potential could be measured down
to values of the order of kBT �“microsurface potential mea-
surements”�. The experimental data could be modeled in
terms of a simple mean-field theory that accounts for the
drastic reduction of the effective charge of the brushes by
trivalent ions. The comparison of theory and experimental
data demonstrates that the weakening of electrostatic repul-
sion can be understood on a quantitative level. Moreover, the
MSPM has been shown as a reliable method for assessing
weak repulsion between colloidal particles.
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FIG. 6. �Color online� Number of effective charges per SPB
particle for four different SPB concentrations �P�0: 8.00

1015 m−3 �diamonds�; 2.00
1015 m−3 �reversed triangles�;
6.01
1014 m−3 �triangles�; 3.00
1014 m−3 �circles�. The data
points were calculated from the experimental determined values of
the prefactor Vmax using a thickness of the collapsed brush layer of
12 nm. The solid line is the prediction from the mean-field theory
for a SPB concentration of �P�0=6.01
1014 m−3.
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